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Abstract

In this paper, we generalize Stein’s method to “infinite-variate” normal approximation that is an infinite-
dimensional approximation by abstract Wiener measures on a real separable Banach space. We first estab-
lish a Stein’s identity for abstract Wiener measures and solve the corresponding Stein’s equation. Then we
will present a Gaussian approximation theorem using exchangeable pairs in an infinite-variate context. As
an application, we will derive an explicit error bound of Gaussian approximation to the distribution of a sum
of independent and identically distributed Banach space-valued random variables based on a Lindeberg—
Lévy type limit theorem. In addition, an analogous of Berry—Esséen type estimate for abstract Wiener
measures will be obtained.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

In 1972, C. Stein [31] introduced a powerful way of determining the accuracy of normal
approximation to the distribution of a sum of dependent random variables, known as Stein’s
method. So far, the scope of his discovery has expanded rapidly by Chen [6], Barbour [1,2],
and many other authors, which showed that Stein’s method can be adapted to approximation by
a broad class of probability distributions such as the Poisson, compound Poisson, and Gamma
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distributions, as well as extensively applied in a wide range of other fields such as the theory of
random graphs, computational molecular biology, etc. For further details, see [1-3,6,29,30,32]
and references cited therein.

Recently, many authors extended Stein’s method to multivariate (see e.g. the works of Chatter-
jee and Meckes [5], Meckes [20], Goldstein and Rinott [8], G6tze [10], and Nourdin et al. [22])
and functional (see e.g. the works of Barbour [2], Nourdin and Peccati [21], Nourdin et al. [23])
settings for normal approximation, inclusive of the Gaussian approximation of vectors of random
variables defined on a fixed Wiener chaos (see [22]). A problem naturally arises: How to extend
Stein’s method to “infinite-variate” normal approximation, by which we mean an approximation
by Gaussian measures on infinite-dimensional Banach spaces?

Since, by applying Kuelbs’s theorem in [15], every non-degenerate Gaussian measure on a
real separable Banach space B with zero mean can be regarded as an abstract Wiener measure,
our study will focus on establishing an infinite-dimensional version of Stein’s method of ex-
changeable pairs for approximation by abstract Wiener measures. There the approximation will
be performed with respect to a distance in the sense of Wasserstein, which measures the distance
between two B-valued random variables X and Y defined by

dy(X.Y)= sup [E[g(X)]—E[g(})]
llgluLip<1

3

where g is a real-valued functions on B and ||g|luLip = sup{%‘gﬁm; x # y € B}. See also
Corollary 4.11.

We briefly describe Stein’s approach to univariate normal approximation, which was laid out
in his famous monograph [32], as follows. First of all, as a simple application of integration by
parts formula, it was verified that the standard univariate normal distribution p can be character-
ized by the property that for all sufficiently smooth real-valued functions f,

/ (f" @) —tf" (1)) w(dr) = 0. (1.1)

The formula (1.1) and the operator 7 f(¢) = f”(t) — tf’(¢) are known, respectively, as Stein’s
identity and Stein’s operator for u, where putting g = f’ in (1.1) gives Stein’s original charac-
terization (see Stein [32, Lemma 1 in p. 21]). Next, for any #/ in a class H of test functions, find
a solution fj, of the so-called Stein’s equation

o0

h(t) — / h(u) p(du) = T fi(2). (1.2)

—00

Hence, for any real-valued random variable W, the distance between W and i can be computed
as differences of expectations of test functions by applying the following formula:

o0

E[r(W)] - / h(t) u(dr)

—00

dy (W, 1) := sup

= sup [E[T fu(W)]]. (1.3)
heH heH
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Subsequently, in order to derive an explicit bound of (1.3), Stein introduced a useful method
of exchangeable pairs by constructing an auxiliary random variable W’ from W on the same
probability space as W such that (W, W’) is an exchangeable pair, where W’ is usually given by
making a small random change of W, and is close to W. For example, Stein assumed that W’ has
the linear regression property E[W’' — W | W] = —AW with 0 < A < 1. Then, applying Taylor’s
theorem to f;,(W’) — f,(W) around W and taking expectations, Stein proved that

dr(W, 1) <

L sap B w)||(W = W) — 2] + L sup E[|Ra(W. W)]].  (1.4)
A heH A heH

where Ry, (W', W) is the second-order remainder term. See [32, Lecture III] for thorough treat-
ment of the above estimation.

In this paper, we will devote ourself to establish an infinite-dimensional counterpart of Stein’s
method of exchangeable pairs for Gaussian approximation by abstract Wiener measures along
the line of Stein’s approach from (1.1) to (1.4). We organize this paper as follows. In Section 2,
it will be divided into two parts. In the one part, we will review the background concerning the
concepts of abstract Wiener space. For details, see Gross [11,12] and Kuo [17]. In the other
part, we will discuss the relationship between the notions of Gaussian measure on a Banach
space and abstract Wiener space. As a biproduct, we will show that there is associated a set-
ting of a sequence of countably Hilbert spaces on every abstract Wiener space (i, H, B). Such
a framework will be necessary in our investigation. In Section 3, we present a characterization
of abstract Wiener measures, which is an infinite-dimensional version of Stein’s identity in (1.1)
(see Theorem 3.1). For the associated Stein’s equation as one in (1.2), we will solve it in the
space of scalar-valued uniformly Lip-1 functions and discuss the related estimations concerning
the first and second Gross derivatives of the solution of Stein’s equation in Section 4 (see Theo-
rems 4.8—4.10). An infinite-dimensional version of Stein’s method of exchangeable pairs will be
constructed in Section 5 (see Theorem 5.2). As an application, we will derive an explicit error
bound of Gaussian approximation to the distribution of a sum of independent and identically dis-
tributed Banach space-valued random variables based on a Lindeberg—Lévy type limit theorem
(see Theorem 5.5). In addition, an analogous of Berry—Esséen type estimate for abstract Wiener
measures will be obtained in Theorem 5.8.

Notations. Throughout this paper, we adopt the following notations:

e For a real Banach space U, B(U) denotes the Borel o -algebra of U.

e For any bounded linear mapping 7 from U into another Banach space V, we use the symbol
IT||y,v for the operator norm of 7. If E is a subspace of U, the restriction of T to E is
denoted by T'|g. Denote by U* the dual space of U with the || - ||y+-norm, where | - ||y =
|- lur-Forany f € U* and x € U, (x, f)y, u* means the U-U* dual pairing. If U is sepa-
rable, a well-known fact is that 5(U) coincides with the o -algebra generated by all cylinder
sets in U, which are sets of the form {x € U; ((x, n))v,u*, (x, n2)v,u*, ..., (X, nx)v,u*) €
D} for any ny,n2,...,n, € U*, D € B(R"), and n € N (see [17]).

e Let X be a real separable Hilbert space. Then 7R(X) stands for the Banach space of
all trace-class operators from X' to itself with || - ||(x)-norm, as well as HS(X) is the
Hilbert space of all Hilbert—Schmidt operators from X' to itself with the inner product
(A, B)us(x) = Trx (B*A) and the corresponding Hilbert—Schmidt norm || - ||gs(x), where
Trx (S) is the trace of a trace-class operator S on X.
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2. Gaussian measure on a Banach space and abstract Wiener space

In this section, we first review some basic notions of abstract Wiener space, introduced by
L. Gross [11], and the related results which will be used in the subsequent study. For further
details, we refer the reader to [1,12,17]. Secondly, combining [27, Theorem 2.7] with the idea
of Kuelbs in [15], we will present a relationship among the notions of Gaussian measure on a
Banach space, reproducing kernel Hilbert space, and abstract Wiener space.

2.1. Abstract Wiener space

Let H be a given real separable Hilbert space with | - |o-norm induced by the inner product
{(-,-)0, and || - || be another norm defined on H which is weaker than the | - |g-norm. If || - ||-
norm is measurable on H, introduced by L. Gross (see [11]), then the triple (i, H, B) is called
an abstract Wiener space (AWS, in short), where B is the completion of H with respect to || - ||-
norm and i is the canonical embedding of H into B. As H is identified as a dense subspace of B,
we identify B* as a dense subspace of H* under the adjoint operator i* of i by the following
way: For any x € H and € B*, (x,i*(n))o = (i(x), n) . p+. Applying the Riesz representation
theorem to identify H* with H (denoted by H* ~ H), we have the continuous inclusion maps
B* C H C B. In addition, B carries a probability measure p;, known as the abstract Wiener
measure with variance parameter ¢ > 0, which is characterized as the Borel measure on B such
that for any n € B*,

/ei(x,n)g,s* pi(dx) = e 5l 2.1
B

Remark 2.1. Let {n,} C B* be a countable dense subset of B. Obviously, for any r > 0, B =
U,, N(n. 1), where N (x,r) is the open ball of radius » > 0 and center x € B. A well-known
fact is that for any 7, r > 0 and ¢, ¢ € B*,

— |2 1
pi(N(¢1.r) = / eXP{—% - ;(XJPI - ¢2)B,B*}Pt(dx)-

N(¢2,r)

Hence p;’s are all non-degenerate, that is, every nonempty open set of B has positive p,-measure.

From (2.1), (-,n)p, p* is a random variable on (B, B(B), p;) with mean zero and variance
t|n|(2). For any h € H, let {n,} be a sequence in B* such that |n, — h|o — 0 as n — oo. Then
{(-, nn) B, B*} forms a Cauchy sequence in L2(B, p1), the LZ(B, p¢)-limit of which is denoted by
(-, h)o. One notes that (-, h)¢ is independent of the choice of {n,} and distributed by the law of
N, t|h]3).

Lemma 2.2. (See Kuo [17].) There exist another AWS (io, H, By) and an increasing sequence of
orthogonal projections { P,} converging strongly to the identity in H such that

@A) k| < ko for any h € H, where || - ||o denotes the By-norm,
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(i) each P, extends by continuity to a projection P, of By such that ||15n @) o < lIx|lo for any
X € By, and
(iii) P, converges strongly to the identity in By with respect to || - ||o-norm.

Let p; be the abstract Wiener measure on By with variance parameter ¢ > 0. For any x € By,
define p(x) = lim,— 0 i (1,) with respect to || - ||-norm, where {5, } is a sequence in H such that
llio(nn) — xllo = 0, as n — oo. Note that the definition of p is independent of the choice of {7, }.
Then p is a bounded linear operator from By into B with ||| ,, p not greater than 1. Clearly,
i(h) = (poip)(h) for any h € H, where “o” means the composition of functions. Moreover, for
any h € H and n € B*,

(h, D)y = (i(r), n) p g = ((p 0 i0) (1), 1) g g = (i0 (1), n 0 p) g g = (i (1 0 P

We thus conclude that i* () = ij(n o p) for any n € B*, which implies that for all nonnegative
measurable or integrable functions f on B,

/f(x)p,(dx):/(fop)(x)ﬁ,(dx). 2.2)
B

By

Remark 2.3.

(1) The norms || - || and || - ||o are comparable. However, from Kuo’s construction of || - ||o-norm
in the proof of [17, Chapter I, Corollary 4.2], it is not clear to us whether | - ||o-norm and
|l - |-norm are compatible or not. In other words, we cannot exclude this possibility that p is
not one-to-one. Certainly, if these two norms are compatible, p(By) is a Borel dense subset
of B, since p is one-to-one and (By, || - [|o) and (B, || - ||) are both standard measurable spaces
(see [14,34]). In this case, By is identified with p(Bp), and hence it follows from (2.2) that
pi(Bo) =1.

(2) For those orthogonal projections P, in Lemma 2.2, P,(H) is contained in the dual space B
of By. In fact, since P, (H) is finite-dimensional, there is a constant ¢ > 0 such that, for any
h e P,(H), |hlo < c|hllo. Then, for any x, h € H, we have

[, Pui))y| = [(Pa6). By | = [(Pax), h)y|
< |Pa)|olhlo < || Pu(x) |10 < clixllolRlo,
implying P, (h) € Bg and || P, (1) g < clhlo.

A test operator T on B is a bounded operator of finite rank from B to B with range in B*
(see [12]). Then T |y can be regarded as a bounded linear operator from H into itself. The fol-
lowing properties concerning test operators are useful in estimating solutions of Stein’s equation
for abstract Wiener measures.

Proposition 2.4. (See Gross [12].)

