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Abstract

In the study of automatic groups, the geometrical characterization of automaticity (in terms of the “fellow traveller property”)
plays a fundamental role. When we move to the study of automatic semigroups, we no longer have this simple formulation.
The purpose of this paper is to give a general geometric characterization of automaticity in semigroups.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The notion of an automatic group (see [1,7]) has played an important role in the study of finitely generated groups.
It has been pointed out (see [15,17] for example) that the definition of automaticity generalizes naturally from groups to
semigroups and a systematic exploration of the basic properties of automatic semigroups was undertaken in [3]. Since
then the theory has developed considerably and much is now known about automaticity in semigroups. However, there
appears to be one fundamental difference between the theory of automatic groups and the situation when we generalize
to semigroups.

In the study of automatic groups, the geometrical characterization of automaticity (in terms of the “fellow traveller
property”) plays a fundamental role. When we move to the study of automatic semigroups, we no longer have this
simple and elegant formulation in general (although we do have it in some special cases; see [4] for example). This
has been a significant obstacle to the development of the theory of automatic semigroups. The issue here is that not
all properties generalize to the semigroup case and, where properties do generalize, the necessity for new methods of
proof has arisen.

The purpose of this paper is to generalize the fellow traveller property from groups to semigroups. The main result
is the following (see Theorem 4.8):

Theorem. Let S be a semigroup, A be a finite generating set for S and L be a regular language over A that maps onto
S. Then S has a finite number of continuation graphs with respect to L if and only if (A, L) is an automatic structure
for S.
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The concept of a “finite number of continuation graphs” is explained below in Definitions 4.4 and 4.7.

Given that the fellow traveller property is thought of as being a geometric property of automatic groups (describing,
as it does, the structure of the Cayley graph of an automatic group), we think of this extension as being a geometric
characterization of automatic semigroups.

We should mention that an interesting alternative approach has been taken by Silva and Steinberg in [19] (see also
[18]). They introduce the notion of “prefix-automatic” monoids; this assumes a potentially stronger definition of the
notion of automaticity. It is an open question as to whether being automatic and being prefix-automatic are equivalent
for arbitrary semigroups, although this is known to be the case if one only considers right-cancellative semigroups
(see [10,19]). If one assumes, in addition, that the monoid M is of “finite geometric type” (i.e. if, for every p € M,
there exists k € N such that the equation xp = g has at most k solutions for every ¢ € M), then they obtain an
elegant geometric characterization in this particular case. It is not immediately obvious how this description relates to
the characterization given in this paper. The notion of finite geometric type is equivalent to that of “bounded indegree”
(see Definition 2.11).

2. Preliminaries

In this section, we set up the notation and definitions and also recall some basic results we shall need in this paper.
For general background on semigroups see [14,16] and for formal languages see [9,13].

For any set S, let o (S) denote the set of all subsets of S. For any finite set A, let AT denote the set of all non-empty
words over A, and let A* denote the set of all words over A (including the empty word ¢). For any word o in A*, we let
|| denote the length of o (where |¢] = 0). If a € A, we let |a|, denote the number of occurrences of a in the word «.
For any k € N, we let A <k denote the set of all words o in A* with lo] <k.

If S is a semigroup and A C S is a set of generators of S, then there is a natural homomorphism 0 : AT — S
where each word « in A is mapped to the corresponding element of S; we write S = (A) if S is generated by A.
We will normally be concerned with finite sets A, so that the semigroup S is finitely generated. Where there is no
danger of confusion, we will sometimes suppress the reference to 6, simply writing « for the element of the semigroup
represented by «. In this context, if o and f§ are elements of AT, we will write « = B if o and  are identical as words,
and « = f if o and f§ represent the same element of S (i.e., if «f = f6). If we wish to stress which semigroup we are
working in, we will write « =g f if o and  represent the same element of the semigroup S. We may also then write
oo =s, where « € AT and s € S, which says that «0 = s in S. Given this, if v € A and « € A*, then av makes sense
as a (uniquely defined) element of S; in particular, if o = ¢ we have that ov = v. Foro = ajay...a, € A*andt > 0
we define

OC(I)E{alaz...al %ftgn,
ajay ...a, ift > n.
We will use the notation S' for the semigroup created by adjoining an isolated identity element to S.

We will use the concept of a “string rewriting system’ and we recall the basic definitions here. Given a finite alphabet
X, a string rewriting system R over X is a set of rules of the form o — B, where «, f € X7 (it is more normal to allow
rules « — B with o € X7 and § € X*, but, as we are interested in semigroups as opposed to monoids, this is more
natural for our purposes); we shall only be interested in finite rewriting systems in this paper.

