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Abstract—In this paper, we prove the existence of mild and strong solutions of nonlinear time
varying delay integrodifferential equations of Sobolev type with nonlocal cenditions in Banach spaces.
The results are obtained by using the theory of compact semigroups and Schaefer’s fixed-point theo-
rem. © 2002 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

The problem of existence of solutions of semilinear differential equations and integrodifferential
equations in Banach spaces has been studied by several authors [1-7]. Byszewski [8] has es-
tablished the existence and uniqueness of mild, strong, and classical solutions of the following
nonlocal Cauchy problem:

dz;_it) + Au(t) = f(t,u(?)), t € (0,qa],

u(to) + g (t1,t2, ..., tp,u(.)) = uo,

where 0 <ty <t < - <tp < a,a >0, —A is the infinitesimal generator of a Cyp-semigroup
in a Banach space X,up € X, and f: [0,a] x X — X, g :[0,a]? x X — X are given functions.
Subsequently, he has investigated the same problem for different types of evolution equations in
Banach spaces [9-12]. Many papers have been written on nonlocal Cauchy problems for various
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classes of differential and integrodifferential equations [13-19]. Physical motivation for this kind
of problem is given in [8-11,20].

Brill [21] investigated the existence of solutions for a semilinear Sobolev evolution equation in a
Banach space. Existence theorems for Sobolev type equations in Banach spaces have been proved
in papers [22-25]. These types of equations arise in various applications such as in the flow of fluid
through fissured rocks, thermodynamics, and shear in second-order fluids (see {24]). Recently,
Balachandran et al. [26] discussed the problem for nonlinear integrodifferential equations of
Sobolev type with nonlocal conditions in Banach spaces. In this paper, we shall establish the
existence of solutions of time varying delay integrodifferential equations of Sobolev type with
nonlocal conditions by using the compact semigroup and the Schaefer theorem.

2. BASIC ASSUMPTIONS

Consider the nonlinear time varying integrodifferential equation of Sobolev type with nonlocal
condition of the form

(Bu(t)) + Au(t) = f(t, u(o1(t)), ..., u(oa(t)), /0 k(t, s)h(s, u(on41(s)))ds),  te€[0,a], (1)

u(0) + g(u) = uo, (2)
where f: IXx X! Y, k:A—- R h:IxX > X, a.ndg:X—»Xarégivenfunctions.
Moreover, ¢; : I — I,i=1,...,n+1, are continuous functions such that ;(¢t) < ¢,i =1,...,n+1,
and up € D(E). Let I = [0,a] and A = {(t,5) : 0 < s <t < a}. We assume the following.

(i) For each ¢t € I, the function f(¢,.,...,.) : X"l — Y is continuous and for each
U1,...,Uns1 € X, the function f(.,u1,...,un41): I — Y is strongly measurable.

(ii) For each t € I, the function h(t,.) : X — X is continuous and for each u € X, the function
h(.,u) : I — X is strongly measurable.
(iii) For every positive integer r, there exists h,. € L!(I) such that

sup
lul<r

f <t,u(01(t)),...,u(an(t)),/otk(t,s)h(s, u(an+1(s)))ds> ’ < hp(t).

DEFINITION 2.1. (See [7].) A continuous solution u(t) of the integral equation
¢
u(t) = E7'T(t)Euo — E™'T(t)Eg(u) + / E7IT(t - s)f (s, u(o1(8)), ..., ulon(t)),
0

/s k(s, TYh(r, u(0n+1(7))) d’T) ds
0

is called a mild solution of (1),(2) on I.

DEFINITION 2.2. (See [7].) A function u is said to be a strong solution of problem (1),(2) on I
if u is differentiable almost everywhere on I, u/(t) € L(I,X), w(0) + g(u) = ug and

(Eu(t)) + Au(t) = f (t,u(al(t)) yer ,u(crn(t)),/ot k(t,s)h(s,u{on+1(8))) ds) , a.e.on I.

