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Let G be an abelian group and let ZG be its integral group ring. In special 
cases (e.g., G finite [4]) it has been noted that G is a direct summand of 
(ZG)*, the group of units of ZG. However, no explicit construction for the 
splitting maps is given in the literature. In Section 1 it will be shown that for 
any abelian group G, there is a canonical splitting of the inclusion G -+ (ZG)*. 
Upon attempting to generalize this result to other coefficient rings, we are led 
to the concept of a semimodule. We show in Section 2 that G + (AG)* splits 
if G admits a semimodule structure over A. The final section contains a 
number of partial results and examples showing the difficulty of deciding 
whether or not splittings exist in the general case. 

This paper originated from the construction of maps in algebraic K-theory 
using the Hochschild homology of a bimodule [6, Chap. X]. Let G --t GL,(ZG) 
be given by g++ diag (R, I,..., 1). It will be shown elsewhere that for an 
arbitrary group G, there is a canonical splitting of the induced map 
N,(G; Z) --f H,(GL,(ZG); Z) (ordinary homology of groups with trivial 
action on Z) for all i > 0, n > 1. As the case i = n = 1 is of independent 
interest, we present it here rather than obscure it in a paper dealing with 
algebraic K-theory. For a given integer i, the splitting is constructed via 
properties of Hochschild homology groups H,(R, JZ) for certain rings R. 

For i = 1 and R a commutative ring, H,(R, K’) is canonically isomorphic 

to Qk,, 1 the module of Kahler differentials. In Section 1 we use Sz’,,, and its 
properties to construct splittings as it will be more familiar than Hochschild 
homology groups to most readers. 

1. INTEGRAL GROUP RINGS 

Let G be an arbitrary abelian group written multiplicatively. Additively 
ZG is the free abelian group on the set G. Thus there is a homomorphism 
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of abelian groups 6: ZG -+ G induced by the identity on G. Explicitly we 
have 

SE 4 8 d = II Ps)- (1) 

In fact, 6 is more than just a group homomorphism: 

LEMMA 1. Let G be an abelian group considered as a trivial G-module. 
Then 6 as dejked above is a derivation. Moreover, every derivation from hG 
to a trivial G-module factors uniquely through 6. 

Let E: ZG -+ Z be the augmentation: 

4C Wg> = C n(g). 

An easy computation verifies the equation 

S(NM) = S(N)@f’ * S(MyJ) (2) 

where N = 2 n(g)g and M = C m(g)g. Taking into account that G is 
written multiplicatively and the module action of ZG on G is written exponen- 
tially, we see that Eq. (2) is exactly what is required to show that 6 is a deriva- 
tion. The last statement is immediate upon noting that any derivation into a 
trivial G-module is just a homomorphism when restricted to G. 

. . 
For R a commutattve rmg, let Q&r denote the module of Klhler differen- 

tials. As every derivation on R factors uniquely through .C$,, , we obtain a 
commutative diagram 

ZG d Q;,,, 

For any commutative ring R there is a homomorphism of abelian groups 
R” + Q& defined by sending u E R* to u-r du. The homomorphism s 
which we are seeking is the composition 

(HG)* + Q;G,z + G. 

Explicitly we have 

s(M) = S(M)“@‘. (3) 

THEOREM 2. Let G be an abelian group. Then the inclusion homomorphism 
G + (.ZG)* is split by s. Hence G is canonically a direct summund of (ZG)*. 

The Theorem is immediate as s is a homomorphism and by (3) it sends 
1 ‘g to g. 
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Remark. If G is not abelian, then a splitting for the map of G abelianized 
to (BG)* abelianized is also given by Eq. (3) with group elements replaced by 
their residue classes. 

2. SEMIMODULES AND SPLITTINGS 

Let A be an arbitrary commutative ring. In this section we give a sufficient 
condition for the map G--f (AG)* to split. It is certainly not true that this 
map always splits. For example, if A is an algebraically closed field of charac- 
teristic 0 and G is a finite abelian group, then AG is isomorphic to a finite 
product of copies of A. Thus (AG)* is divisible and hence G cannot be a 
direct summand of (AG)*. 