We define the reduction relation =73, to be the reflexive transitive closure of =g, where yan =g 7y if
7,n € ¥ and (x — B) € R. The equivalence relation generated by =5 will be written as <=7, and is called the
Thue congruence of R. We say that a rewriting system R over X presents the semigroup

(Zi{a=p:(a— p) eR},

which is isomorphic to the semigroup X%/ =%

A rewriting system R is said to be confluent if, whenever «, f, f, € X* with o =%, f; and oo ==}, f8,, then there
exists y € 2* such that f; =7, 7 and f, =7, 7. A rewriting system R is said to be Noetherian if there is no infinite
chain

A =R 2 —=R I3 =R -+ -
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A rewriting system which is both confluent and Noetherian is said to be complete. If we have a complete rewriting
system R, then, for each o € X*, there is a unique irreducible f € X* with o =7, f; we call 8 the normal form of a.
For a general account of string rewriting systems, see [2].

When studying automatic groups and semigroups, we consider finite automata and the languages they accept, i.e.
the regular languages. One often considers deterministic automata M = (Q, A, 1, s, E), where Q is the set of states of
the machine, A is the input alphabet, 7 : O x A — Q is the transition partial function, s is the start state and E is the
set of accept states; this implies that, for every o € A*, there exists at most one state ¢ € Q such that (s, &) = g. If the
automaton M is non-deterministic, then (s, «) may consist of a set of states as opposed to a single state. In addition
we can assume, without loss of generality, that M has no dead states, which means that, for every state ¢ € Q, there
exists an element o € A* with 1(g, o) € E (or that 1(g, o) N E # @ in the non-deterministic case).

Asin the case of automatic groups, we will want to consider automata accepting pairs (, f8) of words witha, f € A*.
Ifa=aiay...a, and B = b1b; ... by, this is accomplished by having an automaton with input alphabet A x A and
reading pairs (ai, b1), (az, by), and so on. To deal with the case where n # m, we introduce a padding symbol $.
More formally, as with automatic groups, we define a mapping d4 : A* x A* — A(2,$)*, where $§ ¢ A and
A2,$) = (AU{$)) x (AU{$}), by

(ar,b1) ... (an, bn) ifn=m,
(o, ﬁ)éA = 1 (a1, b1)...(an, by)(S, bn+l)~--($a bn) ifn <m,
(a1, b1) ... (am, b)) (am+1,8) ... (@y, $) ifn>m.

If S is a semigroup generated by a finite set A, L € AT and a € A U {¢}, then we define

Lﬁ ={(a, )4 : 0, p € L, 0a = p}.

We sometimes omit the reference to the padding symbol $ and simply write L, when the context is clear. Given all
this, we have

Definition 2.1. If S is a semigroup, A is a finite set, L is a regular subset of A™ and ¢ : AT — § is a homomorphism
with L = S, we say that (A, L) is an automatic structure for S if LE is regular in A(2, $)* for each a € A U {g}.
If, in addition, L maps bijectively to S we say that (A, L) is an automatic structure with uniqueness.

If a semigroup S has an automatic structure (A, L) for some A and L, then we say that S is automatic.

Remark 2.2. It is known (see [3]) that, if a semigroup $ has an automatic structure (A, L), then there is a subset K of
L such that (A, K) is an automatic structure for S with uniqueness.

One should note in passing that there is some natural choice in the conventions as to which side one performs the
multiplication and where one takes the paddings (see [12]), but this will not concern us here.
We will need the following basic facts about regular languages:

Proposition 2.3. If K € A* and L C A* are regular,then KU L, K N L, K — L, KL and K* are regular.

Proposition 2.4. If A and B are finite sets, ¢ : A* — B* is a homomorphism, and L is a regular subset of A*, then
L is a regular subset of B*.

Proposition 2.5. If K, L C A* are regular, then (K x L)J 4 is regular.

Proposition 2.6. If L is a regular language over the set A and if U1, ..., U, are regular languages over A(2, %),
then the set

{(o, )04 : o, f € L and there exist wy, ..., w,—1 € L such that
(o, 1)04 € Uy, (w1, w2)04 € Ua, , (Wp—2, wy-1)04 € Up—1, (wp—1, )4 € Uy}

is regular.
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Following [8], where the concept was defined for groups, we have the notion of a “rational cross section” of a
semigroup (see also [5]):

Definition 2.7. Let S be a finite generated semigroup, let A be a finite generating set for S. Let L be a regular subset
of AT.If L maps bijectively to S, then we call L a rational cross section of S.

We recall the following result from [3]:

Proposition 2.8. Let S be a semigroup and S' be the monoid formed by adding an identity element to S; then S is
automatic if and only if SV is automatic.

The following result from [6] is very useful:

Theorem 2.9. If M is a monoid which is automatic and if A is any finite (semigroup) generating set for M, then there
is a regular language L over AT such that (A, L) is an automatic structure for M.