In order to prove our main theorem, we assume certain conditions on the operators A and E.
Let X and Y be Banach spaces with norm |.| and ||.||, respectively. The operators A : D(A) C
X —-Y and E: D(E) C X — Y satisfy the following hypotheses.

(H;). A and E are closed, linear operators.
(Hp). D(E) C D(A) and E is bijective.
(H3). E~':Y — D(E) is continuous.
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Hypotheses (H;) and (Hz) and the closed graph theorem imply the boundedness of the linear
operator AE~!:Y — Y and —AE~! generates a uniformly continuous semigroup T'(t), t > 0,
of bounded linear operators from Y into Y.

(Hy). For some A € p(—AE™1), the resolvent set of —AE~!, the resolvent R(\,—AE~1) is a
compact operator.

Let T'(t) be a uniformly continuous semigroup and let A be its infinitesimal generator. If the
resolvent set R(A : A) of A is compact for every A € p(A), then T'(t) is a compact semigroup [7).

From the above fact that —AE~! generates a compact semigroup T(t), t > 0, and so max;cy
|IT(t)| is finite and denote a = ||E~!||. We need the following fixed-point theorem to prove our
results.

SCHAEFER'S THEOREM. (See [27].) Let Z be a normed linear space. Let F : Z — Z be a
completely continuous operator, that is, it is continuous and the image of any bounded set is
contained in a compact set, and let

((F)={r€Z:x=M\Fz, forsome0 < X < 1}.

Then either ((F') is unbounded or F' has a fixed point.

3. EXISTENCE THEOREMS

THEOREM 3.1. Let f: IxX™?! Y and h: I x X — X be functions satisfying Conditions (i)-
(iii). Assume that (H;)—(Hy) hold. Further assume the following.

(iv) There exists a continuous function m : I — [0, 00} such that
At u)| < m(t)Q|ul),

where 2 : [0,00) — (0, 00) is a continuous nondecreasing function.
(v) There exists a continuous function p: I — [0, 00) such that

If (& w1y - un) I < P80 (fu + -+ + [un4al),

where Qg : [0, 00) — (0, 00) is & continuous nondecreasing function.
(vi) k: A — R is a measurable function such that there exists a constant L > 0 such that

|k(t,s)| < L, fort >s>0.

(vii) T'(t) is a compact semigroup and there exists a constant M > 0 such that

TN < M.
(viii) g : C(I : X) — D(F) C X, is continuous, compact, and there exists a constant G > 0
such that
IEg(u)|l < G, forue C(I: X).
Further, if

a . 0o ds
/Om(s)ds</c m,

where ¢ = anM(||Euol| + G) and m*(t) = max{naMp(t), Lm(t)}, then problem (1),(2) has at
least one mild solution on I.
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PROOF. We establish the existence of a mild solution of problem (1),(2) by applying the Schaefer
fixed-point theorem. First, we obtain a priori bounds for the mild solutions of problem (3),(4),
as in [18],
(Eu(t)) + Au(t) = Af (t,u(al(t)) youloa(t)), /Ot k(t, s)h(s,u (on+1(5))) ds) , o (3)
uw(0) =A(uo - g(uw)), A€(0,1). (4)
Let u(t) be a mild solution of problem (3),(4). Then from the equation
u(t) = AE"I1T(t)Eug — AE™1T(t)Eg(u)
+ )\/Ot E-'T(t - 5)f (s,u(al(s)) e u(on(s) /0 k(s, )b (7, 1 (01 (7)) dr) ds,
we have
lu(t)] < aM ||Eug| + aMG
+M/ (s u(o1(s)),. (an(s)),/os k(s, )b (T, u(0ns1(T))) dT) ds

< oM |Buo|l + aMG + M /0 ap()% [|u<a1(s))| ot Ju(on(s))]

+/s|k(s,'r)| R (T, u(0nt1(T))) drq ds

0

< aM |[Bul + aMG +ad [ p(s) [|u<al(s))| ot (on(s))]
+L/03 m(T)Q (|u (on+1(T))]) dr} ds.

