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On L,-Solvability of Mixed Boundary
Value Problems for Elliptic Equations
in Plane Non-smooth Domains
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This vaper is devoted to an L. -solvability of mi

ived houndary value nrohlemg
1§ paper 15 GEVOIEG 10 an L,-50:1vachily Of miXed H vaiue prooiéms

(MBVPs) for second order elliptic equations in plane domains with curvilinear
polygons as its boundaries. We find a space 7 such that the MBVP with data in
L,(2)x T’ is solvable in L,(£2) and calculate the dimension of the kernel of this
problem. Moreover we relate our approach to the previous one [P. Grisvard,
“Elliptic Boundary Problems in Non-smooth Domains,” Pitman, New York, 1985]
showing how to overcome difficulties arising there.  © 1992 Academic Press, Inc.

0. INTRODUCTION

Throughout this paper we shall be concerned with the problem which
can be roughly written in the form: determine u € L,() such that

Au=f inQ, YauU=¢ onl,, B, u=y onl,, (0.1)

where QcR? 02 is a curvilinear polygon [5], dQ=I,uTl .,
Fonl =, and Ty I # . A is assumed to be an elliptic second
order differential operator, B ,. is a first order boundary operator and y,,
is a trace operator on [, Furthermore feLyQ), ¢, Y are certain
distributions, defined respectlvely on I, and I ,. In fact, the meamng of
fth

the haundary canditiang in (N 1) annaare ta ha ane o
L Uuuuuax_y VULIAILIVIED A1) \U l} ayy\/cuo v Uv viiv U

our considerations and will be precised later on.

Mixed boundary value problems (MBVPs), especially in non-smooth
domains, have certain properties, which make them essentiaily different
from regular boundary value problems (RBVP). It follows [8, 5], that the
solution of MBVP may have singularities, no matter how smooth are the
data. In the H?()-setting with, say, homogeneous boundary data, this is
caused by the fact that the range of 4 is a proper subspace of L,(2).
A comprehensive theory of two dimensional MBVPs posed in H?(£2) can
be found, for example, in [2, 3, 5]. Tt follows in particular that the defect
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of the range of 4 in L,(Q) is finite and can be determined explicitly.
A theory has also been developed to cover the case of H*(Q) with s> 3
[4, 6], however the case s < 3 is considered rare (see 6], but only for the
smooth boundary and [4] for the laplacian in rectilinear polygons), which
may be due to the fact that in this case A fails to be injective. However, in
our opinion it is worthwhile to have a closer look at such a weak solution
for at least two reasons. First, boundary conditions often met in applica-
tions, like du/év=45g where 64 is a Dirac’s distribution concentrated
at Sel', or y,u = ¢, where ¢ is only square-integrable over /', (for
example, step-function) are outside the scope of even variational setting of
MBVPs, being nevertheless of great practical and theoretical importance
[1, Chap.7.1.10]. Second, when we are dealing with either RBVPs or
MBVPs in smooth domains, then the operator corresponding to the
formally adjoint problem posed in L,(2)= H°() turns out to be the
Hilbert-space adjoint to the original one [7] which makes standard
Functional Analysis techniques available. Therefore, it is interesting
whether this is also the case for non-smooth domains.

An attempt to construct an L,()-setting of a MBVP in polygonal
domain, presented in [5], has not been entirely successful since it fails to
have the property mentioned above. Therefore, L,-solutions of formally
adjoint homogeneous problem do not necessarily annihilate the range of
Axy. x B ,, which makes the analysis of it difficult.