Note that Theorem 2.9 is not true for arbitrary semigroups (see [3] for example).
When considering the geometric properties of semigroups, we will look at the following distance functions:

Definition 2.10. Let S be a semigroup and A be a finite generating set of S. The functiond : S x § — N defined by
d(v,w) = min{|a| : « € A* and (va = w or v = wa)}

is called the directed distance function of S with respect to A. We take d(v, w) to be undefined if there is no o € A*
with voo = w or wo = v.
Given this, the functiond’ : § x § — N defined by

d'(v,w) =min{n € N: n=d(v,s1) +d(s1,s)+- - +d(s, w) for some sy, 52, ..., € S, r=0}

is called the undirected distance function of S with respect to A. We take d’(v, w) to be undefined if no such s; exist.
Note that this cannot happen in a monoid as we could take r = 1 and 51 = 1 there to get

d'(v, w)< min{lo| + || : o, fe AT, u =g v, f =5 w).
However, it is possible to have d’ undefined in a semigroup that is not a monoid.

These are distance functions in the Cayley graph of S. Recall that, if S is a semigroup generated by a finite set A,
then the (right) Cayley graph I' of S with respect to A is the directed graph with vertex set S and an edge labelled a
from s to sa for every vertex s € S and every a € A.

We will also use the following concept from [11]:

Definition 2.11. A semigroup S generated by a finite set A is said to have bounded indegree if there exists a constant
k such that, for all s € S, the set { € S : s = ta for some a € A} has size at most k.

This property does not depend on which finite generating set we choose for S, in that, if S has bounded indegree
with respect to one finite generating set, then it has bounded indegree with respect to any finite generating set (see [11]
for example). In terms of the Cayley graph I" of S with respect to A, we are saying that the number of directed edges
coming into each vertex of I' is bounded by k. Note that, if S has bounded indegree, v € S, k>0, and d and d’ are the
distance functions introduced in Definition 2.10, then the sets

{weS:dv, w)<k} and {w e §:d (v, w)<k)

are both finite.
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3. Fellow traveller property

As we pointed out in the Introduction, the “fellow traveller property” is of critical importance in the study of automatic
groups (see [1,7] for example). We can also talk about such a concept in the context of semigroups. One possible version
of this is the following:

Definition 3.1. Let S be a semigroup and A be a finite generating set for S. Let L be a regular subset of A™ and k € N
be a constant. Let d be the directed distance function of S with respect to A. We say S has the directed fellow traveller
property with respect to L with constant k if d(a(t), f(t)) <k for all t > 0 and for all o, § € L with either & = f§ or
oa = f§ for some a € A.

We note the obvious fact that, if L maps bijectively onto S in Definition 3.1, then the assumption there that
d(a(t), f(t)) <k forallt > O and all o, § € L with o =g f§ is redundant.

In general, even this strong version of the fellow traveller property in semigroups is not sufficient to ensure auto-
maticity. However this version of the concept is a sufficient condition for a semigroup to be automatic in the following
circumstances:

Proposition 3.2. Let S be a semigroup satisfying the following condition:
H) if u, v, w € S withuv = uw then sv = sw forall s € S.

Let A be a finite generating set for S and L be a regular subset of A™ that maps onto S. Suppose that S has the directed
fellow traveller property with respect to L; then (A, L) is an automatic structure for S.

Proof. Let B = A U {$} and k be the constant of the directed fellow traveller property of S with respect to L.
For a € B we let

= a foraeA,
“le fora=S3§.

We will show that, for all a € A U {¢}, the set

K, = {(a1,by)(az, by)...(ay, by) :d(ay ... a;,by...b;)<kforalli>0,
ay,by € A, aj,bj € Bforall j > 1, ataz .. a,a = biby...b,}

is regular.

First we define, for any fixedu € S,b,c € A,y € ASk

and g € {up, down}, the following finite sets (see Fig. 1):

Toepg =B, h) : B e ASK h e {up, down},
uyb = ucf for g = up and h = up
uybf = uc for g = up and h = down
ub = uycp for g = down and 1 = up
ubf = uyc for g = down and 4 = down}.

By our hypothesis (H), the set Tj, . ;. ¢ is independent of the choice of u.
We now construct a non-deterministic finite automaton

Paz(Q,BXB,T,S,E)

accepting K, (where a € K U {e}) as follows.
Firstlet O = (A SK x {up, down})U{s} withs ¢ ASKx {up, down}.Foralla € AS¥ b, ¢ € Band g € {up, down}
we have the following transitions:

(s, (b, ¢)) = (B, down) whereb,c € Aand f € ASF withbf = c,
(s, (b, ¢)) = (B,up) whereb,c € Aand f € ASK with b = ¢f,
t((o, g), (b)) = (B, h) where(B, h) € T ca-
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g =up; h=up g = up; h = down
b b
_—— _—
Y B v B
u c u c
g = down; h = up g = down; h = down
u b u b
v B 2l B
c ¢

Fig. 1. The definition of Tj ¢, ¢-

Note that, in general, we have that % is uniquely defined as either up or down for any particular f3, but it is possible
to have both pairs (f, up) and (5, down) in Tp.c,y,q (for some b, c, y and g); in particular, this will happen in the case
p=c

Let E = {a} x {down}. In the case where a = ¢, we could just as well have chosen {¢} x {up}, but {¢} x {down}
certainly suffices.