(1) The set T (H) of restrictions of test operators to H is dense in the space K(H) of compact
operators on H.
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(1) Let T be a test operator on B. Then, foranyr > 1,

/IITxllrpz(dx)< IITIHIIZ,H/IIXIIrpz(dX)-
B B

Remark 2.5.

(1) For any test operator T on B, T* = (T|g)* on B*, where T* : B* — B* is the adjoint
operator of T, and (T'|g)* is the Hilbert adjoint operator of T|g. In fact, for any n € B* and
heH,

(. (T )y =TIy )y = (T ). 0) g o = (. T*)) y o = (. T*)),-

(2) T(H) is dense in HS(H). In fact, let {e1, 2, ...} C B* be an orthonormal basis of H. Take
a sequence of test operators on B, say {7}, where T,,(x) = Z;’-:l (x,ej)p Brej, x € B. For
any A € HS(H), set Q, =T, 0 Ao T,,. Then Q,’s are all test operators and, for any n € N,

A — OulallasH) < NIA =T, 0 Allus) + 1T 0 A — OnlH lus(#)
S<NA=T,oAlusy + 1 Tulullg,HIIA — Ao Tyl g lluscH)

N

{ 3 |A*<ej>|§} +{ 3 |A<e,->|§} ,

j=n+1 Jj=n+1

which approaches to zero as n tends to infinity.

Gross differentiation. 1In [12], L. Gross introduced the notion of H-differentiation in H-direc-
tion as follows. Let f be a function defined from an open set U of B into a Banach space W.
Then f is said to be H-differentiable at a point x € U if the mapping ¢ (h) = f(x +h),he H,
regarded as a function defined in a neighborhood of the origin of H is Fréchet differentiable
at 0. The Fréchet derivative ¢'(0) at 0 € H is called the H-derivative of f at x € B. In notation,
we denote the H-derivative of f at x in the direction & € H by (Df(x), h). The k-th order H -
derivatives of f at x are defined inductively and denoted by D* f(x) for k > 2 if they exist. One
notes that D¥ f(x) is a bounded k-linear mapping from the Cartesian product H x --- x H of
k copies of H into W for any k € N. In particular, as f is scalar-valued, Df (x) € H* ~ H and
D? f(x) is regarded as a bounded linear operator from H into H* ~ H for any x € U, where
the notation (sz(x)h, k) means sz(x)(h, k), h,k € H. Further, if sz(x) is a trace-class
operator on H, we define the Gross Laplacian Ag f(x) of f at x by Ag f(x) =Try (sz(x)).

For an H-derivative Df (x) at x € B, we say Df (x) determines an element in B* (abbreviated
in form Df (x) € B*) if there is a constant C > 0 such that [(Df (x), h)| < C|| k| forany h € H.
In this case, Df (x) defines an element of B* by continuity, and we will still denote this linear
functional by Df (x). Further, if f is twice Fréchet differentiable on B, then Df (x) equals the
first-order Fréchet derivative f’(x) at x € B and is automatically in B*. And, D? f(x) equals
the restriction of the second-order Fréchet derivative f”(x) to H x H at x € B. In this circum-
stance, since, for any x € B, f”(x) is a bounded linear operator from B into B*, the following
Goodman’s theorem implies that D2f (x) is a trace-class operator on H and then Ag f(x) is
immediately obtained.



1242 H.-H. Shih / Journal of Functional Analysis 261 (2011) 12361283

Theorem 2.6 (Goodman). (See [17, Chapter I, Theorem 4.6].) Let A be a bounded linear oper-
ator from B into itself with range in B*. Then A is a trace-class operator on H. Moreover,

1Al < 1A 1155+ / 1117 pr ().
B

For each x € B and t > 0, define p;(x, E) = p;(E —x), E € B(B). Then, for each E € B(B),
the mapping x € B — p;(x, E) is measurable, and the family {p;(x,-); t > 0, x € B} forms a
semigroup under the convolution * of measures. In fact,

ps(x,) % p:(y,) = ps++(x+y,-) foranyx,ye€ Bands,t > 0.

Proposition 2.7. (See Lee [19].) Let x € B be fixed and f a real-valued function defined on B.
Assume that f € L*(B, p;(x, dy)) for some a > 1. Then p; f (x) = fB F ) p:(x,dy) is infinitely
H -differentiable at x.

2.2. Gaussian measure on a Banach space

Let B be a real separable Banach space with || - ||-norm. A Borel measure v on B is said to
be Gaussian with mean zero if the law of arbitrary n € B* considered as a random variable on
(B, B(B), v) has a normal distribution in R with mean zero.

Let By be the intersection of all closed subspaces of B with v-measure 1. By the separability
of B, v(By) = 1. Hereafter, we restrict the measure v to (Bg, || - ||). Let | - |—; be another norm
on By, which is induced by an inner product (-,-)_; and weaker than || - ||-norm. Upon completing
B with respect to | - |—1-norm, we obtain a separable Hilbert space K with the inner product
(-,-)—1. Since (Bs, || - ||) and (K, | - |—1) are both standard measurable spaces and the canonical
embedding ip_ g from By into K is continuous, B(By) = B(K) N By (see [14,34]).

Set vK(E) = v(E N By) for any E € B(K). For any k € K, there is a unique ¢ € B} such
that (x, ¢x)B,, B €quals (x, k) for any x € By, from which it follows that

/ei(x’k>*1 vE (dx) =/ei<x’k>*1 v(dx) =/ei<x’¢k)35v33k v(dx),

K By By

whence (-, k)_ is normally distributed with mean zero on (K, B(K), vX). So, vX is a Gaussian
measure on K with mean zero. By the Prohorov theorem (see e.g. [17]), the covariance operator
S,k of vK is a nonnegative self-adjoint trace-class operator on K. Moreover, S,k 1S one-to-one.
In the proof of the Itd theorem in [13], it was shown that the topological support of v, denoted
by supp(vX), is the orthogonal complement of the kernel of S, «, whence v(B; Nsupp(vK)) = 1.
Since By is the least closed subspace of B with v-measure 1, By N supp(vX) = By, by which we
see that supp(vX) = K and the injectivity of S, x immediately follows.

Let H = \/SU_K (K) endowed with | - |p-norm induced by the inner product (-,-)g, where
(\/SU_K(X), \/Su_x(y))o = (x,y)—1 for any x,y € K. Note that S, has the spectral decompo-
sition 35021 A (- kj)—1k;j, where A;’s > 0, }"A; < +o00, and {k;; j € N} is an orthonormal

basis of K, the set {k%k 73 J € N} is an orthonormal basis of H, whence H is dense in K and the
restriction of /S x to H is a Hilbert—Schmidt operator from H into itself. Accordingly, we can
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conclude that the triple (ig x, H, K) forms an AWS, where iy g is the canonical embedding of
H into K (see [17]).
Leti }“1 x be the adjoint operator of iy k. For any f € K™, there is a unique k¢ € K such that

x, Nk k= kp)1=(/S,xk (x), /S,k (kr))o = (x, S,k (ky))o for any x € H, from which
it follows that il*_I,K(f) =S« (ky) and

/eux,f)K.K* VK (dx) = e~ 3K EDkR)-1 o= b8,k kPR o= bl (1, 2.3)

K

So, vK is the associated abstract Wiener measure of (in.x, H, K) with variance parameter 1.
Utilizing the fact that the translation measure of VX by x € K is equivalent to vX if and only
if x € H (see [17]), together with v (By) = 1, we can deduce the following inclusion maps:
HCB; CK.

Remark 2.8. Such a Hilbert space K always exists. See the proof of Lemma 2.1 in [15], where
a general method to construct K from B was presented by J. Kuelbs.

On the other hand, let £ be the closure of the linear manifold {(-, n); n € B}} in L2%(By,v)
and H, the linear subspace { f B, xp(x)v(dx); ¢ € L} of By, where the integrals inside the brace
exist as Bg-valued Bochner integrals by using the Fernique theorem [27, Theorem 2.6] and the
Cauchy—Schwarz inequality. Define an inner product on H, by

</x<p(x)v(dx),/x1ﬁ(x) v(dx)> ::fw(x)W(x)v(dx), Vo, € L.
By Y

B, B,

We remark that such an inner product is meaningful since, for ¢ € L, f B, xp(x)v(dx)=0if and
only if ¢ =0 [v]-a.e. on By. In particular, for n € B}, fBY x(x,m) B, rv(dx) =0 if and only if
(x,n)B,,Br = 0 everywhere in x € By, since every proper closed subspace of B; has v-measure
less than 1. Then (H,, (-,-)v) is a Hilbert space, and B} can be regarded as a dense subspace of
H, by identifying arbitrary n € B} with IBS x(x,n) B, B v(dx).

Denote by | - |, the norm of H,,. Observe that for any ¢ € L,

1
wa(x)v(dx) < {/||x||2v<dx)}2‘/¢<x>v<dx>
By By By

and, for any n € B, |n|, < {IBS llx]1? v(dx)}1/2||r;||3;~. Therefore, we have the continuous inclu-
sion maps:

’
v

K*CBf CH,CBs;CK,

where K* is regarded as a dense subspace of B; by identifying arbitrary f € K* with f|p,.
Moreover, for each 7 € B,

. 1 2
/el(x,n)gx,g;« (dx) =e 2 T, Gy vy _ L2

B;
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Consequently, H, is exactly the unique reproducing kernel Hilbert space (RKHS, in short) for v
in the sense of [27, Theorem 2.7], and v is the o-additive extension of the canonical Gaussian
cylinder set measure vy, to 3(B;), where vy, is a finitely additive nonnegative set function on
(H,, B(H,)) such that

a

1 u?
UHV({XEHV; (x, h)y ga})zm/exp{—m}du, Vhe H,.

—00

Applying the result of Dudley, Feldman and LeCam in [7], (in,, B,. Hy, Bs) forms an AWS,
and v is the associated abstract Wiener measure with variance parameter 1, where iy, g is the
canonical embedding from H, into Bs. By Remark 2.1, v is non-degenerate on By, implying that
By is exactly the topological support of v on B.

From (2.3) and [27, Theorem 2.7] it follows that H is the unique RKHS for vX. On the other
hand, since H, is also continuously embedded in K and for any f € K*,

/ei(x,f)K_K* vK (dx) = / oS 18s) By By v(dx)

K B,

1
=eXp{—§/(x,f|BS)%S,B; v(dx)}
By

=155 2.4)

H, is also a RKHS for vX. Consequently, by uniqueness H = H,.
Summing up the above arguments together with [27, Theorem 2.7], we can conclude the
following theorem.

Theorem 2.9.

(i) Assume that a real separable Banach space B with || - ||-norm and v is a Gaussian measure
on B with mean zero. Then the topological support of v is the least closed subspace of B
with v-measure 1.

(i1) Assume that a real separable Banach space B with || - ||-norm is continuously and as a Borel
subset embedded in a real Hilbert space K with | - |—1-norm. Let v be a non-degenerate
Gaussian measure on B with mean zero and v& a Gaussian measure on K given by vK (E) =
v(E N B) forany E € B(K).

(a) There is a unique Hilbert space H densely embedded in B as a Borel subset such
that the triple (i, H, B) forms an AWS with the associated abstract Wiener measure v
with variance parameter 1, where i is the canonical embedding of H into B. More
precisely, H is the Hilbert space {fB xp(x)v(dx); ¢ € L} with the inner product
([pxe@)v(dx), [zx¥@x)v(dx)), = [z e(X)¥(x) v(dx) for any ¢, € L, where L
is the closure of the linear manifold {(-,n); n € B*} in L>(B, v).

(b) Let S,k be the covariance operator of vK. Then S,k is one-to-one, and the space
H in (a) is the same as the Hilbert space \/SV_K (K) with the usual inner product
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(\/5‘7(()(),\/57(@))0 = (x,y)_1 for any x,y € K, where the triple (ig g, H, K)
forms an AWS with the associated abstract Wiener measure vK with variance param-
eter 1, iy k being the canonical embedding of H into K. Moreover, the space K*
is isometrically isomorphic to S,k (K) as a Borel dense subset of H through the ad-
Jjoint operator i?l,K of i k, where S,k (K) is a Hilbert space with the inner product
(S, (x), Syx )1 :={x,y)—1, x,y € K, and for any f € K* such that f = (-, ky)_1,
% k()= Sk (k).

