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Abstract

The main purpose of this paper is to give some new common fixed point theorems
under strict contractive conditions for mappings satisfying a new prope2902 Elsevier
Science (USA). All rights reserved.
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1. Introduction

It is well known that in the setting of metric space, strict contractive condition
do not ensure the existence of common fixed point unless the space is assumed
compact or the strict conditions are replaced by stronger conditions as in [1-3].
In 1986, Jungck [4] introduced the notion of compatible maps. This concept
was frequently used to prove existence theorems in common fixed point theory.
However, the study of common fixed points of noncompatible mappings is also
very interesting. Work along these lines has recently been initiated by Pant [5,6].

The aim of this paper is to define a new property which generalize the concept
of noncompatible mappings, and give some common fixed point theorems under
strict contractive conditions.
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We begin with some known definitions.

2. Preliminaries
In [7], Sessa introduced the notion of the weak commutativity.

Definition [7]. Two selfmappings andT of a metric spacéX, d) are said to be
weakly commuting if

d(STx,TSx)<d(Sx,Tx), VxelX.

It is clear that two commuting mappings are weakly commuting, but the
converse is not true as is shown in [7].
Jungck [4] extended this concept in the following way:

Definition [4]. Let T and S be two selfmappings of a metric spack, d). S
andT are said to be compatible if

lim d(STx,, TSx,)=0
n—o0

whenever(x,) is a sequence iX such that

lim Sx, = lim Tx, =t
n—o0 n— o0

for somer € X.

Obviously, two weakly commuting mappings are compatible, but the converse
is not true as is shown in [4]. Recently, Jungck introduced the concept of weakly
compatible maps as follows: Two selfmappifigand S of a metric spac& are
said to be weakly compatible if they commute at there coicidence points; i.e., if
Tu = Su for someu € X, thenT Su = STu.

It is easy to see that two compatible maps are weakly compatible.

3. Mainresults

Definition 1. Let S andT be two selfmappings of a metric spaCeé, d). We say
thatT andS satisfy the property (E.A) if there exists a sequengg such that

lim Tx,= lim Sx, =t

n—o0 n—o0

for somer € X.

Examples. (1) Let X =[O0, +-o0o[. DefineT, S: X — X by

T al and S 3¢ Vxe X
xX=—- X =—), X .
4 4
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Consider the sequencg = 1/n. Clearly lim,— o Tx, = liM;,— 00 Sx;, = 0.
ThenT andS satisfy (E.A).
(2) Let X =[2, +o0[. DefineT, S: X — X by

Tx=x+1 and Sx=2x+1, VxeX.

Suppose that property (E.A) holds; then there existXima sequencéx;,)
satisfying

lim Tx,= lim Sx,=¢, forsomere X.
n—o0

n—o0
Therefore
. . t—1
lim x,=¢t—1 and Ilimx,=—.
n—0o0 n—o0 2

Thent = 1, which is a contradiction sinced X. HenceT and S do not satisfy
(E.A).

Remark 1. It is clear from the Jungck’s definition [4] that two selfmappings
andT of a metric spacé€X, d) will be noncompatible if there exists at least one
sequencéx,) in X such that

lim Sx,= lim Tx,=1t, forsomerecX,

n— oo n— o0

but lim,_ .o d(STx,, T Sx,) is either non-zero or non-existent. Therefore, two
noncompatible selfmappings of a metric spé&¥ed) satisfy the property (E.A).

Now we state our main theorem.

Theorem 1. Let S and T be two weakly compatible selfmappings of a metric
space(X, d) such that

(i) T andS satisfy the property (E.A),
(i)
d(Tx,Ty) < max{d(Sx, SY), [d(Tx, Sx)+d(Ty, Sy)]/2,
[d(Ty,Sx)+d(Tx,Sy)1/2}, Vx#yeX,
(i) TX c SX.

If SX or TX is a complete subspace &f thenT and S have a unigue common
fixed point.

Proof. SinceT and S satisfy the property (E.A), there exists ¥ a sequence
(x,) satisfying

lim Tx,= lim Sx,=1t, forsomerecX.

