
Results in Physics 6 (2016) 112–121

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 
Contents lists available at ScienceDirect

Results in Physics

journal homepage: www.journals .e lsevier .com/resul ts - in-physics
Generalised Einstein mass-variation formulae: I Subluminal relative
frame velocities
http://dx.doi.org/10.1016/j.rinp.2015.11.006
2211-3797/� 2016 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail addresses: jim.hill@unisa.edu.au (J.M. Hill), barry.cox@adelaide.edu.au

(B.J. Cox).
James M. Hill a,⇑, Barry J. Cox b

a School of Information Technology and Mathematical Sciences, University of South Australia, GPO Box 2471, Adelaide, SA 5001, Australia
b School of Mathematical Sciences, University of Adelaide, Adelaide, SA 5001, Australia

a r t i c l e i n f o
Article history:
Received 7 October 2015
Accepted 6 November 2015
Available online 26 February 2016

Keywords:
Special relativity
Einstein mass variation
New formulae
a b s t r a c t

Much of the formalism in special relativity is intimately bound up with Einstein’s formula for the

variation of mass m with its velocity v, namely mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

, where m is the mass, v the
velocity, c denotes the speed of light and m�

0 denotes the rest mass, noting that in these papers, we
employ an asterisk to designate the rest mass. Einstein’s formula together with the Lorentz transforma-
tions and their consequences are fundamental to the development of special relativity. Here we introduce
the notion of the residual mass m0ðvÞ which for v < c is defined by the equation

mðvÞ ¼ m0ðvÞ½1� ðv=cÞ2��1=2
for the actual mass mðvÞ; namely the residual mass is the actual mass with

the Einstein factor removed. We emphasise that we make no restrictions on m0ðvÞ, and that this formal
device merely facilitates the analysis. Using this formal device we deduce corresponding new mass vari-
ation formulae, assuming only the Lorentz transformations and two invariants known to apply in special
relativity. One is force invariance in the direction of relative motion applying to two non-accelerating
frames, while the other is not so well known, but applies in special relativity. Together the two assumed
invariances imply that the energy–mass transfer rates are frame invariant but not necessarily constant as
in special relativity. The new formulae involving two arbitrary constants may be exploited so that the
mass remains finite at the speed of light, and an illustrative example is provided for which this is the case,
and from which a new comparison formula is derived that is singular at the speed of light. This new
expression may be contrasted with the Einstein expression, and roughly speaking, the new formula
predicts more mass than that given by the Einstein formula, since the singularity at the speed of light
is steeper.

� 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

While Einstein’s formula mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

, for the vari-
ation of massmwith its velocity v, wherem�

0 denotes the rest mass,
has been overwhelmingly verified in our own local environment, it
is clear that on a cosmological scale our understanding of matter
and mass are not so successful, and issues such as dark energy
and dark matter remain improperly understood. In our local
environment the rest mass m�

0 is deemed to be the sole critical
parameter, and yet the mysteries associated with dark energy
and dark matter indicate that matter itself may adopt other forms
or possess other defining characteristics, see for example [8].
Einstein’s formula is a necessary condition for force invariance in
two non-accelerating frames, but it is by no means sufficient, and
in this paper we produce new special relativistic mass variation
formulae, which we exploit to produce explicit new formulae
exhibiting finite mass at the speed of light.

The underlying philosophy of the formulae presented here, is
first the recognition of the importance of the Einstein theory of
special relativity, and second to seek to develop this theory in a
manner that embraces the essential features of the existing theory.
Now given the veracity of the special theory of relativity, it may not
be too unreasonable to expect that somewhere embodied within
the theory are clues as to the notions which have been termed dark
matter and dark energy. However, since the special theory deals
only with non-accelerating frames, we certainly would not expect
any such extension to tell the complete story, but we might expect
some definite pointers as to how a more complete picture may be
subsequently developed. The present papers deal with a possible
formal extension of the special theory of relativity that produces
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explicit formulae that might be tested with any experimental data
arising is the search for new elementary particles associated with
dark matter and dark energy.

The formula mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

is fundamental to the
development of special relativity, and this expression together
with the Lorentz transformations and the law for the addition of
velocities are fundamental to the derivation of numerous other
results in special relativity, including Lorentz invariant mass-
momentum relations and the so-called Lorentz invariant energy–
momentum relations through the formula E ¼ mc2. The questions
arise as to how much of special relativity can be generalised with-

out assuming mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

, and are there other
expressions for the variation of mass with velocity? In this paper,
assuming only the Lorentz transformations and their conse-
quences, we seek to develop the formalism of special relativity
without making any assumptions on the variation of mass with
velocity. To facilitate the analysis, we introduce the concept of
the residual mass m0ðvÞ as being defined by the equation

mðvÞ ¼ m0ðvÞ½1� ðv=cÞ2��1=2
for the actual mass mðvÞ, namely

the residual mass is the actual mass with the Einstein factor
removed (see Eq. (2.10)).

Based on two invariances which are known to apply in special
relativity, we then deduce new expressions for the variation of

mass with velocity, and for which mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

arises
as a special case. The two assumed invariances, are force invariance
in the direction of relative motion and another invariance involving
mass which is not so well known, but nevertheless applies in
special relativity. In this sense the new results have a correspond-

ing same status to mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

but involve an addi-
tional arbitrary constant. As an example, the additional degree of
freedom can be exploited to ensure that the actual mass remains
finite at v ¼ c, namely the arbitrary constants can be chosen to
satisfy m0ðcÞ ¼ 0. Finally, we comment that the formula

mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

is one of many expressions showing a
particular variation of mass with its velocity, and this expression
has a long and extensive history involving many eminent scientists
such as Abraham, Bücherer, Lorentz, Ehrenfest, Kaufmann and
of course Einstein, who first grappled with the notion that the
‘transverse and longitudinal’ masses may be distinct. The story
describing the development of the Einstein expression is fully
detailed by Weinstein [10].

In the following section we present a brief summary of some of
the basic equations of special relativity with particular reference to
the derivation of the Lorentz invariant mass-momentum relations
and force invariance. In the subsequent section we show how cor-
responding mass-momentum relations might be deduced without
any assumptions on the variation of mass with velocity. Using
these relations together with the force invariance and another
invariance involving mass (see Eq. (2.9)) we deduce in the section
thereafter the governing first order ordinary differential equation
restricting the variation of mass with velocity (namely Eq. (3.7)).
On solving this equation we eventually deduce new mass variation
formulae, which include the Einstein expression as a special case.
In the final section of the paper we make some brief concluding
remarks. In this present part I, we deal exclusively with subluminal
relative frame velocities v < c, and corresponding results are
presented in part II for v > c.
X x
uU

Fig. 1. Two inertial frames moving along x-axis with relative velocity v.
Classical special relativity

We consider a rectangular Cartesian frame ðX;Y ; ZÞ and another
frame ðx; y; zÞ moving with constant velocity v relative to the first
frame and the motion is assumed to be in the aligned X and x
directions as indicated in Fig. 1. We note that the coordinate
notation adopted here is slightly different to that normally used
in special relativity involving primed and unprimed variables. We
do this purposely because it is convenient to view the relative
velocity v as a parameter measuring the departure of the current
frame ðx; y; zÞ from the rest frame ðX; Y; ZÞ, and for this purpose
the notation employed in nonlinear continuum mechanics is
preferable. Time is measured from the ðX;Y ; ZÞ frame with the vari-
able T and from the ðx; y; zÞ frame with the variable t. Following
normal practice, we assume that y ¼ Y and z ¼ Z, so that ðX; TÞ
and ðx; tÞ are the variables of principal interest.