It is easy to check that in case G is an A-module, then 6 defined by Eq. (1) 
is still a derivation, and s defined by Eq. (3) is still a homomorphism which 
is left inverse to G---f (AG)*. However, it is possible to get a better result. 
Let M = C m(g)g and rewrite Eq. (3) as 

s(M) = .g&(g), e(g) = m(g) l f-1)* (4) 

By defining s in this manner, a direct computation shows that the associativity 
of the module structure is no longer required in order that s be a 
homomorphism. We thus introduce the following definition: An abelian 
group G together with a function A x G ---f G (denoted by (a, g) tt ag) will 
be called an A-semimodule provided the following hold: 

(i) (a i- b)g = ag + bg for a, b E A and gEG; 

(ii) a(g + h) = ag + ah for a E A and g, h E G; 

(iii) lg = g for g&G. 

Note that we write G additively and the semimodule structure multipli- 
catively to conform to standard notational practices and for the convenience 
it affords in Lemma 4. However, in our application to group rings G will be 
written multiplicatively and the semimodule structure exponentially as in 
Section 1. With this in mind, an easy computation verifies 

THEOREM 3. Let A be a commutative ring and let G be an A-semimodule. 
Then s: (AG)* --f G de$ned by (4) is a homomorphism of abelian groups which 
is left inverse to the inclusion G - (AG)*. 

We now characterize those abelian groups which have a semimodule 
structure over the (not necessarily commutative) ring A. 
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LEMMA 4. Let A be any ring and let G be an abelian group. The following 
three statements are equivalent: 

(a) G is an abelian group direct summand of an A-module; 

(b) The map j: G + A Or G defined by j(g) = 1 @ g splits; 

(c) G has a semimodule structure over A. 

If  M is an A-module and the map i: G + M is split by f: M + G, then G 
can be given a semimodule structure by defining ug = f  (ai( for a E A, 

g E G. (i) and (ii) follow as M is an A-module and i and f  are homomorphisms 
of abelian groups. (iii) holds as fi is the identity on G. Thus (a) implies (c). 

I f  G has a semimodule structure, then the map j: G -+ A @r G is split by 
the homomorphism h: A & G + G defined by h(u @g) = ag. Thus (c) 
implies (b). 

Finally, as A @r G has an A-module structure, (b) implies (a), completing 
the proof of the Lemma. 

Remark 1. Note that the map s given in Theorem 3 is no longer canoni- 
cal, but depends on the semimodule structure chosen for G. If  G has a unique 
semimodule or module structure over A, then there will be a canonical 
splitting. For example, if A is Z/nZ or any subring of the rational integers Q, 
any semimodule over A is actually a module and in a unique way. The same 

holds if G is p-torsion and A is the ring of p-adic integers. 

Remark 2. If  B is a subring of A which is a direct summand of A as an 
abelian group, then every semimodule over B can be made into a semimodule 
over A via the splitting map. In particular, we obtain the following: 

(i) I f  b + A splits, then every abelian group is a semimodule over A; 

(ii) I f  A is a field, the semi-modules over A are just the vector spaces 
over the prime subfield. 

COROLLARY 5. If the canonical ring homomorphism h + A splits as an 
abelian group homomorphism, then the inclusion G + (AG)* splits for all 
abelian groups G. 

This is immediate from Theorem 3 and Remark 2 above. 

COROLLARY 6. If  D is any subring of the ring of algebraic integers in a number 
field and G is any abelian group, then the inclusion map G ---f (DG)* splits. 

This follows as D, when considered as an additive group, is a free Z-module 
having 1 contained in a set of free generators. 
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3. MISCELLANEOUS RESULTS 

Let A be an arbitrary commutative ring. By @(A) we denote the class of all 
abelian groups for which the inclusion map G + (AG)* splits. In Section 2 
we found that every group G which has a semimodule structure over A is in 

Q(A). Of course, it is not necessary that G have such a structure to be in 
6(A). For example, any divisible group is in Q(A) for all commutative 
rings A. We begin by recording several properties of Q(A). 