It follows that this inconvenience has been caused by an unfortunate
method of introducing boundary conditions, which neglects a behaviour of
them at the corners of 6Q2. Here we shall show how to construct the space
of boundary data T’, preserving basic properties of boundary operators
and in such a way that Ax7y,x B, € £(L,Q2, 4), L,(Q)xT') is surjec-
tive, where

Ly(92,4):= {ueL,(Q); Aue L,(Q)}. (0.2)

Furthermore, we shall show that in our setting concepts of formally adjoint
and Hilbert-space adjoint operators corresponding to MBVPs coincide and
calculate the dimension of Ker A xy, xB , in L,(2, 4). The paper is
completed by a short comparison of our results with those of [5], showing
how to simplify an approach to the H?-theory of MBVPs, given there.

1. Basic NOTATIONS AND DEFINITIONS

Let Q< R? be an open, bounded and connected set, whose boundary,
09, is a curvilinear polygon [5] of a class C*!, k > 1. Curves, constituting
09 are denoted by ', jeI= {1, .., N}, I, follows I'; in the anticlockwise
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direction, S;=1;nT;,, and by definition 1 := N+ 1. We denote by v, a
ck-tt vector ﬁeld coinciding with the unit outward drawn normal ﬁeld
on I'; and 1, is the corresponding tangent field. For ue H () we denote
by y,u (resp 7;(0u/dv;)) the traces of zero (resp. first) order on I.
By (4, D) or simply 4 we denote an operator defined on DCL 2(82),
which on D n C*(Q) is defined by strongly elliptic differential expression

2 2
= Y (agu,) i+ Y au,+agu (1.1)
k=1 i=1
where a,,a, are real functions, a,eC”'(2), p>0, a,eL (Q) for
i=0,1,2 and k=1, 2. We can assume that g, =a,, for i, k=1, 2.

By (du/dv 1), je I, we denote the conormal derivative, associated with 4
and v,. '

Further, let I= 2,0 A and I=2 U A U .#, U My, where we say that
je2r if I''cl', and je A if I''cTl ., see (0.1) and that jeZ iff
S jt1€Dy, je N iff j, j+1e N, and je M, (je My) iff jeDy, j+1€
N (jeNr, j+1€2y). Furthermore, # := M, 4#,,. We assume that
2r# & and therefore

ry:=\ f;\ U s o= U T

je# je . H je. ¥’

We next introduce the first order boundary operators. Let for je I and
ue H*(Q)
Biu:= w(%%—b gu +¢; u)
and we assume that b, c; are real functions satisfying
bye C*N(I), c;e C**(T;)  for k>20,a>3
bi(S))=0b;,1(S),  (S)=1c;1(S))

By A* and B} we denote operators, formally adjoint to 4 and B,,
respectively. For convenience we introduce the following notation

(1.2)

Y=Ye XV ={V}jear X {Vi}jcu» B=ByxB = {B;}corx {Bj}jewr

Vit b1 if jeA]
jzz{ 4 i (1.3)

T; if je,,

J

D*(y,, B,,) := {ue H¥Q); (y,x B,,)u=0} for [ m=2 or N
Unfortunately we shall need some function spaces besides standard
Sobolev spaces. Let I, be a smooth arc and I" be a connected open arc
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such that I'el,, I'={S,}ulru{S,} and I',;, i=1,2 be components of
the complement of I" in I', such that S,e",;,. We introduce the following
notations for i, j=1, 2:

H'2(I', S%) —the set of functions belonging to H'*(I'), which are
extendable by zero across S, continuously in H'*(F'u T,,).

HAL, Sy = {ue H*(I'); u(S;)) =0}
HYAI, S?) = {ue HYX(I'); dujore H(I, S?)}
Hg/z([', S, S;.)) = Hg/z(l—', S)n Hg/z(l", S‘?)

and we denote by H%(I'), s = 1, 3 the set of functions which are extendable
by zero from I" onto I',, continuously in H*(I",) with suitable topology
[5]. Since Sobolev spaces are of local character we can define Hilbert-
space topologies in spaces introduced above and properties of them can be
deduced from these for spaces defined on R, [5]. In particular, these
topologies are finer then those of H*(I") and H(I") and respective injection
are dense. As far as functional analytic notions is concerned we use
standard notations, see [1, 5]. In particular, we use separate symbols for
formal adjoint, *, and for Hilbert space adjoint, prime.

