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Let ¢: % — % be a morphism of finite type between locally Noetherian schemes
whose fibers have bounded dimensions. Given concretely a residual complex on %,
we construct canonically a concrete residual complex on cY. © 2000 Academic Press

1. OVERVIEW OF CONSTRUCTIONS

We are seeking an explicit construction of residual complexes on a
scheme. Since residual complexes are built up by injective hulls of residue
fields of all points on the scheme, we need a model for injective hulls of
the residue field of each point in order to explicitly describe the cobound-
ary maps of residual complexes. Let ¢: % — % be a morphism of finite
type between locally Noetherian schemes whose fibers have bounded di-
mensions. Given an injective hull M(p) of the residue field «(p) of each
point p in % and a residual complex .#* on % — with additional information
that how .#* is built up by the M (p)’s, we succeed in explicitly constructing
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a residual complex .3, on % — with additional information that how .5, is
built up by some injective hulls canonically constructed from the M(p)’s.
In particular, for % being the spectrum of Z or of a field on which a canon-
ical residual complex exists, we obtain a canonical residual complex on %
explicitly. Due to the non-uniqueness nature of injective hulls, what we
construct is not a functor of residual complexes! However our construction
can still be regarded as a concrete realization of the functor ¢' of resid-
ual complexes as defined in [4, Chap. VI, Sect. 3] with finer information.
Works of related interest are [17] of Sastry and [20, 19] of Yekutielli.

Residues are indispensable for understanding Grothendieck duality the-
ory. There are cohomology residues developed by Lipman et al. (cf. [11,
12, 10, 8, 9, 7]) and residues of differential forms of local fields developed
by Parshin et al. (cf. [15, 16, 13, 1, 20]). These residues not only provide
tools for understanding Grothendieck duality theory from different angles
but also show the richness of the theory. In this article, we will use only
the (local cohomology) residue maps for power series rings [6, Chap. 5] to
construct residual complexes.

Let % be a locally Noetherian scheme possessing a residual complex .,
that is, a complex of quasi-coherent injective @,,-modules, bounded below,
with coherent cohomology sheaves, and such that there is an isomorphism

D" = DI,

neZ pe¥

where J(p) is the quasi-coherent @,-module which is the constant sheaf
M(p), a given injective hull of the residue field x(p) over the local ring
Gy, ON {p}~, and O elsewhere [4, p. 304]. The existence of a residual
complex gives some constraints on %. For example, the sections on any
affine open subset of & form a universally catenary ring [4]. The residual
complex * determines a codimension function A.,: % — Z, that is, a
function A, (q) = A, () + 1 for every immediate specialization g of p, such
that

M~ P J(v) 1)

Ay (p)=n

(see [4]).

Given a morphism ¢: % — % of finite type and a point %5 in %, let p
be the image of 8 under ¢ and let x(p) (resp. «(*B)) be the residue field
of @, (resp. @, ). In Section 2, we will give a functor from the category
of injective hul?s of k(p) (as @, ,-modules) to the category of injective
hulls of «(*¥) (as @, ¢-modules). This functor is essentially the same as
that constructed in [6]. Given an injective hull M(p) of x(p), applying this
functor we get an injective hull of k(%) which we denote by M., ().

Note that there is a natural defined codimension function A, ., on %,
given by

Ay (p) = Ay (¥) + transcendence degree of «($)/x(p). 2
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(cf. [4, Chap. V, Corollary 8.4]). If : Z — % is a morphism of finite type,
the codimension function A, on Z defined by

Ay e (B(P)) = Ay (P) + transcendence degree of «(2)/k (¥ (%)),

for € Z, is the same as A .. So we will simply write A, for A, ..
Assume furthermore that the dimensions of the fibers of ¢ are bounded.
Fix an isomorphism (1) for each n € Z, in this article we give an explicit
construction of a residual complex on %. Our construction provides finer
information of the functor ¢' of residual complexes as defined in [4, Chap.
VI, Sect. 3]. For example, we are able to answer the following question.

QUESTION 1.1.  For any point %8 in Y, denote by J(¥3) the quasi-coherent
@.-module which is the constant sheaf M., () on {¥}~, and 0 elsewhere.
How do we define morphism M.,(¥) — M.,(Q) for each pair of points
and L in %Y so that the induced chain of ©,,-modules

o B I B I

Ay(®)=n Ay (Q)=n+1
is a residual complex?

The answer to this question is not obvious even for % = Spec R and % =
Spec R[ X]! Our method to construct residual complexes is down to earth in
the sense that it does not involve derived categories and that commutativity
of most diagrams is checked directly by chasing the images of elements
under various natural maps.

Without loss of generality, we assume that

M= P ()

Ay (p)=n

throughout this article. We now sketch our construction in the affine case
based on which the global construction is patched. Assume % = SpecR,
%Y = Spec S, and J°* is the sheafification of the complex M* of R-modules
of the form

e Mm-S @ Mo @®)

A(p)=n A(q)=n+1

By our assumption, there exist elements x4, ..., x,, in S such that the R-
linear map R[X,,..., X,] — S sending X; to x; is surjective. We will
construct a residual complex M5 on Spec R[X] (or on R[X] by abus-
ing the notation) from M* and construct a residual complex M%  y on
R[X3, ..., X,] inductively on n from M*. We will then construct a re5|dual
complex Mg, . onS by taklng a subcomplex of M5,
to Homgpy, . x,1(S, Mk,

,,,,,

.....
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form M5 .. . . we obtain a residual complex Mg, on S independent of
the choice of x4, ..., x,.

Before giving more details on M5, we recall some facts about prime ide-
als of R[X]. Let p be a prime ideal of R and «(p) be the residue field of
R,. The prime ideals of R[X] lying over p correspond to the prime ide-
als of x(p)[X]. So every irreducible polynomial in x(»)[X] determines a
prime ideal of R[X] lying over p. Such prime ideals are exactly those which
lie over p and are immediate specializations of pR[X]. If q is an immedi-
ate specialization of p, then qR[X] is also an immediate specialization of
PR[X]. Let 3 (resp. ) be a prime ideal of R[X] lying over p (resp. g) but
not equal to pR[X] (resp. gR[X]). If £ contains %, then £ is an imme-
diate specialization of %, since (R/p),,,[X] has Krull dimension two. It is
also clear that neither %5 contains qR[X] nor qR[X] contains 3. Note that
3 may be contained in none of the prime ideals of R[X] which lie over q.
It may also exist an immediate specialization v of g such that tR[X] is an
immediate specialization of 5. In our assumption R is universally catenary.
If tR[X] contains %3, then rR[X] is an immediate specialization of 3.

For each prime ideal p of R and each prime ideal ¥ of R[X] lying over
», we define

QR[X]DR[X]/RU ®Rp M(p), if B =pR[X]
Hy(Qpixy r, ©r, M(0)), i B #pR[X],

where QR[X]uR[X]/RU (resp. QR[Xh:/Rp) is the module of Kahler differentials of
R[X],gpx; (resp. R[X]y) over R, and Hi(—) is the first local conomology
functor supported on ¥R[X]y;. We denote by A the codimension function
Agpec g Characterized as in (1). Note that My (%) is an injective hull of «(%)
(cf. [6, Proposition 3.8]). We will construct in Section 3 canonically a short
exact sequence

My (%) =

iy DSprrx

0 — Qgixyr ®r M(P) —— Mx(pR[X]) —E &My () —0

of R[X]-modules, where Qg x)/r is the module of Kahler differentials of

R[X] over R and ¥ ranges over the prime ideals of R[X] lying over p

but not equal to pR[X]. Taking the direct sum of the above short exact

sequences for all prime ideals p of R with A(p) = n, we get another short
exact sequence

PRIX]R

Diy, @6 X
0 — Qppxyr ®r M" —= @My (PR[X]) —— @My () — 0 . (4)

For prime ideals p and g with A(q) = A(p) + 1, we will construct in Sec-
tion 4 canonically an R[ X ]-linear map

Surix1arix]: Mx(PR[X]) — My (aR[X])

such that the diagram
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i,

Qrpxyr ®r M(D) My (PR[X])
188, , OpR[X,aR[X]
Qprxyr ®r M(a) 3 My (aR[X])

is commutative, where &, , is the R-linear map M(p) — M(q) in the com-
plex (3). Taking the direct sum of the above diagram over all prime ideals p
and q of R with A(p) = A(q) — 1 = n, we get another commutative diagram

®i,

Qpixyyr ®r M" D Mx(pR[X])
18" DOyR[x].aRX]
Qrixy/r ®r Mt i, D Mx(aR[X])
which induces canonically an R[ X ]-linear map
Sp.0f My(B) > My (Q)

for each pair of prime ideals %5 and £ of R[X] lying over p and q but not
equal to pR[X] and qR[X], respectively, such that the diagram

®i, @ Y "
0 — Qgpxyr ®r M" —~ &My (pR[X]) — SMy(¥) —0
18" Dy r1x].aR(X] —®dy 0 5)
0— QR[X]/R ®R M'l+l Qth) @MX(C[R[X]) m @MX(Q) —0

is commutative.
The composition of ©3,zx] qrx) followed by @8, g[x1,rx) IN general is
not zero. To correct this defect, we define an R[X]-linear map

O RIX] My (B) — My (xR[X])

for each prime ideal 8 of R[X] lying over p but not equal to pR[X] and
each prime ideal v of R[X] with A(r) = A(p) + 2 such that the diagram

EBSuk[)(],*l\‘ \
OMy(PR[X]) ———— &My (%)

DOpRX],aR(X]

©My (aR[X]) (6)

DO4RX].1RIX]

O&My(tR[X])

is commutative, where the sums range over all prime ideals p, q, v with
A(p) =n, A(q) =n+1, A(r) = n+ 2 and all prime ideals % lying over p
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but not equal to pR[ X ]. The existence and uniqueness of the map ®8y; x|
follows from the exact sequence (4) and from the fact that Qg x)z ®g M*
is a complex.

