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Abstract

We introduce two necessary conditions for the existence of graph homomorphisms based on the concepts of density and power
graph. As corollaries, we obtain a lower bound for the fractional chromatic number, and we set forward elementary proofs of the
facts that the circular chromatic number of the Petersen graph is equal to three and the fact that the Coxeter graph is a core.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Throughout the article we only consider finite graphs and refer the reader to [7,17] for notations. A homomorphism f :
G −→ H from a graph G to a graph H is a map f : V (G) −→ V (H) such that uv ∈ E(G) implies f (u)f (v) ∈ E(H).
Moreover, Hom[G, H ] denote the set of homomorphisms from G to H (for more on graphs homomorphisms see
[2,3,5,7]).

If n and d are positive integers with n�2d , then the circular complete graph K(n,d) is the graph with vertex set
{v0, v1, . . . , vn−1} in which vi is connected to vj if and only if d � |i−j |�n−d. A graph G is said to be (n, d)-colourable
if G admits a homomorphism to K(n,d). The circular chromatic number (also known as the star chromatic number
[15]) �c(G) of a graph G is the minimum of those ratios n/d for which gcd(n, d) = 1 and G admits a homomorphism
to K(n,d) (it can be shown that one may only consider onto-vertex homomorphisms [17]). We denote by [m] the set

{1, 2, . . . , m}, and denote by
( [m]

n

)
the collection of all n-subsets of [m]. The Kneser graph KG(m, n) has vertex set( [m]

n

)
, in which A is connected to B if and only if A ∩ B = ∅. It was conjectured by Kneser [8] in 1955 and proved

by Lovász [10] in 1978 that �(KG(m, n)) = m − 2n + 2. The fractional chromatic number, �f(G), of a graph G is
defined as

�f(G)
def= inf

{ m

n

∣∣∣ Hom(G, KG(m, n)) �= ∅
}

.
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(For more about this parameter see [13].) Given two graphs G and K, we define

�(G, K)
def= max

H �G

{ |E(H)|
|V (H)|

∣∣∣∣ Hom(H, K) �= ∅
}

as the maximum density of the subgraphs that are homomorphic to H. In the following theorem we show that the
parameter � can be used in a no-homomorphism criterion (for other related results see [1–4,12]).

Theorem 1. Let G and H be two graphs such that the automorphism group of H acts transitively both on V (H) and
E(H) and assume that Hom[G, H ] �= ∅. Then for any graph K we have

|V (G)|�(G, K)

|E(G)| � |V (H)|�(H, K)

|E(H)| .

Proof. Let � ∈ Hom[G, H ], |Aut(H)| = t , Aut(H) = {�i |i = 1, . . . , t} and define

G̃
def=

t⋃
i=1

Gi ,

where each component of G̃, such as Gi (i = 1, . . . , t), is an isomorphic copy of G. Also, define the homomorphism
�̃ such that its restriction to Gi is �i ◦ �. It is easy to see that �̃ ∈ Home[G, H ], and that for any e ∈ E(H) and any
v ∈ V (H) we have

|�̃−1(e)| = |E(G)|
|E(H)| × t and |�̃−1(v)| = |V (G)|

|V (H)| × t .

Let H0 �H be an induced subgraph of H such that �(H, K) = |E(H0)|/|V (H0)|, and define

G′
i

def= Gi ∩ �̃−1(H0) (i = 1, . . . , t). Now,

(t × |E(G)|/|E(H)|) × |E(H0)|
(t × |V (G)|/|V (H)|) × |V (H0)| = |E(G′

1)| + |E(G′
2)| + · · · + |E(G′

t )|
|V (G′

1)| + |V (G′
2)| + · · · + |V (G′

t )|
��(G, K),

and the theorem follows. �

Note that one can also define similar parameters and prove variants of this theorem (e.g. one can consider all (not
necessarily induced) subgraphs). As one of the applications we mention the following corollary about the fractional
chromatic number of graphs.

Corollary 1. For any graph G we have, �f(G)�(|E(G)|/|V (G)|�(G, K2)) + 1.

Proof. Let the fractional chromatic number of G be m/n, consider the Kneser graph H
def= KG(m, n), and define,

A
def={X ⊆ [m]||X| = n, 1 ∈ X, 2 /∈ X},

B
def={X ⊆ [m]||X| = n, 1 /∈ X, 2 ∈ X}.

Let H0 be the induced (bipartite) graph on A∪B in KG(m, n). We note that |E(H0)|/|V (H0)|��(KG(m, n), K2), and
consequently, by Theorem 1 we have

|V (H)| × |E(H0)|
|E(H)| × |V (H0)| =

(
m−n−1

n−1

)
(

m−n
n

) = 1

�f(G) − 1
� |V (G)|�(G, K2)

|E(G)| ,

which gives the desired lower bound for the fractional chromatic number. �
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In what follows we consider one more no-homomorphism criterion, which, although simply proved, has some
interesting consequences. For any graph G, let G(l) be the lth power of G, that is obtained on the vertex set V (G), by
connecting any two vertices u and v, if there exists a walk of length l between u and v in G. Note that lth power of a
simple graph is not necessarily a simple graph itself (e.g. when l is an even integer then the lth power may have loops
on its vertices). The following lemma is an easy, but in our opinion effective, observation (the case l = 3 has also been
used independently by Tardif [14]. Also, for some other applications of density and power graphs in homomorphism
problem see [12]).

Lemma 1. For any two simple graphs G and H and any positive integer l,

Hom[G, H ] �= ∅ ⇒ Hom[G(l), H (l)] �= ∅.

Proof. Note that for any positive integer l, homomorphisms preserve walks of length l. �

It must be noted that the lemma is trivially true when H(l) contains a loop (e.g. when l = 2). Also, one may deduce
the following corollary when H(l) is a simple graph.

Corollary 2. For any positive integer l and any simple graph G, if G(l) is a core then G is a core.

Proof. The corollary follows from the fact that if an induced homomorphism �̃ : G(l) −→ G(l) is an automorphism
the � : G −→ G itself must be an automorphism too. �

As one more immediate consequence of Lemma 1 we may refer to the following corollary that seems to provide a
simple proof compared to other well-known results [4,17].

Corollary 3. Let P and C be the Petersen and the Coxeter graphs, respectively.

(a) For any vertex v ∈ V (P ), �c(P − v) = 3.
(b) Hom[C, C7] = ∅.

Proof. It is easy to check that for any vertex v ∈ V (P ), (P − v)(3) = K9. Also, we note that C5 and K(8,3) do not
contain triangles, and consequently, the third power of these graphs are K5 and K8, respectively. Therefore, (a) follows
from Lemma 1, and on the other hand, (b) can be proved similarly since it is easy to check that C(5) = K28. �

As one more observation we consider the following conjecture of Nešetřil.

Conjecture 1 (Nešetřil’s Pentagon Conjecture [11]). If G is a cubic graph of sufficiently large girth then
Hom[G, C5] �= ∅.

It should be noted that the conjecture would be true as a consequence of Brook’s theorem, if one would replace C5
by C3. On the other hand, the conjecture is known to be false if one replaces C5 by C11, C9 or C7 [6,9,16].

If the answer to Conjecture 1 is yes then by Lemma 1 one may deduce that the there exists a number g0 such that
the chromatic number of the third power of any cubic graph whose girth is larger than g0 is less than six. Hence, we
believe that the following problem deserves a closer inspection.

Problem 1. Is it true that for any natural number g0 there exists a cubic graph G whose girth is larger that g0 and
�(G(3))�6.
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