n—oo n—o0
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Suppose thaSX is complete. Then ligL, « Sx, = Sa for somea € X. Also
liMm,, o0 Tx, = Sa.
We show tha'a = Sa. Suppose thal'a # Sa. Condition (ii) implies
d(Txp, Ta) <max{d(Sxy, Sa), [d(Txn, Sx,) +d(Ta, Sa)]/2,
[d(Ta, Sx) +d(Tx,, Sa)l/2}.
Lettingn — +oo yields

d(Sa,Ta) < max{d(Sa, Sa),[d(Ta, Sa) +d(Sa, Sa)l/2,
[d(Ta, Sa) +d(Sa, Sa)]/2}
<d(Ta, Sa)/2;
a contradiction. Henc&a = Sa.
SinceT and S are weakly compatible§Ta = T Sa and, therefore7 Ta =
TSa=STa=SSa.
Finally, we show thafla is a common fixed point of and S. Suppose that
Ta#TTa.Then
d(Ta,TTa) < max{d(Sa, STa),[d(Ta,Sa)+d(TTa,STa)]/2,
[d(TTa, Sa) +d(Ta, STa)]/2}
<max{d(Ta,TTa),d(TTa,Ta)}=d(Ta,TTa)
which is a contradiction. HencBTa = Ta andSTa = TTa = Ta. The proof is

similar whenT X is assumed to be a complete subspac& aginceT X C SX.
Uniquness of the common fixed point follows easilya

Now we give an example to support our result.
Example. Let X = [1, +oo[ with the usual metricd(x, y) = |x — y|. Define
T,S: X— X hy
Tx=2x—1 and Sx:xz, Vx € X.
Then
(1) T and S satisfy the property (E.A) for the sequeneg=1+ 1/n, n =
1,2,...,

(2) S andT are weakly compatible,
(3) T andS satisfy for allx # y

d(Tx,Ty) < max{d(Sx, SY), [d(Tx, Sx)+d(Ty, Sy)]/2,
[d(Ty, Sx) +d(Tx., Sy)1/2}.
(4) T1=851=1.
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Since two noncompatible selfmappings of a metric sp@tgl) satisfy the
property (E.A), we get the following result:

Corollary 1. Let S and T be two noncompatible weakly compatible selfmappings
of a metric spacé€X, d) such that

(i) d(Tx,Ty) <maxX{d(Sx,Sy),[d(Tx,Sx)+d(Ty, Sy)]/2,
[d(Ty, Sx)+d(Tx, Sy)]/2}, Vx £y e X,
(i) TX C SX.

If SX or TX is a complete subspace &f thenT and S have a unigue common
fixed point.

Corollary 2. Let S and T be two weakly compatible selfmappings of a metric
space(X, d). Suppose that there exists a mapping¥ — R+ such that

() d(Sx,Tx) <¢p(Sx) —¢(Tx),Vx € X,
(i) d(Tx,Ty)<maxXd(Sx,Sy),[d(Ty,Sx)+d(Tx,Sy)]/2},Vx #y € X,
(i) TX c SX.

If SX or T X is a complete subspace ¥f thenT andS have a unigue common
fixed point.

Proof. Let xg € X. Choosex; € X such thatTxg = Sx;. Choosex, € X such
thatT x1 = Sx2. In general, choose, € X such thatl'x,,_1 = Sx,,. Then

d(Sxp, Sxnt1) =d(Sxpn, Txn) < ¢ (Sxp) — @ (Txp) = ¢ (Sxn) — P(Sxp41).

Consider the nonnegative real sequerigg) defined bya, = ¢(Sx,), n =
1,2,.... It is easy to see that the sequengg) is nonincreasing and belowed
by 0. Thereforda,) is a convergente sequence. On the other hand, we have

d(Sxp, Sxpym) < an — angm

which implies that the sequendéx,) is a cauchy sequence ifiX. Suppose
that SX is a complete subspace d&f. Then there exists € SX such that
lim,— o0 Sx, =1. Also, we have lim_, ., Tx, = t. Subsequentlyf andS satisfy
the property (E.A). From (ii), it follows that

d(Tx, Ty) <max{d(Sx, Sy), [d(Tx, Sx) +d(Ty, Sy)1/2,
[d(Ty, Sx)+d(Tx,Sy)1/2}, Vx#yeX.

Therefore, all conditions of Theorem 1 are satisfied and the conclusion follows
from this theorem immediately. O
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In [8], Caristi proved that a selfmappiriy of a complete metric spad&, d)
has a fixed point if there exists a lower semi-continuous funcfioX — R™
satisfying

d(x,Tx) <¢x) —¢(Tx).

However, it may be observed thatwill have a fixed point if it satisfies the above
inequality for arbitraryp and its graph is closed. Settiisg= Idy in Corollary 1,
we get the following result:

Corollary 3. Let T be selfmapping of a complete metric spd&e d). Suppose
that there exists a mappingy: X — R™ such that

() dx,Tx) <Pp(x) —¢p(Tx),Vx € X,
(i) d(Tx,Ty) <maxd(x,y),[dx,Ty)+d(y,Tx)]/2},Vx #y e X.