Let

My = (&Mx(aR[X])) D (®Mx (%)) ,

where g ranging over all primes of R with A(q) = n+ 1 and ¥ ranging
over all primes of R[X] with ACK N R) = n but B # (P N R)R[X]. From
our construction, the maps 65 4, %, @ € Spec R[X], give rise to a complex
M5 on R[X]. The maps i, give rise to a canonical R[X]-linear map of
complexes

Qrpxyr ®r M* — My[-1]

which can be checked to be a quasi-isomorphism directly by diagram chas-
ing. Therefore M5 has finitely generated cohomology and hence is a resid-
ual complex on R[X].

We will use the following conventions and notation: X, X, X,, ..., Y, Y3,
Y,, ... denote variables and %, %, ... denote schemes. p, g, r denote prime
ideals of a base ring or points in a base scheme; g (resp. r) is assumed to be
an immediately specialization of p (resp. q); 5, By, By, ... (resp. Q, Oy,
Ly, ...) denote some prime ideals or points lying over p (resp a); 9P, @,
.. denote arbitrary prime ideals or points, not necessary those prime ideals
lying over p or q. When we consider a ring homomorphism ¢: R — §, an
element @ in R will also denote its image ¢(a) in S by abusing the notation.

2. CONSTRUCTION OF INJECTIVE HULLS

Let R be a Noetherian ring and ¥y be a prime ideal of R[X] :=
R[X,..., X,] and p be the contraction of ¥y in R. The module of
Kéhler differentials (QR[X]‘KX/Ru’d) of R[X]g, over R, is free with ba-
sis dXy,...,dX,. For an injective hull M(p) of k(p), we define an
R[X]y, -module

det\BXM(p) = (/\nQR[X]\;\\X/RD) ®R“ M(p)

which is isomorphic to R[X]y, ®g M(p) non-canonically. The R[X]y -
module

HyP (dety M(p)) := HY (dety, M(p))

is an injective hull of k(*By) [6, Proposition 3.8], where ¢ is the relative di-
mension of R[X]y over R, and Hﬁx(—) is the ¢th local cohomology functor
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supported on Py R[X]y . Elements in Hg)f(detﬁx M (p)) can be described
using generalized fractions [6, 2.1 and 2.2] or [11, Sect. 7]
[ kdX,---dX,®a«a }
fi,oos fo ’

where a« € M(p) fi, ..., f, € R[X]y, is a relative system of parameters of
R[X]y, over Ry, and k is an element in R[X]y . If £ is a positive number,
we may assume that k, fi, ..., f, € R[X] by changing k and the relative
system of parameters fi, ..., f,. Generalized fractions have the following
properties:

Property 2.1 (linearity law). For w,,w, € dety M(p) and ki, k, €

R[X]*Bx’
klwl + kzwz :| |: (OF] i| |: [OF) :|
=k +k .
|: fl7"'>f6 ! fl7"'5fé 2 f15"'7f£
Property 2.2 (vanishing law) [6, 2.3.i] or [11, 7.2.a]. Assume that ¢ > 0.

For w € dety, M(p),
w
=0
|: fioos e j|

if and only if (f,--- f,)'w € (7, ..., f") dety M (p) for some s > 0.

In particular, forany 1 <i < ¢,

[ flfw £ =0

If ¢ is positive, gy, ..., g € R[X]y,, and g; is a unit for some i, we define

|: @ =0.
8155 8¢ h

Property 2.3 (transformation law) [6, 2.3.ii] or [11, 7.2.b]. For relative
system of parameters fj, ..., f; of R[X]y, over R, and w € dety M(p),

AR !

if ff =Y igr;f;fori=1,...,¢

Let S be an R-algebra and 8 be a prime ideal of S lying over a prime
ideal p of R. Assume that there exist elements x4, ..., x,, in S such that the
R-linear map R[X] — § sending X; to x; induces a surjection R[X ]y —
Sy, where %3y is the preimage of %8 in R[X]. The functor Hompgxj, (S —)
from the category of R[X]y, -modules to the category of Syi-modules pre-
serves injective hulls of the residue fields.
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DEFINITION 2.4. Mgp., . (%) is defined as the subset of HS p(det%
M(p)) consisting of all elements annihilated by the kernel of “the R-
linear map R[X]y, — Sy sending X; to x;. The Sy-module structure on
Mg, p.y,. ..., (%) is given via the canonical R[X]y, -isomorphism

My, s, (F) = Homyg, Sy, Higr (dety M(0)))

We will write M, . (¥) for M., . (%) if itis clear from the context

.....

that we are working on the R-algebra S. Note that

My (¥x) = Hy (dety M(p)).

As an injective hull of k(*8x), every element of My(*8yx) is annihilated
by a power of RxR[X]y, (see, for example, [14, Theorem 18.4]). Given
w € My(Ry) and f € R[X]3,, the R[X]3 -module structure on My (%) is
defined by

fo = fo,

where f € R[X]y, is chosen such that f—fe %‘QR[X]QSX for some m € N
with Y R[X]y, @ = 0.

Let R[X,Y]:=R[X,,..., X,,Y,..., Y, ] > S be an R-linear map ex-
tending R[X] — S. Denote by ¥y y the preimage of ¥ in R[X,Y]. The
induced map R[X, Y]y, , — Sy is still surjective. The canonical isomor-
phisms

dety, M(p) = (A" Qrix, vy, RIXl, ) ORIX], (dety, M(p))
and
Hy, (dety, My(%))
SHy! <(/\mQR[x,Yh:X_Y/R[xh:X) ®Rx}y, (dety M (P)))
[6, (2.5) and (2.6)] give rise to a canonical isomorphism

Hy? (dety,, My(%x))>My v (¥x.v) @)

explicitly described by generalized fractions:

dX, ---dX
de1~~-de®[ L "?a }
19°+5J¢

(Yl - gl)i1’ tee (Ym - gm)im
. [ kdY,---dY,dX, --dX,®« ‘ :|
(Yr =80 oy (Vi — &)™, h NS A
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where k € R[X, Y]*Bx,y and g, ..., g, are elements in R[X]y, mapping to
the images of Y3, ..., Y,, in Sy, respectively. Note that Y; — g;,...,Y,, —
g, 1S a regular system of parameters of R[X, Y]y . (resp. R[X, Y]% )
over R[X]sg, (resp R[X]3,)- Note also that the unlversal separated dlf-
ferential module QR X Y1, /RIXE, of R[X, Y]% over R[X]3, is free with
basis dYy,...,dY,,. We define a bljectlve map

Hyy (dety, My (8x))

_)H‘l\ (A" QR[x Y]lXY/R[X]Q;X@aR[X]QXMx(%x))

by
dX, --dX
de1-~-de®|: L "?a]
]

(Yl - gl)il’ s (Ym - gm)im

dX;---dX
delde®|: 1]1 nl(zgajl
105 Je

(Yl - gl)i17 ] (Ym - gm)lm
The canonical map
H\i?xy(/\mQR[X,Y]Q\\X’Y/R[X]Q\\X ® Mx(¥x)) — Mx(¥x)

defined to be the residue map, in the sense of [6, Chap. V] for the power
series ring R[X, Y]  over R[X]y , has the form:
For k € R[X]y,,

dX, --dX
de1-~-de®[ ) "?a}
R /]

(Yl - gl)il’ LR} (Ym - gm)lm
kdX, ---dX,®a o .
0, otherwise.
We now define a map, still called residue map in this article,
rest My v(Bx,y) = Mx(Bx) ©)

so that the diagram
top (de%w My(By)) — My v(Bx.v)

| -

Hy, (N Qgixvy | srixig, © Mx(Bx)) My (¥x)
is commutative.
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Property 2.5 (transitivity law). For variables X, Y, Z, the diagram

MX,Y,Z(SBX,Y,Z)

res
res |

MX,Y(EBX,Y) res MX(%X)
is commutative.

The transitivity law can be easily verified using the following formula: For
k e R[X]\Bx’

[ kdY,---dY,dX,---dX, ® « ]
res A _
(Y1 = )5, ooy (Yo — o) £, £
= J1 Je ) if iy = =i,
1o5J¢
0, otherwise.