PROPOSITION 7. Let A be an arbitrary commutative ring. 

(a) B(A) contains: 

(i) all divisible groups, 
(ii) all torsion-free groups, 

(iii) allgroups having a semimodule structure over A. 

(b) If there exists a ring homomorphism A --f B, then Q(B) is contained 

in 6(A). 

(c) Let G = u Gi OY G = n G, where i ranges over the arbitrary index 
set I. Then G is in @(A) if and only if Gi is in Q(A) for every i E 1. 

(d) Let p be a prime. If  G is in 6(A) and p is nilpotent in A, then the 
p-torsion subgroup of G is in %(A). 

First note that if there exists a splitting v: (AG)* - G, then there will 
exist a splitting v’: (AG)* + G which is trivial on A*. Just define v’ by 

9w = du+-‘)> 

for u E (AG)*. We will assume below that all splittings have been so 
normalized. 

Let GE Q(B), then the composition (AG)* --+ (BG)* ---f G shows that 
G E B(A) proving (b). 

Parts (i) and (iii) of (a) have already been noted. Let G be torsion-free and 
let F be a residue field of A. By [7, pp. 11 l-l 131 every unit of FG is of the form 
ug, u EF*, g E G, and hence (FG)* % F* x G. Thus G E @5(F) which is 

contained in Q(A) by (b). 
Let G be as given in (c). Then there are canonical maps Gi -+ G and 

G---f Gi showing that Gi is a direct summand of G. If  G E %(A), then the 
commutative diagram 

Gi 7 G 

1 
(AG,)” - ---+ (AG)* 

shows that Gi E B(A). 
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Now suppose that Gi E @i(A) for all i E I. Let vi : (AG,)* -+ Gi be splittings 
which are trivial on A* and define v: n(AGJ* ---f n Gi to be the product of 
the qpi . In case G = n Gi a splitting is given by the composition 

(AG)* -+ l-I (AG,)” -+ n G, = G 

where the first map is the product of the maps induced by the canonical 
projections and the second map is r+ If G = u G, , then the assumption that 
the p’i are trivial on A* shows that the image of the composition 

(AG)* ---f l-j (AG,)* ---f n Gi 

lies in the direct sum since each unit of AG involves only a finite number of 
group elements and thus has image lying outside A* in only finitely many of 
the (AG,)*. 

For any group H, (AH)* = A* @ P where P is the subgroup of units 
having augmentation 1. If H is a p-torsion group and p is nilpotent in A, 
then P is ap-torsion group: For if u = C aig, is in P, then 

if k is large enough so that g:” = 1. Hence UP’ = 1 fpz and as pz = 0 
for some 1 > 1, Up’+’ = 1. Now if G E Q(A) has p-torsion subgroup 
H and the splitting (AG)* --f G is trivial on A*, the composition 
(AH)* --+ (AG)* --f G has its image in the p-torsion subgroup of G. This 
completes the proof of (d) and of Proposition 7. 

Remark. In case G is torsion-free, the splitting constructed in Proposition 
7 will be unique if and only if A cannot be decomposed into the product of 
two rings (equivalently, if and only if Spec A is connected). These splittings 
are natural with respect to homomorphisms of indecomposable rings and 
torsion-free abelian groups. 

If A is the product of two rings, then it is clear that the above construction 
will give rise to at least two distinct splittings. 