2. TRACE THEOREM

In this Section we shall find the space of traces y, x B, of functions,
belonging to L,(£, A). This will be done in three main steps. First we shall
construct a Hilbert space T, such that y ,- x BX € #(D*(y, x B*-), T) and
is a surjection. This is not straightforward, since the classical Trace
Theorem for Sobolev spaces is not available in polygonal domains, unless
the boundary data satisfy certain compatibility conditions at the corners S;
[5, 2, 37]. In the second step, using well-known transposition technique and
Green’s formula [1, 5] we find the image (y, x B ,-) L,(£2, 4) as a dual of
T, T'. Finally, we shall give a representation of T’ in terms of Sobolev
spaces, defined on smooth parts of 02 and distributions concentrated at
the corners. We start with an algebraic description of 7.

Let ¢:=T,0T,,, and let for any functions f, defined on I,
k=j,j+1, [f;, f;+1] denote the function on %, whose restriction to I',
are equal respective to f,. Furthermore, uj’.‘ = wi(Sp)

THEOREM 2.1. Let

P=1{¢} e ] H3/2(Fj), Y={y;}jeare [I HVAI). (21)

je, jear
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There exists ue D*(y,, B ,-) satisfying (yox B, Yu={®, ¥} iff
(@) ifjeD theny,e H'(I'y, V) fork=j, j+1 (2.2)
(b) ifje My, and vi|p), | then, yi,e H'(I;, S7),
¢ €HJHT 1y, S)) and ¢, e HYXT,, S)),

[ ki1, — g¢’“JeH‘”(%), (2.3)

otherwise, where k,=nj v} for k= j, j+ 1. Analogously if je M,,,
(c) ifjeA then
¢j(Sj)=¢j+l(Sj)=k

and
9% _ ¢ keH™(I, S0 ¢’*‘+C ke HIAT,,,,S%)  (24)
E_ i € ( ) T.'+ j+1 € j+1s2; -
J J
where
- ¢ (W =n),,)-vi
ork=j,j+1, C,= Lt
f »d “ayay—aay +b?) Vit

andc—c (S)_ j+l( ) b b( ) j+1( j) andasrzars(Sj)9 5, r=1, 2

Proof. The idea of the proof is analogous to that in [27], so we confine
ourselves to the outline of it. The starting point is [5, Theorem 1.5.2.4],
asserting that if we are given f;,, g,e H¥>~/(R,), i=1,2, then there
exists ue HX(R_ xR, ), satisfying y,u=go, yu=f,, 7,(0u/dv,)=g,,
72(0u/0v,) = fy, (here I';:= {x,=0}, i=1,2) iff

fo0)=20(0),  go—fi, fo— g e H(R,), (2.5)

where [’ := dfjdt for any function f. In a usual way we localize our
problem and due to the classical Trace Theorem we only need to prove our
theorem in a neighbourhood of a corner S; with, say, j=1. We focus
our attention on the case of acute angle, the obtuse one being analogous,
and flattening /", and I', (where we use the canonical parameterizations
of arcs), we reduce the problem to the following one: determine
ue HX(R, xR, ) satisfying

iu=¢,

Vilou tapus+cu)=y,
(2.6)
You=¢,

Voo U + U 5+ Cru) = 5.
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It can be calculated, that for k, m=1, 2

(0, 0) =pr - v}, /T, - v, and (0, 0) £0. (27)

Similarly as in [4, 5] we can use (2.5) to reduce (2.6) to the system of
equations on R, .

(a) Let 1€2, then ¢,=¢,=0 and we can assume that
B% = {0/0v,} ., thus o;, =05, =0. Then by (2.5) we reduce (2.6) to

{aug1=¢l

and g, fie HAR,).
Unfi=, b "

Hence, (2.7) implies ¢, y,€ A'*(R, ).