The above formula determines the residue map (8) since every element in
My v (Bx_y) is a finite sum of elements of the form

[ kdY,---dY,dX, - dX,® o ]
(Vi =)o (V= g) il ]

where k € R[X]y, . Denote by HomR[x (R[X, Y]%XY My (Bx)) (resp.
HomR (R[X Y]mXY,Mx(sl%x))) the R[X Y]% (resp. R[X, Y]y, )-
module con5|st|ng of all continuous homomorphlsms from R[X, Y]%

(resp. R[X, Y]%XY) to My (*By) (that is, the homomorphisms annihilated by
some power of Ly y). Using the local duality [6, Theorem 5.9]

I'IJJE'X,Y(/\mﬁiz[x,\(]@w/R[x]@X ® My (¥x))
= Homyp (RIX, Y1, Mx(¥x))
and the canonical isomorphism
HomR[x (R[X Y]\B Mx(%x))_sHomgz[x]%x (R[X, Y]*Jsx,ya My ($x)),
we define
My v(Bx.v) = HomR (R[X Yh\xy, My ($x)) ©

to be the isomorphism which makes the diagram
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\tl?p (dety, , Mx(¥x)) My v (¥x,v)

Hy (/\mQR[X,Y]Q\\X’Y /R[X]g, ® Mx($x))

Hom%[X]@X(R[X, Y1y Mx(Bx)) — HomGg (RIX, Yy, ,» Mx(¥x))

commutative. In terms of the residue map, the map (9) sends each element
o in My y(*¥x v) to the continuous homomorphism f > res(fw).

Denote by y := y,...,y, the images of Y;,...,Y,, in S. Using the
canonical isomorphism

Hompgx, Yy (S%, HomR (X (R[X, Yh\wa Mx(%¥x)))
—’HomR (S* » Mx($x))
[6, 4.4., iii], we define
st M(R) — M, (R)
to be the isomorphism which makes the diagram
HomR[X}BX (Sy> Mx(¥x)) M, (%)

Homg(x v}, (S‘lsa HomR (R[X, Yh'ex,y, My (¥x))) res™!

HOoMEx, v, , (S My y(Bxy)) — My (%)

commutative. The notation “res~” is justified by the fact that the inverse
of res™ is the restriction of the residue map My y(Rxy) = Mx(®¥x) to
Mx,y(%)' .

For elements x4, ..., x,, € S, we define %5, to be R[x,, ..., x,]NL. Con-
sider the directed set

jS/R,‘B = {X|X: {xl, ...,xn} - S, R[xl, ...,xnh{x = S\B}

with the order defined by inclusion. For each x in .7, ¢, we choose vari-
ables X and define M, (%) as above. Using the transitivity law (2.5), it is
easy to see that the system {M, (%)} of Sy;-modules is compatible with the
isomorphisms res.
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DEFINITION 2.6.  Mg/r(*) := lim M, ,(%).

The canonical map Mg (%) — Mgr(*¥) is an isomorphism. Therefore
Mg,r(*) is an injective hull of x(%8). Note also that not only any two direct
limits (objects with the universal property) are canonically isomorphic, there
is also a canonical choice among all direct limits. M, (%) is defined as the
one canonically chosen as done for example in [6, p. 32].

Let % and % be locally Noetherian schemes and ¢: % — % be a mor-
phism of finite type. Given a point %3 in %, we denote by p its image under
¢. Let M(p) be an injective hull of «(p), we want to define canonically an
injective hull of kx(%3). Consider the directed set

Iy =1V, U) B eV, ¢(V) S U}
of affine open subsets I of % and U of % with the order defined by
W, U) <(V,,U,) ifandonlyif V; 2V, and U; 2 U,.

Let (V3,U;) and (V,,U,) be elements in f, . o with (V3,U;) <
(V,, Uy). Given x in IrW,0,)/T (U, 0,),% We denote by X the restrictions
of x in T'(V;, @), then X is in Ir,,0,)/1(U,,6,)%- SO We may define
MF(Vl,%)/F(U1,@z,,),x(33)’ as well as MF(Vz,@,,)/r(uz,@g,,),x(%)- Let X (resp. X) be
variables chosen for the elements x (resp. X). Let 3y (resp. Bx) be the
preimage of ¥ under the canonical map I'(Uy, @, )[X] — T'(V3, @) (resp.
L(U,, @,)[X] — [ (V;, @,)) sending X; (resp. X;) to x; (resp. X,). There is
a bijective map

Lut My, o,)x1mwy,e)x(Bx) = Mrw,,e,)x)rw,.0,),x(¥x)

given by
[ kdX,---dX,® a } o [ kdX,---dX,®a }
fl?"'>f£ fla---afl ’
where k, f,, ..., f, are the images of k, fi, ..., f, under the canonical iso-
morphism

LUy, @) [X]y, = T(Uy, )Xy

Given an element g in I'(Uy, @,)[X]§ . let g be the image of g under the
canonical isomorphism

1—‘(Ula @X)[X]K\BX - F(UZa @J)[X]‘/\Bya

it is easy to see that

e < [kXm---anQbaD__(g‘ |:kdX1~-~dX,,®oz:|>
x & flw-wf( =8 x fla""fi '
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The restriction of the map ¢y, to MF(Vl,@y)/F(Ul,@;,,),x(g’B) has image equal
to MF(VZ,@//)/F(UZ)@,’{)X(‘B). So we get a map

My, 6, rw,.0,)x(R) = Mra, 0,)rw,.0,)x(8) (10)

which is easily seen to be an @, y-isomorphism. The isomorphisms (10) for
different X € Jr,, 6,)/T(Uy.6,).% are compatible with the residue maps in the
following sense: Given x and y in 1, ¢ 0,)/T(Uy,6,).% with x <y, the diagram

Mr,60,)my0,)xXB) — Mr,6,)rw,.0,)3(%)
res—! res—!

Mr,0,)rw,e,),yB) = Mrw,e,)rw,.0,)5(F)

is commutative, where X (resp. y) are the restrictions of x (resp. y) in
['(V,, @,,). Therefore the isomorphism

My, mwre,)(R) = Mrw,,e,)mw,.e,) (%)
defined as the map making the diagram

My ;60,1 wy0,)xXB) — Mrw, 6,)m,.0,)3(%)

Mr,0,)mwye,)(B) = Mray,0,)mw,,0,) (%)

commutative is independent of the choice of x € Irw.0,)r(Uy0,).% Let
(V3, Us) be an element in 7%, ., y With (5, Up) < (V3, Us). It is easy to see
that the maps defined above form a commutative diagram

M0, w0, (R) — My, e,)mw,.0,)(B)

My, 0,)rws,e,)(R)-
DEFINITION 2.7.  My(%) := Ii_r)’n MF(V,,%)/F(U,,@)(%)-

The canonical map My, ¢ 6,)/T(U,, 0,)(¥) — M, (%) is an isomorphism.
Therefore M, (%) is an injective hull of «(*). Note that M. (*¥) depends
only on M(p) and the morphism ¢.
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3. CONSTRUCTIONS OF i, AND 0gx%

The maps which we are going to construct in this section are trivial in
formalism. Let p be a prime ideal of R and let M (p) be an injective hull of

k().
DEFINITION 3.1. The map
iy: Qprpyyr @r M(P) = Qg ok, Or, M(P)

is defined as the identity map 1, tensorized by the functorial map

QR[X]/R g QR[X]DR[X]/RD~
THEOREM 3.2.  The map i, is injective.

Proof. Assume that X* dX @ a,+ -+ X dX Q@ a; +dX ® oy (e; €
M(p)) is in the kernel of i, (that is, it is annihilated by an element a, X' +
<-4 ay € R[X]\ pPR[X]). In terms of system of equations in M(p),

a, 0 o --- 0 0
a,_, a o --- 0 0
. a,_, a, ... 0 0

. S . . a, 0
ay a, . ceeay 0 Qg q _ 0
0 ag a, -+ a,_, a : I
9 0 flo el ‘atfl a 0
0 0 0 - ag a
0 0 o --- 0 ag

Assume that a; ¢ p and a; € p for j > i. Using row operations, we get

00 -0 0

a; 0 0 0 N 0
s

0 fli,l 0 0 oy, 0

0 0 a;, . 0 '

0 0 0 a;, g 0

00 -0 0

for some units g; ; in R,. Therefore

XdXQa,+- +XdXQa;+dX ® oy =0.
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DEFINITION 3.3. (cf. [2, 1.1.2.]). Let ¥ be a prime ideal of R[X] lying
over p but not equal to pR[X]. Define the map

Sprix1%: QRIX], /R, O, M(0) = Hy(Qpixy, -, ©r, M (D))
by
kdX ® a i|

k
BDR[X],QS <?dX®a> = |: f
for all k € R[X], f € RIX]\PR[X], and a € M(p). Define

Burpx 1 R, y/R, B, M(P) = OHy(Qpixy, g, O, M(1))

by 8,rx] = ©Syrpx],, Where % ranges over the prime ideals of R[X] lying
over p but not equal to pR[X].

Itis easy to check that &,z ¢ is Well-defined using the linearity law (2.1)
and transformation law (2.3). We leave the details to the reader. The fact
that 6, z(x is well-defined follows from the next proposition which provides
“Cousin data” for elements in QR[X]W(]/Rp ®g, M(p) and can be viewed as
a generalized version of the decomposition into partial fractions. It is also
easy to see that o,z 0, = 0.