Remark 2.10. Let A = \/57( ! Then A is a densely defined, self-adjoint linear operator in
(H,| - o). Moreover, under the identification in the above theorem, K* = {h € H; |A(h)|p <
+oo} and (f, g)1 = (A(f), A(g))o for any f, g € K*, as well as K is the completion of H with
respect to |h|_; = | A1 (h)|o for any & € H. In fact, by the standard construction of countably
Hilbert spaces from (H, A) (see e.g. [24]), we can get a sequence of compatible Hilbertian norms
and then obtain the following chain of dense, continuous embeddings:

--CH,C---CHCB*CHCBCH (=K)Cc---CH_,C---,

where, for any n e N, H, = {h € H; |A"(h)|p < +o0} (= ‘/SVK"(H)) is a Hilbert space with
the inner product (-,-),, and the induced norm | - |,, defined by |k|,, := | A" (h)|o, as well as H_,, is
obtained by completing H with respect to | - |_,-norm associated with the inner product (-,-)_,

defined by (h,k)_, = (A7"(h), A™"(k))o, h,k € H. Note that {¢; = k%kj; j € N} is an or-

thonormal basis of H, whence {kji. ej; j € N} is an orthonormal basis of H, for any r € Z.
According to the spectral theory, we can extend S« to the whole H_, for all n € N by the way
thatif 3 ; a7 < 400,

AW <Zaj . )fiej) = Z(aj)»j) . )»;76.,'.
J J

Consequently, forany n € N, H_, 1 = /S« (H-,) (Ho = H), as well as H* , is isometrically
isomorphic to H, as a Borel dense subset of H through the adjoint operator i ;k{ H, of the canoni-
cal embedding iy, g_, from H into H_,, where, forany f € H* with f = (., kf)_,andh € H,

(heify i, (D= (rm, (0, f) g g = hokg)on = (I, Shic (k).

implying i}, ;; (f) = S"x (ky), and moreover, || fllg=, = lkysl—n = |S"x (kf)ln.

Corollary 2.11. Let B be a real separable Banach space with | - ||-norm and (H, | - o) a Hilbert
space densely embedded in B such that the triple (i, H, B) is an AWS, where i is the canonical
embedding of H into B. Then

1

5 2
||i||H,B<{/||x|| pl(dX)} :
B
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Proof. For any i € H, we see by Theorem 2.9 that there is a unique ¢, € £ such that

h= f xgp(x) p1(dx)  with [h]3 = f lon (0| p1(dx). (2.5)
B B

Then the desired inequality is immediately obtained by applying the Cauchy—Schwarz inequality
to (2.5). O

3. Characterization of abstract Wiener measures

Everywhere below B will be assumed to be a real separable Banach space with || - ||-norm,
and Z a fixed B-valued random variable on some probability space (£2, F,P) such that the
distribution @z of Z is a Gaussian measure in B with mean zero.

We may assume that ;+z is non-degenerate; otherwise, by Theorem 2.9, we will replace B by
the topological support of 7. Let H be the unique RKHS for 7 with the inner product (-,-)o
and the induced norm | - |o. Then it follows by Theorem 2.9 that the triple (i, H, B) forms an
AWS and u 7 is the associated abstract Wiener measure on B with variance parameter 1.

In order to establish an infinite-dimensional version of Stein’s method for Gaussian approx-
imation, as mentioned in Section 1, the first step should be to look for a suitable characterizing
operator Az for 7. Such an operator is defined on a sufficiently large class D of complex-
valued functions on B such that (1) a B-valued random variable Y has the same distribution as Z
if and only if E[Az(f(Y))] =0 for all f belonging to D; (2) for each test function 4, there is a
function fj, belonging to D solving the equation Az f = h — E[h(Z)] with unknown function f.
When B is the Euclidean space R", Az is known as a Stein operator for the standard (multivari-
ate) normal distribution. Among many of approaches to find a Stein operator for one-dimensional
distributions, the generator approach developed by Barbour [1,2] seems to be readily extended
to our infinite-variate distribution pz. Based on Barbour’s idea, we proceed with finding the
characterizing operator A as follows.

For each ¢ > 0, let O, be the mapping from B x B(B) into [0, 1] given by

O,(x,E)Epl_efz,(e_tx,E):flE(e_tx+ l—e_2fy)uz(dy).
B

Then, for each E € B(B), the mapping x € B — O, (x, E) is B(B)-measurable, and, for each
x € B, {O(x,-); t > 0} is a family of probability measures on B(B) satisfying the Chapman—
Kolmogorov equations:

/OS@,E)O,(x,dy)=Os+t(x,E), Vs, 1 > 0.
B

Thus {Os(-,-); t > 0} forms a temporally homogeneous Markov transition family. For a € B, it
associates a family of probability measures {Oy, 1,,...1,; 0 <t <tr <--- <1y, n € N}, where
Oy,...1, is a probability measures on the product space of n copies of (B, B(B)) given by, for

.....
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any Ey, ..., E, € B(B),

Ozl,...,tn(El XX Ey) = / cee / Ot,,—tn,l(yn—l, dyn) - Otz—tl (x1,dx7) Ozl (a,dxy).
E, E,

It is easy to verify that such a family satisfies Kolmogorov’s consistency condition, and, by
the Kolmogorov existence theorem (see [33, Theorem 7.11]), there exists a probability measure
Ay on (£2,F) such that ® = {©(¢); t+ > 0} on that space is a B-valued temporally homoge-
neous Markov process having O;, .. ;, as finite-dimensional distributions, where we take §2 to
be the set of all mappings from [0, co) to B, F to be the o-field generated by cylinder sets, and
O(t; w) =w(t) forany t > 0, w € £2. We call such a process ® a canonical B-valued Ornstein—
Uhlenbeck process starting at the point a. Notice that A,({©(¢) € dy}) = O;(a,dy) and the
transition probability A, (O (t) edy | O (s)) is O;—s(O(s; +), dy) forany 0 < s < ¢.

For any 7 > 0, let 7, be the transition operator of @. So, for each B(B)-measurable function
fandx € B, 7, f(x) =E[f(©(t)) | ©(0) = x] with respect to A,. In fact,

th(X)E/f(y)Or(x,dy)sz(e"er 1—e 2y)uz(dy), >0,
B B

provided that such an integral exists. The family {Z;; ¢+ > 0} yields a strongly continuous con-
traction semigroup on L% (B, puz) for any 1 < o < oo (see [4, Theorem 2.9.1]). Let £, be the
infinitesimal generator of {7;; t > 0} on L%(B, uz). Since pz is a unique invariant measure
for {O;(:,-); t = 0} (see [4]), we see that E[7; f(Z)] =E[f(Z)] forany f e LY(B, uz),t >0,
which implies that

E[Le(h(2))] =0, 3.1)

for any h belonging to certain dense domain Dom(Ly) of L, in L% (B, uz).
By using standard results about strongly continuous contraction semigroups, the Bochner in-
tegral fol Tuh du exists. In fact, it is in Dom(L,), and satisfies the following equality

t
Lo <[Th du) =Th—h, heDom(Ly). (3.2)
0

Formally, lim,,_, o 7,h(x) = E[h(Z)] for any x € B, and so letting ¢ approach to infinity on
both sides of (3.2), fr(x)=— fooo (7,h(x) — E[R(Z)]) du, x € B, may serve as a solution of the
following equation (with unknown function f)

Lof=h—E[h(2)]. (3.3)

See e.g. [2,29].

In view of Barbour’s approach, the roles of Stein’s lemma and Stein’s equation for pz should
be played respectively by (3.1) and (3.2) as well as L4 is a candidate for Az. Asa =2, —L4 is
known as the number operator. In [26], Piech proved that if f € L%(B, wz) such that |[Df (x)|o
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exists for uz-a.e. x € B and is in Lz(B, 1 z) and the Hilbert—Schmidt norm of D? f(x) is finite
for nz-a.e. x € B and is in Lg(B, wz), then f belongs to Dom(L,), as well as

—Laf(x) = (x, Df () g g — A f(x), x€B, 34

provided that Df (x) € B* and D2 f(x) is a trace-class operator on H. It is worth noting that
Barbour [2] also derived a representation of —L, of the form analogous to (3.4). In that paper,
Barbour considered B as the Banach space C[0, 1] with the supremum norm || - ||, consisting
of all real-valued functions f(¢) in [0, 1] with f(0) = 0, and take L C CJO0, 1] which is the
Banach space of those continuous functions f : C[0, 1] — R for which the norm defined by
SUPyec(0,1] % is finite. Then {7;; ¢ > 0} is a strongly continuous semigroup on L and (3.4)
are fulfilled with those twice Fréchet differentiable functions f € L such that the second-order
derivative f” satisfies a uniformly Lipschitz condition.

Being inspired by (3.1) and (3.4), we are ready to present a characterization of the abstract
Wiener measure (7 in the following theorem, which also refines the result in [18, Theorem 2.7].

Theorem 3.1. Let X be a B-valued random variable with the distribution x.

(i) If B is finite-dimensional, then pyx = uz if and only if the following identity holds:

E[(X, Df(X)) g g — Ag f(X)]=0, (3.5)

for any twice differentiable function f on B such that ]E[||D2f(Z)||tr(H)] < 4o00.

(ii) If B is infinite-dimensional, then ux = 7z if and only if the identity (3.5) holds for any twice
H -differentiable function f on B such that Df (x) € B* forany x € B, E[|D* f (Z) llecay] <
+o00, and E[||Df(Z)||%+] < +o0 for some 1 < a < +00.

Proof. (The “only if ” part for statements (i) and (ii).) Let (ig, H, Bp) and {P,} be respectively
the AWS and an increasing sequence of orthogonal projections as given in Lemma 2.2, P,’s
be the extension of P,’s to By, and p; be the abstract Wiener measure on By with variance
parameter 1. By Remark 2.3, P,(H) C By for any n € N, and so there exists an orthonormal
basis {e1, en,...} C B(’)k for H such that

kn

Py(x) = Z(x, ¢j)By.B;¢j> VX € By,
j=1

where k) <k <--- <k, <--- /1 +o00.

Let p : Bo — B be the mapping as given in (2.2). One notes that p is Fréchet differentiable
on By. Assume that f is a fixed twice H -differentiable function on B with the conditions that
Df(x) € B* for any x € B and E[||D2f(Z)||tr(H)] < 400. Since i = p o iy, we have for any x €
Boand h,k € H, (Df (p(x)), h) = (D(f 0 p)(x), h) and (D? f (p(x))h, k) = (D*(f 0 p)(x)h, k).
Moreover,

(D(f o p)(x),h)| = |(Df (p(x)),h)| < | Df (0 (x))]

P <[ Df(p())]

o gello-
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Regarding Df (o(x)) and D(f o p)(x) as elements in B, they are the same and

[D£(p) ] = 1DCF 0 0y < [0 (00)]

B+ Vx € By.

In addition, we see by (2.2) that
/ [D(f 0 )y, 71 () = / 102 (00) |y 51 (@)
B By

=E[| D* () )] < +o0-

1249

(3.6)

(3.7)

Next, it follows from [12, Remark 2.2] that By can be expressed as the direct sum of P, (Bo)
and (Iy — I5n)(B0), where Iy is the identity map on By. Further, the triple (iolx,, Kn, (Io —
P,)(By)) forms an AWS, where K, is the orthogonal complement of P,(By) in H. Moreover,
pL= pf m v, , Where p( ") is the abstract Wiener measure on I?,, =(Iy— ﬁn)(Bo) with variance

parameter 1 and v, is the standard Gauss measure on 13,, (Bp). Observe that

/ Tey (B, D(f 0 p)(x)) 1 (dx)

By

/ f Teg (By D2 (f 0 p)(x1 +x2)) v (dxt) 5 (dx2)

Kn Pn (Bo)

—Z//<D2(f0p)<x2+Zt,e,>e],e]>vn(d(t1,.. tkn))ﬁin)(dXZ),

J 112 Re
where 7, is the standard multivariate normal distribution in R¥". Fix x; € Kn, and set
kn
bxy (1) = (f 0p)<x2 + Ztie,->, Vi=(t1,....1,) € Rk,
i=1
Note that, forany j =1,2,...,k,,

22 o
a 2¢x2(t) _<D2(fop)<x2+2tlel)ejve]>

i=1

Therefore, it follows by applying Fubini’s theorem to (3.8) that for any j =1,2, ..., k,,

lfz
ce 2idtj <400,

2¢xz(r)

0
7= s
—00

(3.8)
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for ﬁi”)-a.e. Xy € I%n andae. (t1,....tj—1,tj41,...,1,) € Rk =1 with respect to Lebesgue mea-
sure. By using Stein’s lemma for univariate normal distributions (see [32]),

kn

3. 8)—2//’13 by (1) B () 5 (dx2)

J= lK Rkn

ky
Zf f (o1 e)olDCf 0 p)(rt +x2). e vn(dxr) 5 (dxa)
j=1

Py, (Bo)

ki

/ / (61 + 32, €))0 55 (DF 0 9) (1 +32), € v (A1) (),
I=N R, By(Bo)

since (x7, ej)BO,B* =O0forany j=1,2,...,k,,

—Z /(x ¢j)8o.5;(D(f © p)(x), €} pi (dx)

j= 130

= f(ﬁn(X), D(f o ,o)(x))BO’B(,; p1(dx)

By

= [ ((Po). D (o) e 1) (3.9)

Bo

If B is finite-dimensional, then H = B = By and there is a sufficiently large n such that
f’n = P, = Iy = p. As a result of (2.2) and (3.9), E[|(Z, Df(Z))p, B*|] < +00, and then f
satisfies the identity (3.5) if ux = uz.