It is easy to see, by induction over n, that (y, g) € (s, (a1, b1) ... (an, by)) if and only if

ay,by € A, d(ayay . -a;,biby...bj))<k forall0 <i<n

and eitheray ...a,y = by...b, and g = downorelsea; ...a, = by ...b,yand g = up. Hence L(P,) = K, and K,
is regular.
By the directed fellow traveller property of S with respect to L we can express L, as

Lo =Ko N (L x L)d4.

Since K| is regular, we have that L, is regular by Lemma 2.5. O

In general, any left-cancellative semigroup will satisfy hypothesis (H) of Proposition 3.2. In the case of a monoid,
left-cancellativity is clearly equivalent to this condition (given (H), if uv = uw, then lv = 1w, and so v = w). On the
other hand, the semigroup S defined by the presentation

(a,b : aa = ab, ba = bb)

is not left-cancellative but does satisfy hypothesis (H) (as two words will represent the same element of S if and only
if they start with the same letter and have the same length); so the equivalence of hypothesis (H) and left-cancellativity
does not hold for arbitrary semigroups.

The next example shows that Proposition 3.2 need not hold for monoids which do not satisfy hypothesis (H)
(i.e. which are not left-cancellative). Since the directed fellow traveller property would seem to be the strongest natural
generalization of the fellow traveller property from groups to semigroups, it appears that we must seek some further
conditions if we are to get a geometric characterization of automaticity in semigroups.

Example 3.3. Let M = (A : i) with A = {e, a, b, x, y, z} and

N = {(xa'z,xb'):i e N} U {(xa'y,xa’) :i e N,i #2/ forany j € N}
U {(xa'y, xb') : i =2/ for some j € N} U {(ue,u):u € AYU {(eu,u) : u € A}.
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Note that M is a monoid with identity e but we are taking a semigroup presentation for M here.

Let B=A — {e} and let L = (B* — B*{x}{a}*{y, z}B*) U {e}. Then L maps bijectively onto M and M has the
directed fellow traveller property with respect to L, but M is not automatic.

To prove this, we first consider the string rewriting system R with rules

xalz = xb' (i e N), xa'y — xa' (i #27), xa'y — xb' (i =27), ue—uueA), eu—uucA).

We may easily check that R is a complete rewriting system for S and that L is the set of normal forms of R; so L maps
bijectively onto S.

Next we show that M has the directed fellow traveller property with respect to L. Let o, § € L with ou = f§ for some
u € A; we must have either o = forou = for (¢ = wxa' and p= wxb'). In each case we have that d («(7), p))<l1
for all # > 0 (where d is the directed distance function of S with respect to A) as required.

Now we show that M is not automatic. So suppose that M is automatic. By Remark 2.2, Proposition 2.8 and
Theorem 2.9 we may assume that there exists an automatic structure (A, K) with uniqueness for M.Let ¢ : A(2, $)* —
A* be the homomorphism defined by

w,v)p={a ifu=ae foru#a.
Since K = {(x, f)d4 : o, p € K, oy = f} is regular, we have that
Ky N (fe}*{xHe, a}* x {e}*{x}{e, b}*) da
is regular by Propositions 2.3 and 2.5. Note that each of the sets
{e}{xHe a}* and {e}*{xHe, b}
is closed under applications of rules from %. Applying Proposition 2.4 we would have that
(Ky N ({e}*{x}e, a}* x {e}*{x}{e, b}*)éA) ¢ = {a' :i =2/ for some j € N}
is regular, a contradiction. Therefore M is not automatic.
An interesting question is whether we can have an example as in Example 3.3 that is finitely presented; it does seem
likely that this will be the case although it would appear that the construction might be a little involved.
Given that S is automatic if and only if S! is automatic (Proposition 2.8), we might expect that we have a similar result
with respect to the directed fellow traveller property. As the next result shows, this does hold if we add the assumption

that our semigroup S has bounded indegree. We should mention that the proof of Proposition 2.8 gives that, if L is an
automatic structure for S, then L U {e} is an automatic structure for S! (where e represents the adjoined identity).

Proposition 3.4. Let S be a semigroup with bounded indegree and A be a finite generating set for S. Let L be a subset
of At and let e represent the identity element of S'. Then S has the directed fellow traveller property with respect to
L if and only if S' has the directed fellow traveller property with respect to L U {e}.