For 0 6 v < c, the standard Lorentz transformations are

X ¼ xþ vt

½1� ðv=cÞ2�1=2
; T ¼ t þ vx=c2

½1� ðv=cÞ2�1=2
;

with the inverse transformation characterised by �v , thus

x ¼ X � vT

½1� ðv=cÞ2�1=2
; t ¼ T � vX=c2

½1� ðv=cÞ2�1=2
; ð2:1Þ

and various derivations of these equations can be found in many
standard textbooks such as Feynmann et al. [2] and Landau &
Lifshitz [5], and other novel derivations are given by Lee & Kalotas
[6] and Levy-Leblond [7]. The above equations reflect, of course,
that the two coordinate frames coincide when the relative velocity
v is zero, namely

x ¼ X; t ¼ T; v ¼ 0:

With velocities U ¼ dX=dT and u ¼ dx=dt, (2.1) yields the
addition of velocity law

u ¼ U � v
1� Uv=c2ð Þ ; ð2:2Þ

which of course is well known and due to Einstein. As an immediate
consequence of (2.2) is the identity

½1� ðu=cÞ2�ð1� Uv=c2Þ2 ¼ ½1� ðv=cÞ2�½1� ðU=cÞ2�; ð2:3Þ
which is not so well-known, but is nevertheless fundamental to the
development of the formulation of special relativity. Another not so
well-known formula arising from (2.2) is

1þ U=c
1� U=c

� �
¼ 1þ u=c

1� u=c

� �
1þ v=c
1� v=c

� �
; ð2:4Þ

and both (2.3) and (2.4) apply for both sub and super luminal
motion. These two formulae reveal that at least one of the velocities
u;v or Umust not exceed the speed of light, and clearly both formu-
lae need re-arrangement depending upon the particular values of
the three velocities. In this paper, we have in mind subluminal
frame velocities v, which means that either both u and U are sublu-
minal (see Section 3) or both are superluminal (see Section 5). In
these sections we need to take the square root of (2.3) and the
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logarithm of (2.4) and in both cases the formulae need appropriate
re-arrangement prior to making the operations.

By way of illustration, for v ;u;U < c, and assuming the Einstein
mass variation in both frames

mðuÞ ¼ m0

½1� ðu=cÞ2�1=2
; MðUÞ ¼ m0

½1� ðU=cÞ2�1=2
; ð2:5Þ

and with momenta P ¼ MU and p ¼ mu, we have on multiplication

of (2.2) by m�
0 1� ðu=cÞ2
h i�1=2

and by using the appropriate square

root identity from (2.3), we may readily deduce

p ¼ P �Mv

½1� ðv=cÞ2�1=2
; m ¼ M � Pv=c2

½1� ðv=cÞ2�1=2
; ð2:6Þ

where (2.6)2 arises directly from (2.5)1, and from (2.3). We com-
ment that some authors [1] refer respectively to the above notions
of mass m and momentum p as ‘temporal’ and ‘spacial’ momentum.
We do not follow that distinction here and we refer to the relations
(2.6) as the Lorentz invariant mass-momentum equations, but they
are usually referred to as the Lorentz invariant energy–momentum
relations in consideration of the formula E ¼ Mc2. From the above
we have

p2 � ðmcÞ2 ¼ P2 � ðMcÞ2 ¼ �m2
0c

2;

and therefore taking the total derivative of this equation we have
the differential relations

udp ¼ c2 dm; UdP ¼ c2 dM; ð2:7Þ
from which we may deduce E ¼ mc2 or E ¼ Mc2 from the energy
and momentum equations. Thus for example in the ðx; tÞ frame
we have

dE
dt

¼ fu; f ¼ dp
dt

; ð2:8Þ

and therefore dE ¼ udp ¼ c2dm, from which we may deduce
E ¼ mc2.

Fundamental to special relativity is that the forces in the direc-
tion of relative motion as measured from the two frames coincide,
that is f ¼ dp=dt and F ¼ dP=dT and f ¼ F. This is an assumed con-
sequence of the assumption that the two frames are moving with a
constant relative velocity v. However, notice that formally the
equation f ¼ F hinges on the assumption of the mass variation
(2.5). Thus, for example, from (2.6)1 and (2.1)1 we have

f ¼ dp
dt

¼ dP � v dM
dT � v dX=c2 ¼ dPð1� Uv=c2Þ

dTð1� Uv=c2Þ ¼
dP
dT

¼ F;

on using (2.7)2. Alternatively,

f ¼ d
dt

m�
0u

½1� ðu=cÞ2�1=2
 !

¼ m�
0 du=dt

½1� ðu=cÞ2�3=2
;

and on using (2.1)2 and the velocity addition formula (2.2) we have

f ¼
m�

0 1� ðv=cÞ2
h i3=2

dU

1� ðu=cÞ2
h i3=2

1� vU=c2½ �3dT
¼ m�

0 dU=dT

1� ðU=cÞ2
h i3=2 ;

where the final step follows from (2.3) and again gives f ¼ F. Thus
although non-accelerating frames are fundamental to special rela-
tivity, the force equality f ¼ F in the direction of relative motion for-
mally hinges on the Einstein mass variation (2.5).

Along with dp=dt ¼ dP=dT , another special relativistic invari-
ance which is not so well known is dm=dx ¼ dM=dX which arises
from (2.1)1 and (2.6)2 as follows,
dm
dx

¼ dM � dPv=c2
dX � vdT ¼ dMð1� v=UÞ

dXð1� v=UÞ ¼ dM
dX

;

on using U ¼ dX=dT and (2.7)2, namely dP ¼ c2dM=U. In the follow-
ing development of special relativity we adopt the above two
invariances, namely

dp
dt

¼ dP
dT

;
dm
dx

¼ dM
dX

; ð2:9Þ

and in this sense we claim that the resulting new mass variation
formulae carry a corresponding status to the Einstein expression.
The new formulae involve two arbitrary constants, while the
Einstein expression involves only the rest mass as a single arbitrary
constant. We comment that together the above two invariances
imply that the energy–mass rate is the same in both frames, namely

dE
dm

¼ dE
dM

;

which evidently applies for conventional special relativity and both
energy–mass rates are then equal to c2.