Let us take the right-hand side of the above inequality as v(t). Then we have v(0) = oM (|| Euol|
+G), Ju(t)} < v(t),

v'(t) < aMp(t)0 —Iu(al(t))l +ou(on(t)) + L/O m(s) (|u(on+1(s))) dS]
< aMp(t)S g (@1(8)) + - +v(on(t) + L/o m(s)2 (v (9n41(s))) dS]

< aMp(t)So —v(t) +Fo(t) + L/t m(s)2 (v (0n+1(s))) dS]
L 0

< aMp(t)Qq .nv(t) + L/t m(s)Q(v(s)) ds] ,
I 0

since v is obviously increasing and o;(t) < t,i=1,...,n+ 1.
Let w(t) = nv(t) + Lf(; m(s)Q(v(s)) ds.
Then w(0) = nv(0) = ¢, v(t) < w(t),
w'(t) = n'(t) + Lm(t)Q(v(t))
< naMp(t)Qo(w(t)) + Lm(t)Uw(t))
< m*(¢) [Qo(w(t)) + Qw(?))].

This implies
w(t)
ds <
/w<0> Q0(5)+Q(S /m (s)ds / Qo(s) + Q(s) +Q
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This inequality implies that there exists a constant K such that w(t) < K, t € I, and hence,
u(t) < K where K depends only on a and on the functions m, p, o, and (2.
Next we prove that the operator F' : B = C(I, X) — B defined by

(Fy)(t) = E7'T(t)Buo — E~'T(t)Eg(y)
+/0 E-'T(t - s)f (s,y(al(s)) yee s Y (0n(8)) ,/0 k(s,T)h(1,y(0ns1(T))) dT) ds

is a completely continuous operator.
Let B, = {y € B : |ly|| < r} for some r > 1. We first show that F' maps B, into an

equicontinuous family. Let y € B, and t1,t2 € ] and € > 0. Then if 0 < ¢ <) <t <a,

I(Fy) (t1) — (Fy) (t2) |

t
<|\T (t1) = T ()l ([ Euoll + |1 Eg(w)])) + /0 all(T(tr—s) =T (t2 — 9))l
X ds

f (s,y«n(s)) e (onle)). [ " k(s,7)h (7,9 (Onpa (7)) dr)

ds

+ [Calr -l ||f (3@, v @ale)), [ Koy orastr) i)

t1

< |IT (61) - T ()| (| Buol| +G) + /0 Ca(T (b = 8) ~ T (t2 — 8))]| hu(s) d
+ [T - ) ds.

As to —t; — 0, the right-hand side of the above inequality tends to zero since the compactness of
T'(t) for t > 0 implies the continuity in the uniform operator topology. Thus, F maps B, into an
equicontinuous family of functions. It is easy to see that the family F B, is uniformly bounded.

Next we show that FB, is compact. Since we have proved that FB, is an equicontinuous
family, it is sufficient, by the Arzela-Ascoli theorem, to show that F maps B, into a precompact
set in X. This is clear when ¢ = 0, the set Fy(0)} = {uo — ¢(y)} is precompact in X, since g is
compact.

Let 0 < t < a be fixed and ¢ a real number satisfying 0 < € < t. For y € B,., we define

(Fey) (1) = ET'T(t)Buo — E™'T(t)Eg(y)

+ E7YT(t - s)f (s,y(al(s)) oo ylon(s)), /08 E(s,7)h(T,y(ont1 (7)) d7-> ds.

0

Since T'(t) is a compact operator, the set Y (t) = {(Fey)(t) : y € B} is precompact in X, for
every €, 0 < € < t. Moreover, for every y € B,, we have

I(Fy)(t) — (Fa)®)]
t s
< / ol - 5)f (s,y<al(s)),..‘,y<an<s)>, /0 k(5,7 (7, (0msa (7)) dr)

< / " QT ~ 5)]lhe(s) ds.

—€

ds

Therefore, there are precompact sets arbitrarily close to the set {(Fy)(t) : y € B.}.

Hence, the set {(Fy)(t) : y € B, } is precompact in X.