Proof. For simplicity, we let 7 denote S! throughout this proof. Note that, as S has bounded indegree, T also has
bounded indegree.

“«=" Assume that 7' has the directed fellow traveller property with respect to L U {e} with constant k. Let o, f € L
with aa = f for some a € A U {¢}. So, for every ¢ > 0, there exists y, € (A U {e})* with

)y, =r p@t) or alt) =r pQ)y,
and such that |y, | <k; note that a(r) # e # S(t). Deleting any instances of e in y, gives a word 7, € A* with
@)y, =s B(t) or alt) =5 ft)y;

note that |7,| <|y,| <k. So § has the directed fellow traveller property with respect to L with constant k.
“=" Assume that S has the directed fellow traveller property with respect to L with constant k. Let dg be the directed
distance function of S with respect to A and dr be the directed distance function of 7 with respect to A U {e}.
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Ba

/’\ €,0a NiFalo-
o O

d(Ba(8),B())<k

Fig. 2. df (e, B(1) <k + |B,|-

Since every directed path in 7' not starting or ending at e can be transformed into a directed path in S by deleting
any edges labelled by e, it follows that

ds(v,w) =dr(w,w) forallv,w € S.
Therefore, forall t > 0,a € AU {e} and o, § € L with either aa = f§ or & = f3, we have that

dr (o), p(1)) <k.

We also trivially have that dr (e, ) = 0<<k. We will show that, for each a € A, there exists a constant k, such that, for
allt > O and all § € L with § = a, we have

dr(e, p(t)) <kg.

Leta € A be fixed; then let 5, € L with §, = a be fixed. So

dr (1), B (1)) <k

forall7 > 0 and all § € L with § = a. Let d}. be the undirected distance function of 7' with respect to A U {e}; then

dy (e, B@) <k + B ()| <k + | B,

for all § € L with f = a (see Fig. 2).
By the bounded indegree of T, the set

By ={veT :dpe,v)<k+ B}

is finite; so there exists k, € N with dr (e, b) <k, for all b € B,. (Note that there exists at least one directed path from
e to every element of S.) If f € L and f§ = a, then f(¢) lies in B, for all ¢, and so dr (e, f(t)) <k, for all 7.

Let k' = max ({k, : a € A} U {k});ifa € AU {e} then dr(a(t), f(t)) <k’ forallt > O and all «, § € L U {e} with
o = fa as required. O

If we assume that L maps bijectively onto S (i.e. that L is a rational cross section), then Proposition 3.4 holds for
arbitrary semigroups (since, for each a € A, we have a unique word € L with § = a, and the argument we had to
produce in the “=>"" part of the proof is now superfluous). It seems to be a reasonable question as to whether Proposition
3.4 holds for arbitrary semigroups if we only assume that L maps surjectively (as opposed to bijectively) onto S; as far
as we are aware, this is still open.

Suppose that S is a cancellative semigroup with generating set A and then that L is a regular subset of A™ that
maps onto S. Given that S having the directed fellow traveller property with respect to L implies automaticity by
Proposition 3.2, one might ask whether we could weaken this to only assuming the undirected fellow traveller property.
We know, from [3], that this will not be true for non-cancellative semigroups, the obvious example being formed by
adding a zero to a non-automatic semigroup. However, one might think that, if S is a cancellative semigroup, then the
hypothesis of S having the undirected fellow traveller property with respect to L might imply automaticity; however,
as the following example shows, this is not the case.
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Example 3.5. Let S = (A : )) with

A={a,b,c,p,q,r, t,u,v,w,x,y,z}
EYt:{(uaiv, wbix) i e N} U {(uaiy, wbiz) = 2j,j e N}
U {(ua'y,gc'r) i e N,i #£27,j e N} U {(ua' p, gc't) - i € N}.

Let L be the regular language
AT — (A*({uMay* (v} U {ula)*{y} U {ula}*{phA®);

then we claim that L is a rational cross section for S, S is cancellative and S has the undirected fellow traveller property
with respect to L, but S is not automatic. We will treat these four claims in turn.

Claim 1. L is a rational cross section for S.
Let R be the set of rewrite rules
ua'v — whix (i=0), wua'y — whiz (i =27), ua'y — qc'r (i #27), ua'p — qc't (i >0).

We see that R is a complete rewriting system for S and that L is the set of normal forms of R; so L maps bijectively
onto S as required.

