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Abstract

The construction of the C*-algebra associated to a directed graph E is extended to incorporate a family C
consisting of partitions of the sets of edges emanating from the vertices of E. These C*-algebras C*(E, C)
are analyzed in terms of their ideal theory and K-theory, mainly in the case of partitions by finite sets.
The groups Ko(C*(E, C)) and K{(C*(E, C)) are completely described via a map built from an adjacency
matrix associated to (E, C). One application determines the K -theory of the C*-algebras Uy°,,, confirming
a conjecture of McClanahan. A reduced C*-algebra Cr”‘e d(E , C) is also introduced and studied. A key tool
in its construction is the existence of canonical faithful conditional expectations from the C*-algebra of
any row-finite graph to the C*-subalgebra generated by its vertices. Differences between C%,;(E, C) and
C*(E, C), such as simplicity versus non-simplicity, are exhibited in various examples, related to some
algebras studied by McClanahan.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

Graph C*-algebras constitute an important class of C*-algebras, providing models for the
classification theory and a rich source of examples and inspiration. Among the most basic ex-
amples of graph C*-algebras are the Cuntz algebras O,, initially studied by Cuntz [8,9], and the
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Cuntz—Krieger algebras [10] associated to finite square matrices with entries in {0, 1}. We refer
the reader to [24] for further information on this important class of C*-algebras.

The present paper addresses the structure of a new class of graph C*-algebras, associated to
separated graphs (E, C), where E is a directed graph and C is a family that gives a partition
of the set of edges departing from each vertex of E. (These algebras have also been recently in-
troduced by Duncan [12], with different notation, as C*-algebras of edge-labeled graphs, which
should not be confused with the labeled graph C*-algebras developed by Bates and Pask [5].
Our viewpoint, which was developed in [1] for the algebraic case, appears to be more flexible
and better adapted to the construction and analysis of these algebras.) It was shown in [1] how
to associate to any such separated graph (E, C) a complex x-algebra L(E, C), called the Leav-
itt path algebra of the separated graph (E, C). We may define the C*-algebra C*(E, C) of the
separated graph (E, C) as the universal C*-envelope of L(E, C). We also introduce a reduced
version, denoted C;ked(E , C), in the case that (E, C) is finitely separated, meaning that the parti-
tions in C consist of finite sets. To glimpse the differences and similarities between the full and
reduced graph C*-algebras, let us mention the following facts. When we consider a separated
graph (E, C) with just one vertex and the sets in the partition C are reduced to singletons, the
full graph C*-algebra C*(E, C) is just the full group C*-algebra C*(F) of a free group F of rank
|E'|, while the reduced graph C*-algebra is precisely the reduced group C*-algebra C *(F). On
the other hand, when we deal with a trivially separated graph (E, C) (meaning that for each
non-sink v € E?, the partition C, consists of the single set s~!(v)), then both the full graph C*-
algebra C*(E, C) and the reduced graph C*-algebra C; ;(E, C) coincide with the usual graph
C*-algebra C*(E) (Theorem 3.8(2)). In general, the behaviors of the full and reduced graph
C*-algebras are quite different, as suggested by the free group C*-algebra example above. We
consider specific examples in Section 4, for which we show that the reduced graph C*-algebra is
simple, including in particular algebras closely related to the C*-algebras considered by Brown
and McClanahan, see [6,20-22]. Indeed, as we show in Section 6, our examples (both reduced
and full) are Morita-equivalent to ones considered in the abovementioned papers.

We also compute, using a result of Thomsen, the K -theory of the full graph C*-algebras of
finitely separated graphs (E, C), obtaining a formula that very much resembles the one known for
ordinary graph C*-algebras, as stated for instance in [25, Theorem 3.2]. Namely, Ko(C*(E, C))
and K{(C*(E, C)) are the cokernel and kernel of a map between free abelian groups given by
an identity minus an adjacency matrix associated to (E, C) (see Theorem 5.2).

An important ingredient in our work is the construction of a canonical faithful conditional
expectation C*(E) — Co(E 0y for any row-finite graph E (see Section 2).