In the following section we extend the above development
assuming only the validity of the Lorentz transformations (2.1)
and their consequences (2.2), (2.3) and (2.4), but not making any
assumptions of the mass variation with velocity. We do however
assume that mðuÞ and MðUÞ have the particular structure of the
forms,

mðuÞ ¼ m0ðuÞ
½1� ðu=cÞ2�1=2

; MðUÞ ¼ M0ðUÞ
½1� ðU=cÞ2�1=2

; ð2:10Þ

where m0ðuÞ and M0ðUÞ are referred to as the residual masses, and
denote arbitrary functions to be determined subsequently. The
particular assumed structure (2.10) is not restrictive in any sense
and merely facilitates the mathematical analysis. Together with
the formal identities (2.3) and (2.9) it is sufficient to duplicate the
essential structure of the Lorentz invariant mass-momentum rela-
tions (2.6). In particular, we may introduce the variable parameter
kðu;UÞ ¼ m0ðuÞ=M0ðUÞ to extend the above formalism and we
derive new mass variation formulae based on maintaining the
two invariances (2.9), and noting that the Einstein mass variation
arises from k � 1.

From (2.4) we may introduce new velocity variables defined by

n ¼ log
1þ U=c
1� U=c

� �
; g ¼ log

1þ u=c
1� u=c

� �
; c ¼ log

1þ v=c
1� v=c

� �
;

ð2:11Þ
in which case (2.4) becomes simply the translation

n ¼ gþ c; ð2:12Þ

and the velocities are given by

U ¼ c tanhðn=2Þ; u ¼ c tanhðg=2Þ; v ¼ c tanhðc=2Þ: ð2:13Þ

We comment that the above transformations hinge only on the
velocity addition formula (2.2) and its consequences (2.3) and (2.4)
applying irrespective of any assumed mass variation.

If we introduce the notation m0ðuÞ ¼ n0ðgÞ and M0ðUÞ ¼ N0ðnÞ
then from dE=dT ¼ FU and F ¼ dP=dT we may by integration show
that

Eþ
Z U

0
WMðWÞdW ¼ MðUÞU2 þm�

0c
2;

assuming that m�
0c

2 corresponds to zero energy. On making the
substitution W ¼ c tanhðf=2Þ in the integral and performing an
integration by parts, we may, on simplification deduce the interest-
ing formula
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E ¼ MðUÞc2 � c2
Z n

0
sechðf=2ÞdN0ðfÞ

df
df; ð2:14Þ

where n is defined above, and by a similar argument wemay deduce
from (2.8).

E ¼ mðuÞc2 � c2
Z g

0
sechðw=2Þdn0ðwÞ

dw
dw: ð2:15Þ

In the above special relativistic preliminaries we have pre-
sented illustrative formulae, and in the following section, we
obtain new mass variation formulae for which (n;g; c) are assumed
to be defined by (2.11) and for which the relations (2.12) and (2.13)
apply.

Generalised Lorentz invariant mass-momentum relations

In this section, m0ðuÞ and M0ðUÞ are assumed to be defined by
(2.10) and k ¼ m0ðuÞ=M0ðUÞ. Following the procedure described
in the previous section, the generalised Lorentz invariant mass-
momentum relations and their inverses can be shown to be given
by

p ¼ kðP �MvÞ
1� ðv=cÞ2
h i1=2 ; m ¼ kðM � Pv=c2Þ

1� ðv=cÞ2
h i1=2 ; ð3:1Þ

P ¼ ðpþmvÞ
k 1� ðv=cÞ2
h i1=2 ; M ¼ ðmþ pv=c2Þ

k 1� ðv=cÞ2
h i1=2 ; ð3:2Þ

and from (3.1) and the assumed invariances (2.9) we may deduce

kðdP � v dMÞ þ dkðP �MvÞ ¼ dPð1� Uv=c2Þ;
kðdM � v dP=c2Þ þ dkðM � vP=c2Þ ¼ dMð1� v=UÞ: ð3:3Þ

These two equations for Q ¼ dP=dM and l ¼ dk=dM can be
solved to eventually deduce

M dU
dM ¼ 1� U=cð Þ2½ � vþðb�1Þc2=U½ �

bk�1þUv=c2ð Þ ;

M dk
dM ¼ � ðk�1Þ bk�1þv=Uð Þ

bk�1þUv=c2ð Þ ;
ð3:4Þ

where the quantity b is defined by

b ¼ 1� ðv=cÞ2
1� Uv=c2 ; ð3:5Þ

and b� 1 ¼ uv=c2. In deriving (3.4), we have used P ¼ MU and
Q ¼ MdU=dM þ U. On dividing (3.4)1 by (3.4)2 and making use of
(3.5), the final equation for the determination of k as a function of
U becomes

ðk� 1ÞdU
dk

¼
v2 1� U

c

� �2h i
U
c

� �2 � 2U
v þ 1

h i
ðk� 1Þ 1� v

c

� �2h i
U þ v U

c

� �2 � 2Uv
c2 þ 1

h in o : ð3:6Þ

The substitution r ¼ 1=ðk� 1Þ reduces (3.6) to a standard first
order ordinary differential equation, and the transformations
(2.11) and (2.13) eventually yield

dr
dn

� r
2
coshðn� c=2Þ
sinhðn� c=2Þ ¼

sinhn
4sinhðc=2Þsinh n� c=2ð Þ : ð3:7Þ

Multiplication by the integrating factor ðsinhðn� c=2ÞÞ�1=2 and
writing sinhn as sinh ðn� c=2Þ þ c=2½ � and expanding, we may
readily deduce

r ¼ �1
2
þ sinh n� c

2

� �� �1=2
4tanhðc=2Þ

Z n�c
2

0

dq
ðsinhqÞ1=2

þ C1 sinh n� c
2

� 	h i1=2
; ð3:8Þ
where C1 denotes the arbitrary constant of integration. From

r ¼ ðk� 1Þ�1 we find

k ¼ m0ðuÞ=M0ðUÞ

¼
1
2 þ sinhðn�c=2Þ½ �1=2

4 tanhðc=2Þ

Z n�c=2

0

dq
ðsinhqÞ1=2

þ C1 sinhðn� c=2Þ½ �1=2

� 1
2 þ sinhðn�c=2Þ½ �1=2

4 tanhðc=2Þ

Z n�c=2

0

dq
ðsinhqÞ1=2

þ C1 sinhðn� c=2Þ½ �1=2
:

ð3:9Þ
We observe that k is a function of n� c=2 ¼ gþ c=2, and that

under the interchange v $ �v ; c $ �c, the quantity n� c=2 is
invariant. Accordingly, we can divide the numerator and the

denominator of (3.9) by sinhðn� c=2Þ½ �1=2 and the formula (3.9)
suggests that

M0ðUÞ ¼ C2 C1 þ 1
4tanhðc=2Þ

Z n�c=2

0

dq
ðsinhqÞ1=2

� 1

2 sinhðn�c=2Þ½ �1=2
( )

;

m0ðuÞ ¼ C2 C1 þ 1
4tanhðc=2Þ

Z gþc=2

0

dq
ðsinhqÞ1=2

þ 1

2 sinhðgþc=2Þ½ �1=2
( )

;

ð3:10Þ
where C2 denotes an arbitrary constant and the variables ðn;g; cÞ
are defined by (2.11). We comment that formally for the inter-
change v $ �v we may accommodate the sign switching of the
final terms simply by multiplying the numerator and the denomi-
nator of (3.9) by c, since c may then become absorbed into the
arbitrary constant C2. We further comment that the Einstein formu-
lae arise from the above Eq. (3.9), namely k ¼ 1, in the limiting case
C1 ! 1.