Claim 2. The semigroup S is cancellative.
Note that, if oy — f; and oy — p, are any two distinct rewrite rules in R, then no prefix of o is a suffix of oy;

moreover, if « — fisarulein R and { = y/36 is any word in A™, then no rule in R can be applied to { which rewrites
any part of the subword f3. So any word 7 in A™ can be written uniquely in the form n = 01010205 . . . 0,0,0,1 1, where

we have rewrite rules oy — f;, ..., o — f, in R, where the «; are the only subwords of # that can be rewritten, and
where the rewritten word 01,020, ... 0,f,.0,+1 is in normal form.
Now suppose that w1, w2 € L and d € A with w1d = wad. If w1d = wrd then w; = w; and we are done; so

assume that w1d # wod. Since L maps bijectively onto S, we cannot have both wjd € L and wad € L, and so we can
apply a rule of R to a suffix of either wd or wad. Since the rule will change the last letter of the word, we must be
able to apply a rule of R to suffixes of both w;d or w,d. Now

o d=Cag =pr &P €L and wad =C00 =g &Py € L.

Since &, = &[5, and L maps bijectively onto S, we have that &8, = &, 5,, where the f; are right-hand sides of
rewrite rules from R, so that {; = &, and f/; = f3,, and then a; = 03, so that w1d = wad, a contradiction. So S is
right-cancellative.

The proof that § is left-cancellative is similar, and we have proved Claim 2.

Claim 3. The semigroup S has the undirected fellow traveller property with respect to L.

Let d’ be the undirected distance function of S with respect to A. Since L maps bijectively onto S, we only need to
prove that there is a constant k such that

o,fel, feA, af=p= d@),pt)<k forallr=0.

In the case where o f = f3, we have that the distance d’(a(t), f(t)) is at most 1 for all r >0. We now consider the case
where o f = ffbutaf # f.Since o € L, no substring of o« can be rewritten viaarulein R,andso o f = {y = (= f
where (y — 0) € R. If 1 <|{|, then a(z) = f(r) and so d’(a(t), f(t)) = 0; so we may assume that 1 = |{| + r with
r>0.
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Now a(r) = {y(r) and f(r) = (o(r). If r = |p| = ||, the result is clear; otherwise we have y = y, f/, 0 = 1 7,
and then there exist g and g’ such that

y(rg =7(ng=01(ng =g,
so that d’(a(2), p(2)) = d({y(r), {6(r)) <2 as required.

Claim 4. The semigroup S is not automatic.

Suppose that S is automatic, so that T = S! is automatic by Proposition 2.8. Let e denote the identity element of T;
then there must be an automatic structure (B, K) for T by Theorem 2.9, where B = A U {e}. By Remark 2.2 we can
further assume that (B, K) is an automatic structure with uniqueness for 7'.

Now the sets

{(“sﬁ)éB ZOC,ﬁGK,OCyZﬁ} and {(Bs’V)éB :ﬁ,VGK,ﬁ:VZ}

are regular, and so the set U = {(«, 7)dp : o,y € K, oy = yz} is regular by Proposition 2.6.
Let ¢ : At — K be the map defined by a¢ = { where & =7 { and { € K. There is no relation we can apply to a
word ua' except those that allow us to add instances of e. So the set

C = {(ua")p :i >0} = {e}*{u}{e,a}* N K
is regular and |(ua')$|, = i for all i >0. Then

(Cx K)opNU = {(ot, p)op : o, p € K, o0 =7 ua', p =7 wh', i =2/ for some j € N}
is regular. Applying the homomorphism vy : A(2, $)* — A* defined by

a ifd=a,
(d’f)lp:{a ifd #a

we would have that {a’ : i =2/, j € N} is regular by Proposition 2.4, a contradiction.
4. Continuation graphs

In this section, we introduce the idea of having ““a finite number of continuation graphs”, and we use this to give a
geometric characterization of automaticity in semigroups. We first introduce some notation:

Notation 4.1. Let A be a finite set with $ ¢ Aandleto € A*{$}*; then we let o be the unique element of A* such that
o= oa$ withi € N.

Notation 4.2. Let S be a semigroup and A be finite generating set of S. Let L be a regular subset of A™ and M =
(Q, AU{$}, 1, s, E) be a deterministic finite state automaton accepting L{$}*. Let v, w € S. Then we define:

Quwm ={(1(5,0),7(s, ) € 0 x Q1 (o, f) € (AT{S)* x AU (AT x AT($Y), el = |, T=v, f=w)
The following result is clear but we note it for what follows:

Lemma 4.3. Let A be a finite set and L be a regular language over A. Let M = (Q, AU{$}, t, s, E) be a deterministic
finite state automaton accepting L{$}* such that all states in M are reachable. Let ¢ € Q and o € A*{$}*; then
t(q,a) € E ifand only if 1(q,®) € E.

Proof. We have « = %$' for some i € N. Since all the states in M are reachable (and M is deterministic) there exists
aword f € (AU {$})* with (s, f) = g. We have that

pas’ € L{$}* < pacL.
So ©(g, «) = (s, fa$’) € E if and only if 7(¢, %) = (s, fa) € E. O
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Fig. 3. Continuation graphs.