(b) Let le.#,,, then ¢, =y, =0, hence ¢,(0)=0. Thus, by (2.5) we
obtain from (2.6)

{a11g1=¢1,

| ~ where ¢5,— g, e HVA(R , ).
%y s+ cape HAR, ), g ! *

Thus, o, ¢5e HY}(R, ) and if pl-v! #0, then by (2.7), ¢, H¥* (R, ) and
accordingly ¥, € H'(R, ). On the other hand, if p! - vl =0, then ¢} can be
arbitrary, but then a,,(0,0) ¢ —y, € HY*(R,) and having transformed it
back to I, and I, we obtain (2.3).

(c) Letje. 4, then in the analogous way we reduce (2.6) to

{“11¢'2 +o,bi+c ¢ e HAR,)
Uy @5+ 0pa ) +Cr0,€ H1/2(R+)’

Eliminating ¢, we obtain

D+ [ oy —crty] ¢, Eﬁl/z(R+),

where D=0 00, — 0,2, and D(0,0)50, since v} [ v;. Therefore, ¢, is
extendable by a constant accross zero. After transformation to I', this
condition can be written as

3, ¢id,(vi-Thmi—nl)-v

1
Le HYX(r, S9 2.8
o Guhehvhvy e 2

where G is the Gramm’s determinant of given vectors. After some
calculations involving (2.7), (2.8) yields (2.4). Similarly we can obtain the
condition for ¢,. The proof is then complete. |
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Let T denote the set of functions, satisfying (2.1)-(2.4). In the next step
we introduce the topology, in which T becomes a Hilbert space. We have

LemMa 2.1, Let T;, jel, consist of all pairs of functions defined on I';
and I';, |, satisfying condition (2.1) and the respective one of (22)-(2.4).
Then the norm ||-||; turns T, into a Hilbert space, where

(a) ifjeD then |||, is induced from HY*(I',, S))x H'(I';, ,, §))
(b) if je My, and v/ ffn), | then ||-||, is induced from H'*(I';, S7)x
HYX(T;, ., SY) '
J+ 1
(c) ifjey, and t)|w) | then, (see (2.3))

590141
{l///’ ¢/+1 ‘H: /+l¢/’ - Iarj+l:|

H12(g))

The case je M, is analogous to (b) and (c), respectively.
(d) ifje AN then

{8, 811115
0¢; 2
= 16 4y i+ | o= C0)
HV2(T, 80)
3, E
GO .
i HI2(L.1,8))

Proof. Statements (a) and (b) are obvious. Let us consider (c). Since
T, HY(I) x HY(T,, . S)) and 80,0 HYA(T,, ), S) » HYA(L, ) is
invertible, then the mapping 7,3 {y/,, ¢,,,} — {kﬁlnp,, A0, /07, 1) ] €
H'*(%) establishes an 1somorphlsm which ends the proof The statement
(d) can be proved similarly by introducing the mapping

a¢1+1
ot

j+1

0
{¢,,¢J+1}~{¢ 6,0, %01 ¢ M(O)}

J+1
e [ HYA(Iy, SY).

k=1

However, this mapping is not injective and does not incorporate condition
#,(0)=¢,, ,(0), whence the necessity of adding the term | || HY(5) Thus the
lemma has been proved. ||

Having done this, we can introduce a suitable topology over the whole
boundary. We take a finite covering of dQ % := {U,}7Y |, such that
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S;eU,iff j=mand Uy, ,n T, #Fiff j=m, j=1, .., N. Subsequently, we
introduce a partition of unity .o/ := {a;}?", subordinated to % and define

H{D, P37 = 3 o {®, PHE+ Y law 850502 (1)

i=1 je AT

+ Z "aN+jl//j|[i11r'2(ri)' (2.8)

Je“r

As in the case of locally defined topology in Sobolev space on, say,
manifolds, (2.8) can be proved to introduce a Hilbert space topology
independent of a choice of  and .&/.