PROPOSITION 3.4.  Every element in QR[X]J;R[X] /R, ®r, M(p) of the form
(k/f)dX ® a, where a € M(p), k € R[X], and f € R[X]\ pR[X], can be
written as

k k kg
?dX(X)a:kodX®a0+?ldX®a1+-~-+—°dX®as
1

for some a; € M(p) and k;, f; € R[X] satisfying the following conditions:

e degk; < deg f;.

o The leading coefficient of f; is not in p.

e The image of f; in k(p)[X] is a power of an irreducible polynomial.

s The images of f; and f; in k(p)[X] are relatively prime if i # j.
Since (lR[X]pR[X]/Rp is free of rank 1 with generator dX, the proposition is a
direct consequence of the following two lemmas.

LemMA 3.5. Let k € R[X], f, fi, fo € R[X]\ pR[X], and a € M(p).
Assume f — fif, € pR[X] and the images of f, f, in k(p)[X] are relatively
prime. Then there exist ki, k, € R[X], r € R\ b, and n € N such that

k kl o k2 o
—®a=teS4+2e-
f v T 2 T

in R[X],rix) ®r, M(p).
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Proof. There exists n € N such that p"«a = 0. Since (f — f1f2)" ® @ =0,
(fif2)" ® @

= (D) s s = ()t carsi (M) ) wa

and hence
k
— ® o

f
_ kAR
T FhRy S
_ (DGR = Q) uf) 2+ + (“1 () K
(f1f2)"
So we may assume f = f;f,. Choose h, h, € R[X] and r € R\ p such that

hifi + hyf, —r € PRIX],

R a.

then
Kufythafy=r)" @ o
f1fe rt
Hence there exist k4, k, € R[X] such that
Kooz K ® = 2 (kl k2>®3.
f fifa ho fa
|

Here is a special case: For any k € R[X], f € R[X]\ pR[X], and « €
M(p), choose f; € R[X]\ pR[X] whose leading coefficient is not in p such
that f — f; € pR[X]. Then applying the above lemma for f, = 1, there exist
kq,k, € R[X] and r € R\ p such that

k kq
- Qa=— ® + k ®
f fi ‘

LEMMA 3.6. Let k, f € R[X] and a € M(p). Assume that the leading

coefficient of f is not in p. Then there exist k', k" € R[X ], r € R\ p such that
a kK«

K oa=ke® —+ e
P oa= P el
f f

in R[X],grix) ®r, M(p) and degk” < deg f.

The lemma is proved by induction on the degree of k. We leave the details
to the reader. Another main result in this section is as follows.
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THEOREM 3.7.  The map O, x is surjective with kernel equal to the image
of iy.

Proof.  Let %5 be a prime ideal of R[X] lying over p but not equal to
PR[X]. Any element in H\i‘(QR[X]\E/RD ®g, M(p)) can be written as a sum
of elements of the form

|:kd)§c®a}

for some a € M(p), k € R[X], and f € R[X]\ pR[X]. Choose k;, f;, and
«a; as in Proposition 3.4 such that

k k k
—dX @a=kodX @ ag+ —dX @ a; + - + —dX ®

f fl s

in Qrxy gk, ®r, M(0). I fi & B, then 6, p1x1 w((k;/f})dX ® a;) = 0.
Assume that

[k¢§®a}#a

Then % contains exactly one of f;, say f;, and

k k
8pR[X] (f_idX ® al) = apR[X],\E <?i-dX ® a1>

= SyR[x)% <;dX ® a1>
| kdX ®a
-5 )
whence the surjectivity. The kernel of 5,z is equal to the image of i, by
Proposition 3.4 and the following lemma. 1§
LemMA 3.8. Given k;, f € R[X] and o; € M(p). Assume that
e degk; < degf;
e the leading coefficient of f is not in p; and
e the image of f in k(p)[X] is a power of an irreducible polynomial.

Let B be the unique prime ideal of R[X] lying over p and containing f. If
Sprix) e (2(ki/f)dX ® ;) =0, then 3 (k;/f)dX ® a; = 0.

Proof. By the vanishing law (2.2),
Ykif'dX ®a; € fs+lQR[X]1{/R“ ®r, M(p)
for some s > 0, equivalently

Y kif*®a; € fTR[X]y ®g, M(D).
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R[X]y is a localization of R,[X], so there exists &7 € R[X]\ *¥ such that
Y hk;f* ®a; € fTR[X] ®r, M(p).
The images of f and & in k(p)[X] are relatively prime, so the map
. k(IX] K(p)[X]
Mh 25t 7 1 )
fr@IX] fe)[X]
multiplication by #, is an isomorphism. By Nakayama’s lemma, the map
. RX] R,[X]
M- s+1R X - s+1R X
FUERX]  fPR[X]
is also an isomorphism. Hence so is the map
Ryl X1®p M(p)  R,[X]®g M)
FHIR[X] @ M(p) TR [X]®g M(p)

Moy
Therefore
Y kiff ®a; e fR,[X] ®r, M(p).

Since degk;f* < deg f*** for each i, " k,f* ® «; vanishes in R [X] ®r,
M(p). In the localization R[X ] rx) ®r, M(p) of R,[X]®g M (D),

ki kifs
Z?®aizzfs+1®ai207

and therefore Y (k;/f)dX ® a¢; =0. 1

4. CONSTRUCTIONS OF 8, z1x1.arix]s Ox.c0 AND 8y rix)

In this section, we will construct coboundary maps which are not trivial
in formalism.

PROPOSITION 4.1. Let R be a Noetherian ring and o be an immediate
specialization of p in Spec R. Then, for any n € N and f € R[X]\ pR[X],
there exist a € q\'p, § € R[X](px) and h € R[X]{px) \ aR[X (g x| such
that fg — ah € p"R[X ] x)-

Proof. Lety;Nr,N--- be aprimary decomposition of pRy and p; be the
associated prime of ;. Since the image of any non-zero element of (R/p),
in (R/p)g is a non-zero-divisor, all p;’s are minimal over pR} and the image
f of fin (R;/p;)[X] is not zero. By Cohen’s structure theorem, for each
p; there exist a complete regular local ring 4; € R;/p; and a; € g\ p; such
that R} /p; is finite over 4; and the maximal ideal ni; of A4; is generated by
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the image @, of a;. The ring (R} /p; )[X] is finite over A4;[X], so there exist
Rigs oo hig g, R e, J[X] with 7, . # 0 such that

i,s;
=5 = =51 - - =
frthiof 4 thigaf+h, =0

in (R} /p;)[X]. The polynomial h “can be written as @, i, s, for some hl 5
A; [X]\m ;[X] and n; > 0. So we can find h,l,... h;s € R3[X] W|th
hi, ¢ aR;[X] such that

it hafst 4+ hisof + a?ihi,s,- € p;Ry[X].
By raising to suitable power if necessary, we may assume
frt b f T 4 by o f +a) by, € GRI[X,
for each i. Multiply the above element for various i, we get
PHhf ™+t by f +aghy € (ty N N - )RX] = pRI[X],

for some ag € q\ p, hy, ..., by € RY[X], and Ay € RY[X]\ qR[X]. Rais-
ing to the nth power, we may assume

4 f ™ 4+ ho o f + aghg € V"R)[X].

Let a := —ay and g (resp. k) be the image of f$~ 1+ h fs24... + hs 1
(resp. Ahy) in R[X] qr(x): then h & qR[X]qR[X and fg —ah € p”R[X]qR
|

Now we can talk about “division.”

DEerFINITION 4.2. Let R be a Noetherian ring, g be an immediate spe-
cialization of p in SpecR, M(q) (resp. M(p)) be an injective hull of x(q)
(resp. k(p)), and 8, ,: M(p) — M(q) be an R-linear map. Given k € R[X],
f e RIX]\pR[X], and « € M(p), choose a, g, h as in Proposition 4.1 for
some n € N satisfying p"a = 0, we define

(k, f,a) == % (k dX ®3,, (g)) :

Since f(k, f,a) =kdX ® 5, ,(a), (k, f, @) is meant to be kdX ® 6, ()
“divided" by f. The “division" is independent of the choice of n, a, g, and
h as shown in the next proposition.

PROPOSITION 4.3.  The notations and assumptions are as above. If n; € N,
a; € A\, 8 € R[X ] rx) hi € RIXTGgix) \ OR[X 1 p(x) satisfy p"ia =0 and
f8i — aih; € " R[X g, for i = 1,2, then

i (coxon (5)) =3 (karen ()
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PrOOf: Let n = mil’](nl, nz). Then azhzgl — alhlgz € an[X]qAR[X] and

azhag1 — 11187 (k iX®5,, (L)) _o.

hyh, a,a;
Therefore
81 o ahy g o
= kdX ®6 — = 222 |kdX®6 —_—
hl( ® m(“l)) hyh, ( ® O <a1a2>>
ajhig, o
= —|kdX®6 —_
hyh, ( ® Ona (alaz))
82 o
= 2£ X®6
e (kaxes (2))
|

To compute (k, f, «), elements a, g, h can be taken from a larger class.

PROPOSITION 4.4.  The notations and assumptions are as above. If a €
a\ b, g € RIX]{rix)» h € RIXGrix) \ aR[X ] rpx) satisfy

(fg—ah) (kdX ©8,, (7)) =0

forall b € g\ p, then

(k, f,a) = % (kax®5,.(2))-

The proof is the same as that of Proposition 4.3 and is left to the reader.
As a corollary of the next proposition, the “division" can be extended to
all the module QR[X]UR[X]/RU ®g, M(D).