Conversely, if Spec A is connected, then it is not difficult to show that 
every unit of AG is of the form N + ug where u E A*, g E G, and 
NE N(A) * G, where N(A) is the nilradical of A. This shows that the splitting 
is independent of the choice of the maximal ideal. We show how to prove the 
result in case G is infinite cyclic generated by X. It is not difficult to extend the 
result to arbitrary torsion-free abelian groups. Let p E Spec A and let 
ZI E AG = A[x, x-l] be a unit. Define f: Spec A - E by f(p) is that unique 
integer n such that v = uxn mod pAG for some u E (A/p)*. As v = C aixi 
and f(p) = n means that a, # p, then f-i(n) = (p 1 a, $ p}. Hence f is a 
continuous function and as Spec A is connected, it follows thatf is constant, 
thus yielding the result. 
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Let G be a finite group. We now consider the problem of finding the rings 
A for which G is in @(A). By part (c) of Proposition 7 it suffices to consider 

only cyclic groups of prime power order. The following result is well-known 
(see [5, Theorem 7, p. IS]): 

THEOREM 8. Let G C H be abelian groups. Assume that every element of G 
is annihilated by a$xed integer n. Then G is a direct summand of H if and only 
if G is a pure subgroup of H. In particular, if G is cyclic of order p” with generator 
a, then G is a direct summand of H if and only if +“-l is not a pk-th power in H. 

COROLLARY 9. Let G be cyclic of order pp, p a prime. Then G E B(A) if 

P$A*. 

By Theorem 8 taking H = (AG)* we see that G is not in B(A) if and only if 
there is a solution to the equation 

As the coefficients of CJP~-’ on both sides of the equation must be the same 
we obtain 

where the sum is taken over all multi-indices OL = (cY,, ,..., OI+-~) such that 
C ioli = p”-l mod pk. As none of the 01~ can equal pk, each of the multinomial 
coefficients is divisible byp and hence p must be in A*. 

PROPOSITION 10. Let G be cyclic of order 2. Then G E 6(A) if and only if 

(1) 2$A*or 

(2) 2 E A* and -1 $ (A*)2. 

By Theorem 8 G fails to be in B(A) if and only if there is a solution to the 
equation 

u = (a + ba)2 

with a, b E A. This equation is equivalent to the two equations 

1 = 2ab 

and 
0 = a” + b2. 

If  these equations can be solved, then it follows that 2 E A* and -1 is a 
square. If  on the other hand 2 E A* and -1 = u2, then 1 + u E A* as 



662 R. KEITH DENNIS 

(1 + u)(l - u) = 2 and a = l/(1 + u), b = u/(1 + u) is a solution to the 
system of equations. 

Remark. If  G is cyclic of order p, p odd, then similar reasoning shows that 
G E B(A) if either p F$ A* or p E A* and A contains a primitive p-th root of 

unity but does not contain a p2-th root of unity. G $ @(A) if p E A* and A 
contains a primitive p2-th root of unity. I f  p E A* and A does not contain a 
p-th root of unity then either case is possible. For ifp E A* then 

AG m A[x]/(xp - 1) m A x A[x]/(l + x + ..a + a+-l). 

Let R denote the second factor in this decomposition. Then G E B(A) if and 

only if R does not contain a ps-th root of unity. For A = Z[l/p], R does not 
contain ap2-th root of unity. Let A = D[l/ p] where D is the ring of integers 
in the maximal, real subfield of Q(l), 5 a p rimitive p2-th root of unity. Then 
the equation 

P-l 
5 = p-l C <rC(<Pi-l + [l-pi) 

i=O 

shows that &’ E A[Jp] w R and hence G $ B(A). 
Let Q be the subfield of C generated by all roots of unity. 

THEOREM 11. (a) 1f F is any field containing d, then B(F) is the class of 
allgroups of the form D @ H where D is divisible and H is torsion-free. 

(b) If  F is a real closed jield (e.g. [w), then 6(F) is the class of all groups 
of the form D @ H @ E where D is divisible, H is torsion-free and E is an 

elementary 2-group. 

(c) IfF contains F, , the algebraic closure of the$nite field with p elements, 

then B(F) is contained in the class of all groups of the form D @ H where D is 
divisible and the only torsion in H is p-torsion. 