We now come to the fundamental concept we will use in establishing a geometric condition for automaticity in
semigroups:

Definition 4.4. Let S be a semigroup and A be a finite generating set for S. Let L be a regular subset of AT such that
L maps onto S. Let

M=(Q,AU{$}, 1,5, E)

be a deterministic finite state automaton accepting L{$}* with no dead states. For v,v,w,
w’ € S, we say that (v, w) and (v', w') have the same continuation graph with respect to M, and we write (v, w) =~
W, w),if

L. Qv,w,M = Qv’,w/,MQ

2. foralla € AU {e}, all (p,q) € Qy.w.m and all n, 0 € A* with ©(p, 1), ©(g, 0) € E, we have

vna = wh < v'na=w'6.

Note that 2 is an equivalence relation on S x S.
If the set (S x §)/ = is finite then we say that S has a finite number of continuation graphs with respect to M.

The reader may find Fig. 3 helpful when considering Definition 4.4.

Theorem 4.5. Let S be a semigroup and A be a finite generating set for S. Suppose that L is a regular subset of A
that maps onto S. Let A = AU{$}yand M = (Qp., A', Ty, sy, Ep) be a deterministic finite state automaton with no
dead states accepting L{$}*. Then S has a finite number of continuation graphs with respect to M if and only if (A, L)
is an automatic structure for S.
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Proof. Throughout this proof, we let Qy , » (for v, w € §) be defined as in Notation 4.2.

“=” Welet A = {aj,...,a,} and assume that (A, L) is an automatic structure for S. For 1<i<n we let
My = (Q4;, AR, $), 14;, Sq;, Eq;) be a deterministic finite state automaton accepting the language Lf;l,. Similarly, we
let My = (Q¢, A2, %), T¢, S¢, E¢) be a deterministic finite state automaton accepting Lf. Now, for v, w € S, let

Py = {Te(se, (o, f)Sa) 1o, f€ AT =0, f = w},
Py vw = {Ta; (Sa;» (0, B)Oa) s, e AT o =v, f=w} (1<i<n),
Rv,w = (Pal,v,wy Paz,v,un ey Pan,v,wa Ps,v,w, Qv,w,M)-

Since Py v,w € Qg for each i, the set {Py; 4w : v, w € S} is finite for 1 <i <n and, similarly, the sets {Pg 4 : v,
w € S}and {Qy.w.m : v, w € S} are finite; therefore the set {Ry 4, : v, w € S} is finite.

We will show that, if Ry, = Ry, then the pairs (v, w) and (v, w’) have the same continuation graph. We first
note that, if Ry ,, = R,/ y, we clearly have that Qy ,u = Qv w M-

Now let (p, g) € Oy, w,m so that there exists

(o B) € (AT{$)* x AT) U (AT x AT{$}")

such that Ta (sp, o) = p, T (sm, B) = g, [o| = [Bl, a = v andﬁ = w. Moreover, let 7, 0 € A* with Ty (p, 1) = f €
Ey,tm(q,0) =g € Ey.Sooan, f0 € LS and an, f0 € L. In particular, if [&| < |f], then  will be the empty word
and, if |&| > |f|, then O will be the empty word. We deduce that

@n, O34 = (o, BO)S4 = (o, f)Sa(n, )04 = (&, f)da (1, 0)S 4.

Lastly, suppose that a € A U {e} and that vna = w0 (so that ana = Eﬁ)iwe want to show that v'na = w’0.
Let r = 14(sq, (o, f)4), so that t,(r, (1, 0)64) € E, (asana = f0) and r € Py yy. Since Py yw = Py urs
we have that r € P, s,y and so there exist o, f' € A* with r = 1,(s4, (&, f)94), o = v’ and ' = w’. Now

‘Ca (Sa’ (OCIT’], ﬁ/f))éA) = Tu(r’ (7]5 0)6A) € Eua
so that (o5, f/0)6 4 is accepted by M,,. Hence
vna = o'na = f/0 = wo

as required. So (v, w) >~ (v, w’).

Given this, we see that the number of equivalence classes of ~~ is bounded by [{R;  : v, w € S}|, and so S has only
a finite number of continuation graphs with respect to M.

“=" We now assume that S has a finite number of continuation graphs with respect to M.

Let a be an element of A U {¢}; we will construct the finite state automaton M, = (Q,, A2, $) —{($, $)}, ta, Sa, Ea)
which accepts LE.