PROPOSITION 4.5. Given b € R, c € R\ D, a, aq, ap € M(D), k, kq, ky €
R[X], and f, f1, f, € RIX]\ PR[X], then

o (kifo + kaofr, fifos @) = (ky, fr, @) + (ky, fo, @),
o (k, [, a1 +ay) = (k, f, a1) + (k, [, @),

b
e (bk,cf, a) = (k, f Za>.
If kify = kyf1, then (ky, f1, a) = (ky, f5, ).

It is straightforward to verify the proposition. The details are left to the
reader.
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DEFINITION 4.6. Let R be a Noetherian ring, p and q be prime ideals
of R, M(q) (resp. M(p)) be an injective hull of «(q) (resp. x(p)), and
8.4 M(p) — M(q) be an R-linear map. If q is an immediate specialization
of p, we define

Sur(x1.aRIXT: QRIX g R, OR, M(P) = Qpix) o/, Or, M(0)
to be the unique R[X]-linear map satisfying

k
SyRIXT.aR[X] <de ® a) = (k, f, a).

If g is not an immediate specialization of p, we define &,g[x rx] tO be
zero.

It is easy to see that 5pR[x],qR[x] oly =i,0(1®8d,,) So there exists a
unique R[X]-linear map

@Hlln\ﬁ (Qrx1/R, ®R, (p)) @Hmp (Qgixyo/r, ®r, M(9)) (1)
such that

(®05,2) © dyrix] = —OqRr[x] © OpRIX],qR[X]

(see diagram (5)), where 5 (resp. £2) ranges over all prime ideals of R[X]

lying over p (resp. q) but not equal to pR[X] (resp. qR[X]). Note that, if

B Z Q, there is an element in R[X] whose image in R[X]g is a unit and

whose image in R[X ]y is in the maximal ideal. This implies that 6y o = 0.

Therefore 6y o # 0 only if £ is an immediate specialization of *$.
Assume that R possesses a residual complex

811+1
RN &P M(p)—> P M@l)—--
A(p)=n A(a)=n+1
where M(p) is an injective hull of the residue field «(p) of the point p and
A is a codimension function on R. Given prime ideals p and r of R such
that A(r) = A(p) + 2, there exists a unique R[X |-linear map

B0q 1R[x]
®H 31\3(91%[)(]%. /R, ®r, M(D)) QR(x), gy /R O, M (1) (12)
such that

(— ® Sy vrpx7) © (BOyrpxyw) = (BOgr1x],er1x]) © (BOpr(x],aR[X])

(see diagram (6)), where g ranges over all prime ideals of R properly be-
tween p and r; and %8 ranges over all prime ideals of R[X] lying over p but
not equal to pR[X]. Note that 8y ,gx) = 0 if ¥ £ vR[X]. Since R is uni-
versally catenary, oy ,gx] 7 0 only if tR[X] is an immediate specialization
of 5.

Given prime ideals 2 immediately specializing to @ in R[X], we summa-
rize the map & . defined in the previous and the present sections.




AN EXPLICIT CONSTRUCTION OF RESIDUAL COMPLEXES 719

« If the contraction g of @ in R is the same as that of &, then & =
aR[X],

Mx(2) = QRx],z/R, Or, M (),
My(@) = Hé(QR[X]Q/RD @R, M(q)),

and 65 4 defined in Definition 3.3 satisfies

k kdX ®
o (joren) [ 4500

where k € R[X], f € R[X]\ qR[X], and @ € M(q). In this case &, is
called a coboundary map of type (0, 1), where 0 (resp. 1) refers to the
relative dimension of R[X],; (resp. R[X],) over R, (resp. R,).

= |f the contraction q of @ in R is an immediate specialization of the
contraction p of 2 in R and % = pR[X], then @ = qR[X],

My () = QRpx) /R, Or, M(P),
My (@) = Qgx) /R, Or, M (),

and & , defined in Definition 4.6 satisfies

80 (; dX ® a) - % (kdx @3, (%)) :

where k € R[X], f € R[X]\ pR[X], « € M(p), and a, g, h are chosen as
in Proposition 4.1 for n € N satisfying p"a = 0. In this case 64 . is called a
coboundary map of type (0, 0).

= |f the contraction q of @ in R is an immediate specialization of the
contraction p of 2 in R but % # pR[X], then

My (%) = H,%)(QR[X],W/R‘, ®r, M(p)),
My(@) = Hé’(QR[X]@/RT ®r, M(a)).

Elements in My (%) can be written as a sum of elements of the form

[kd);@)a},

where k, f € R[X], « € M(p), and the image of f in k(p)[X] is a power
of an irreducible polynomial (see the proof of Theorem 3.7). We choose a«,
g, h as in Proposition 4.1 for some n € N satisfying p"a = 0 and choose
g e R[X]and i’ € R[X]\ qR[X] such that

/

(5-5) (xon. (2)) s
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in Qpx) o/, ®r, M(a), then 6, , defined in (11) satisfies

ar[x1/

kdX @« gkdx ©5,, (%)
03.¢ f =- W a :

In this case 8, ¢ is called a coboundary map of type (1, 1).

= |f the contraction r of @ in R is not equal to nor an immediate
specialization of the contraction p of % in R, then dim(R/p),, =2, @ =
rR[X],

My(2) = H3(Qg(x, /-, ©r, M (D)),
Mx(@) = Qgx1 0y/r, Or, M(¥).

Given an element

[kd);@)a}

in Myx(Ky), where k, f € R[X], « € M(p), and the image of f in k(p)[X]is
a power of an irreducible polynomial, for each g € Spec R properly between
p and r, we choose a, € g\ p, &, € R[X ] gx} Aq € RIX ] rpxy \ aRIX 3R]
as in Proposition 4.1 for some n, € N with p"« = 0 such that fg, —a,h, €
p”ﬂR[X]QR[X]; choose g; € R[X] and A € R[X]\ qR[X] such that

g & a
°a 29 X®s, . ([—))=0
(hq h;) (d ® ”’“(%))

in QR(X), 0 /R, OR, M(q); and choose a; € v\ q, g € R[x]zx and
hy € R[x]rix) \ tR[x]{gx) @s in Proposition 4.1 for some n; € N with
q"(a/a,) = 0 such that g/ — a,h] € a" R[x]}gx), then 8, o defined in
(12) satisfies

kdX ® a g [, a
o ([F45 ) sarerncn (%))

where q ranges over the prime ideals of R properly between p and r. In
this case 6 . is called a coboundary map of type (1, 0).

Qh‘?

5. CONSTRUCTION OF M%

Let R be a Noetherian ring possessing a residual complex

ontl

sn—1 &"
A(p)=n A(q)=n+1
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where M(p) is an injective hull of the residue field «(p) of the point p
and A is a codimension function on R. Let Ay be the codimension
function on R[ X4, ..., X,] as characterized in (2). First we construct M5 .
Let 2 and @ be two prime ideals of R[X] such that

Ax(?) =Ax(@) - 1.

If @ is an immediate specialization of %, 6x.5 ¢ := 84 Was defined in
Sections 3 and 4. If @ is not an immediate specialization of %, 6y.5 4 is
defined to be 0.

THEOREM 5.1.  Define M% = &M yx(P), where & ranges over the prime
ideals with Ay (%) = n; and define 8 := ®8x. o, where P and @ range over
the prime ideals with Ay (%) = n and Ay (@) = n+ 1. Then the chain My, of
R[X]-modules defined by

&t & 1 o
s MY — MY — ... (13)

is a residual complex quasi-isomorphic to Qg x g ®g M*[1].

The fact that the chain (13) is a complex follows directly from our con-
struction. To see that the chain (13) is a residual complex quasi-isomorphic
to Qgrxyr ®g M*[1], we chase elements in the following diagram

OMy(PR[X]) —— &My (¥) — 0

Di
0 — Opxyyr O M —> @My (aR[X]) 4~ OMy (L) — 0

@i,
0 — Qppxyr ®r M2 —~ &My (tR[X])

whose rows are exact. The details are left to the reader.
Coboundary maps of type (1, 0) and (1, 1) are determined by coboundary
maps of type (0, 0) and (0, 1) in the following sense.

PROPOSITION 5.2. Let 8.5 o0 Mx(P) — My (@) be R[X]-linear maps
(2, @ € Spec R[X]) such that

= D My(2) b Mx(@—-- (14)
Ay(P)=n Ag(@)=nt1

is a complex. If 8.5, o = 8x.5 o, for all P such that % = (P N R)R[X], then
8.0 = x50 for all P and Q.