LEMMA 2.3. The topology in T, defined by (2.8), is stronger than that
induced from [ HYA() %1 e HYAT).

Proof. Let #:= H'"*(I))x H'?* (I, ,), where k=1=0 if je2,
k=l=11ifjeN, and k=0,I=1 (resp. k=1, I=0) if je.#,, (resp. .4,,).
It is enough to prove that T, < #; with finer topology. For je 2 and je .4,
(resp. j € .#y) with v/ fm/,, (resp. p/ft/ ) the assertion is obvious. Let
j€ My, and t/ | p/, |, then by Lemma 2.1 (¢) and continuity of the operator
of restriction we have

2
HY 2= r,+.)>

< {l//js ¢j+ 1 } I HY2()y < H¥(IG . )

jer

6¢j+1

0141

| {‘pp ¢j+ 1 } Hf <C <l|1//j||i11"2(r]) + H

and the assertion holds. We can proceed similarly in the remaining cases,
hence the lemma holds. |

THEOREM 2.4. Operator y - x B¥ is continuous from D*(y,, B%-) onto T.

Proof. The surjectivity of y ,- x B follows from the very definition of 7.
By (2.8) and the classical Trace Theorem it is enough to prove the state-
ment for each T, jel Let us fix some j and consider a sequence (u,) such
that u, - u in D*(y,, B* ) and (y4 x B*-)u, — v in 7T, as n tends to infinity.
However, Lemma 2.3. implies then that (y,xB¥%.)u,—v in X, thus
v=(y45 X B%.) u by classical Trace Theorem. Therefore, the application of
the Closed Graph Theorem ends the proof. ||

Theorem 2.4 makes the standard transposition technique [1,5]
available. However, before we formulate the main result of this section we
note that (7, x B%.)e £(D*(y.,, BX)T) is of global character, due to the
compatibility conditions at S, which define T, whereas we would rather
have the parts corresponding to y, and B*- to be separated. Since we are



L,-SOLVABILITY 107

to apply the transposition technique, this separation should be done in
terms of decomposition of T into orthogonal subspaces, which in general
does not coincide with restrictions of data to particular subdomains. To
this end we denote by T ,- the subspace of [] H'(I';) defined by
conditions:

(i) ifjeA", then {4, ¢,,,} €T,
(i) if 3]26 i/ ({/%%1) ajnzd TMJ‘_]/:H (), fn’) then a;é,, (a4,
belongs to H{*(I';, 1, S7) (HYXHT,, S7).
(it) if je.#, (M) and T’,”-”uj,.-“ (tl,+1n";) then a;¢;., (2;4))
belongs to HY*(I';, 1, S;) (HY(T'}, S))).

jesr

By T, we denote the subspace of [],,,. (/) defined by
(iv) ifje2, then {y;, ¢, }eT;
(v) if jedy, (M) then a;p; (x,¢;,,) belongs to HV(I,, S?)
(H'(F;, 1, S)))-

LeEMMA 2.5.

T=T,®T, (2.9)

(where = denotes equal up to the isometry) and

V.r(DZ("/.@, B*))=T,, Py, B;}(DZ(V_% B*))=Tg,

where P, denotes orthogonal projector onto T, for i= N, 9.

Proof. As previously, we can confine ourselves to T, je.#,, and

. . . . . . 1/2 ~ 7172 0
rj]||/2pj+1 In this case T, is 15(1)/rznorph10c to 5/12 (%)=H"(I},S;)®
HY(I';,,) and thus T,=H"*(I;, S))@H(I;,,S,). Therefore
P (y.,x B%) can be identified with y . itself, whereas P, B% equals B%
only on Kery .. |

Remark 2.6. Decomposition (2.9) certainly is not unique. We have
selected it in that form so as to preserve original values of the trace
operator. However, this is not of great importance, since (2.9) is only an
auxiliary step in the construction of trace operators on L,(£2, 4) below.