To verify that (3.10) indeed constitutes the correct choice for
m0ðuÞ and M0ðUÞ, with k defined by (3.9), we may formally inte-
grate (3.4)1 as follows

dM
M ¼ U dU

c2 1�ðU=cÞ2½ � 1þ bðk�1Þ
ðb�1þUv=c2Þ

n o

¼ U dU
c2 1�ðU=cÞ2½ � 1� 1�ðv=cÞ2½ �

rðv=cÞ2 ðU=cÞ2�2U=vþ1½ �

 �

¼ 1
2 tanhðn=2Þdnþ sinh n dn

4rsinhðc=2Þsinhðn�c=2Þ :

ð3:11Þ

However, the final term of this equation also appears in (3.7),
and with the aid of (3.7), it is not difficult to show that (3.11)
becomes

dM
M

¼ 1
2
sinhðn=2Þ
coshðn=2Þ dnþ

d r= sinhðn� c=2Þ½ �1=2
� 	
r= sinhðn� c=2Þ½ �1=2

;

and therefore on integration we obtain

MðUÞ ¼ C2coshðn=2Þr
sinhðn� c=2Þ½ �1=2

; ð3:12Þ

where C2 can be shown to denote the arbitrary constant introduced
above.

From k ¼ m0ðuÞ=M0ðUÞ and r ¼ ðk� 1Þ�1 we may readily
deduce from (3.12) the remarkably simple result

m0ðuÞ ¼ M0ðUÞ þ C2

sinhðn� c=2Þ½ �1=2
; ð3:13Þ

and which is entirely consistent with the suggested expressions
(3.10). Using the variables defined by (2.11), Eq. (3.13) becomes

m0ðuÞ �M0ðUÞ ¼
C2 1� ðU=cÞ2
h i1=2

1� ðv=cÞ2
h i1=4

2 U
c � 1þ U

c

� �2h i
v
c

� 	1=2 :
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We comment that by alternately placing the particle at the ori-
gin of either frame, so that we have either

U ¼ v ; u ¼ 0; n ¼ c; g ¼ 0; ð3:14Þ
or

U ¼ 0; u ¼ �v ; n ¼ 0; g ¼ �c; ð3:15Þ
we may deduce from this equation the two constraints

m�
0 �M0ðvÞ ¼ C2

sinhðc=2Þ½ �1=2 ¼ C2
c
v

� �1=2 1� ðv=cÞ2
h i1=4

;

m0ð�vÞ �m�
0 ¼ C2

sinhð�c=2Þ½ �1=2 ¼ C2
c
�v
� �1=2 1� ðv=cÞ2

h i1=4
:

Assuming that the relations m0ð�vÞ ¼ m0ðvÞ ¼ M0ðvÞ hold,
then for real outcomes, it is clear that these two equations are
not consistent unless C2 ¼ 0 and in which case, m0ðvÞ ¼
M0ðvÞ ¼ m�

0, which of course is simply the Einstein mass variation.
Accordingly, the more general mass variation appears not to apply
dE
dM ¼

1
2 coshðc=2Þcoshðn� c=2Þ � 1½ � þ sinhðn� c=2Þ½ �3=2 coshðc=2Þ

4

R n�c=2
0

dq
ðsinhqÞ1=2 þ C1sinhðc=2Þ

n o
1
2 coshðc=2Þcoshðn� c=2Þ þ 1½ � þ sinhðn� c=2Þ½ �3=2 coshðc=2Þ

4

R n�c=2
0

dq
ðsinhqÞ1=2 þ C1sinhðc=2Þ

n o :
in a straightforward manner as is the case for Einstein’s formula. In
the following section, we show that care must be exercised in
ensuring that attention is restricted to an appropriate region of
ðU; uÞ space. In the above example, assuming that v > 0, it turns
out that the first set of conditions (3.14) are permissible while
the second (3.15) are not, and vice-versa if v < 0. We show in
the following section that while the above two conditions (3.14)
and (3.15) do not apply simultaneously, they may possibly apply
separately but with restrictions on the sign of n� c=2.

A related issue arises when we need to specify the datum ener-
gies corresponding to the solutions (3.10). Recall that by definition
m0ðuÞ ¼ n0ðgÞ and M0ðUÞ ¼ N0ðnÞ and from the expressions (3.10)
we may deduce

dN0ðnÞ
dn

¼ C2sinhn

4sinhðc=2Þ sinhðn� c=2Þ½ �3=2
;

dn0ðgÞ
dg

¼ C2sinhg
4sinhðc=2Þ sinhðgþ c=2Þ½ �3=2

;

ð3:16Þ

which on respective substitution into (2.14) and (2.15) yield

E ¼ MðUÞc2 � C2c2

sinhðc=2Þ
sinhðn� cÞ=2

sinhðn� c=2Þ½ �1=2
� sinhð�c=2Þ½ �1=2

( )
;

E ¼ mðuÞc2 � C2c2

sinhðc=2Þ
sinhðgþ cÞ=2

sinhðgþ c=2Þ½ �1=2
� sinhðc=2Þ½ �1=2

( )
;

ð3:17Þ
noting that the above expressions have been normalised such that
E ¼ m�

0c
2 when U ¼ 0 and E ¼ m�

0c
2 when u ¼ 0. Although to a cer-

tain extent these datum energy levels are arbitrary, we observe that
for this particular normalisation, one or other of the additive con-
stants becomes pure imaginary depending upon whether v > 0 or
v < 0. We have purposely included this to highlight the issue that
the region of validity of the solutions (3.10) requires careful consid-
eration, and even the seemingly natural choices of datum energy
levels may not be applicable. This issue is analysed at length in
the following section.