If B is infinite-dimensional and f satisfies an extra-hypothesis that E[||Df(Z)| %] is finite
for some 1 < o < 400, then, for any x € By and n € N, it follows from (3.6) that

< lxllo] 2f (0) | 5

[(p(Pa(x)), Df (p())) g g

By using the Holder inequality, the Fernique theorem [27, Theorem 2.6], (2.2), and the above
extra-hypothesis of f, we see that the mapping x € By = ||x|lo||Df (o (x))]| p* is integrable with
respect to pj. In addition,

‘TTH(IS”DZ(JCOIO)(X))’ HPDz(fop)(x)”tr(H) ”D2 ('O(x))”tr(H)’ Vx € Bo,

where we see by (3.7) that the mapping x € By ||D2 S (p () llew(my 1s integrable with respect
to p1. One notes that P (x) —> x and TrH(P D2(f op)(x)) > Try (sz(p(x))) as n — oo for
any x € By. Applying the dominated convergence argument to both sides of (3.9) and then by
(2.2), we see that



H.-H. Shih / Journal of Functional Analysis 261 (2011) 1236—-1283 1251

E[AGf(2)] = / Tey (D £ (0 () 51 ()
By
= lim [ Trp(P,D*(f o p)(x)) p1(dx)

= lim [ (p(Pa(x)), D (p(x))) g o P1(dx)

n—>oo
By

/ (p(x), Df (p(x))) 5 g+ P1(dx)

By

=E[(z, Df(Z))B’B*].

Therefore, if uwy = 7z, the identity (3.5) is immediately obtained.

(The “if " part for statements (i) and (ii).) First, it is easy to see that for f = e\ with n € B,
f is twice Fréchet differentiable on B, Df (x) =ie!™ "y e B*, and | D? f (x)l| 5, g+ < IInl|%- for
any x € B. Then, for any 1 <a < +oo, E[|Df(Z)[|%«] = IInll* < +o00. And, by Theorem 2.6
we have

E[[| D? £ (2) | sy ] < IMIBE[IZ1P] < +o0.
Thus, by the assumption, f satisfies the identity (3.5) and we obtain the following equality:
E[(X,n)p,pre'®Me8* ] =i|nSE[! X PB8], ¥y e B (3.10)

Now, for any n € B*, there associates a characteristic function h, given by h,(r) =
E[e!"X:m5.54], r € R. Since, for any s % r € R, by the mean value theorem for differentiation
there are two real numbers ps;,, g5 between s and r such that

i(s—r)

e S _ Hir(xmp pr —

(x, n)B,B*WS,r;n(x)y X €B,
where lI/S,r;n(-x) — elpsr(xaﬂ)B,B* _ e_lpsr(x!ﬂ)B_B* + equr(xarl)B,B* + e_lqsr(xvrl)B,B* , We see that

hy(s) —h i
% _ %]E[(X, 5.5 Wi (X)]. 3.11)

which converges to —r|n|(2)hn(r) by applying the equality (3.10) to (3.11) and then letting s
approach to r. So h,(r) satisfies the differential equation: h;, (r)= —r|77|(2)h,](r) with the ini-

tial condition £, (0) = 1. Therefore, h,(r) = e_%’zl'”%, r € R, from which we conclude that
ux = uz. The proof is complete. O
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Remark 3.2.

(1) Applying the fact that p;(E) = Mz(%E) for any E € B(B) to Theorem 3.1, we immediately
obtain a characterization of p;, in which the identity (3.5) becomes

E[(X, Df (X)) —tAg f(X)] =0.

(2) Let B =" with the Euclidean inner product (-,-). Then w7 is a multivariate normal distri-
bution on R" with the covariance matrix A = [A; ;]. In this case,

n
Acf(X) =}, A,-,,-T;tjfoo,
i,j=1
and thus the identity (3.5) can be reformulated as
n 52
E[(X VIXO) - MZZI Aii g f(X)} =0, (3.12)

where V f( ?) is the gradient of f at f € R". See also [5,20,22], where the same Stein identity
as in (3.12) was derived.

4. Stein’s equation and its solutions for abstract Wiener measures

From (3.3), (3.4), and Theorem 3.1, the role of the Stein equation for the abstract Wiener mea-
sure 1z should be played by the following differential equation (with unknown functional f):

A f(x) = (x, Df(x))B’B* =h(x)—E[h(Z)], xe€B, 4.1)

where # is given in some class of test functionals.
In the case B = C|0, 1], Barbour [2] showed that

e¢]

i) == [ (Thw ~Eh@)]) ar

0
:—f/(h(evar 1 — e 2y) —E[(2)]) nz(dy)dt 4.2)
0 B

solves Eq. (4.1), where A is given in the space L defined before Theorem 3.1. Recently, Chat-
terjee and Meckes [5] proved that Barbour’s results also hold for standard multivariate normal
distribution on R¥, where, by (3.12), the associated Stein equation is

Af(D) =6, V(D) =n(7) - E[h(Z)], 7eRF,

in which Af (1) is the Laplacian of f at and & : R¥ — R is twice continuously differentiable
having bounded first and second derivatives. See also [22]. In the following, we will show that
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Eq. (4.1) can be solved by f; whenever h is given in the Banach space {/Lip-1(B) of those
scalar-valued uniformly Lip-1 functions & on B with the norm ||| = ||2|luLip + |/2(0)], where

h() — h(y)|
lhllunp = sup o2 oo
ciep =yl

Remark 4.1.

1. By the Fernique theorem, U/ Lip-1(B) C L*(B, p;(x,dy)) for any 1 <« < 400, x € B, and
t > 0, implying that p; f (x) is well defined and so is 7; f (x) for any f € ULip-1(B).
2. One notes that the right-hand double integral in (4.2) exists for any x € B, because

/‘[(h(e_’x +V1—e2y) —E[h(2)]) nz(dy)|dt
0

B

<//|h(e*fx+ 1= 2y) = h(y)| pz(dy) dt
0 B

|h||uup// x4+ (Ve =1 =)y | pz(dy)dt <-+o.

3. For any ¢ > 0, 7;(ULip-1(B)) is contained in ULip-1(B) and, for any f € ULip-1(B),
I17: flluuip < eIl f IluLip-
4. In [25], Piech studied properties of the solution for the Cauchy problem:

d
Eu(x, t)= (x, Du(x, t))B’B* — Agu(x,t) (xe€B, t>0),

limu(x,t)= f(x), uniformly for x € B.
t—0

She assumed that f is bounded and uniformly Lip-1 on B, then proved that u(x, 1) = 7; f (x)
is the unique solution. So, if / is bounded and uniformly Lip-1 on B, it immediately follows
from Piech’s result that f, in (4.2) is a solution of Eq. (4.1). We will justify in Theorem 4.8
that Piech’s result is still valid without the hypothesis of boundedness on 7.

In order to achieve our goals as mentioned in the beginning of this section, we need a series
of lemmas concerning f;, and its H-derivatives.

Lemma 4.2. Let f € ULip-1(B) and x € B.

(1) 7; f (x) is infinitely H-differentiable, and D(7; f)(x) determines an element A; x(f) in B,
that is, for any z € H,

(2, 2ex () g | = DT )Y, 2)| < e N flluwiplizll; (4.3)
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(ii) 7 f (x) is Gdteaux differentiable at x in the direction y with the Gateaux derivative A; x(f)
forany y € B, that is,

(2 216 (N) p e = i s™H (T f (x +53) = T f (). 4.4)

Proof. For the assertion (i), it is straightforward by Proposition 2.7 and the following observa-
tion: For any z € H,

(D(T; ) (%), 2)| < lim 57! / |f(y+e'x+se'z) — f(y+e'x)| pi_-2(dy)

<e 'l flluuiplizll.

To show the assertion (ii), fix y € B and take an approximating sequence {z,} C H such that
|z — y|| = 0 as n — +o0. Then, for any n € N,

s T f x4 59) = T F(0) = (v A () g e

<THT S Gt 53) = Tif ot sz)) |+ (zn A (D)g = (302 216 () e
+ s THTf 4 520) = T f () = {2ns e ()|

<27 Nuwiplly = zall 4 |7 (T f (e 5200 = Tf () = (DTN, 2|

Letting s — 0 yields that for any n € N,

limsup|s ™ (7, f (x +5) = T £ () = (v, Ae,e () g go| <27 f luniplly — zall-

5—>0
Then we get the desired equality (4.4) as n goes to infinity. O
As mentioned in Section 2, we still use the notation D(7; f)(x) in place of A; x(f).
Remark 4.3. Let f € ULip-1(B).
1. In general, 7; f (x) is not necessarily Fréchet differentiable at x on B. See [9] and Refs. [1,8]

cited therein.
2. Forany h e H,

e 's —2t 2
(D(T: (), ) = Tim s~ /f x4 ) TT IR
m/ yoh)of(e™'x +V 1 —e 2y) pz(dy), (4.5)
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fr()m Wthh 1t f()ll()WS that f()l‘ a.ny X1,X2 € B,
f ip X X210

Hence the mapping from B into H by x > D(7; f)(x) is uniformly continuous.
3. By the same argument as in the proof of Lemma 4.2, D(p; f)(x) also defines an element in
B* for any x € B and ¢ > 0, where, for any y € B,

|D(T; f)(x1) = D(T; ) (x2) |y < (4.6)

(> PP )0)) e = lim s~ (pi f (6 +53) = pif (),

implying || D(p: f)(xX) B+ < Il flluLip-
Lemma 4.4. For f € ULip-1(B), y € B, and t > 0, the mapping

x € B> (v, DT (X)) g pe

IS COntinuous.

Proof. Let x;,x; € B and k € H. By Lemma 4.2 and (4.5) we see that

(v, DT )(x1) = D(T; £)(x2)) .
—2t

<7
V1 —e 2

Il flluLipllxr — x2] /|(w,k)o| pz(dw)+2e¢~" | flluLiplly — k|l
B

-2t
e
P : — -t : _
ShA—o I fllutiplklollxt — x2ll + eI flluLiplly — &I,
where the last inequality is obtained by using the Cauchy—Schwarz inequality and the property
that (-, k)o ~ N (O, |k|%) with respect to pz. Then

timsup| (v, D(T f)x1) = DT f)x2)) p go| <27 I fluowiplly — kIl Vk € H.