It remains to be shown that F' : B — B is continuous. Let {u;} be a sequence such that
u; — u in B. Then there is an integer ¢ such that |ju;|| < ¢ for all j and {ju|| < ¢, ¢t € I, and so
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u; € By and u € B,. By (i) and (ii),
f (t, 1), om0, | k(6 )b (5, (0ea(s))) ds)
quﬂ@MwaM%w%Ak@ﬂﬂ&ﬂ%u@ﬂ®)
for each t € I and since
]h@wwwwnwm%mp[ummmwwmmmw)
-f@w@ﬁﬂwwwﬁwhék@ﬂM&M%H@mdg

| <2100,

we have, by dominated convergence theorem,
| Fu; — Full

/Ot E~IT(t - s) {f (s, u; (01(8)),...,u; (on(t)), /0s k(s,7)h (1, u; (6ne1(T))) dT)

= sup
tel

-f <s,u (01(8)),... ulon(t), /08 k(s,7)h(r,u{ont1 (7)) dT) } ds

< sup/o “E‘lT(t—s)H H{f (s,uj (01(8)), .. u; (0a(t)) ,/0‘g k(s,T)h (1,4 (On41(T))) dr

ter

Na—’

ds —0, asj— oo

~f (s,u(al(s)) yeo .,u(an(t)),/os k(s,TYh (T, u (0n41(7))) dr)}

Thus, F is continuous. This completes the proof that F' is completely continuous.

We have already proved that the set ((F)={y € B:y= AFy,A € (0,1)} is bounded and, by
Schaefer’s theorem, the operator F has a fixed point in B. This means that problem (1),(2) has
a mild solution.

THEOREM 3.2. Let Assumptions (i)—(viii) in Theorem 3.1 be satisfied and the following addi-
tional assumptions hold.

(ix) Y is a reflexive Banach space and B, = {y € B : ||yl <r}.
(x) f:Ix X" Y is continuous in t on I and there exists constants No > 0 and N > 0
such that

”f (t7u19"‘aun+l)” S NO»
I (syu1ye oy tng1) = F(t 015 vnp 1)l S Njs =t + Jur —v1] + - + [unt1 — Vnsal],
s,tel, wu;v; € By, i=1,...,n+1.

(xi) k: A — R is such that there exists a constant L* > 0 such that
|k(t,7) — k(s,7)] < L*{t — s|.
(xii) w is the unique mild solution of problem (1),(2) and there is a constant v such that
|u(oi(s)) — ul{ai(t))| < ylu(s) — u(t)], fort,selandi=1,...,n.

Then u is the unique strong solution of problem (1),(2) on I.
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PROOF. Since all the assumptions of Theorem 3.1 are satisfied, then problem (1),(2) possesses
a mild solution u which, according to Assumption (xii), is the unique mild solution of prob-
lem (1),(2).

Now we show that this mild solution is the unique strong solution of problem (1),(2) on I. For
any t € I, we have

ult + k) — u(t) = E-YT(t + h) — T(t)] Euo — E-Y[T'(t + h) — T(£)}Eg(u)

h 3
+/ E7IT(t +h —5)f(s,u(01(s)), .., u(0n(s)), / k(s, T)h(r,u(ont1(r))) dr) ds
0 0

t+h

+ E7IT(t + h —5)f(s,u(01()), . .., u(on(s)), /Os k(s,T)h(7,u(on+1(7))) d7) ds
h

t s
- /0 E-1T(t — ) (5, u(01(5)), .- u(0n(5), /0 k(s, 7)h(r, w(onsr (7)) dr) ds.
From our assumptions, we have

luft + k) —u@)l| < alIT(t + k) = TON (1Buoll + [| Eg(u)]]) + aM Noh
t
<l

s+h
X / k(s+h,1)h(r,u(ont (7)) dr)
0

E7IT(t-5s) [f (s+h,u(01 (s+h),...,u(on(s+h)),

—f (s,u(al(s)) yeoesu{on(s)) ,/Os k(s,T)h (T, u(ons1(7))) dr)} ds

< a|T(t+ k) = Tl (| Euoll + | Eg(w)l]) + aMh(No + Na)