Let D € S x S be a set of representatives of the equivalence classes of >~. Let P = D U {(¢, ¢)}, and then let
Q. =P xOum X Om),sa = (&,& 50, 5pm). We define 7, as follows:

(v, w, p, q), (¢, d)) = (', w', T (p, ©), Tm(q, d)),
where (c,d) € A(2,$) — {($,$)}, v/, w’) € D and (v/, w') ~ (v¢, wd). Finally, we let
E,={(v,w) e D :va=w}x Ey x Ey.
In order to show that L(M,) = LE we will establish the following two claims.
Claim L. Letr = (v, w, p, q) be a reachable state in M, and suppose that (v, w) # (&, €); then (p,q) € Qu.w.M-
Since r is reachable there exist ¢, ..., ck, dy, ..., dr € AU {$} with

Ta(Sa, ((c1,d1)(c2,d2) ... (ck, di)) =T
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For 1 <i <k letr; = (v, w;, pi, gi) € Q4 with
ri = 14(8q, ((c1,d1) ... (ci, d;)).

We will prove, by induction, that (p;, ¢;) € Qu,,w; m forall 1 <i<k.
Initial case: i = 1. Here r; = ((c1,d1), Tm(Sm, c1), Tm(Sm, d1)) and, clearly,

(tm(smsc1), sy, dr) € Q¢ M-

Since (v, wy) = (c1, d1), we have that Qy, w,.m = Q¢,.4,.m and therefore (p1, q1) € Qu,,w,.m. Note that L C At;
therefore c1, d| € A.

Induction step: Let 1<i < k and (p;, gi) € Qu;,w;,m: S0 we have that (p;41, gi+1) € Qvifi+| widis1 M Since
(ViCit1, widi41) = (Viy1, Wi41) we have that

QviEiJr],wigiJrhM = Qvi+l»wi+1,M'

Therefore (piy1,git+1) € Qu;y,w;,,m- This proves Claim L.

Claim II. Letr = (v, w, p, q) be a reachable state in M. For all y, y, € A* we have that

vya = wy, and

Ta(r, (71, 12)04) € E; <
a(r, (71,72)04) € Eq {TM(p,“/l),TM(C]sVZ)GEM‘

We will prove Claim II by induction over the length of (y{, 75)04.

Initial case: [(y;, 72)04| = 0. Then y; = y, = &. By the definition of E,, we have r € E, if and only va = w and
p.q € Ep.

Induction step: Let | (71, 7)94] > 0; so we have (y;, 72)04 = (x, ¥)(}], ¥5)04 for some x, y € A" and 7/, 7, € A*.

First case: we assume that vy;a = wy, and 1y (p, 71), Tm(q, 72) € Ey. Letr' = (W', w', p', q¢') = 14(r, (x, ¥));
then, by definition of t,, we have that (vX, wy) >~ (v/, w’); so we have

(P’ = tm(tm(p,x), 7)) € Em

and, similarly, tp7(¢q’, 75) € Ep. Since either (v, w) = (¢, &) or, by Claim I, (p,q) € Quw,m and (vX, wy) =~
(v, w’), we have that v'yja = w’y}. Using the inductive hypothesis, we have 7,(r’, (¥}, y5)04) € Eq4. Therefore

T4 (1, (1, Vz)éa) € E,.
Second case: we assume that 7, (7, (y1, 72)04) € E,. Then let

r=0 v pq) = (x, ).

Since 7, (r/, (y’l , y/2)5 4) = 14(r, (71, 72)d4), and this is therefore an element of E,,, we have, by the inductive hypothesis,
that v'y}a = w’y, and that

(P, 7)), MG, 75) € Eum.

This gives that Ty (p, 1) = i (p’, ¥}) and 14 (q, y2) = Tim(q’, y5) are elements of Ey;. Either (v, w) = (g, &) or, by
Claim L, (p, ¢) € Qy.w.m- This gives, together with the fact that (vx, wy) =~ (v/, w’), that vy;a = wy,.

This proves Claim II.

It is easy to see that L(M,) C (L x L)J4; therefore, using Claim II, we have that 7, (s,, (o, f)04)) € E, if and only
ifo, fe Landoa = 4. O

As an immediate consequence of Theorem 4.5, we have

Corollary 4.6. Let S be a semigroup and A be a finite generating set for S. Let L be a regular language over A that
maps onto S, and then let My and My be two deterministic finite state automata accepting L{$}*. Then S has finite
number of continuation graphs with respect to M if and only if S has finite number of continuation graphs with respect
to M>.
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Given Corollary 4.6, we can take the definition of having a finite number of continuation graphs to be with respect
to a language (as opposed to a specific machine accepting that language as in Definition 4.4):

Definition 4.7. Let S be a semigroup, A be a finite generating set for S and L be a regular language over A. Let M be
a deterministic finite state automaton accepting L{$}*. If S has a finite number of continuation graphs with respect to
M then we say that S has a finite number of continuation graphs with respect to L.

Given this definition, we can restate Theorem 4.5 in the form:

Theorem 4.8. Let S be a semigroup, A a be finite generating set for S and L be a regular language over A that maps
onto S. Then S has a finite number of continuation graphs with respect to L if and only if (A, L) is an automatic
structure for S.
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