Contents 1.1. We now explain in more detail the contents of this paper. The definitions of a
separated graph (E, C) and its Leavitt path algebra L(E, C) and full C*-algebra C*(E, C) are
given in Subsection 1.2. We construct canonical faithful conditional expectations @ : C*(E) —
Co(E®) for all row-finite graphs E in Section 2. The reduced graph C*-algebras Cry(E,C)
are introduced in Section 3, based on the conditional expectations constructed in the previous
section. Here we make use of the theory of full and reduced amalgamated free products of C*-
algebras (see [31,32]). We show that the Leavitt path algebra L(E, C) embeds in the reduced
graph C*-algebra C} ;(E, C) (and thus also embeds in the full graph C*-algebra C*(E, C)), and
that, for a trivially separated row-finite graph E, we have C*(E) = Cr;(E) canonically (Theo-
rem 3.8). We also exhibit a family of closed ideals of C*(E, C), parametrized by the lattice H of
hereditary C-saturated subsets of E? (Corollary 3.12). We show simplicity of the reduced graph
C*-algebras C} ;(E, C) for various families of finitely separated graphs in Section 4, including
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the separated graphs giving rise to C*-algebras analogous to the ones considered by Brown and
McClanahan in [6,20-22]. We also show in Proposition 4.8 that there are examples of finitely
separated graphs (E, C) for which C}(E, C) is simple but the lattice of hereditary C-saturated
subsets of EY has more than two elements, so C *(E, C) is not simple. This example also shows
that the structure of projections in the full and reduced graph C*-algebras can be quite differ-
ent. Section 5 is devoted to the computation of K -theory of full graph C*-algebras. We obtain a
quite satisfying formula in Theorem 5.2, using a powerful result of Thomsen [28, Theorem 2.7].
This in particular enables us to confirm a conjecture of McClanahan on the K -theory of the C*-
algebras U,)°, . The exact relationship of the reduced graph C*-algebras C;:;(E (m, n), C(m, n))
and the examples considered in [22] is established in Section 6. (See Example 4.5 for the defi-
nition of the separated graph (E (m, n), C(m,n)).) By using this connection and some results in
the literature, we establish that Cr*ed(E(n, n), C(n,n)), forn > 1, is a simple C*-algebra of stable
rank one, with a unique tracial state, and having minimal projections (Corollary 6.3). We end the
paper with a discussion of open problems.

Background definitions 1.2. Throughout, all graphs will be directed graphs of the form E =
(E®, E!, s, r), where E? and E! denote the sets of vertices and edges of E, respectively, and
s,r : E' — E9 are the source and range maps. No cardinality restrictions are imposed on E°
and E'. We follow the convention of composing paths from left to right — thus, a path in E is
given in the form o = eje; - - - e, where the ¢; € E' and r(e;) =s(ej+1) for i <n. The length of
such a path is || := n. Paths of length 0 are identified with the vertices of E.

Definition 1.3. (See [1, Definition 2.1].) A separated graph is a pair (E, C) where E is a graph,
C = |_|ve g0 Cy, and C, is a partition of s~1(v) (into pairwise disjoint nonempty subsets) for
every vertex v. (In case v is a sink, we take C,, to be the empty family of subsets of s ! (v).)

If all the sets in C are finite, we say that (E, C) is a finitely separated graph. This necessarily
holds if E is row-finite.

The set C is a trivial separation of E in case C, = {s~'(v)} for each v € E° \ Sink(E). In
that case, (E, C) is called a trivially separated graph or a non-separated graph. Any graph E
may be paired with a trivial separation and thus viewed as a trivially separated graph.

The concept of a separated graph is related to that of an edge-colored graph, that is, a pair
(E, f) where E is a (directed) graph and f : E! — N is a function from E'! to some set N.
Given such a pair, set

Co:={s"'nNf ') |neNands ' w)n £ (n) # 0}

forve E®and C = |l,co Cv- Then (E, C) is a separated graph. Conversely, given a separated
graph (E, C), themap f : E' — C such that e € f(e) for e € E! is an edge-coloring of E. The
general definition of an edge-coloring allows edges with different sources to receive the same
color. However, no relations between such edges are imposed in the C*-algebras we construct.

Definition 1.4. (See [1, Definition 2.2].) For any separated graph (E, C), the (complex) Leavitt
path algebra of (E, C) is the complex x-algebra L (E, C) with generators {v,e | v € E% ec E'Y},
subject to the following relations:

(V) vw =8, v and v =v* for all v, w € E°,
(E) s(e)e=er(e)=eforalle e E',
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(SCK1) e*f = 8¢, fre) foralle, f€ X, X €C,and
(SCK2) v=7)", x ee* for every finite set X € Cy, v € EY.

Definition 1.5. The graph C*-algebra of a separated graph (E, C) is the universal C*-algebra
C*(E, C) with generators {v,e | v € E% ec E'Y, subject to the relations (V), (E), (SCK1),
(SCK?2). In other words, C*(E, C) is the enveloping C*-algebra of L(E, C). This C*-algebra
exists because the generating set consists of partial isometries.