As previously noted the two invariances (2.9) imply that the
energy–mass rates are the same in both frames, namely
dE=dm ¼ dE=dM, which may be formally proved from the
above solutions (3.10) as follows. From the relations
dE ¼ UdP; P ¼ MU, (2.10) and the new velocity variables (2.11),
we may deduce

dE
dM

¼ C2 sinhðn=2Þ½ �2 þ N0ðnÞsinhðc=2Þ sinhðn� c=2Þ½ �3=2
C2 coshðn=2Þ½ �2 þ N0ðnÞsinhðc=2Þ sinhðn� c=2Þ½ �3=2

;

dE
dm

¼ C2 sinhðg=2Þ½ �2 þ n0ðgÞsinhðc=2Þ sinhðgþ c=2Þ½ �3=2
C2 coshðg=2Þ½ �2 þ n0ðgÞsinhðc=2Þ sinhðgþ c=2Þ½ �3=2

;

and the equality of these two expressions follows from the relation
n ¼ gþ c, the integral (3.13) and on noting relations such as

sinh2ðn=2Þ � sinh2ðg=2Þ ¼ cosh2ðn=2Þ � cosh2ðg=2Þ
¼ sinhðc=2Þsinhðn� c=2Þ:

On exploiting the explicit form of the mass solutions (3.10), we
may for example deduce expressions such as
Finally in this section, we observe that on using (3.13) to elim-

inate the quantity C2= sinhðn� c=2Þ½ �1=2 from Eq. (3.17), we may
simplify (3.17) to become

E ¼ MðUÞU �mðuÞu 1� ðv=cÞ2
h i1=2
 �

c2

v þ E0;

E ¼ � mðuÞu�MðUÞU 1� ðv=cÞ2
h i1=2
 �

c2

v þ E0;

ð3:18Þ

for certain constants E0 and E0, and we may provide an independent
check on the above relations as arising directly from the energy and
momentum Eqs. (2.8) and dE=dT ¼ FU and F ¼ dP=dT as follows. In
consideration of

d
dT

E� ðE� PvÞ
1� ðv=cÞ2
h i1=2

8><
>:

9>=
>;

¼ f

1� ðv=cÞ2
h i1=2 u 1� Uv

c2

� �
� U � vð Þ


 �
¼ 0;

since u ¼ ðU � vÞ=ð1� Uv=c2Þ and noting that we have used force
invariance f ¼ F and the Lorentz transformation (2.1)2, and

d
dT

E� ðEþ pvÞ
1� ðv=cÞ2
h i1=2

8><
>:

9>=
>;

¼ f

1� ðv=cÞ2
h i U 1� v

c

� 	2� 
� uþ vð Þ 1� Uv

c2

� �
 �

¼ f

1� ðv=cÞ2
h i U 1� v

c

� 	2� 
� U � vð Þ � v 1� Uv

c2

� �
 �
¼ 0;

we may deduce the Lorentz invariant energy–momentum relations

E ¼ ðE� PvÞ
1� ðv=cÞ2
h i1=2 þ const; E ¼ ðEþ pvÞ

1� ðv=cÞ2
h i1=2 þ const; ð3:19Þ

which apply for all mass variations, and the constants are deter-
mined by prescribed initial data. Now on re-writing (3.18) as,
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Fig. 2. Allowable ðU;uÞ regions for solutions (3.10) and (4.2) for v > 0.
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E ¼ P � p 1� ðv=cÞ2
h i1=2� �

c2

v þ E0;

E ¼ � p� P 1� ðv=cÞ2
h i1=2� �

c2

v þ E0;

ð3:20Þ

it is a simple matter to show that (3.19) are indeed satisfied by
(3.20), which evidently admit the following interesting identity

E� E0ð Þ2 � E� E0ð Þ2 ¼ ðp2 � P2Þc2: ð3:21Þ
We further comment that although (3.20) has been derived

within the context of a particular mass variation, these relations
can be verified directly for any mass variation since

d
dT

E�c2

v P�p 1�ðv=cÞ2
h i1=2� �
 �

¼ f U�c2

v þc2

v 1�Uv
c2

� �
 �
¼0;

and

d
dT

E�c2

v p�P 1�ðv=cÞ2
h i1=2� �
 �

¼ f

1�ðv=cÞ2
h i1=2 U�vð Þþc2

v 1�Uv
c2

� �
�c2

v 1� v
c

� 	2� 
 �
¼0;

assuming only the Lorentz transformations (2.1), the energy and
momentum equations such as (2.8) and force invariance f ¼ F.
Together the relations (3.19) and (3.20) yield

E� E0 ¼ ðE� E0Þ � Pv

1� ðv=cÞ2
h i1=2 ; p ¼ P � ðE� E0Þv=c2

1� ðv=cÞ2
h i1=2 ;

along with the inverse relations

E� E0 ¼ ðE� E0Þ þ pv

1� ðv=cÞ2
h i1=2 ; P ¼ pþ ðE� E0Þv=c2

1� ðv=cÞ2
h i1=2 :
U

ξ < γ/2

–Umin

Umin

–Umax

Fig. 3. Allowable ðU;uÞ regions for solutions (3.10) and (4.2) for v < 0.
Analysis and application of new mass variation formulae

Eqs. (3.10) along with the integral (3.13) describe a two-
parameter family for the variation of mass. However, the formal
analysis leading to the solutions (3.10) and their applicability, is
critically based on the assumption that the quantity n� c=2
remains positive in the ðU;uÞ region of interest. The formulae
(3.10) and (3.13) only remain real provided we confine ourselves
to the regime n� c=2 ¼ gþ c=2 > 0 which may be shown to corre-

spond to either 2U � 1þ U=cð Þ2
h i

v
� 	

> 0 for U or to

2uþ 1þ u=cð Þ2
h i

v
� 	

> 0 for u, so that for v > 0;Umin < U < Umax

and for u, either u < �Umax or u > �Umin where for v > 0 we adopt
Umin and Umax to be the two positive numbers that are defined
respectively by

Umin ¼ c2

v 1� 1� ðv=cÞ2
h i1=2� �

;

Umax ¼ c2

v 1þ 1� ðv=cÞ2
h i1=2� �

; ð4:1Þ

noting that in Figs. 2 and 3, we utilise the same two positive num-
bers as defined above for both v > 0 and v < 0. We comment that
these two values of U formally arise from the condition u ¼ �U.
For v > 0, both v and c always lie in the interval ðUmin;UmaxÞ, and
there are corresponding constraints for the case v < 0. Further,
the imposed conditions on the appropriate ðU;uÞ region, effectively
means that we are not at liberty to arbitrarily impose any two con-
ditions, and this must be done with care ensuring the prescribed
data lies within an appropriate interval, as shown schematically in
Figs. 2 and 3. For U in the interval Umin < U < Umax and close to the
end-points, the solutions (3.10) exhibit singularities; thus for example

MðUÞ � �
C2c3=2 1� ðv=cÞ2

h i1=4
2v1=2 ðUmax � UÞðU � UminÞ½ �1=2

;

and with a similar asymptotic expression for mðuÞ.
As an aside, it is interesting to observe that with the above ter-

minology (4.1), the relations (3.20) become simply

Eþ E ¼ P � pð ÞUmax þ E0 þ E0;

E� E ¼ P þ pð ÞUmin þ E0 � E0;

so that we may re-affirm the identity (3.21) noting the identity
UmaxUmin ¼ c2. In the event that n� c=2 < 0, then in place of
(3.10) we need to solve the differential equation
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dr
dn