THEOREM 2.7. There exist unique operators Jg,€ L(LA(Q, A), Ty) and
B e P(LyRQ, A), T', ) such that the Green’s formula

jAuudx—j ud*v=(B 1y 0y, — ot PoBED>, (2.10)
Q Q ’
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holds for every ue L,(Q, A) and ve D*(y,, B%.). Operators §,, and B, are
extensions onto L,(£2, A) of operators v, and B_,., respectively, which were
originally defined on, say, H*(Q).

Proof. The operator v ,-x B¥, thanks to Theorem 2.4 satisfies assump-
tions required to assert that there exists a unique operator
de PL(L,(R2, A), T') such that the following formula

J.Auv dx—juA*v dx={ou, (y , xBE)v),

holds for ue L,(2, A) and ve D*(y,, B%-) [1, 5]. However ((2.9)),
Cou, (7 XBE)OD = (E_‘,»u, ”/,«'U>r‘ = {Jou, P.‘MBP*;’U>T,/7

where B, := P',.§ and §, := — P.,4, hence (2.10).
Now, if ue H*(Q), ve D*(y.,, B%-) then the following Green’s formula
holds [5]:

.[Auvdx—J uA*vdx=J (B‘,.u-yw.v)da—j (you-Btv)do. (2.11)
Q Q Iy

Iy

Let for a time being ve Kery ,-. Then P,B%v=B%v by Lemma 2.5 and
[(ygu-B%-v)do=ysu, BEv)y,, by density of T,cLy(R). Thus if
ue H*(2) then by (2.10) and (2.11) {(Ju—7y,u, BEv),, =0 for every
veKery ,, hence j,u=y,u by surjectivity of B%. Now the assertion
B ,u=B ,u whenever ue H*(Q) follows by comparison of (2.10) and
(2.11) since again y ,- acts onto T .. The proof is then complete. |

We shall use the same notation for trace operators and their extensions
onto L,(£, A) in the sequel. This section is completed with a decomposi-
tion of T, and T, into subspaces related to particular I';, je I First we
prove

LemMmA 2.8. Let je N then o;T, (see (2.8)) admits a decomposition

“jTj;FI3/2(f/)®ﬁ3/2(rj+ )@®Lin{dg}

where b, is a Dirac’s distribution, concentrated at S; and Lin denotes the
linear manifold, spanned by elements in brackets.

Proof. Without losing generality, we assume that ;= ]1—1,0[ and

I;, =10, 1[. Tt is clear that T, admits a decomposition into the direct sum

o, T, = (HY(T,, Sy x HY(I',, ,, S9))® Lin{1 + £},
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where X := [C;x, —C;, x], see Theorem 2.1. Therefore
4T;2P=1{¢;, ¢, 1} ={doy b0y 1} +(0)(1 +%)

where {4, ¢, 1} is an orthogonal projection of & onto H**(I;, S7)x
HYX(I';,,,8)). Hence Fe(x;T,) admits a decomposition F=F,;+
F .1 +G, where F,e H¥Y(I,, S°) k=j,j+1 and G(®)=d(0)- (G(l)
G(X)) = Bos(®). The last expression is meaningful since ¢,(S;)=¢,, ,(S)),
(2.4). This ends the proof. [

From Lemmas 2.5 and 2.8 and :Fheorem 2.7 we conclude:

THEOREM 2.9. Let ue L,(R2, A), then

vou={yu}cq.€ [1 (H'T, S? l,S.) (2.11)
je2r

B u={Bu}, ., + Y Bds (2.12)
jeAN

Introducing notation P(k) iff pi|nk,, and NP(k) otherwise, for kel we
have, for je Ny

Bue H >*(I')iff j— 1, je M and NP(k) for k=j—1, j.

