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In this paper we show that almost every sample function of the N-parameter Bessel process
associated with the N-parameter Wiener process has a local maximum. In addition some properties
related to the local maxima are investigated.
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1. Introduction and preliminaries

Let W™ be the N-parameter Wiener process, that is a real-valued separable
Gaussian process with zero means and covariance ]’I?L 1 (8 A ;) where s = (s;), t =(1;),
5;i=0, =0, i=1,...,N. Then W™ is to be the process with values in the
d-dimensional Euclidean space R? such that each component is an N-parameter
Wiener process, the components being independent. Write W = W™ for simpli-
city, and denote the ith component of W by W'. Define the N-parameter Bessel
process associated with W by

B=[% (w:')z]m. (1)

It is shown that almost every sample function of B, has a loccal maximum.
Furthermore, some properties related to the local maxima of B, are investigated.
Asin Orey and Pruitt [5]', our parzmeter space is R", that is the set of 7€ R" with
all components nonnegative. When dealing with a point ¢ in the parameter space we
sometimes write ¢t = ({1, . . . , &) or simple (#). In case all ; = 0, we write ¢t = (0). For
s =(s;) and ¢t = (t;) with s; <t;, the interval X/, [s;, #;] is denoted by A(s, t), and by
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A(t) in case s =(0). Denote by S(s, ¢), the symmetric difference of A(s) and A(¢).
Thenit is easy to check thatif s, € RY, the variance of W'(¢)— W'(s) is |S(s, t)| where
|-| denotes the N-dimensional Lebesgue measure. Furthermore, W has continuous
sample functions and independent increinents. We denote the increment of W over
A(s, t) by W(A(s, t)). For further information on W, the reader is referred to [1,
4-13].

Local maxima of the sample functions of the two-parameter Wiener process have
been studied by Tran [8]. However, due to the complex sample function behavior
of the N-parameter Bessel process and the complicated geometrical structures in
higher dimensions, Tran’s method does not provide a simple generalization to the
problem considered in this paper. A much more involved argument is needed
here.

Throughout the paper, we will assume that a set of probability zero has been
deleted from the probability space so that all sample functions of B, are continuous.

Definition 1. The sample function B(-,w) has a local maximum at s if there
exists an open set 0 containing s such that 0c RY and B(t, w)<B(s, @) for all
te0.

We shall need the Orey-Pruitt analogue of the familiar zero-one law. Let €, be the
class of time intervals in RY with vertices of the form (k;2™"), k; nonnegative
integers, and having all sides of equal length, and for n > 0 each member of €, is to be
2 subcube of one in %o. Let €=, _, %,, and F, =B(W(A),4€€,), Fu=
Voo %.. Thus %, is the Borel field generated by the indicated class of random
variables and % is the smallest Borel field including all #%,. For a subset D of
RY, we put 4,(D)={4c¥%,:A<D}, %,(D)=B{W(A):Ac%,(D)}, Fo(D)=
V1m0 %.(D) then we have the following lemma.

Lemmal ((5]). LetD,<RY, m=1,2,..., withD, 0. IfA e F(D,) for every m,
then P(A)={0, 1}.

Lemma 2. Let ¢ be a nonnegative, nondecreasing, continuous function defined for
large arguments. Then for almost all w there is an € (w) such that for all intervals A(s, t)
with A(s, 1) = A ((1)) and |A(s, t)| < e (w),

IW(ds, ) <|A(s, )¢ (AG, ™)
if and only if

'. (log §)3N+d/2-2 e—¢2(€)/2 df
Jo
converges.

For the proof of Lemma 2, see [5, p. 147].



M.i. Puri, L.T. Tran | Local maxima of Bessel process 139

2. Local maxima

In this sectic 1 we prove the main theorem dealing with the existence of the local
maxima of the sample functions of the Bessel process B,.

Theorem 1. For almost all sample functions of the Bessel process B, defined in (1),
there exists a local maximum.