®y.0
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Proof. Given prime ideals % and @ with Ay (@) = Ayx(P)+ 1, if P C
@, then @ is an immediate specialization of %; if % £ @, then 8y, , =
dx.5.¢ = 0. Let L be a prime ideal of R[.X] which does not equal to the
extension pR[X] of its contraction p in R. To prove the proposition, it
suffices to prove d'y.q o = dx.3,¢ for all immediate specialization @ of .
Given an element ® in My (), by Theorem 3.7, there is an element Y in
My (pR[X]) such that

, _ _[0, ifp=1%,
xarpx)o(Y) = Oxwrix 2 (Y) —{o, if 9 N R = p but % # % or pRIX].
Since (13) and (14) are complexes, for & ranging over all prime ideals of

R[X] except % with Ay (%) = A(p) and g ranging over all prime ideals of
R with A(q) = A(p) + 1, we have

Syip,a(0) = (5’)(1@ ° Sg(;pR[X],‘l%) (Y)

:_69( XpR[X )(Y)

= @ (B/X;qR[X],@ ° S/X;pR[X],qR[X]) (Y)

q

= — D (Bxurrxr.e © dxprixtarx]) (Y)
q

= @ (3X;s»7>,@ o 5x;pR[X],z%) (Y)

9p
= (8x:p.¢ © Sxwrxy) (V)
= 6X;‘JS,(2‘()'
|

Using the same method on the polynomial ring R[ X, Y] over R[X], we
construct a residual complex

Ay y(P)=n Ay y(@)=n+1

3%, _Oxvx

on R[X, Y] from M5. We remind the reader that My (%) is the R[X, Y-
module constructed from the R[ X ]-module M (% N R[X]) (Section 2). Us-
ing the canonical isomorphism My (%)= My y(%), see (7), we get a resid-
ual complex

= D Mxy(P) D Myy(@)—---
Ax y(P)=n Ay y(@)=n+1 >
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denoted by M5 y, where &% y is the map making the diagram
XY/X

B My() ® My@
Ay y(P)=n Ay y(@)=n+1
can. can.
D Myy(?)—F5— D Mxy(@
Ay y(P)=n Y Ay y(@=n+1

commutative. In M5 y, the definitions of Ay, and My (%) are indepen-
dent of the order of X and Y, but &' ,, depends on the order of X and Y
a przorl

THEOREM 5.3.  The construction of M y is independent of the order of X
and Y.

Proof. Let ® be a prime ideal of R[X, Y] and let %5, (resp. ¥y and
p) be its contraction in R[X] (resp. R[Y] and R). Assume Ay y () = n.
Let @ be a prime ideal of R[X, Y] with Ay (@) =n+1and let 6y y.q ¢
(resp. Oy x.y,¢) be the map My y () — My y(@) in the complex M%
(resp. My, y). We need to show Sy y. ¢ = Oy x:p,e- LEt @x (resp. @y) be
the contraction of @ in R[X] (resp. R[Y]). If p £ @N R, then both &y y.q; ¢
and &y, y. ¢ are zero. So we may assume p C @ N R. By Proposition 5.2,
we may also assume 5 = By R[ X, Y]. We consider the following cases and
subcases

= Bx = pR[X]
— @nR=p
— @NR#p

* By # pR[X]
— @nR=p

— @nN R is an immediate specialization of p
— @nN R is neither equal to nor an immediate specialization of p

and continue our proof.
« First we treat the case 5y = pR[X]. In this case ¥ = pR[ X, Y] and
My y(*8) = dety,.
If @N R = p, then
My, y(@) = Hg(deteM(p)).

Let (k/f)dX dY ® a be an element in My (), where k € R[X, Y], f €
R[X, Y]\ pR[X, Y], and a € M(p). We claim that

dx,vip.e <; dXdY®a> = [ kdXL]{Y@a }
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This is obviously true if @y = pR[X]. If @y # pR[X],

k G[ kdXdY ®«
8X,Y;1{,(g <? dXdY@a) = ﬁ|: A :|,

where G € R[X, Y]%XR[X,Y]* H e R[X, Y](Q‘XR[X,Y] \ @xR[X, Y](QXR[X,Y]:
and A4 € @y \ pR[X] are chosen such that fG — AH € p"R[X, Y]g pix.y]
for some n € N with p"a = 0 (hence p"(dX ® a) = 0),

Gl kdXdY®a |_ JG[ kdXdY @ a
H A H fA

_AH[ kdXdY ® a
T H JA

:|:kch]itY®a ]

This proves the claim and hence 8 y.q ¢ Is independent of the order of X
and Y.
If @N R # p, we denote @ N R by g. In this case @ = qR[X, Y] and

My y(@) = detgM(q).

Let (k/f)dX dY ® a be an element in My y (%), where k € R[X, Y],
f € RIX, Y]\ %, and a € M(p). We choose G’ € R[X, Y](ryy) H' €
RIX, Y] rix,vy VOR[X, Y](px vy @nd A € aR[X]\ pR[X] such that fG' —
AH' € p"R[X, Y]{px,y) for some n e N with p"a = 0, and choose g €
R[XGrix)s 1 € RIX [Grixy \ qR[X]QR[X]_, and a € g\ p such that Ag — ah €
p"R[X]qAR[X]. Let G = G'g (more precisely the product of G’ and the im-
age of g in R[X, Y](pxy) and H = H'h. Then H ¢ qR[X, Y](zx v}
fG —aH € p"R[X, Y]{py vy}, and

By, v de dY ® a) = g (kaxay es,,(=)).

This formula for 8y y.q ¢ implies that 6y y.q ¢ is independent of the order
of X and Y (see the proof of Proposition 4.3).

« Now we treat the case 3y # pR[X]. In this case
My, y(R) = Hi(dety M (p)),

Py = bR[Y], but B # By R[X, Y]. Elements in My () can be written
as a sum of elements of the form

k
|: EdXdY@a j|’
f2
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where k € R[X, Y], fi € R[X,Y]\'*B, « € M(p), and f, being a relative

system of parameters of R[.X, Y]y over R, is chosen to be an element in

B, whose image f, in k(p)[X, Y] is a power of an irreducible polynomial.
If N R =p, then

My y(@) = chq(dEt@M(P))~

Note that either f; is a unit in R[X, Y], or the sequence f;, f, forms a
relative system of parameters of R[X, Y], over R,. It is easy to see that

EdXdY@a kdXdY @ a
Porwe| | A R A
2

Now we compute Jdy . o: First we compute the special case that f; is in
R[Y] and its image f, in x(p)[X, Y] is a power of an irreducible poly-
nomial. Besides %, there is at most one prime ideal % of R[X, Y] properly
between pR[X, Y] and @ such that

k
8y, XuRIX,Y].9 <EdX dy ® 01) # 0,

namely the preimage %, of the radical of fl under the canonical map
R[X, Y] — k(p)[X, Y] As

k
k —dXdY ®
Oy, XpRIX, Y% (EdXdY@’a) = { fi ; : } ’
2

we have

k
—dXdY ®
Oy, x:p.e { f “ }
f2

k
= =Oyxu.@ © Oy xaRIX. V19, (EdX Y ® “)

kdXdY @ a
= v Lhf

_ | kdXdY ®«a

i A

=|:kdXdY®aj|.
fi fo

Now we consider the general case. By the Gauss lemma, the image of f,
in k(*By)[X] is also a power of an irreducible polynomial. The images of
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fi and f, in k(By )[X] are relatively prime, so there exist g, g, € R[X, Y]
and r € R[Y]\ By such that

g1fi + 8, —rebR[X, Y]

Choose n € Z such that p"a = 0. For prime ideals % of R[.X, Y] lying over
By but not equal to Ly R[X, Y], we have

i kr' g fi
OX,YRIX,Y],2 (Z( 1) +1(1) — U1 Jxdy ® a)

i=1 nf
{dewm}
_ fi , if 2 =%;
B f2
0, if 9 £ .

By Proposition 3.4, there exist o; € M(p) and k;, h; € R[Y] such that the
image A; of h; in k(p)[Y] is a power of an irreducible polynomial and such
that

1 k k,
—ndY®a:kodY®a0+h—ldY®al+~--+h—3dY®as
r 1 s

in My (pR[Y]). Define

n—i i—1
Y, = Z( 1)l+1< )Md)(dma
i=1 fZ
and
k k n—i
Y, =Y (- 1)l+1< )rigldedY@)a
i=1 i hifa

for1 <j<s. Then

k
—dXdY @ a
Sxvarx, v e(Yo+ Y+ +Y) = |: :| .

>

For 1l <j <y, let%; be the prime ideal of R[.X, Y] which is the preimage of
the radical of Ej under the canonical map R[X, Y] — «(p)[X, Y]. Besides
%3, there are at most s prime ideals % properly between pR[X, Y] and @
such that

Sxvprix,vl,o(Yo+ Y1+ +Y) #0,
namely &, ..., %, . Forl<j<sand 0 </ <s,

Sx,vrix, v, (Ye) =0,
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if j £ £. By the proof in the special case above,

BX,Y;?'/)],@ o 5X,Y;pR[X,Y],!%/(Yj) = BY,X;@,,@ © BX,Y;pR[X,Y],S»'/)](Yj)-

Therefore

k
—dXdY @ «
Sy x:p.a fi

£

N N
= =D dv.x:9,¢ © Oy xurix v1,7, <Z Yz)

j=t

S N
== @ 5x,Y;9f>/,@‘ ° 5x,Y;vR[X,Y],9>j Z Y,
j=1

k

—dXdY ® a
=0xyy.e fi
f2

If @N R =: q is an immediate specialization of p, then
My y(@) = Hy(det,M(q)),

@ = GxR[X,Y], but @ # @y R[X, Y]. Given O € My ,(*¥), there exists
Y € My y(pR[X, Y]) such that, for prime ideals & lying over pR[Y] but
not equal to pR[X, Y],
0, if 2 =1%;
Sx,vprix, vl (Y) = { 0, otherwise.
Besides gR[ X, Y], prime ideals properly between @ and pR[X, Y] are ex-
actly those prime ideals lying over pR[Y] but not equal to pR[ X, Y]. Hence

8y xp,e(0) = — (8x.vurix.vL.e © Ox. vwrix,v].ar(x.v]) (Y)
= 8X,Y;*E,(z(®)-

If @N R =: v is neither equal to nor an immediate specialization of p,
then @ =rR[X, Y] and

First we consider the special case that f; is in R[Y] and its image f, in
k(P)[X, Y] is a power of an irreducible polynomial. Choose n € N such
that p"a = 0. We claim that in this special case there exist G;, G, €
RIX, Y]igix, vy H € RIX, Y]igix, vy \ tRIX, Y] igx,vy @nd @ € v\ p such
that

fiG1+ .Gy — aH € p"R[X, Y]igix vy
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Since f, € L'y \ PR[X], there exist r € R\ p and m € N such that
By € LRIX]+ pR[X].