þ r
2
coshðc=2� nÞ
sinhðc=2� nÞ ¼

sinh ðc=2� nÞ � c=2ð Þ
4sinhðc=2Þsinh c=2� nð Þ :

and a straightforward integration yields

r ¼ �1
2
� sinh c=2� nð Þ½ �1=2

4tanhðc=2Þ
Z c

2�n

0

dq
ðsinhqÞ1=2

þ c1 sinh
c
2
� n

� 	h i1=2
;

where c1 denotes the arbitrary constant of integration, which is pos-
sibly distinct from C1. The solutions corresponding to (3.10) can be
shown to become

M0ðUÞ ¼ c2 c1 � 1
4 tanhðc=2Þ

R c=2�n
0

dq
ðsinhqÞ1=2 � 1

2 sinhðc=2�nÞ½ �1=2
n o

;

m0ðuÞ ¼ c2 c1 � 1
4 tanhðc=2Þ

R�ðgþc=2Þ
0

dq
ðsinhqÞ1=2 þ 1

2 sinh �ðgþc=2Þð Þ½ �1=2
n o

;

ð4:2Þ
where c2 denotes a further arbitrary constant, again possibly dis-
tinct from C2. The variables ðn;g; cÞ are defined by (2.11), and noting
that if n� c=2 < 0, then �ðgþ c=2Þ > 0. The various ðU;uÞ regions of
applicability for these solutions and the solutions (3.10) are shown
schematically in Fig. 2 for v > 0 and Fig. 3 for v < 0. Thus for v > 0,
if Umin < U < Umax then either u < �Umax or u > �Umin, while if
�Umax < u < �Umin then either U < Umin or U > Umax, where Umin

and Umax are as defined by (4.1).
It is possible to determine the constant C1 in such a manner that

both mðuÞ and MðUÞ remain finite in the limit u;U ! c. If C1 is
chosen so that

C1 ¼ � 1
4tanhðc=2Þ

Z 1

0

dq
sinhq½ �1=2

¼ � 1
8tanhðc=2ÞB

1
4
;
1
2

� �
;

ð4:3Þ
noting that Bð1=4;1=2Þ ¼ 5:244115 . . . is the usual beta function,
and then both m0ðuÞ and M0ðUÞ tend to zero in the limit as
u;U ! c, and therefore for example

Mc ¼ lim
U!c

M0ðUÞ
1� ðU=cÞ2
h i1=2 ¼ lim

n!1
N0ðnÞ

sechðn=2Þ ¼ lim
n!1

dN0ðnÞ=dn
�tanhðn=2Þ
2coshðn=2Þ

;

and on using (3.16), we may eventually deduce

Mc ¼ � C2e3c=4

23=2sinhðc=2Þ ¼ � C2 1þ ðv=cÞ½ �5=4
2
ffiffiffi
2

p
v=cð Þ 1� ðv=cÞ½ �1=4

:

By a completely analogous calculation using (3.16) we may
deduce

mc ¼ � C2e�3c=4

23=2sinhðc=2Þ ¼ � C2 1� ðv=cÞ½ �5=4
2
ffiffiffi
2

p
v=cð Þ 1þ ðv=cÞ½ �1=4

;

and from which we may deduce the interesting relations

mcMc ¼ C2
2

8

1� ðv=cÞ2
h i

ðv=cÞ2
;

mc

Mc
¼ 1� ðv=cÞ

1þ ðv=cÞ
� �3=2

:

We might for example fix C2 by positioning a particle at the ori-
gin of the ðx; tÞ frame and imposing the conditions

U ¼ v ; u ¼ 0; n ¼ c; g ¼ 0; mð0Þ ¼ m�
0; ð4:4Þ

where m�
0 is the assumed known rest mass. From this condition,

using both (3.10) and (4.3) we may deduce the equation

m�
0 ¼ C2

1

2 sinhðc=2Þ½ �1=2
� 1
4tanhðc=2Þ

Z 1

c=2

dq
ðsinhqÞ1=2

( )
; ð4:5Þ

as the determining equation for the constant C2. From (3.10), (4.3)
and (4.5), we may deduce the expressions for M0ðUÞ and m0ðuÞ
respectively
M0ðUÞ ¼ N0ðnÞ ¼ m�
0

1
4 tanhðc=2Þ

R1
n�c=2

dq
ðsinh qÞ1=2

þ 1
2 sinhðn�c=2Þ½ �1=2

n o
1

4 tanhðc=2Þ
R1
c=2

dq
ðsinh qÞ1=2

� 1
2 sinhðc=2Þ½ �1=2

n o ;

m0ðuÞ ¼ n0ðgÞ ¼ m�
0

1
4 tanhðc=2Þ

R1
gþc=2

dq
ðsinh qÞ1=2

� 1
2 sinhðgþc=2Þ½ �1=2

n o
1

4 tanhðc=2Þ
R 1
c=2

dq
ðsinh qÞ1=2

� 1
2 sinhðc=2Þ½ �1=2

n o ;

ð4:6Þ

which evidently, if necessary, admits some minor cancellations. We
observe from (4.6)1 with n ¼ c that the actual mass MðvÞ as a func-
tion of the velocity v is given by

MðvÞ ¼ m�
0

1� ðv=cÞ2
� 	1=2

1

2ðv=cÞ1=2 1�ðv=cÞ2ð Þ1=4
R1
c=2

dq
ðsinhqÞ1=2 þ 1


 �

1

2ðv=cÞ1=2 1�ðv=cÞ2ð Þ1=4
R1
c=2

dq
ðsinhqÞ1=2 � 1


 � ;

ð4:7Þ
which is the comparison formula to be contrasted with the Einstein

expression MðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

, noticing that (4.7) tends
properly to m�

0 in the limit v tending to zero. Notice that with C2

defined by (4.5) and the assumed conditions (4.4), Eq. (4.7) also
arises directly from either (3.9) or (3.13). We also observe that
while both M0ðUÞ and m0ðuÞ are well-defined and finite when
U ¼ u ¼ c, these expressions remain singular as the relative frame
speed v approaches c. Indeed, the denominator in (4.6) vanishes
at v ¼ c, which is most easily seen by taking the limit

coshðc=2Þ R1
c=2

dq
ðsinhqÞ1=2 =2 sinhðc=2Þ½ �1=2 as c tends to infinity. Using

L’Hôpital’s rule, this limit can be shown to be equal to unity, and
therefore the expression (4.7) involves a singularity at v ¼ c which
is stronger than the Einstein expression.