+aMN [/Ot(lu(dl(s +h)) ~u(or(s)f + -+ + lu(on(s + h)) — u(on(s))]) ds

|

s+h )
+a / k(s + h,7)h(r,u(ons1 (7)) dT — / k(s, T)h(r,u(ons1(7))) dr
0 0

< ohM ||AE™| (| Buoll + G) + aMh (No + Na)

t
+aMNah(L*a+ L)+ aMN / nylu(s + b) — u(s)|ds
0

t
< Qh+ P/ lu(s + h) — u(s)| ds,
0
where

Q = oM ||AE7|| (| Euo)l + G) + aM (No + Na) + aMNa (L*a + L),
P =oyMNn.

Using Gronwall's inequality, we get
lu(t + B) —ut)| < hQe"?,  tel

Therefore, u is Lipschitz continuous on I.
The Lipschitz continuity of u on I, combined with (z), gives that

t—f (t,u(m(t)),...,'u,(a,,(t)),/0 k(t,s)h (s,u(on+1(8))) ds)
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is Lipschitz continuous on I. Using Corollary 2.11 in Section 4.2 in [7] and the definition of strong
solution, we observe that the linear Cauchy problem

i
(Bu(©) + 40(0) = £ (1. O). (o), [ K50 omar(s)) ds)
v(0) = up ~ g(u),
has a unique strong solution v satisfying the equation
v(t) = ET'T(t)EBug — E71T(t)Eg(u)
t s
+ / E7IT(@t ~s)f (s,u(al(s)) e u(on(t)) ,/ k(s, )h (1, ¢ (0pn41(T))) dT) ds
0 0
= u(t).
Consequently, u is the unique strong solution of problem (1),(2) on I.

4. EXAMPLE

Consider the partial integrodifferential equation of the form

a 82 1
gi#(62) — za(t 2] = Grp b 2) + ey

0<z<m, te J=[0,1], (5)

t
[z(sin t, ) + sin z(t, z) / g~ 2(sin8,) ds] ,
0

2(0,t) = z(m,t) =0, telJ, 2(z,0) + g(2) = zo(x) € C*[0, 7],

where g(z) = foa z(s,x) ds, a < 1, satisfies the Lipchitz condition.
Take X =Y = L2[0, ] and let

¢ _ sinz(t,x) o sinss
/0k(t,s)h(s,z(a(s))(a))ds—m—tz—)/o e—*(sina2) 4o

1

t
f(t, z(a(t)) /0 k(t, s)h(s, 2(0(s)) ds(z) = i +8)

t
[z(sint,m) + sin z(t,x)/ g~ #(sins,z) ds] .
0
Define the operators A: D{(A)C X - Yand E:D(E)C X - Y by

" and Ew=w-v",

Avw =w
where each domain D(A) and D(E) is given by
{w € X : w,w are absolutely continuous, w" € X, w(0) = w(r) = 0}.
Then A and E can be written, respectively, as

o0
Aw = an (w, wp) wn, w € D(A),

n=1

Ew = i (1+n?) (w,wx)wn, w € D(E),

n=1
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where wn(z) = \/2/wsinnz, n = 1,2,..., is the orthogonal set of vectors of A. Furthermore,
for w € X, we have

E"lw—iL(w Wp) W
- 1+n2 Lt n ny
n=1

el 2
—n
AE”lw = E H_—nz(’w, wn)wn,
n=1

2

> —n*“t
T(t)w = Zexp <1—m> (w, wy) Wn-
n=1

It is easy to see that AE~! generates a strongly continuous semigroup T'(t) on Y and T(t) is
compact such that |T(t)] < e™* for each ¢t > 0. Further, we have

t
. 1
[z(sint,x) +sinz(t,x)/ g #(sins.7) ds” < —|2|
0

1
’(1+t)(1+t2) (1+1¢2)

Moreover, all the other conditions stated in Theorem 3.1 are satisfied. Hence, equation (5) has a
mild solution on [0,1].
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