X1—>X2

Since H is dense in B, this lemma immediately follows. O

Lemma 4.5. Let f € ULip-1(B) and x € B. Then Dz(’];f)(x) is a trace-class operator on H.
Moreover,

3t

e 2
/ Iylinz(dy),

| DX(T )| ) < ===/ luLip
V1 —e= 4 o

and

_ 3 1
e

2 2
| D*(T )Y s ) < 7_2||f||uup{ / ||y||2uz(dy>} :
V1 —e= J
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Proof. For any z1, zo € H, we have by the semigroup property of {7;; ¢t > 0} that

(DT, ()21, 22)

82
=/8r13r2
B
82
=/8r13r2
B

«/l—e t

t
e 2r

V1 —e !t

zz) +r1€_%Z1) nz(dy)

’Téf(e_%x—i— 1—e"<y+

r1=ry=0

_t

2r, -
{ fle” Ix+yl—ely+re 2Z1) Tzl - ﬁlmo} wz(dy)

r1=ry=0

/y 22)0 D(T:f)(e Ix+y1—e y) zl)uz(dy) 4.7

For an arbitrarily given test operator 7 on B, we take an orthonormal basis {e}, >, ...} C B*
for H such that the range 7(B) of T is spanned by {ej,ez,...,e,}. Since, for any x € B,
T|g o D*(T; f)(x) is of finite rank, it is a trace-class operator on H. Then we see by (4.7)
and Remark 2.5(1) that for any x € B,

Try (T11 o DX(T; £)(x))

= Z(Dz(’];f)(x)ej, (T1H)*(e)))
j=1

ﬁz [ Tl DT (e b4 VT ).z an

]13

—t

WZ/(T‘V e])B B*<D(Tf f)(e 2X+ 1—e y) e]>/,LZ(dy)

113

ﬁ/D(Tx Plex+vT=ey), T0) uz(dy). “8)

Also, by Proposition 2.4(ii) and Lemma 4.2,

JIDT, (e 4 VT= ). 70 mztay)

_t
<e 2||f||ULip|IT|H||H,H/IIyIIMz(dy)~
B
Hence we have
3

e
A ol Tl [ 151ty

|Tra (T10 0 DX(T f)(x))] <
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Consequently, by Proposition 2.4(i), D*(7; f)(x) determines an element of the dual space XC(H)*
of K(H). Recall the fact that JC(H)* is isometrically isomorphic to the Banach space 7R(H),
where the pairing between JC(H) and 7 R(H) is given by (A, F) = Trg (AF) (see [28]). There-
fore, we have shown that D2(7; f)(x) belongs to 7 R(H), the trace-class norm of which satisfies
the desired inequality.

On the other hand, by (4.8), Lemma 4.2, and Corollary 2.11 we see that for any x € B,

Tty (T11 o D*(T f) ()|

3

e 2
< —_—
\«/l—e_’

6_37/ 2 % 2 %
<ﬁnfuuup{3/nyn ety {Z|T()’)|Ouz(dy)} ,

1 f ot / |70 iz
B

where

f|T<y)|§uz<dy> Zf T(y),e;)p nz(dy)
J =

Zf V. T*(e))) 3 o 1z (dy)
j=1 B

n

=Y [T*epl;

j=l1

=M |(TIm) @)y (by Remark 2.5(1))
j=1

2
= H(T|H)* HHS(H)'
Consequently, we conclude by Remark 2.5(2) and the above estimation that D(T; f)(x) deter-
mines an element of HS(H), the Hilbert—Schmidt norm of which satisfies the desired inequality.
The proof is complete. 0O

Remark 4.6.

1. Let f € ULip-1(B). By the semigroup property of {7;}, (4.6), and (4.8), we see that for any
test operator 7 on B and x1, xp € B,

Tty (Tl o (D*(T; f)(x1) — D*(T; ) (x2)))]

\/_/|D(Tzf) e 2x1+ 1—e*ty)
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= DT, (e T+ V1= e1y), T(»))| nz(dy)

I Mgl = el [ 170zt
B

—§I

<

e WA LT TR | [C 700 S

Consequently, for any x1, x2 € B,

—it

e 2
7”f”ULip”xl —x2|. 4.9)

| DT ) 0x1) = DXT D) sy < 7=

2. Let f eULip-1(B).Foranyn e N, z1,...,z,+1 € H,and x € B,

D' (T, f)(x +r121)(22s -+ Tnt1)-

ry =0

d
DTN Y21,y 2ng1) = o
r

Then, by using the formula in [19, Corollary 3.4(b)], we can establish a generalization of
(4.7) for D"1(T; f) as follows:

n+1

DIz = f{/l‘[ y w20 wz(dw)
“ent | L

(DT, e 2x +v/1—e'y), 1) uz(dy).  (4.10)

Lemma 4.7. For f € ULip-1(B) and t > 0, the scalar-valued mapping
x € B> Try (DX(T; f)(x))

is continuous.

Proof. Let (i, H, Bp) and {P,} be given as those in Lemma 2.2, 15,Z ’s be the extension of P,’s
to By, p1 be the abstract Wiener measure on By with variance parameter 1, and p : Bo — B be
the mapping as in (2.2). Observe that, for any x1,xp € Bandn € N,

|Tre (D*(T; f)(x1)) — Trg (D*(T; £)(x2)))|
< |Tep (Po o DX(T f)(x1) — D*(Ti f)(xn))|
+ |Trp (Py o D*(T; f)(x2) = D*(T; ) (x2)) |
+ |Tra (Po o [D*(T: f)(x1) — DX(T; f)(x2)]) . (4.11)
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For any z1, 2o € H, it follows from (2.2) and (4.7) that

(D*(T; f)(x)z1, 22)

/ 2 Tf(_% +V1 "<+ ein >+ -3 >~(d)
- 5 e °x —¢ —F——— rie 2z
Jondnl, POV e) T Pa ) iy

0

«/l—e t/ y 2o DT (e Ex VT = e~ p(3). 21) bi (dy). (@.12)

For any test operator 7 on By, T o P, is also a test operator on By. By (4.12) and a similar
argument to (4.8) we see that

Try (T1h o Poo DXL £)(x)) ((ToP)lu=TluoPy)

m/ DT (e 2x+/1=e7p(y). T o By(y) pr(dy).

By using this equality together with Proposition 2.4(ii) and Lemma 4.2 it follows that for any
X € B,

Tty (T o [Pa o DX(T; f)(x) — D*(T, f)(x)])]

ﬁﬂ D(T: f)(e” Sx /1 —e"p(), T(B.(y) — y))| p1(dy)

3

e ~ ~
< ﬁnfnmpnnmm,g/nPn(y)—y||0p1<dy).

By
Arguing as in the proof of Lemma 4.5 we see that

|22 0 DX(Tif)@) = DT |y

3t

e
S —/—
V1—et

”f”ULip/” Py(y) = y|,P1(dy) > 0 asn — oo, uniformly for x € B. (4.13)

By

For any n € N and ¢ > 0, we have by using the Cauchy—Schwarz inequality that

[Tt (Py o [D*(T; f)(x1) — DX(T; f)(x2)])|

< \Jdim(P, (H)) | DX(T £)(x1) = DX(T )02 | sy (4.14)

which tends to 0 as x; — x» by (4.9). Finally, by applying (4.13) and (4.14) to (4.11), this lemma
immediately follows. O
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Now, we are in a position to prove the following Theorem 4.8 to Theorem 4.10, which are
the main goals of this section. Let f € ULip-1(B) be fixed, and set a;(s) =1 — e 20+ and
Bi(s) =e 9 t s> 0. Then, for any x € B,

%Zf(x) = lim s~ { puy 5) £ (B ()x) = P 0) £ (B (0)x) }
= Slgr(l)s_l {Pass) £ (Bt ($)x) — Pay0) f (Bi(5)x)}
+ 1im s pe, 0 f (B (5)x) = pay0) £ (B (O)x)
= 5113(1)(1) +Sli_r>r(1)(11). (4.15)
It is easy to see that

lim (17) = 1im 5~ { po, 0/ (B (9)x) = Par0) f (B1(O)x) }

d
N % s:O/];f(e_Sx)
~(x. DT @) 4 o (4.16)

To evaluate lim;_, (), we observe that

lim (1) = ms—l{pa,mf(ﬂt ($)x) = Pey0) f (Bi(5)x) }

ds

d
Py f (B ($)x) — 7 Py ) f (B (5)x)

s=0 s=0

puf (B (0)x) - o[ (0)

u=a,(0)
=2¢% Sliﬁﬂg)fl(l’a,(owsf(eﬂx) — Pa, 0 f (e7'x)). 4.17)

T du

where, for any x € B and s, > 0,

Py 0)+s S (€7'x) = pay0) f (e7"x)

_ / (P (€% +¥) — Pascor £ (') ps(dy)

B

—_

f f Y. D(poy) (€% +9)) .y dP ps(dy)  (by Remark 4.3)

(=}

1
// (v D(Pay 0 )€™ x + 17)’))3’3* ps(dy)dv. (4.18)
0

=
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The last equality in (4.18) is obtained by applying Fubini’s theorem, since

1
/fl(y,D(pa,w)f)(e_’x+19y))B,B*|d19 ps(dy) < ”f”ULip/ Iyll ps(dy) < +o0,
B 0 B

by Remark 4.3. Notice that for any x, y € B, t > 0, and ¥ € (0, 1],

(5 Dy ) (™5 + 7)) 5 g =€ (v, DT x +€y)) e
=ﬂ_1(y7D¢x,19,f(y))B,B*v (419)

where ¢y 9.:(y) =7, f (x + Pe'y). By Lemma 4.2, || Dy 9./ (y) || g+ < 9| flluLip for any y € B,
and by Lemma 4.5,

2

%
—— 1 flluLip
/1 —e—2
¢ B

D06 ) < lull oz (du) forany y € B.

So || D¢y 9.+ (¥) || B+ and ||D2¢x,79, + (M)l are bounded functions considered as functions of y.
As a result of Theorem 3.1 and Remark 3.2(1),

f (v Dr.0s (1) g - Ps(dy) =3 f Trg (D?.54 (1)) ps(dy)

B B
=502 [ e (DT ) (x +9¢€'5)) petay).
B
from which and (4.19) it follows that
1
(4.18) = se*! / / O Try (D*(Z, ) (x + De'y)) ps(dy) dv. (4.20)
0 B

Combining (4.20) with (4.17), we see that

1
limO(I):21irr(1)//19TrH(D2(’]}f)(x+ﬁe’y))ps(dy)d19
0 B

s—0

1
=2lim//ﬁTrH(D2(7}f)(x+ﬁe’ﬁy))uz(dy)dﬁ. 421
0 B

By Lemma 4.7,

TrH(Dz(Zf)(x + e’ Vsy)) —> TrH(Dz('];f)(x)) ass — 0,
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and by Lemma 4.5,
) , €—2t1}
0Ty (DT 1) x4+ 9 V53)) | € <= o [ ol .
B

where the right-hand term is integrable considered as a function of (3, y) € [0, 1] x B with re-
spect to the product measure di x puz. Hence we can apply the dominated convergence argument
to (4.21) and then obtain that

s—0

1
lim(l)=2//19TrH(D2(7?f)(X))Mz(dy)dl‘/‘=AG(th)(X)- (4.22)
0 B

Theorem 4.8. Let f € ULip-1(B). Then, for any x € B and t > 0,

d
AG(T )Yx) = (x, DT H(¥)) g e = ETzf(X)- (4.23)

Moreover, for any x € B,

oo oo

/ A (T f)()dt - / (x. DT ) 5 e dt =E[£(D)] — £ (3. (4.24)

0 0

Proof. The identity (4.23) is just the combination of (4.15), (4.16) and (4.22). So we only need
to verify (4.24). One notes that those integrals in (4.24) exist by Lemmas 4.2 and 4.5. Then (4.24)
is easily obtained by integrating both sides of (4.23) as functions of ¢ from zero to infinity. O

In the rest of this section, for any 7 € ULip-1(B), let f;, be given as one in (4.2). It is obvious
that f, € ULip-1(B) and || fx lluLip < 2 [lULip-

Theorem 4.9. Let h € ULip-1(B). Then we have the following results.

(1) fn is twice H-differentiable at any x € B. Further,

oo
DA =~ [ DM@ dr (425)
0
as a B*-valued Bochner integral, as well as
0
D fiy(x) = — f DX(Tih)(x) dt (4.26)
0

asan L(H, H)-valued Bochner integral, where L(H, H) is the Banach space of all bounded
linear operators from H into itself with the operator norm || - | g, h.
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Q) IDf() g+ < Ihllunip and 1 D2 fr () i i < Ehllosiph [ 1y 17 1z (d¥))2, uniformly for
x € B.
(iii) For any x € B, D? fy(x) is a trace-class operator on H, and

Ath(X)=—/AG(7?h)(X)dt~ (4.27)
0

(V) 1D? fa)llwcrry < Zlhlluvip [5 1yl 1z(dy), uniformly for x € B.
1 .
™) ID? fa ) lascay < Zlhllusipl [ 1911 wz(dy)}2, uniformly for x € B.