ThenT has a unique fixed point.
TakingT = Idyx in Corollary 1, we have the following result:

Corollary 4. Let S be a surjective selfmapping of a complete metric sgace!).
Suppose that there exists a mappigX — R such that

(i) d(x,Sx) < P(Sx) —p(x),Vx € X,
(i) d(x,y) <maxd(Sx,Sy),[d(y,Sx)+d(x,Sy)]/2},Vx#yeX.

ThensS has a unique fixed point.

The next theorem involves a functiofA. Various conditions onF have
been studied by many different authors. IFetR*T — R* satisfy the following
conditions:

(F1) F is nondecreasing oRt,
(F2) 0< F(¢) <t, foreachr € 10, +o0l.

Theorem 2. Let A, B, T and S be selfmappings of a metric spack, d) such
that

(1) d(Ax, By) < F(maxd(Sx, Ty),d(Sx, By),d(Ty, By)}), ¥(x. y) € X,
(2) (A, S)and(B, T) are weakly compatibles,

(3) (A, S) or (B, T) satisfies the propertfE.A),

(4) AXCTX andBX C SX.
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If the range of the one of the mappingsB, T or S is a complete subspace &f
thenA, B, T and S have a unique common fixed point.

Proof. Suppose thatB, T') satisfies the property (E.A). Then there exists a
sequencéx,) in X such that lim_ o Bx, =lim, . Tx, = ¢, for somet € X.
SinceBX C SX, there exists inX a sequenceéy,) such thatBx,, = Sy,. Hence
lim,— o0 Sy, = t. Let us show that linp, » Ay, = ¢. Indeed, in view of (1), we
have

d(Ayn, Bxn) < F(max{d(S.an Txn), d(Syn, Bxp),d(T xp, an)})
< F(max{d(Bxy, Txn),0,d(Tx,, Bxp)})
< F(d(Txy, Bxy)) < d(Txy, Bxy).
Therefore lim_ o d(Ayy,, Bx;) = 0. Sinced (Ayy, t} < d(Ayn, Bxy)+d(Bx,,t),
we deduce that lim, . Ay, = ¢t. Suppose thaSX is a complete subspace
of X. Thent = Su for someu € X. Subsequently, we have ljm Ay, =
liMmy,— 0o Bx, =1liMyo0 Tx, =My o0 Syn = Su.

From (1), we have

d(Au, Bx,) < F(maxX{d(Su, Tx,),d(Su, Bx,),d(Txy, Bxy)}).

Lettingn — oo and using(F»), it follows Au = Su. The weak compatibility of
A andS implies thatASu = SAu and thenPAAu = ASu = SAu = SSu.
On the other hand, sinceéX c T X, there exist® € X such thatAu = Tv. We
claim thatTv = Bv. Using (1), we have
d(Au, Bv) < F(max{d(Su, Tv),d(Su, Bv),d(Tv, Bv)})
< F(max{d(Au, Bv),d(Au, Bv)})
< F(d(Au, Bv))
which implies thatAu = Su = Tv = Bv. The weak compatibility ofB and T
implies thatBTv=TBv andTTv=TBv= BTv = BBv.
Let us show thatiu is a common fixed point of, B, T andS. In view of (1),
it follows
d(Au, AAu) =d(AAu, Bv)
< F(max{d(SAu, Tv),d(SAu, Bv),d(Tv, Bv)})
< F(max{d(AAu, Au), d(AAu, Au)})
< F(d(AAu, Auw)).
ThereforeAu = AAu = SAu and Au is a common fixed point oA and S.
Similarly, we prove thaBv is a common fixed point o andT . SinceAu = Bv,

we conclude thatAu is a common fixed point oA, B, T and S. The proof
is similar whenT X is assumed to be a complete subspaceXofThe cases
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in which AX or BX is a complete subspace af are similar to the cases in
which T X or SX, respectively, is complete sinceX c TX andBX C SX. If
Au=Bu=Tu=Su=uandAv= Bv=Tv= Sv=uv, then (1) gives

d(u,v) =d(Au, Bv) < F(max{d(Su, Tv),d(Su, Bv),d(Tv, Bv)})
< F(d(u,v)).

Thereforeu = v and the common fixed point is unique. Hence we have the
theorem. O

For three maps, we have the following result:
Corollary 5. Let A, B and S be selfmappings of a metric space, d) such that

(1) d(Ax, By) < F(maxd(Sx, Sy),d(Sx, By),d(Sy, By)}),V(x, y) € X2,
(2) (A, S)and(B, S) are weakly compatibles,

(3) (A, S) or (B, S) satisfies the propertfe.A),

(4) AXCcSXandBX C SX.

If the range of the one of the mappingsB or S is a complete subspace &f
thenA, B and S have a unique common fixed point.
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