Proof. Let s be the center of the unitinterval U, and let C, = U be a cube with center
t s, sides parallel to the coordinate axes and equal to a,. Let u” and v" be the
smallest and the largest vertex of C,, i.e. closest and farthest from the origin (0). Pick
C, with min(u%, ..., un)>4.
Consider two points s™ and v™ of RY determined by si* =3, vi* =v¥, s7* =
o* =ul for j# k where 1<j<N.
Define

An= [W(s"") Wiu)>2al?, Wis™) - Wi ™) >2aL%),

By

1Dz 1Dz

[W'(s"") Wiu)<—-2al?, Wi(s"™) - W™ )< -2at?],

C, -=[mf Wi=0], E,.=[sup Wi=<0],

teCy teChn

F.=[sup [W'A(s, D)<Y =1)7"a;"*:[s: —t] = ay,

steU

|s; —t;| < a, for some i, j with i #J].

The variables W'(s™)— W'(u), W(s™)— W'(v"*) are normally distributed with
mean 0 and variances greater than 4~ *'/?a,,. Thus P(A,;) > 8 for some constant .

Let {a,} be a sequence of positive numbers with a, | 0 and let D, be the interior of
Su",v"). Clearly D, |0 as a,|@. Observe that the event [A,; infinitely often]e
F«(D,). Thus, from Lemma 1, it follows that

P[A,; infinitely often] = 1.
Analogously,
P[B,; infinitely often] = 1.

Let n>0. Then by Lemma 2, or by the continuity of the sample functions of W,

P[ N Cni|W§>n]—%1 as ny - 0.

n=ng
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Furthermore,

P[A,.C,; infinitely often] =P [ (A, infinitely often) () C,,,-]

n=ng

BP[ ﬁ C,,,-]?P[

n=ngp

A CulW:>n]].

n=ng

Since P[ W' > n]converges to 3 as n - 0, by picking n small enough and then n, large
enough, the probability of the last event can be made as close to 5 as desired.
It is now clear that

P[Am'cm' v Bm’-Em') i.O.] = l-

Also, by Lemina 2 and by the independence of the components of W
d
P[m (AniCnéFni 1% BniEm‘Fm') i.O.] = 1- (2)
i=1
We claim that

d
[ (AuCuFuu 0 BuEF.) | <lsup B> sup B) ©)
i=1 teC? tedC,

Observe that [ﬁf':]l (AniCpiF i U BniEyiF,i)] can be written as the unicn of 27 events.
Each of these events is the intersection of d sets with the ith set (1<<i=<d) being
either A,;C,;F,; of B,E,F,:. To complete the proof of (3), it is sufficient to show that
every one of these 2¢ events is a subset of [sup,cce B, > sup;c.c, B]. Without loss of
generality we will show

d
[ﬂ Am'Cm'Fni] < [sup Bt > SUP Bt]- (4)
i=1 teCp, tedC,

A slight variation of the proof along the same lines can be applied to show that the
remaining 2% — 1 events are also subsets of [sup:cce B: > sup;eac, B:].
Let t € AC,, where aC, is the boundary of C,, and let

p'={a(t1),...,o(tn))
where
L, if ul <t <vi,

O'(Ii)'—'{

si, otherwise.

Observe that p’ lies in the interior of C,.
Let

d
H.= N {A W) -win=a).

tedC, Li=1
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We will complete the proof of (4) by ™ swing

d
[m AniCniFni] < [Hn m Cni‘E ’ (5)
i=1 i=1
d
[H,. M Cm-] <[sup B, > sup B,]. (6)
i=1 teCl teaC,

Observe that for any 1si<d,

Wip)-W' @)= W' {a(tr), tay ..., tn)— W ({ti, 12, . . ., IND)
+ Wl(("(tl)’ 0'([2), t3, ey tN))_ Wi((h)’ t2a “ ey tN))
+o+ Wilat), ot2), ..., ot )= W o (th), . .., a(tn=1), ). ()

Consider the random variable

Wi((”(tl)’ vy O'(tj-l), O'(tj)a ti+l, ce ey tN))

- W'((a'(tl)’ e ey a-(ti-l)y tj, tj+ly ey tN))- (8)
The variance of this variable is equal to
(ui+el) - (uiy +elD)o@) =4 (uisy +efsr) - - - (un+en (9)

where 0 < e < a,. Observe that (9) can be expanded into asum of 2" ~* terms. A this
point, it is easy to see that (8) is equal to