By Proposition 4.1, there exist 4 € tR[X]\ ¥y, G; € R[X, Y]lR[X yp and
H € R[X, Y]igix,v) \ tR[X, Y]{gx y), such that

f1Gy — AH € ¥YR[X, Y]irix v}
By multiplying G, and A4 by r, we may assume that
f1G1— AH € foR[X, Y ipix, v + PRIX, Y igix v)-

Since the images of 4 and f, in k(p)[X] are relatively prime, there exist
B,C e R[X] and a € R\ p such that

AB+ Cf, —a € pR[X].
By multiplying G, and A4 by B, we may assume that B = 1. Hence
f1G1—aH € [HRIX, Y]igix,v) + PRIX, Y]irx v
and there exist G, € R[X, Y] xy such that
fiG1+ .Gy — aH € pRIX, Y]/ x v)-

By raising the above element to the nth power and replacing a (resp. H)
by a" (resp. H"), we may assume that

fiG1+ .Gy — aH € p"R[X, Y] igix vy

Now we compute Sy y.q ¢ and Sy, x.q ¢. Since

1
—dX
(f1Gy —aH) (de@S‘EX,rR[X] |: bd R« :|) _0

for all b € tR[X ]\ Ly, by Proposition 4.4,

k
—dXdY ®
f2

_G k
— <€B5XYqR[XY @ © 8X Y.yRIX,Y]aR[X, Y, dYdX @ — )

_ f1Gy
H

m

(@5)( YwR[X,Y].€ © OX YipR[X,Y].qR[X,Y] ﬁdY dX ® )
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where g runs over the prime ideals of R properly between p and r. Besides

%3, there is at most one prime ideal 2 lying over p and properly between
PR[X, Y] and @ such that

k
5Y,X;DR[X,Y],Q’ <EdeX ® a> # 0,

namely the preimage %, of the radical of fl under the canonical map
R[X, Y] — «k(p)[X, Y] Therefore

k
dxXdy ®
Oy x:p.e ({ fi “ })
fa

k
dXdY @ a
= —dyxa.a ( f )
i

k
— @ dx,yr[x,Y],e © 3X,Y;pR[X,Y],qR[X,Y]EdX dY ® a.
Then
dX dY @ a
Oy, x4, f
fi

G
= 2]—]2 ®0x, vy RX,Y].0 OSXYDR[XY]qR[Xy]ﬁdeX®

where g runs over prime ideals of R properly between p and r. Hence

dXdY @ o
Oy, x:p.a ( fi
f2

f,G, ( k a
b 696 Y:aR Yl.@ O 6 Y:0R Y1.aR Y —dY dX ®
H X,Y;aR[X,Y],€ X,Y:pR[X, Y], aR[X, ]fle a

k o
+a (@Sx, YaR[X,Y],a © Ox, Y;pR[x,Y],qR[X,Y]de dX ® E)

k dXdY @ a f1G1+f2G2_aH
=dxywel| A - T

>

k o
<@5X,Y;qR[X,Y],@z o 5X,Y;pR[X,Y],qR[X,Y]EdY dX ® E)

k
—dXdY Q@ a
=Oxype ( fi ) :

1>
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Now we consider the general case. Recall that there exist elements
Yo, Yy, ..., Yy € My y(PR[X, Y]) of the form

K
Yy =—-2dXdY @ a
f2

and

Y. = K —ldaxdy
=0k B

for 1 <j <s, where Ky, ...,K; € R[X,Y] and hy, ..., h; € R[Y], such
that the image h; of each h; in k(p)[X, Y] is a power of an irreducible
polynomial and such that

dX dY @ a
Sxvorpxyia(Yo+ Yo+ +Y)=| f

f

For 1l <j <y, let%; be the prime ideal of R[.X, Y] which is the preimage of
the radical of ﬁj under the canonical map R[X, Y] — «(p)[X, Y]. Besides
%3, there are at most s prime ideals & lying over p and properly between
PR[X, Y] and @ such that

Sx,vprix,vo(Yo+ Yi+ - +Y,) #0,
namely &, ..., %, . Forl<j<sand0<¢ <y,
SXYpRXY (Yz) =0,
if j # £. Proved in the special case above,

BX,Y;P]’]-,@ 0 dy, Y;pR[X,Y],gﬁ,-(Yj) = BY,X;@,,@ © BX,Y;pR[X,Y],P]’j(Yj)'

Therefore
dXdY @ a
Sy xup.e ( fi
f2
S S
= - EB 3)/,)(;@,,@ © SY,X;pR[X,Y],@,» <Z Yz)
j=1 £=0
- @ 5YX qR[X,Y],@ © 5YX DR[X,Y],qR[X,Y] (Z Yz)
=0

Z_@SXYJ’ QOSXYpRXY (ZYZ>

j=1
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—@5){1/(;12[)( ¥],€ © OX,Y;0R[X,Y]qaR[X, Y] <ZY5)

k
—dXdY Qa
=dx ym.e 1 ’

>
where q runs over the prime ideals of R properly between p and r. 1

Assume that the complex M},  has been defined on R[Xj, ...,

A S5, MX1 ,,,,, Xn(g))