We note that alternatively, we might position the particle at the
origin of the ðX; TÞ frame and impose the conditions

U ¼ 0; u ¼ �v ; n ¼ 0; g ¼ �c; Mð0Þ ¼ m�
0;

where again m�
0 denotes the assumed known rest mass. From this

condition, using both (4.2) and (4.4) we may deduce the equation

m�
0 ¼ c2 c1 � 1

4tanhðc=2Þ
Z c=2

0

dq
ðsinhqÞ1=2

� 1

2 sinhðc=2Þ½ �1=2
( )

;

as one condition for the determination of the constants c1 and c2.
We note however from the solutions (4.2), that if we have in mind
fixing the constant c1 by imposing finite mass at the speed of light
then necessarily this must be done at u ¼ U ¼ �c since both U and u
must remain negative in order that both n and g are negative. The
resulting solution can be shown to become

M0ðUÞ ¼ N0ðnÞ ¼ m�
0

1
4 tanhðc=2Þ

R1
c=2�n

dq
ðsinh qÞ1=2

� 1
2 sinhðc=2�nÞ½ �1=2

n o
1

4 tanhðc=2Þ
R1
c=2

dq
ðsinh qÞ1=2

� 1
2 sinhðc=2Þ½ �1=2

n o ;

m0ðuÞ ¼ n0ðgÞ ¼ m�
0

1
4 tanhðc=2Þ

R1
�ðgþc=2Þ

dq
ðsinh qÞ1=2

þ 1
2 sinhð�ðgþc=2ÞÞ½ �1=2

n o
1

4 tanhðc=2Þ
R1
c=2

dq
ðsinh qÞ1=2

� 1
2 sinhðc=2Þ½ �1=2

n o ;

ð4:8Þ

noting that this solution applies only for n < c=2 and that (4.8) is
formally the same solution as that given by (4.6) but applying in
the opposite direction; that is negative velocities as opposed to pos-
itive velocities.

From (4.1) it is clear that UmaxUmin ¼ c2, so that Umin is always
subluminal and Umax is always superluminal. We have chosen the
constants such that the residual masses vanish at u ¼ U ¼ c, so that
the actual masses remain finite there. Now the value U ¼ c lies in
the region for which the solutions (3.10) apply, and for subluminal
frame velocities v, either both u and U are subluminal or both
are superluminal. This means that we need to determine the
corresponding new solutions for u;U > c, and this is done in the



Fig. 4. Variation of residual mass N0ðnÞ=m�
0 as given by (4.6)1.

Fig. 5. Variation of residual mass n0ðgÞ=m�
0 as given by (4.6)2.
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following section. By choosing appropriate new variables n and g,
and redefining residual masses, we find that the major formulae
of this section also apply for u;U > c, and specifically the residual
masses for both u;U < c and u;U > c are formally precisely as
given by (4.6).

Superluminal motion (v < c and u;U > c)

In this section for superluminal motion we follow the develop-
ment of the present authors [3,4] and that of Vieira [9], and we
detail the key equations arising for superluminal motion with
u;U > c and v < c and for which (n;g; c) are defined by

n ¼ log
U=c þ 1
U=c � 1

� �
; g ¼ log

u=c þ 1
u=c � 1

� �
; c ¼ log

1þ v=c
1� v=c

� �
;

ð5:1Þ
and for which n ¼ gþ c still holds while the inverses are given by

U ¼ ccothðn=2Þ; u ¼ ccothðg=2Þ; v ¼ ctanhðc=2Þ: ð5:2Þ
In this case the residual masses m0ðuÞ and M0ðUÞ are defined by

mðuÞ ¼ m0ðuÞ
ðu=cÞ2 � 1
h i1=2 ; MðUÞ ¼ M0ðUÞ

ðU=cÞ2 � 1
h i1=2 ; ð5:3Þ

and the appropriate square root relation arising from (2.3) becomes

ðu=cÞ2 � 1
h i1=2

1� Uv=c2
� � ¼ ðU=cÞ2 � 1

h i1=2
1� ðv=cÞ2
h i1=2

:

With k defined in the usual way as k ¼ m0ðuÞ=M0ðUÞ, the gener-
alised Lorentz invariant mass-momentum relations are again given
by (3.1) and (3.2). This means that the differential relations (3.3)
arising from the two invariances (2.9) are identical with (3.3)
and all the subsequent Eqs. (3.4)–(3.7) that apply in the previous
section also apply to the present case. Thus the forms of equations
such as (3.7) coincide even though the respective transformations
for the two cases (namely (2.11) and (5.1)) are different and the
corresponding inverses (2.13) and (5.2) have tanh replaced by
coth for n and g.

As in the previous section, we find that r ¼ ðk� 1Þ�1 satisfies
(3.7) and is given by (3.8). Further, k is given by (3.9) and the first
two equations of (3.11) remain unchanged, but the final line has
cothðn=2Þ in place of tanhðn=2Þ, thus

dM
M

¼ 1
2
cothðn=2Þdnþ sinhðnÞdn

4rsinhðc=2Þsinhðn� c=2Þ ;

which as before simplifies to yield

dM
M

¼ 1
2
coshðn=2Þ
sinhðn=2Þ dnþ

d r= sinhðn� c=2Þ½ �1=2
� 	
r= sinhðn� c=2Þ½ �1=2

;

and on integration gives

MðUÞ ¼ C2sinhðn=2Þr
sinhðn� c=2Þ½ �1=2

; ð5:4Þ

where again C2 denotes an arbitrary constant, and again (5.4) for-
mally simplifies to give (3.13) so that the formal solutions (3.10)
remain unchanged, but now of course n and g are defined by
(5.1). Further, from Eq. (5.4) we may deduce

m0ðuÞ �M0ðUÞ ¼
C2 ðU=cÞ2 � 1
h i1=2

1� ðv=cÞ2
h i1=4

2 U
c � 1þ U

c

� �2h i
v
c

� 	1=2 :

However, the two energy formulae now become
E ¼ MðUÞc2 þ c2
R n
0 cosechðf=2Þ dN0ðfÞ

df dfþ E0;

E ¼ mðuÞc2 þ c2
R g
0 cosechðw=2Þ dn0ðwÞ

dw dwþ E0;

for certain constants E0 and E0. For example, assuming the same
datum energy level as arising from some limiting mass, say m�

1c2,
assumed to apply respectively for n ¼ 0 and g ¼ 0, then in place
of (3.17) we might have

E ¼ MðUÞc2 � C2c2

sinhðc=2Þ
coshðn�cÞ=2

sinhðn�c=2Þ½ �1=2 �
coshðc=2Þ

sinhð�c=2Þ½ �1=2
n o

;

E ¼ mðuÞc2 � C2c2

sinhðc=2Þ
coshðgþcÞ=2

sinhðgþc=2Þ½ �1=2 �
coshðc=2Þ

sinhðc=2Þ½ �1=2
n o

;

so that again there is an apparent need for the requirement to
ensure allowable initial data as arising from an appropriate ðU; uÞ
region as indicated in Figs. 2 and 3.



Fig. 6. Variation of actual mass MðUÞ=m�
0 from (4.6)1, (2.10)2 and (5.3)2.

Fig. 7. Variation of actual mass mðuÞ=m�
0 from (4.6)2, (2.10)1 and (5.3)1.