Wi ul, ..., uf-1, 0(), Ufrr, ..., UND)
- Wi(<u;', sy u;l—ly ti) u;l+l’ sy uf':l))-*-L‘
where L’ can be decomposed into no more than 2" ' — 1 random variables, such that
each random variable is the increment of W' over zn interval in U with at least two
sides smalier than or equal to a,.
The random variables in (8) is zero if o(f;)=1¢. Assume o(t;)#¢t and let

o €[N, AnCuF,:]. Then w € F,; for each i. Hence

ILl(w)l < (2N—1 _ 1)(2N—1 - 1)—'1a'l'/2 = a:,/:«:.

Now, o(t;) =3 and ¢, = u} or v? since o'(t;) # t;. Therefore

Wi ut,...,ul1, 0(), Uty .., UN), @)

—Wius, ..., ulg, Ul UR), @)
Wis", w)—- Wi w), if t=u],

{ Wis", w)- W @™ w), if=0]
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which is greater than 2al’? since w € A,;. We obtain

Wi(("(tl)s sy O'(tj—l), O'(t,‘), tj+l, seey tN), w)
- Wi«a.(tl)9 ey o'(ti—l)a t, ti+1’ s eey tN)s 0))

>2ay?-al?=a? (10)
By (7} and (10) we have

W(p', w)— Wi(t, w)>[# of j’s, 1 <j <N, with o(t,) # t;]Ja.’.

If te9C,, t; is equal to ¢} or v} and o () = ; for some 1<j<N. Therefore o (t;) # ¢;
for some j and [# of j’s, 1 <j < N, witho(t;) #;]=1. Hence for w € A, Wi(p' w)—
Wi(t, w)>a)/? for all 1€ 8C, and for all i.

We have shown o € H,. Furthermore w €{ )i, C: since w € [N, AuCriFuil.

'The proof of (5) is completed.

Let us turn to the proof of (6). We argue by contradiction. Let w € [H, ﬂ. 1 Cail
and assume ¢ [sup,cc2 B, >sup:cac, B:]. Then sup;cac, B(t, ) =sup.ect B(f, o).
Now, B(t, ) is a continuous function of ¢ on 4C,. Hence for some [ € 4C,,

B(l, w)= sup B(t, w)>sup B(, w)>B(p w)
teaC, teCd "
since p' is an interior point of C,,.
We obtain (W'(l, w))>=(W'( p', w))’ for some 1<i=<d since

1/2

(£ wawr] =[§ wihwr]

Since w e[inf W' =0], both W'(/, w) and W'(p', w) are nonnegative. Therefore
Wi, w)=W'(p', w) for some 1<i<d, contradicting the fact that W'(p', w)-
Will, w)>al/?

The proof of (6) is completed. From (2) and (3), we conclude that with probability
one, the event [sup,cco B; >sup.csc, B:] occurs infinitely often.

Pick w € [sup.cc? B: >sup,cac, B:]. Since B(t, ) is a continuous function of ¢ on
C., there exists an / € C, such that B(l, w) =sup,cc, B(t, w). If | € dC,, then

sup B(t, w)=B(l, w)=sup B(t, w)>sup B(t, w),

tedC, teC,, eC?

contradicting the fact that w € [sup,c ¢ B, > sup,csc, B:]. Finally, C? can be chosen to
be the open set 0 < RY mentioned in Definition 1.

The proof is now completed. Recall that s was picked to be the center of U.
Actually, s can be chosen to be any point in U°. Therefore, for almost all sample
functions of B,, the set of local maxima is dense in RY.

We shall now investigate some properties of the local maxima of B..
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Definition 2. The sample function B(-, w) has a strict local maximum at s if there
exists an open set 0 containing s such that 0 = RY and B(¢, w) < B(s, ) for all t € 0.

We have the following theorem.

Theorem 2. For almost every sample function of {B,, t € RY}, all the local maxima are
strict and the set of local maxima is countable.