Let G E B(F). We can write any group G as D @ H where D is divisible 
and H is reduced (contains no divisible subgroups). I f  C is a finite cyclic 
subgroup of H, and F contains 0, then (FC)* is isomorphic to j C 1 copies 
ofF* and C is imbedded in the product of the roots of unity ofF. As C is con- 
tained in a divisible subgroup of (FC)* C (FH)*, its image under the splitting, 
C, must be contained in a divisible subgroup of H. This yields a contradiction 
unless C is trivial. Thus H must be torsion-free. That D @ HE Q(F) has 
already been observed in Proposition 7. 

The same argument shows that if F 3 F, , the only possible torsion in H 
must be p-torsion, yielding (c). 

Let F be a real closed field. I f  H contains nontrivial p-torsion, then H has 
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a nontrivial cyclic subgroup C of order pk which is a direct summand [5, 
p. 211. Thus C E B(F). But if p” >, 3, FC must have at least one factor P, the 

algebraic closure of F. In this case C will not be a pure subgroup of (FC)* 
and hence is not a direct summand. Thus p” < 3 and the only possible 
torsion in H is 2-torsion. 

If  Hz contains any torsion, it must be 2-torsion and as above there will be 
a cyclic direct summand of order 2 6, k 3 1. Let x = y2 generate this sub- 

group. Since x generates a pure subgroup of H2, y  must generate a pure 
subgroup of H (for if y2L were a 2’C+1st power, then S-1 would be the 2’“th 
power of an element of H2). Thus if H2 has any torsion, H has a cyclic direct 
summand of order 2”, k > 2. As this cannot happen, H2 must be torsion-free 
and hence the torsion subgroup E of H is annihilated by 2. By Theorem 8, 
E is a direct summand of H. Thus every group in 6(F) is of the correct form. 
That every group of this form is in Q(F) f  o 11 ows from Propositions 7 and 10. 

We now give one final example to illustrate the difficulty of determining 
C-r,(A). Let [F, denote the finite field with 2 elements. 

THEOREM 12. Let p be a prime. The cyclic group of order p is in %([F,) 
if and only if p2 does not divide 2P-l - 1. 

Remark. p2 divides 2P-l - 1 for p = 1093 [3, p. 731, for p = 3511 [l], 

and for no other values ofp < 3 x log [2, p. 2151. 
For p = 2 the result is clear by Proposition 10. We now assume that p 

is odd. Then 
F,G w F,[x]/(x” - 1) a [F, x [Fql 

where q = 2f, f  > 1 is the smallest integer such that 2f -: 1 mod p, and 
Zf = p - 1. This follows as x ?J - 1 splits over any field in which it has a 
nontrivial root and thus [F, is the splitting field for ~1’ - 1. G will be in 
B(lF,) if and only if it is a pure subgroup of the group of units. This happens 
if and only if the cyclic subgroup of order p in IF,* is a pure subgroup which 
happens if and only if p2 does not divide 2f - 1. Now the order of 2 mod p2 
is either the same as its order mod p or it is p times that order. Thus p2 divides 
2f - 1 if and only if p2 divides 2+l - 1. 

The results presented here lead to a number of questions. Let n be a set of 
primes and let t(G) denote the set of primes p for which G contains non- 
trivial p-torsion. G will be called a n-group if t(G) C n. 

1. I f  G is a pure subgroup of (AG)*, is G E @(A)? It seems unlikely 
that this question has an affirmative answer, but we have been unable to find 
any counter-examples. 

2. I f  p $ A* for all p E t(G), must G E (S(A) ? The answer is “yes” in 
case G is finitely generated. 
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3. I f  all finitely generated r-groups are contained in Q(A), must @5(A) 
contain all n-groups ? 

The above questions are probably much too difficult to answer. However, 
in the case of specific rings it should be possible to answer them. In particular, 
it seems reasonable to expect the following to be true: 

4. tS(F,) consists of all groups of the form D @ H where D is divisible 

and the only torsion in H is p-torsion. 

5. s(Q) contains all abelian groups. 
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