Ax,...x,(P)=n Ay, x, (@=n+1 >

denoted by M}

~~~~~~

8)(1 ----- Xn/X1 ----- Xn-1
b My (P) S My (@)
Ax,...x,(P)=n Ax,...x,(@)=n+1
can can
LA —— My, 5 (©)
Ax,...x,(P)=n Loodn Ax,...x, (@)=n+1

is commutative, where
Xl
S D My (?)
Ax,...x,(P)=n Ay,

is the complex on R[Xy,---, X,] constructed from M5 . y  using the
above method.

..... Xp /X100 Xy g

D My (@)—--
x, (@)=n+1

COROLLARY 5.4.  The residual complex My,  y obtained inductively on
n from M* is independent of the order of X1, ..., X

-
,,,,, x,.2.0 the R[X;, ..., X, ]-linear map MX“_,Xn(?P) —
My, . x (@) in the complex My x.

.....

6. CONSTRUCTION OF Mg

Let S be a finitely generated R-algebra. Assume that elements x4, ..., x,
generate S as an R-algebra. Then {xi,...,x,} € Y5y for every prime
ideal 8 of S. Write x for the elements x,,...,x, and X for variables
X3, ..., X, chosen for x. Let I be the kernel of the R-linear map R[X] — S
sending X; to x;. For any prime ideal %35 of R[X], let ¥ be its image in §,
there are canonical isomorphisms

MS/R x(%) if 1 - %x,

HomR (S My (By)) ~ { if I Z By.
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Let Ag be the codimension function on Spec S as characterized in (2). If
Px D 1, then Ag(R) = Agx(¥x). For prime ideals  and @ of § with
Ag(@) = Ag(2P) + 1, let 2 and @y be their preimages in R[X], we define

Ss/rxm,a- Msirx(P) — Mgg (@)

to be the restriction of 8x.;; o Mx(Px) — Mx(@x) on Mg (7). Itis easy
to see that
DOs/r x2,0

= D Mgrx(P) - D Mgpu(@)— -
Ag(P)=n Ag(@)=n+1

denoted by Mg ,, is a complex which is isomorphic to the bounded be-

low complex Homp (S, M*). The complex Mg , has finitely generated
cohomology easily seen from the spectral sequence

EXtZ[X](S’ HI(M*)) = H"" (Mg )

and hence is a residual complex.

Let y;,..., ¥, be elementsin S and Y4, ..., Y,, be the variables chosen
for them. Then the R-linear map R[X, Y3, ..., Y,,] — S extending R[X] —
S and sending Y; to y; is also surjective. The coboundary maps of Mg, ,
are compatible with the residue maps in the following sense.

PROPOSITION 6.1.  With the notation above, write y for the elements
Vis -« Y- The diagram

MS/R,X(QJ)

SR x:0.

MS/R,X(@)

res—t res~!

MS/R,x,y(gb) s Rxy. MS/R,x,y(@)

is commutative.

Proof. It suffices to show that the diagram

O, N
My (7x) My (@y)
res ] ] res
My v (Fx ) =5 Mx.v(@x.v)

is commutative since the maps in the proposition are the restrictions or
inverses of the restrictions of the maps above. By the transitivity law (2.5)
of the residue maps, we may also assume m = 1. Let
[ kdY,dX, - dX,®a }
(Yl - gl)tl’ f]{la ) Zjl
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be an element in My v(%x y), where k € R[X]; and g; € R[X] maps to
the image of Y; in S. Write

kdX, --dX,®a k.dX,---dX,® «a;
e ([ 500 ) = [ e ],

155 J¢ |

where fi, ..., f, is a relative system of parameters of R[X],, over R,
k; € R[X]q,, and a; € M(@ N R). Note that 8y y .5 o is @ coboundary map
of type (1, 1) obtained from 8., . Since the image of Y; — g; in k(% )[Y1]
generates a maximal ideal and the image of Y; — g, in R[X, Y1]g px v, IS
invertible,

S AP ) B R A O N

Ifil:]-l
kdY,dX,---dX,®a i|)
reso 8y y..e iy ph e
( x,Y,f,Q)(|: (Y=g f . f!
k.dX, --dX, & a; ]
x| iy dXy @
;[ flaeii o
kXm...an@)oz
:SX;S’]’,@ jl jz
l’-.., e
kdY,dX, - dX,®a
= (Byp 0 0 m5)<[ i, fl ‘ ])
X;2,@ (Y. — g, fl .
If iy # 1,
kdY,dX,---dX,® a })
reso 8y v..q iy £l A
( X’Y"}’Q)([ (Yi—g)n il fff
=0
kdY,dX,---dX,®a
:6.Mores<[ ey, fh “D
(Ox.,e ) (Yi—g)n ity f)
|

The S-linear map
Os/rp.a- Ms/r(P) — Mg r(@)

making the diagram
Mg (P)

5S/R,x;,’«/’,(e

Mg (@)

Mg,r(P) Mg,r(@)

Bs/R.
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commutative is independent of the choice of x. Since Mgk (7)) —
Mg, r(%) is an isomorphism for every prime ideal % of S, the chain of
S-modules

®s/r.2,0
= D Mg pr(P) - D Mgp(@) —---
Ag(Fy=n Ag(@)=n+1 )

denoted by Mg, being isomorphic to Mg . , is a residual complex on S.

7. GLOBAL CONSTRUCTION

Let /° be a residual complex on a locally Noetherian scheme 2. Assume
that

M= P ()

Ay (p)=n

(see the notation in Section 1). Let ¢: % — % be a morphism of finite type
whose fibers have bounded dimensions. Given points & and @ of % with
Ay(@) = Ay(@)_jL 1, we (_jefine an %—m_orphis_m 85 q: My(gﬁ_) — _M?/(@)
as follows: If @ is not an immediate specialization of &, &, . is defined to
be zero. If @ is an immediate specialization of %, we choose (V, U) € J+/4 .«
(see the notation in Section 2), 6  is defined to be the map making the
diagram
Br (w1 7.0

Mo, rw,e,)(P) My, rw,e,)(@)

My(#)

B M, (@)

commutative.
PROPOSITION 7.1. The map &4 g is independent of the choice of V and U.
Proof. It suffices to show that the diagram

Or(14.69)/T(U 6 )96

Mr(l/l,@,,)/r(u1,@)(93) MF(IG,@L,/,)/F(UD%)(@)

My, 0,1 w,.0,)(P) My, 0,)mw,.0,)(@)

Or(vy.0) /T (U6 )6

is commutative for (V;,U;) and (V5, Us) in fyy o With (V3,U;) <
(Vv27U2)'*
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Expand the above diagram as follows:

Mrvi,04)/rwr,0x) () Mrvi,04)/0w1,02)(2)

NI

Mroi,04)/rn,0x)x(P) — Mroy,0y)/rr,02),%(D)
L l (€ \ (R)
Mr,04)/0s,00)%(P) — Mrvy,04)/m(Us,0x) %(2)

AN

Mr(vz,04)/T2,00)(P) Mrv,04)/r(0s,02) (),

where x = {xi, ..., x,} generate I'(};, @,) as an I'(U,, @, )-algebra and
X = {Xi,...,x,} are the restrictions of x in I'(}5, @,). The subdiagrams
(VU), (L), and (R) are commutative by definitions. The subdiagram (D)
is also commutative easily seen from the proof of Proposition 6.1. Since
the diagonal maps in the above diagram are isomorphisms, to prove the
proposition, it suffices to prove that the subdiagram (C) is commutative.
Let X = {X;,..., X,} (resp. X = {Xy, ..., X,,}) be the variables chosen for
the elements x (resp. X). The maps of subdiagram (C) are the restrictions
of the maps of the diagram

5)(;‘7’ ,@ N
M, 6,)x)r e x(Tx) = Mrw, e, x1rw;.0,).x(@x)
Loy Ly
Mrw,,6,) X1/ T (Uy0,).X(P%) S Mr, 0, X1rU,,0,),x(@%)>

where Py (resp. @y) is the preimage of & (resp. @) in I'(Uy, @,,)[X] (resp.
F(Uz, @[ X])- So it suffices to show that the above diagram is commuta-
(i, j) then SX g.ax 1S COnstructed fron’tnM‘ o by a coboundary map
also of type (i, j). It is not difficult to see that ®La, © Ox 0, © g;xl gives
rise to a complex

= OMr(y, 0, X (U,,0,)%(P%) = EMr, 6,)X)/r(,,6,).% (@) = -+

Since coboundary maps are determined by coboundary maps of type
(0,1) and (0,0) (Proposition 5.2), it suffices to prove the proposition
for coboundary maps of type (0,1) and (0,0). In what follows, the
case (0,j) means that 8y, «, IS constructed by a coboundary map of
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type (0, j). Let &,_, (resp. &,=1) be the preimage of %« (resp. Z%) in
LUy, @) [ X, ..., X,tq] (resp. T(U,, @) [ X1, ..., X,_1]); let @, 4 (resp.
@,—7) be the preimage of @y (resp. @x) in I'(Uy, Gy)[ X4, ..., X,_1] (resp.
T(U,, @) [ X1, ..., X,_1]); and let p = $(P).

Case (0,1). Elements in My, o, yx)/r,.e,).x(Px) can be written as a
sum of elements of the form

k
|:%Xm~-~an(§%¥:|, (15)
fl7"'7fl

where k/fy € I'(Uy, Oy)[X]y,, @ € M(p), and fi, ..., f, form a relative
system of parameters of I'(Uy, O)[ Xy, ..., X, 1]y , over T'(Uy, Oy),.
Note that fi,...,f, also form a relative system of parameters of
I'(Uy, @4)[X]y, over I'(Uy, @y),. The images fi,....f, of fi,.... f,
in I'(Uy, @ )[X]y, form a relative system of parameters of I'(Us, @, )[X]y,
over I'(Uy, O ),.

k
—dX,--dX,®«a

Loy © Oxian, e 0
fl7"'7fl
[kdxl---dx,,@)a]
= @
* f07f17""fK
?O’?l?""?é
k _
—dX, -dX,®«
ZSX;@;,@Y 0
fl""afi
k
—dX,---dX,®a
= O%gg.ax © Loy fo
fiooos fo
Case (0,0). Let
k
—dX,---dX,Qa
0

fla""fé
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be an element of My, e, )xyrw,,e,)x(Px) as in (15). Choose ele-
ments g € F(Ula@x)[x]a b€ T(Uy, 0,)[X]g, \ @xI'(Uy, 0)[X]g,. and
a€ @, ,;\%,, such that fog —ah e P 1F(U1, Oy )[X]g, for some m e N

satisfying
dX,---dX,_1®a
Py =0,
f1> "'5fé
then
k k
—dX;---dX,®a g| —dX;---dX,®«
Ox:any 0 =1 ¢ .
fl""’fé fl7"'>fl

Let g, h, and @ be the images of g, A, and a in l“(Uz,@df)[x]Qx
spectively. Since h ¢ @yI(U,, @) [X]2,, @ € @7\ Pm1, fo8 — ah .
(Z=)"T(Us, G)[X],, and

m Xm dynfl ® o
(%) =0,
fur

o f
we have
k — = kK —
=dX;---dX,®« g | =dX, --dX,®«a
O.crs ¢ 0 :Z a B B
Fiveoi T Froeeor Fo
Therefore
k
—dX;---dX,®a
Loy © Oxian, e 0
fla"'7fl
k
g| —dX,---dX,®a
=, 7 a
fioos fo
E
h _
fosFiseoos £
K ax,...d¥, oa

= O%avex | [o

Fioooos fo
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k
—dX,---dX,®«

= 0%, a5 © Lo 0

fiooos fe

1
The map &, ¢ induces an @, -linear map J(#) — J(@), denoted still by
84 ¢ by abusing the notation.

THEOREM 7.2. The chain of @,-modules

— I —2 @ K@) —

Aoy(P)=n Ay (@)=n+1

denoted by M3, is a residual complex.

Proof.  From our construction, .7 is a quasi-coherent injective @, -
module for each n and there is an isomorphism

P au" ~ P J(P).

neZ Pey

The dimensions of fibers of ¢ are bounded, hence ./, is bounded below.
To show that /5, is a complex having coherent cohomology, it suffices to
show that the restriction of .5, on any affine open subsets of % is a complex
having coherent cohomology. This was proved in the previous section. 1
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