Proof. First of all, it follows from Lemma 4.2 and (4.7) that for any x € B

B* dt < ”h”ULlp

/ | DT )|
0

And, by (4.7), Corollary 2.11, and Lemma 4.2 we have

o0 o0

D (T;h
\/\HDZ(/];}Z)(}C)”HHdIZ/ Sup |( ( t )(x)ZI’ZZHdt
0 ' s 21.2€H\(0) Iz1lolz2l0

3t
2

dt

1
2

< ||h||ULip{f||y||2uz<dy>}
1_ t

2 A/ e

X sup {|zz|0‘/|<y,zz>o|uz<dy)}
B

22€ H\{0}

T
SEIIhIIULip{/IIyIIZMz(dy)} < +o00.
B

To show H -differentiability of f;, at any x € B, we estimate

e ¢]

U +2) — fulo) + / (D(Th) (). 2)dr

0

1zlo

oo 1
< Izlol[//|(D(7?h)(x+z9z)—D(Zh)(X),z)|dz9dt}
00

oo 1
<ozl O/ O/ Jidz?dt (by (4.6))
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= 5 I2lluLiplizll = 0. as |zlo — 0.

Therefore, f;, is H-differentiable and we have shown (4.25). Next, for the second-order H -

differentiability of fj, at x € B, we need to prove

o0
lim |z1ly" |Dfi(x +21) — Dfi(x) + [ (D*(Th)(x)z1,-)dt| =0.
|z110—0 ; 0
Making use of (4.5), we observe that
o0
211y | Dfn(x + 21) = Dfi(x) + [ (DX(Tih)(x)z1, -)dt
0 0
o0
<laly! /|D(7,h)(x +21) = DT ) (x) + (DX (Trh) (x)z1, )| dt
0

o0
=[¢zl(t)dt,
0

where

|
f[(Dz(’Tth)(x +vz1)z1, 22)
0

o

By the infinite H-differentiability of 7;h(x) at every x € B we see that

z22€H\

&, (O =lzily" sup {lzaly’
{0}

—(D*(Tih)(x)z1. 22)] P

0< P, ()

(4.28)

1
< /|| D*(Tih)(x + 0 z1) — D*(Tih)(x) | npd? =0, asizilo— 0, foranyt > 0.
0

Moreover, by (4.7), Corollary 2.11, and Lemma 4.2,

3t

@, (t) < Const. sup

e
zzEH\{O}{ V1—et

3t

2
< Const.ei el ([0, +00), dt), uniformly for z; € H.

1 —e !

I lluLiplzaly ! f !<y,zz>o!uz(dy)}
B
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Hence the formula (4.28) is an immediate result by the dominated convergence theorem, which
implies (4.26). We have shown the assertions (i) and (ii). To show the assertion (iv), let 7' be
an arbitrarily chosen test operator on B. Then, by (i) and a similar argument to the proof of
Lemma 4.5, we see that for any x € B,

[Teu (7110 D /i) | < [ [To (1 0 DT ) s
0

00 3t
e 2
< ||h||ULip||T|H||HH/—dr/nyn nz(dy),
i | =
0 ¢ B

implying that D? f;(x) is trace-class whose trace-class norm has the desired bound as given
in (iv). Imitating the proof of (iv), we thus verify the assertion (v). In order to prove the asser-
tion (iii), we take an orthonormal basis {e,; n = 1,2, ...} for H, consisting of all eigenvectors of
|D?(T;h)(x)| for some x € B. Then, by (4.26),

Ac fi(x) =) (D? fu()en, en) = — lim_ / D (DT (x)en, en) .
n=1 o n=1

Also, by Lemma 4.5,

m

D (DAT)x)en. en)

n=1

<[ DT |y < Const.%,

uniformly for m € N, where the last term is in L' ([0, 400), dt). Therefore (4.27) is immediately
obtained by the dominated convergence theorem. 0O

Finally, we combine Theorem 4.9 with Theorem 4.8 to get the following
Theorem 4.10. For any h € ULip-1(B), fi,(x) solves the equation
AGf(x) — (x. DF () g o =h(x) — E[h(2)]
with unknown function f for any x € B.
Corollary 4.11. Let W be a B-valued random variable with finite first moment, that is, E[|W||] <

+00. Then we have the following bound on the Wasserstein distance d,(W,Z) between W
and Z:

dy(W,Z)= sup |E[h(W)]-E[r(2)]]
IR lluLip<1

< sup [E[Age(W) — (W, Dp(W))
veFu,

3

58]
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where F,,, is the class of twice H-differentiable functions ¢ on B so that De(x) € B* with
ID@) |5+ < 1 and D*¢(x) € TR(H) with || D*¢ () lucrry < 5 [ 1yl z(dy) for any x € B.

5. Gaussian approximation in abstract Wiener spaces

As assumed in the beginning of Section 3, let Z be a fixed B-valued random variable on some
probability space (£2, F,P) such that the distribution pz of Z is a non-degenerate Gaussian
measure on B with mean zero, and H the unique RKHS for 7 with the inner product (-,-)o
and the induced norm | - |, where the triple (i, H, B) forms an AWS and 7 associated with

the abstract Wiener measure pz on B with variance parameter 1. Select another norm | - |_;
on B, which is induced by an inner product (-,-)_; and weaker than || - [|-norm. If || - ||-norm is
Hilbertian, we will set | - |1 = | - ||. Let K be the completion of B with respect to | - |_j-norm

and % the Gaussian measure on K given by u% (E) = uz(E N B) for any E € B(K). Let S,k
be the covariance operator of M[z( on K. By Theorem 2.9, SMIZ( is one-to-one and H = SMIZ( (K).
In what follows, let {k;; j € N} be an orthonormal basis of K, consisting of eigenvectors of § K
with corresponding eigenvalues A;, j € N. Then A;’s >0 and ) A; < +o0. In addition, by the
standard construction of countably Hilbert spaces from (H, \/% _1) as given in Remark 2.10,

we have the following chain of dense, continuous embeddings:

HyCH CB*CHCBCH_ 1=K CH_,,

where H*,, n = 1,2, is identified with H, as a Borel dense subset of H from the viewpoint of
Remark 2.10. The inner product and induced norm on H,, r = 1, £2, are denoted respectively
by (-,-); and | - |,.

In this section, we aim to establish an infinite-dimensional version of Stein’s method of ex-
changeable pairs (see e.g. [32, p. 33~]) along the line of Stein’s idea. Let W and W* be two
B-valued random variables with finite first moment on a probability space (§2, P). Suppose fur-

ther that (W, W*) is an exchangeable pair by which we mean that

P({W e E, W e Ex})=P({W* € E|, We E,}) forany E|, E; € B(B).

In addition, there is a constant A € (0, 1) such that

B[(W* — W, o(W), ] = E[(W.0W) , .] 6.

where ¢ is an arbitrarily given bounded function from B into B*.
Take a fixed h € ULip-1(B). Let fj, be given as one in (4.2), the first and second H -derivatives
of which satisfy the following uniformly Lipschitz conditions:

{Dfn(x) — Dfn(y), )|
sup  sup
x#yeB zeH\{0) |z]—2lx — yl-2
[((D? fin(x) = D? fu(3))z1. 22
sup sup
x£yeB z1,22€ H\(0} lztlllz2lHlx = ¥l

= | DfnlluLip(a_y) < +00;
5.2)

)
= [0 i lyrsp < +oo-
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Consider the function ¢y, : R x B x B — C defined by

on(r,x,y) = fu(rx + (1 =r)y).
Lemma 5.1. Let h € ULip-1(B) with the property (5.2).

(i) For any x € B, there is a bounded linear operator Ty x from H_ to Hfz such that the
restriction of Ty x to H x H equals D? f3,(x). Moreover,
IThxll by, 1, < IDfnllULip(H_s)-

(il) Fix x,y € B. Then ¢p(r, x, y) is twice differentiable with respect to r € R. Further,

d
d_r¢h(r’x’ )= (x—y.Dfu(rx+ (1 _r)y))B,B*;

2
d7¢h(r, )= (x =, Thrcra—ry(x — y))g,g*‘

Proof. (i) For any z1,zp € H, we see by the second-order H -differentiability of fj and (5.2)
that

(D fa)zr z2)] = lim 17! |(Dfis(x +r21) = Dfy(x). 22|
< IDfulluLipH_p)lz11-2122] 2.

Consequently, by the denseness of H in H_», we can extend by continuity D? f;, (x) to the whole
Cartesian product H_» x H_, proving the assertion (i).
(i1) Observe that for any r € R,

’s_l (Zh(y +(r+s)(x— y)) - 'Z}h(y +r(x — y)))| < Const.e™ !,

where such a constant depends only on h, x, and y, and the function e~', t > 0, is in
L'([0, +00), dt). Then, applying the dominated convergence argument, we see by Lemma 4.2(ii)
and Theorem 4.9(i) that

[e¢]

d
—n(r.x,y) =~ lim s~ /(Eh(y +(r+9) =) = Th(y +rx —y)))dt
0

(x =y, DT (y+7(x = ))) g di

O"\“g

=(x—y.Dfu(y+r— y)))B,B*'

To show the second-order differentiability of ¢y, (r, x, y) with respect to r, we take an approxi-
mating sequence {z,} C H such that ||z, — (x — y)|| > 0asn — 400.Seta =y +r(x — y).
Then
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d d
57! {Fﬁh(a +5(x— ) — E‘[’h(“)} — (= 3. Tha@ =) 5 e

=|s7'((x =y, Dfi(a +s(x = ) = Dfn(@)) g ) = (x = ¥, Thax = ¥))
< |()C =Y Th,a(x - y) - Th,a(zn))B,B*|
+[s7 ((x =y, Dfia +s(x — ) = Dfia+522)) p )

+ s ((x = v, Dfia+522) = Dfu(@)) g pu) = (¥ = ¥, Tha(@n)) . e |
=L+ b+ 5.

It is clear that I — 0, and by (5.2)

I < Const.|x — y|l|zn — (x = y)|_, >0 asn— +oc.

For I3, we see by virtue of (i) and (5.2) that

13 g |S_l((x — Y~ Zn, th(a +SZI1) - th(a))B,B*) - (X — Y~ Zn, Th,a(zn))B’B*|

+ \Sil ((va th(a +SZn) - th(a))B,B*) - (va Th,a(Zn))B’B*

< Const. - |x —y — zulllzn]|—2

+ |57 ((z0, Dfita+522) = Dfi(@) y po) = (20> Tnia(@n)) p e -

Then, by Theorem 4.9,

limsup I3 < Const.[|x — y — zx|l|zn] 2,
s—0

which approaches to zero as n — +o00. The proof is complete. O

To avoid the notational complexity, we still use the symbol “D? f, (x)” in place of “Th x> for
any h € ULip-1(B) with the property (5.2).

By Lemma 5.1, we can apply Taylor’s theorem to ¢y, (r, W*, W) with respect to r, and then
obtain that

2

1d
¢h(r,W*,W)+§d— on(r, W W) + Ry(W*, W), (5.3)
0

w* w —d
Ta(W*) = fu( )_d_r 2|,

r=

where Ry (W*, W) is the second-order remainder term. Having been seen in the proof of
Lemma 5.1,

d

dr

on(r, W5, W) = (W* =W, Dfy(W)) .-
0

r=
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Note that it follows from Theorem 4.9(ii) that the function || Dfy,(x)| g, x € B, is bounded by
|2]luLip uniformly. Then, by our assumption in (5.1),

E[i
dr

Next, by Lemma 5.1(ii),

én(r, W, W)} = —AE[(W, Dfi(W)) g p.]- (5.4)
r=0

1
on(r W W)=~ (W* =W, D? fy(W)(W* = W) p.. (5.5)

r=0

Since Lemma 5.1(i) implies that D? frn(x) is a continuous bilinear map on K x K forany x € B,
the right-hand side of (5.5) can be expanded with respect to {k;} as follows:

DW= Woki) (W= Wokj) (ks D2 (WK
-~

N =

= Z (8,5 (i), k) )y (kis D fu(Wkj) g g + 2 Y Eij(kis D* fr(Wkj) ¢ s (5.6)
j=1 ij=1

where, for any i, j € N,

Eij=—(w*—w. ki) (W* — W, k)

i =571 —(S,k (ki) . kj)

-1 -1

Since (Sﬂg (ki), kj)—1=A;6; j for any i, j, the first term in the second line of (5.6) equals

Z(fkl,szuW)fkl gk =* (D (W) hiki, /aiki)
i=1

i=1
=AAG frn(W),
whence
1 d? > 5
53 ¢(r, W5 W) =AAG (W) + 1 Y Ei j(ki, D* f(WIk;) g - (5.7)
ij=1

r=0
One notes that f,(W*) — f, (W) is integrable with respect to P, because

E[| £n(W*) = fu(W)[] < Ik luLipB[[W* — W] < +oc.