Bue (H{(I;, SY_,, S))) iff either j— 1, je M and P(J—1), NP(}) or
j—1leN, je .y and NP(}).

Bue(HYXT,, S,_,, S iff either j— 1, je 4 and NP(j—1), P(j) or
j— €My, je N and NP(j—1).

Bjue (H>(I')) iff either j— 1, je M and P(j—1), P(j) or j— 1 € M,,,
JeN and P(j—1)or j—1e N, je My and P(j) or else j— 1, je N .

3. MiXED BOUNDARY VALUE PROBLEM IN L,(£2, A)

THEOREM 3.1. The operator Axysx B, : Ly(2, A) - L(R2, A) x Ty x
T’y is surjective and Ker(A xy, x B /)= L,(2)/A*(D*(y,,, B%/)).

Proof. Let us denote D := D?(y,, B%-) throughout this proof. Then
the operator A*: D — L,(2) is injective and of closed range [3] hence its
transpose (4*)" acts from L,(€2) onto D' and Ker(A4*)' = L,(2)/4*(D). If
F is defined for ve D by

(Foy=| fodet <¥,y,v)r, <@, PyBL)s,,
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where {f, @, ¥} eL,(2)x T, xT', then FeD’, by Theorem 2.4. Thus,
there exists u e L,(£2) satisfying,

(A% uvyp=] fodet Py ivdy, — (@ PyBEv)r, (1)

for all ve D. Since C;(2) < D then (3.1) implies Au=f, thus ue L,(Q, 4)
and the Green’s formula (2.10) is available. Subtracting (3.1) from (2.10)
we obtain, that for all ve D,

{(Byu—ao, "/.rv>7‘_¢»“ {you—2o, P{IB;U>T9=0'

Hence B ,u= ¥ and y,u=® by Lemmas 2.4 and 2.5, therefore the surjec-
tivity is proved. Now, let ue Ker(A*)', then by (3.1) Au=0, ue L,(2, A)
and by Green’s formula, which is now available, (y, x B ) u=0, hence
ueKer(4 xy,x B ,-). The opposite inclusion follows from (2.10), thus the
proof is complete. ||

COROLLARY 32. Let jel be fixed, and A}, := (Y,  — ¥/ +mn)jwf,
where Y€ [0, n[, k=j, j+ 1, is an angle between p; and t;} and w}' is an
angle between I'! and I'/' | at S, The superscript A indicates that all
calculations are to be carried out after having applied a linear transforma-
tion, reducing A at S; to the canonical form, see [2,3]. Then it follows
[2, 3], that

dim Ker(A4 xy,x B ,)=3 card{m; —1<if <O}
Jjel

We complete this paper by comparing our results with those of Ref. [5].
Instead of D*(y,, B*.), the author there considers spaces H,= {ue H*(Q);
(VX B,,) u=0 unless j=m} and proves that y,x B; admits an extension,
denoted hereafter by y,x BJQ, as an operator from L,(2, A) into
(AYA(I)y x (H¥(I;)). It is seen that such an extension carries no
information about the behaviour of traces at the corners, which is
essential for the availability of the global trace theorem. Therefore,
Ker(4 xT1;.4, 7% [1,c.4, B}) contains solutions, corresponding to non-
homogeneous boundary data, B, u=3,. , B;ds, and as such cannot be
an annihilator of A*(D?*(y.,, B*%-). Thus we have

COROLLARY 3.3.

dimKer(Ax IT v 11 B?)

jegr je.Ar

=dim Ker(4 xy, x B ) + card A~
=dim L,(Q)/A*(D*(y5, B%-)) + card A" (3.2)
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Note, that since the left hand side can be calculated explicitly, as in [5],
(3.2) gives the codimension of A*(D?*(y,, B*)) in L,(22). Since under
assumption (1.3) we have card A =%, , card{m;i! =0}, (32)
coincides with the result given in [5], avoiding, however, complicated
estimations appearing there.
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