Proof. Let I and J be two disjoint, closed intervals in the interior of R". We claim
that

P{sup B, =sup B,} =0. (11)

tel teJ

Let I = A(u, v),J = A(s, t). Denote the complements of A(¢) and 4 (v) by [A(1)] and
[A(v)]. Since I and J are disjoint intervals, it is clear that

[A(w)n[A®TTu[A(s) N [4(v)]]

contains a nondegenerate interval, i.e., an interval with a positive N-dimensional
Lebesgue measure. Let I’ be any such interval, ar:d without loss of generality assume
that

I'cA(u)n[A()].
Consider now

d . 1/2
Pisup B, = sup B,] = P[sup [(w,‘ 2+ ¥ (W]
i=2

tel teJ tel

d 112
=uup £ ovr]” 12

Let W'(I') be the increment of W' over I'. Since W' has independent increments,
for t € I, we can write

w!=w!-w'a)+wua)

such that W'(I') is independent of W! —w'\I') for all tel Also, W'(I') is
independent of sup,c;[¥ i, (W!)?] since I' =[A(r)].

Let X =W\I'), Y.=W! -W'(I'). Then the o-fields generated by X and
(Y, Wi,...,Witel, W!,..., W& teJ) are independent. Let (2, &, P) be the
original probability space and let (£2;, %, P1) and (£2,, %>, P;) be two identical
copies of ({2, %, P). Define

d 1/2
§ = @1, 00 2ix Q250 { (X (@) + Vil + T (Witw2)?]

tel

ﬁ‘:.‘?ti (w:‘(wz)f}m].
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Let xs denote the indicator function of S. Using independence and Fubini’s
theorem and following an argument similar to that of [3, p. 37], we obtain that (12) is

equal to
l

[ xsten, wPi(don)Padn)=
2;

2

- jm P[sup{ (X + Vi(wo+ iz (Wi(w)?] -

tel

=sup| dl (W (wz))z}m] Pa(dws).

teJ ‘i

For an arbitrary fixed w,, consider

P, [S}:II){(X Vi) + :22 (wi(wz»z} " 5,25’{ f:l (W' (wz))z} ”2] .
(13)

We shall now show that (13) equals zero for a fixed w,. Consider the function f(x),
defined by

1/2

d . A
fx)=sup|(x + Yiwa))*+ ¥ (Witwn)?]

tel

Note that f(x) equals the supremum of the distance from the origin of the set D, in
R? defined by

D, ={zeR%:z1=Y(w2)+x, z2= W (w2), . . ., z4 = W&(w,) for some teI}.

It is now easy to see that as x varies from —o0 to 00, the set D, is translated along a
vector parallel to a coordinate axis and so f(x) decreases and then increases as x goes
from —oo to +00. For a fixed w,, (13) equals

d
P, [X =f" (s:gj: ‘Zl (W (wz))z)] (14)
where ' is the inverse of f. It is clear tha: there are at most 2 values of
Flsupres To-, (Wi(w2))?), and since X is normal random variable, (14) equals 0.
Thus, for each fixed w,, (13) equals zero. The proof of (11) i«llows by integrating (13)
over the probability space.

Consider the set [ \[sup,cs B: # sup.cs B.] where the intersection is taken over all
intervals I and J with rational least and largest vertices, i.e , *he coordinates of u, v, s,
t are all rational.

We claim that [ [sup,c; B; # sup,cs B.] is contained in the set of w such that all
local maxima of B(-, w) are strict. Let w [ \[Sup.c -3 #sup,c; B,] and suppose
B(-, w) has alocal maximum at s. Then there exists an open set 0 < RY with s € 0 and
B(t, o) <B(s, w) for all ¢ € 0. If this local maximun: is nut strict, then there exists an
1 €0 with | # s such that B(l, w) = B(s, w). Let I, J be two disjoint, closed intervals
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with rational least and largest vertices such that /e I =0 and s € J =0. Then

sup B(t, w) = B(l, w) = B(s, w) =sup B{t, ),

tel tel

contradicting the fact that w e[ \[sup,es B; #sup,es B.]. Clearly P[( \(sup:c; B, #
Sup;ej Bg)] = 1 .

Countability of the set of local maxima is a consequence of the following lemma.

Lemma 3. Let f be a continuous, real valued function of RY with all local maxima
strict. Then f has countably many local maxima.

This lemma is a straightforward generalization of the univariate case, the proof of
which can be found in [3, p. 38].
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