Fig. 8. Variation of actual mass MðvÞ=m�
0 from (4.7) showing the Einstein formula

(dashed).

120 J.M. Hill, B.J. Cox / Results in Physics 6 (2016) 112–121
On using the equivalent equation to (3.13) we find that these
relations become identical with (3.18), namely

E ¼ MðUÞU �mðuÞu 1� ðv=cÞ2
h i1=2
 �

c2
v þ E0;

E ¼ � mðuÞu�MðUÞU 1� ðv=cÞ2
h i1=2
 �

c2
v þ E0;

but noting that the datum energy levels E0 and E0 are different, and
that when U ! 1;u ! �c2=v and when u ! 1;U ! c2=v . The
subsequent equations derived in the previous section, namely start-
ing with (3.19) remain essentially unchanged for the case presented
in this section, except of course for the particular values of the
datum energy levels E0 and E0. Accordingly, these details are not
re-produced here.
For the numerical results shown in Figs. 4–7, the variable g lies
in the interval ð0;1Þ while the variable n lies in the interval ðc;1Þ.
The speed of light corresponds to n ¼ g ¼ 1, and at infinity both
residual masses vanish so that the actual masses remain finite
there. We might visualise the solution as a symmetrically folded
sheet with the fold corresponding to n ¼ g ¼ 1 and any prescribed
data on the residual mass at one edge of the sheet is automatically
inherited at the other edge of the sheet. Thus for example, for
u;U < c and the conditions (4.4), the assumed initial condition
m0ð0Þ ¼ m�

0 implies for u;U > c that m0ð1Þ ¼ m�
0. There is a corre-

sponding relation arising from the value of M0ðvÞ for u;U < c,
which generates the same value for M0ðc2=vÞ for u;U > c. This is
because the curves for both u;U < c and u;U > c are the same
curve, and it is only the re-interpretation to the velocity that
changes for below and above c. Specifically, for u;U < c, the resid-
ual masses are defined by (2.10) and for u;U > c by (5.3), but in
both cases M0ðUÞ ¼ N0ðnÞ and m0ðuÞ ¼ n0ðgÞ are defined by (4.6).
The two residual masses M0ðUÞ ¼ N0ðnÞ and m0ðuÞ ¼ n0ðgÞ are
shown in Figs. 4 and 5 respectively for the particular value
v=c ¼ 1=2, so that c ¼ log 3. Figs. 6 and 7 show the non-
dimensionalised actual masses MðUÞ=m�

0 and mðuÞ=m�
0 as functions

of the non-dimensionalised velocities U=c and u=c respectively. In
both of these two figures we observe that there is a smooth transi-
tion through the speed of light as anticipated. Fig. 8 shows the vari-
ation of the actual mass MðvÞ=m�

0 from (4.7) as compared with the
conventional Einstein formula which is the dashed curve. Notice
that the singularity at the speed of light is stronger than that pre-
dicted by the Einstein formula, which means that there is typically
more mass than predicted by the Einstein expression.
Conclusions

In special relativity, mass as a function of its velocity is pre-
scribed by a single arbitrary constant, termed its rest mass. In this
paper we have posed the question as to whether there might exist
other special relativistic mass variations, and we have determined
new mass variations involving two arbitrary constants. As usual in
special relativity we have considered two moving frames such that
the ðx; tÞ frame is moving with constant velocity v with respect to
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the ðX; TÞ frame. We consider a moving particle having velocity u
with respect to the ðx; tÞ frame and U with respect to the ðX; TÞ
frame. We have assumed only that the standard Lorentz transfor-
mations (2.1) and that the Einstein variation of mass formula

mðvÞ ¼ m�
0 1� ðv=cÞ2
h i�1=2

does not apply. We have proposed the

question of determining other mass variation formulae that pre-
serve the structure of the Lorentz invariant mass-momentum rela-
tions as well as force invariance in the direction of relative motion
and another invariance (see (2.9)) that is known to apply in special
relativity. Together the two invariances imply that the energy–
mass rates are the same in both frames, namely dE=dm ¼ dE=dM,
which is clearly the case in conventional special relativity when
both energy–mass rates are then equal to c2.

Based only on these assumptions, we have determined new
mass variation expressions given by (3.10) involving two arbitrary
constants C1 and C2, and assuming v > 0. For v < 0 the corre-
sponding expressions are given by (4.2). Further, we have termed
m0ðuÞ and M0ðUÞ as the residual masses, being the actual mass
with the Einstein factor removed. Specifically, for u;U < c the
residual masses m0ðuÞ and M0ðUÞ are defined by

mðuÞ ¼ m0ðuÞ
1� ðu=cÞ2
h i1=2 ; MðUÞ ¼ M0ðUÞ

1� ðU=cÞ2
h i1=2 ;

while for u;U > c the residual masses m0ðuÞ and M0ðUÞ are defined
by

mðuÞ ¼ m0ðuÞ
ðu=cÞ2 � 1
h i1=2 ; MðUÞ ¼ M0ðUÞ

ðU=cÞ2 � 1
h i1=2 ;

where mðuÞ and MðUÞ denote the actual masses from the two
frames, and in both cases M0ðUÞ ¼ N0ðnÞ and m0ðuÞ ¼ n0ðgÞ are
defined by (4.6).

The new formulae involve the integral
R xdq=ðsinhqÞ1=2 and two

arbitrary constants C1 and C2 which can be determined by appro-
priate initial data. The integrals can, if necessary, be expressed in
terms of standard elliptical functions, but the resulting expressions
are not particularly helpful in terms of generating insight. It is clear
from the above integral involving sinh that for negative values of
the integration variable, imaginary numbers are generated and
care must be exercised in proposing specific initial data for a
boundary value problem to have real outcomes. For each of v > 0
and v < 0 there are two branches for the new solutions depending
on the sign of n� c=2, and the allowable ðU;uÞ regions are
shown schematically in Figs. 2 and 3. This apparent limitation
tends to reinforce the robustness of the Einstein formula

mðvÞ ¼ m�
0½1� ðv=cÞ2��1=2

. However, the new mass variations per-
mit finite mass solutions at the speed of light, for which the resid-
ual mass vanishes at v ¼ c, namely m0ðcÞ ¼ 0, and an illustrative
boundary value problem is formulated. The existence of finite mass
solutions at the speed of light is perhaps an important issue with
interesting physical implications. One apparent consequence of
this assumption is that the Einstein formula for mass underesti-
mates that predicted by the new expressions.

Finally, we emphasise that throughout this paper we have only
considered relative frame velocities v < c, and that there are corre-
sponding formal solutions to those presented here that apply for
relative frame velocities v > c. However, instead of involving the

integral
R xdq=ðsinhqÞ1=2, the new expressions involve the integralR xdq=ðcoshqÞ1=2 which is always well-defined for both positive

and negative q and the region of validity is unrestricted. The solu-
tions corresponding to superluminal relative frame velocities are
presented in part II of this paper.
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