Since (W, W*) is an exchangeable pair and the mapping g(x,y) = fr(x) — fr(y), (x,y) €
B x B, is anti-symmetric,

E[fu(W*) = fa(W)] =0.
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Taking expectation of Eq. (5.3) together with (5.4) and (5.7),
E[(W, Dfy(W)) g p.] —E[Ac fi(W)]
= 1
= IE|: > Eij(ki. szh(W)k,-)K,K*] + B[Ry (W, W)]. (5.8)
i,j=1
Therefore, by applying Theorem 4.10 to (5.8), we see that

> 1
E[h(Z)] - E[n(W)] =IE|: > Eij(ki, szh(W)kj)K’K*] +E[Ra(W5 W)]. 5.9)
i,j=1

Foranya,be K,

1
T)»,a,h,K(-xa )’) = a(b —a,)C)_l(b —da, y>—l - (Sug(-x)v y>_17 X,y € K7

is a continuous bilinear map on K x K. Let HS(K ®2) denote the collection of Hilbert-Schmidt
type bilinear maps on K x K, that is,

T e HS(K®?) ifandonlyif Y T(f;. fj)*<+oo
ij

for any orthonormal basis { fi} of K. Then HS(K®?) is a Hilbert space with the inner product
given by

(S, Thusksry = Y SUis INT (fi [,

i,j

and the induced norm denoted by | - [lgggxe2y. It is straightforward to see that Tj 4.pk €

HS(K®?) for any a, b € K, and, in the following Remark 5.3, D? f; (x) is also in HS(K®?)
for any x € B. Therefore, we have

E[ > Eij(ki, szh<W)k,-)K,K*} =E[(Tow.we k. D> fuW))ygger) ) (5.10)
i,j=1

For the remainder term %E[Rh (W*, W)], we apply the mean-value theorem for differentiation
together with Lemma 5.1 and (5.2) to see that there is ¥ € (0, 1) such that

1 * _ 1 d2 * 2 *
X|Rh(W ,W)’ = 6onldr? r=ﬂ¢h(”, W, W) ) r=0¢h(”, w ,W)
1
=l (Wi =w, (D fu(@W* + (1 = )W) — D* fi,(W)) (W* = W), .

3

bl

1
< aHDth ”ULip” wr—w




H.-H. Shih / Journal of Functional Analysis 261 (2011) 1236—-1283 1271

whence
1 1 3
CIELRR (W, W)]| < D fu i BLIW™ = W (5.11)
To sum up the above argument together with (5.9), (5.10), and (5.18), we have the following

Theorem 5.2. Let (W, W*) be an exchangeable pair of B-valued random variables with finite
first moment. Assume that there is a constant A € (0, 1) such that

E[(W* =W, p(W)) = —AE[(W, p(W))

B,B*] B,B*]’

where @ is an arbitrarily given bounded function from B into B*. Let h € ULip-1(B) associated
with fy, having the properties as given in (5.2). Then

[E[rW)] - E[n(D)]|

1
< ‘E[«TLWW*,K’ Dth(W)»HS(K®2)]| + a” szh ”ULipE[” W — W”3]' (5.12)

Remark 5.3. The Hilbert—Schmidt norm || D? fj, (x) ”1218 (ka2 X € B, can be estimated as follows.
First, since |k|_2 = | Su§ (k)| -1 for any k € K, one notes that the triple (ix, g ,, K, H—>) forms

an AWS, where ig p_, is the canonical embedding of K into H_». By Lemma 5.1(i) and using
Kuo’s theorem (see [17, Chapter I, Corollary 4.4]), every D? fn(x), x € B, can be regarded as a
Hilbert—Schmidt operator on K satisfying the following inequality

1
2
Hszh<x>HHS(K)<Hszh(x)HHz,K{ / |y|2_2p§K’H”<dy)} ,
H_;

H_3)

where pg is the associated abstract Wiener measure of (ix, n_,, K, H_2). Since the covari-

K.H_)) .
ance operator of pi 2 s Sﬂk,
z

1

= o0
K,H_ 2 -1 v (kH
{/m’izpi ”(dy)} =1y f(y,x,-ij)_zpi ”(dy)}
H_» j=1

H_;

1
2

s,
= Z(Su§()‘j2kj)’)‘j2kj)—2}
j=1

/TI‘K(SM1Z<).

On the other hand,
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1
2

ID? i)y, = sup |z|_;{Z(k,»,Dzmx)(z,.))i,Z,H*z}
j=1

zeH_5\(0}
1
o0 1 5 2
<USukllkk sup 12l o) Do (ki D2 (@), e
zeH_5\{0} i )
= 18,5 lk.k [ D2 fu @)y, e
S IDfullutiper ) IS,k Ik &, uniformly for x € B.
From the above estimations, it follows that
1D fir (o) | s ey < IDFullutiprrn 1S, 5 &k \/Trk (5,5). (5.13)

uniformly for x € B.

Application: Error bounds in a Lindeberg—Lévy type limit theorem

As an illustration of Theorem 5.2, we next will derive an explicit error estimate of Gaussian
approximation to the distribution of a sum of independent and identically distributed B-valued
random variables based on a Lindeberg—Lévy type limit theorem (see [33] for multivariate ver-
sion) by the abstract Wiener measure @z, where the bound is computed for the difference
between the expectations of any one of uniformly Lip-1 functions on B having the condition
(5.2).

Let {X1, X», ...} be a sequence of independent, identically distributed B-valued random vari-
ables with finite first moment on the probability space (§2, P). Suppose further that they satisfy
the following conditions:

5-(a) X has zero mean, that is, the B-valued integral E[X] equals zero.
5-(b) The distribution wx, has the same covariance function as pz. That s,

E[(X1.m 5.8+ (X1, )58+ = (n.d)0, Vn,¢ € B*.
Remark 5.4.
1. For any f, g € K*, condition 5-(b) implies that
E[(X1. f1B)B.8*(X1.8lB)B.B* ] = (f.8)0 = (S;é(f), g)_;-
2. By condition 5-(a), we see that for any f € K*,

(EIX11, ) g g« =E[X1, f1B)B,5+] =0

Equivalently, (E[X1], x)_; = E[(X1, SM_[Z( (x))p.px]=0forany x € K.
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Fix n € N, and set

l n
W, =— X;.
=7 ; i
Let {Y1,Y>,...,Y,} be an independent copy of {X1, X»,..., X,}, and I be a random variable
which is uniformly distributed over the index set {1,2, ..., n}, and also independent of {X;} and
{Y;}. Define
W = W, + — Y, — X)) = ! Xn: Yi+ > Xi Jly=;
n = "n Jn ! ! _ﬁj—l J oy i | M=)}

It is easy to see that, for any 1, ¢ € B* and s, ¢ € R,

E[ei(I(WJW)B.B* +S(Wn,¢)3,3*)] _ E[ei(f(wn»’?)B.B* +5(W:’¢)B,B*)]’

implying that (W,, W) is an exchangeable pair of B-valued random variables.
Observe that, for any bounded function ¢ from B into B*,

1
E[(Wy = Wa, 0 W) g po] = —=E[(Y1 = X1, 0(W)) 5 -]

NG
1 n
= ;E[(Yj — X, 0(Wa)) g p-]. (5.14)

By the independence of Y;’s and W), and condition 5-(a), it follows that

B[V, 0 (W) 5 pe] = / E[(Y) 0() o] e, (@) =0,
B

where pw, is the distribution of W, in B. Combining with (5.14), we see that the assumption
(5.1) holds for the pair (W,, W) by taking A = %

Let h e ULip-1(B) associated with f;, having the properties as given in (5.2). Then

|]E[(<T)L,WnsW,f,K ) szh (W”))>HS(K®2)] |

n
ZE[I{I:Z}((TI,XZ,YZ,K» szh(Wn)))HS(KQaz)]
=1

Y P =)E[(Ti x, v,k D* fir(Wa) Dy on) ]
(=1

1 n
< ;E[ <<Z T1.x,.Y, K szh(Wn)>> }
=1 HS(K®?)
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2 3
:| } , (5.15)
HS(K ®2)

where the last inequality is obtained by applying the Cauchy—Schwarz inequality. Also,

n 2
=1 HS(K ®2)

ZTI,Xg,Yg,K
| 2
= Z Z]EKE(YE — X, ki) —1(Ye — Xe kj) -1 — <Sulz<(ki)’kj>_1> }

ZTI Xe, Yo, K

:lb—‘

< HEQID A e ) { [

n
= B[V = X1t ] = 418 5 s )
nE[X1 ]~ 18, s 310

where the third and last lines are obtained respectively by the formula

E[%(Yl—xl,ki)_l(Yl X1, kj)-1—(S, x (ki) kj)_ 1}:o, Vi,jeN
and the inequality
E[1vi — XiI*) ] <E[(IM11-1 + 1X1121) "] < 16E[1X1 14, ].
Combine (5.15) with (5.13) and (5.16) to get that
E[(Tw,.wy.k szh(W")»HS(K@z)”
TanhnULlp(H IS, Ui [Tk (8,0 (E[IX 1 ] = 18,05 i) - (5.17)

In addition,
1
E[| W, — wa|*] = mE[IIYI — X7I°]

1 8
= mE[IlYl = ANES mz&[nxl °]. (5.18)

Consequently, applying (5.17) and (5.18) to (5.12) with (W, W*) = (W,,, W) and A = -, we
have an explicit error bound in the following infinite-dimensional version of L1ndeberg—Levy
type limit theorem.
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Theorem 5.5. Let {X1, X2, ...} be a sequence of independent, identically distributed B-valued
random variables with finite first moment on the same probability space. Suppose that X1 has
zero mean and the distribution |ix, has the same covariance function as [z. Then, for any
h € ULip-1(B) associated with fy having the properties as given in (5.2),

E[h(2)] - IE|:h <% éXlﬂ

where M(Z, X1, h) is a constant depending only on Z, X1, and h. In fact,

1
SM(Z, X1, h)—=,
n

7

M(Z,X1,h)=|Dfy IIULip(H,z)IISMIZ< ||K,K{TTK(SM§)(4E[|X1Iil] _ ”Sﬂ'z( ||I2{S(K))}z
4
+ 5 1D il DX 1]

Multivariate normal approximation. Consider the finite-dimensional case: B = R¥ with
k > 2, where || - ||-norm is the Euclidean norm | - | induced by the Euclidean inner product
(-,-), as well as 7z is a non-degenerate multivariate normal distribution in R* with mean zero
and the covariance matrix A. Then A is a non-singular, self-adjoint, and positive-definite k x k
matrix over R. In this case, we set B = K and S/x§ is the mapping on R¥ by Su§ (x) = Ax,

x € R¥. Hence H, = R¥ with | - |,-norm given by |x|, = |\/X717rx| for any x € H, with
r=0,%1,£2,....

Let & be a continuously differentiable function on R¥, denoted by h € C!(R¥), with
I2]luLip < +o0 and (VA uLip < +00, where

IVh(x) — Vh()|
IVhlloup= sup ——r T
x#yeRk lx — yl

Then it follows from (4.6) and (4.25) that
IV fu(x) = V /)| < lIklluiplx — yI, Vx,y e RE.

. -1
Since, for any z € R¥, |1z|| = |z| = |z]-1 < VA lloplzl—2, we see that

v -V ; -
sup PO < VA [V = Vo)

zeRk\ {0} |z]—2

-1

<|VA | iAluLiplx — ]

< VAT Inllouiphs = yla, Va,y € RE,
implying

IDfillvtipey < [VA 2 IklluLip.
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where VA [lop = sup{|{(vA 'z, w)|: |z] = [w]| = 1}. In addition,

[0 filluip <

8\8

® ———35
e t] V27
0/\/761 sdt - |Vh|uLip = —— 7 I VhlluLip,

where the above inequality is obtained by using the formula: for any x, z;, zo € R¥,

R
(szh(x)m,m):/eiidt /(w,zz><Dh(e_’x+v1 — e 2w), z1) pz(dw).
| =)

Therefore, by an immediate application of Theorem 5.5, we conclude the following

Theorem 5.6. (Cf. [5, Theorem 7].) Let {X1, X2, ...} be a sequence of independent, identically
distributed random vectors in R¥. Assume that E[X1] = 0 and E[X1 X {] is a non-singular, self-
adjoint, and positive-definite k x k matrix over R, denoted by A, where X } means the transpose
of X1. Then, for any h € C'(R¥) with I2lluLip < +00 and || VA|luLip < +00, we have

C(X1,A - 2
E[h(2)] - [ (foﬂ ¥max{||¢x 1”§p||h||mp,guwump},

N
where Z is a random vector in R¥, having multivariate normal distribution with zero mean and
the covariance matrix A, and

14
C(X1,A) = {||A||op{Tr<A)(4E[|X1 ] - ||A||%{s)}5 + gE[|X1|3]},

in which Tr(A) = Y 5_| A; j and | All}g = Yi_, Y5 A? ; for A=[A; 1.
A Berry-Esséen type estimate. Let {Z;} be a sequence of independent and identically dis-

tributed real-valued random variables with zero mean. If ]E[Z?] =02 and E[|Z; |3] =p < +o00,
then we can apply the celebrated Berry—Esséen theorem to see that for any a € R,

1 n 1 a 2
Pl1l—) Z,<al]- /e‘h_?dts
(7))

—0o0

0.4784p 1
o3 Jn

As another application of Theorem 5.5, we will establish an analogous of Berry—Esséen type
estimate for Gaussian approximation in abstract Wiener spaces. More precisely, we will obtain
an explicit uniform error bound for

al

1 n
TR

<a}> —nz({x € B; Ix|—2 <a})‘.
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To this end, we proceed along with the idea in proving the Wasserstein bounds imply bounds
with respect to the Kolmogorov distance for univariate normal approximation. See e.g. the proof
of [3, Theorem 3.1 in p. 13]. Fix a decreasing sequence {4, } which approaches zero as n tends to
infinity, and will be specified later. Let w be the cap-shaped function on R, i.e.,

1
o) =kpe =711 (t), tek,

1
where k, = l/f_l1 e 1% ds. For any n € N, set w, (t) = Bia)(g’—’), t eR, and g, = ¢, * wy,
. . . n n
where * is the convolution of functions, and

1, if 1 < 18y,
u(t) =10, ift > 26,
—5r 42, if 38, <1< 38,

It is clear that all of g, are infinitely differentiable functions on R with values in [0, 1]. For

any a € R, set g,.,(t) = g,(t —a), t € R. Then dd’i’;’” =0attela+b,,+00) U (—00,a], and
[ T R [ T (%)’“nflf;’ lloo for any r € N, where || - ||oo denotes the supremum

norm. Define iy, 4 (x) = gn.4(|x|=2), x € B, forany n e Nand a € R.

Notations. For any Gateaux differentiable function f on B and x, y € B, let §f (x; y) denote the
Gateaux derivative of f at x in the direction y; and by induction on r € N, for yy, ..., y,4+1 € B,

8" f(x; yiu ..., yra1) is defined by 8(8” £ (3 yi, .. Y (X5 Yrg1)-

Let n e N, a > 0, and r € N. By a direct computation and using the fact d:lgt';*” lt=0 = 0,
8"hypq(x,y1,...,yr) exists for any x € B and yy, ..., y, € B. Moreover, we have the following
Formulas (1)—(3):

Formula (1).
dens i 4,(r.0.0)£0
Shna(px(r,0,0);y) = ~dr l=6::001 2 ooy 1 ¢ (0.00 20,
0, if ¢, (r,0,0) =0.

Formula (2).

82N a (B (r, 5,0); y, 2)

(3,2) 2l (1,5,0)[2 , — AG>:0 ALS0

|62 (5,001
Ar.s.()Ar,&O

d2 n,a y Z 3
+ %It:lqu(r,x,O)\,zm’ if g (r,s5,0) #0,

0, if ¢, (r,5,0) =0.

dgn.a |
dt 11=1¢x(r,s,0)| 2
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Formula (3).

8 (P (rs,u); v, 2, w)

dgn,a
d’gn.a —ar li=lex (sl _y
( a2 li=1gx (rys,0)] -2 — |¢x(r,s,u)|,2_)
« {(7.2) 2 A"+ w) 2 AT (w,y) 2 AT gy (rs.u) 2, —3AT AL AT
= s (ro5.0) [,
4 Lna) AT AT i G sou) #0
ars N=lexsol2 g G, B AR :
07 if(]ﬁx(r,s,u):O

where ¢, (7, s, u) = x +ry+sz+uw, AS5 = (e (r,5,u), ¥) 2, AT5" = (¢ (r, 5,u),2)_2, and
AlS U = (¢ (r, s, u), w)_ for any (r, s, u)eR3.

Proposition 5.7. Fixn e Nand a > 0. Then h, , € ULip-1(B) and

”hn,a”ULip <o , (5.19)

where Cp y_, is the operator norm of the canonical embedding of B into H_». In addition,
let fp,, be defined as in (4.2). Then fy, , is twice Fréchet differentiable on B, satisfying the
following uniformly Lipschitz conditions: For any x1,x2 € B,

A2 e = £ ()], < ol (5.20)
hna h 2\282 dtz o -4 :
) 2) 270 d3a)
| fo ) = £ 22| g g < 5 “Chu, -3 ||x1—xz||, (5.21)

where fh ) (x) denotes the r-th order Fréchet derivative of f, , at x € B.

Proof. First, it is straightforward by Formulas (1)—-(3) that 6"k, 4(x), r =1,2,3 and x € B, is
r-linear on B with

9 dw
|85, < Chiia| g (5.22)
) , 81 , d*w
||8 hn,a(x’ '7 ) ||B,B* S 8_3 i) W s (523)
n
) . 81| d*w
|(S hpa(x; -, ')‘Hfzﬂfz S 5—3 W , (5.24)
n
3 _ 810 d*o
||8 hn,a(X, Ty Ty ) ||B,L(B,B*) < 8_4CB’H_2 W ) (525)
n o
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where L(B, B*) is the Banach space of all bounded linear operators from B into B* with the
operator norm, and the last three estimates are obtained by using the following two inequalities:

d" gn.a(u) 1
— d+ u
sup du < gn,al( ) r=1,2):
ueR u du™ 00
d n,a
dnalu) 4 gn a(s) 1542 oo
sup =sup|— | (u—s5)——=— < ———
ueR u? ueR u? 2

Let x1, xo € B be arbitrarily given. Then, by (5.22) and the mean-value theorem for differentia-
tion, there is ¢ € (0, 1) such that

|Ana (1) = hpa(x2)| = [8hpa(x2 + 9 (X1 — x2); x1 — x2))|

9

—CB.H,

< lxr — x2]l,
8”

o]

w
dt
which implies (5.19). Next, by (5.22), (5.23), and applying the mean-value theorem for differen-
tiation, f, , is a real-valued Fréchet differentiable function on B. Moreover, for any x, z € B,

oo
(Z,fh(j,)a(x) B.B* //Shna (e'x+V1—e 2y e 'z) uz(dy)dt,
0

and then by (5.24) and applying the mean-value theorem for differentiation,

d’w
dt?

81
5

o
1 1 _
1 A2 e = £ () g e | < 01— xal-alzl-2 [ e,
o
0

which implies (5.20). Similarly, by (5.23), (5.25), and applying the mean-value theorem for dif-
ferentiation, f,( ) is a B*-valued Fréchet differentiable function on B, and, for any x, z1, 22 € B,

f )(x)(m,zz)—//(?hz e 'x+V1—e 2y ez, e ) uz(dy) dt.

Then, by (5.25) and applying the mean-value theorem for differentiation,

d3
d3

810
i(fh(,i)a(xl) - fh(j)a(XZ))(Zl,Zz” 5 —Chu,

oo
_ 731d
IIX1 x2llllztllliz2ll | e dt,
0

which implies (5.21). The proof is complete. O
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Leta > 0 and n € N. Observe that
E[hn,a(Wn)] = / + / + / )hn,a(Wn)dP
{IWp|2<a}  {a<|Wy|-2<a+dn} {IWn|—2Za+36,}

—P({IWal2 <a)) + / i (W) dP,

{a<|Wy|_2<a+d,}

as well as

/hn,a(x) pz(dx) =pz({lxl-2 <a})+ / B (x) pz(dx).
B {a<lx|_2<a+é,)

IfP{|W,l-2 <a}) —uz({x € B; |x|—3 <a}) =0, then we have
[P({[IWal-2 < a}) — uz({x € B; Ix|—2 < a})|

< 'E[h,,,,,<wn>] ~ [ hmatruzian)

+ / Jin () (). (5.26)

{a—én<|x|—2<a+dn}
IEP{|Wyl=2 <a}) — uz({x € B; |x|—2 <a}) <0, it follows from
E[1 g, (W)] = P({IWal 2 > a}) + f (1= hn a5, (W) dP.
{a—8,<|Wy|2<a}

and

[ =has@uz@0=pz(xia=a)+ [ (s, @)z,

B {a—8,<|x|2<a}
that

[P({IWal-2 < a}) = pnz({x € B; Ix|2 < a})|
=P({IWal-2 > a}) — nz({x € B; Ix|-2 > a})

< ‘E[hn,a_an(wn)] - / s, (X) iz (dx)
B

+ / (1= hpa—s, (x)) 1z (dx). (5.27)

{a—0n<|x|2<a+8,}
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Combining (5.26) with (5.27) yields that

1P({IWnl 2 <a)) — uz({x € B; 1x| 2 <a))]

< sup +uz({x € B; x|z €la—84,a+68,1})

beR

E.5(Wy)] f T () p2(d)
B

< sup
b>0

E[hnp(Wn)] —fhn,b(x),uz(dX)
B

+2uz({x € B; Ix|-2 €10,8,1}) + uz({x € B; Ix|-2 €la — 8y, a+8,1}),  (5.28)

where the last inequality is obtained by the fact 0 < hy p < b0 < 1 for any b < 0. For any

E € B(H_5), set u?‘z (E) =pnz(EN B). Then ué"z is a Gaussian measure on H_; with mean
zero, and, forany n e Nand o < 8 in R,

g ({x € Hoos Ixl—2 € o B1}) = ez ({x € B: Ixl2 € [, B1}).

By [16, Lemma 2.1], there exists a constant C;,, > 0 such that

nz({x € B; x|z €0, B1}) < Cuy (B—a), Va <B,

whence, by applying such an inequality to (5.28), we see that for any a > 0,

[P({IWal-2 <a}) = nz({x € B: 1xI2 <a})|

Ehy (W)] — / i () 12(dx)
B

< sup
b>0

+4C,, 6. (5.29)
Set §, = %\/ﬁ By applying Theorem 5.5 and Proposition 5.7 to (5.29), we conclude the following

Theorem 5.8. Let {X1, X», ...} be a sequence of independent, identically distributed B-valued
random variables with finite first moment on the probability space (§2, P). Suppose that X| has
zero mean and the distribution [vx, has the same covariance function as 7. Then, for any n € N
and a > 0,

al

where M(Z, X1) is a constant depending only on Z and X . In fact,

J

4
x {nsﬂg Ik Trx (S, (E[1X1 1] = 18,5 is) + SELIX, ||3]} +4Cy,.

1
<M(Z, Xl)Tn’

. < a}) —nz({x € B |x|2 <a})

1 n
Jr X

o

81| d?
M(Z,Xl):max{27OC%’H2 e H 2

o 2| di?
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Remark 5.9. Note that the covariance operator of /,L;L is Si,(. From the proof of [16,
z

Lemma 2.1], such a constant C,,, can be taken to be

Lo+ — )1+ 18 s
T kjikjkjs nz THSUOD
where kj,, kj,, kj; are any three eigenvalues of § k-
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