In case (E, C) is trivially separated, C*(E, C) is just the classical graph C*-algebra C*(E).

For v € E? and ¢ € E', we use the same symbols v and e for the canonical images of v
and e in C*(E, C). This allows us to conveniently abbreviate various expressions — for instance,
if H C C*(E, C), we can write EY N H for the set of those v € EY whose canonical images in
C*(E,C) liein H.

By definition, there is a unique *x-homomorphism L(E, C) — C*(E, C) sending the genera-
tors of L(E, C) to their canonical images in C*(E, C). This x-homomorphism will be called the
canonical map from L(E, C) to C*(E, C).

The C*(E, C) construction also produces the C*-algebras of edge-colored graphs introduced
by Duncan [12, Definition 6] (although he only considers edge-colorings with natural number
values). Since Duncan allows arrows with different sources to have the same color, his construc-
tion can produce the same algebra from many different edge-colorings of a given graph.

In the present paper, we mostly restrict our attention to finitely separated graphs and their
C*-algebras.

The natural category of finitely separated graphs is the category FSGr defined in [1, Defini-
tion 8.4]. Its objects are all finitely separated graphs (E, C). A morphism from (F, D) to (E, C)
in FSGr is any graph morphism ¢ : F' — E such that:

(1) ¢°is injective.
(2) Foreachv e F 0and each X € D,, there is some Y € C¢o(v) such that q’)l induces a bijection
X—Y.

Condition (2) does not imply that ¢! is injective, since it might map two different sets in D, to
the same member of Cyo ;).

A complete subobject of an object (E, C) in FSGr is any object (F, D) such that F is a
subgraph of E and

(3) D, ={Y €C, | YN F' %)} for all ve FO. (In particular, this requires that each set in C
which meets F! must be contained in F1.)

(This is the specialization of [1, Definition 3.4] to FSGr.) Observe that indeed (F, D) is a com-
plete subobject of (E, C) if and only if F is a subgraph of E and D is a subset of C. In this
case, the inclusion F — E (that is, the pair of inclusions (F 05 EOVFl S EY)isa morphism
in FSGr.

Any morphism ¢ : (F, D) — (E, C) in FSGr induces a unique C*-algebra homomorphism
C*(¢) : C*(F, D) - C*(E, C) sending

vi— ¢°v), er— ¢l(e) (1.1)
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forve FOand e € F!, since the elements ¢O(v), ¢l (e) satisfy the defining relations of C*(F, D).
The assignments (F, D) — C*(F, D) and ¢ — C*(¢) define a functor C*(—) from FSGr to the
category C*-alg of C*-algebras. The argument of [1, Proposition 3.6], mutatis mutandis, yields
the following result:

Proposition 1.6. The functor C*(—) : FSGr — C*-alg is continuous. 0O
2. The canonical conditional expectation

In this section we define the canonical conditional expectation @g : C*(E) — Co(E 0y for a
row-finite directed graph E and we show its faithfulness. We will use these conditional expecta-
tions (for various subgraphs) to define the reduced graph C*-algebra of a finitely separated graph
(see Section 3). In the following, we identify the C*-algebra of the edgeless graph (E°, #) with
the function algebra Co(E®) on the discrete set E. Recall that the canonical «-homomorphism
C*((E®, %)) — C*(E) is an embedding (e.g., [4, Theorem 2.1]). We thus identify Co(E®) with
the sub-C*-algebra of C*(E, C) generated by E°.

Theorem 2.1. Let E be a row-finite graph. Then there exists a unique conditional expectation
®p:C*(E) — Co(E°)
such that, for all paths y,v in E, we have

0 ify #v),

Ty s~ 5D ~'s4)  (fy =v=eres--en for some e € BV, &V

Pp(yv*) = {

Moreover the conditional expectation @ is faithful.

Proof. Uniqueness is clear in case of existence.

Let E be a row-finite graph. The map @ g will be defined as the composition of three maps:
@ = D3 0 Py 0 @y, each of which is a faithful conditional expectation. The first of these maps
is the canonical conditional expectation @1 : C*(E) — C*(E)%, where o : T — Aut(C*(E)) is
the gauge action (e.g., [4, p. 1161]) and C*(E)“ is the fixed point C*-algebra, which is the AF-
subalgebra of C*(E) generated by all the paths a8*, where «, B are finite paths in E such that
r(a) =r(B) and || = |B|. The conditional expectation @ is faithful by [24, Proposition 3.2].

The second conditional expectation @, appearing in the definition of @ is the unique con-
ditional expectation @;:C*(E)* — D from the AF-algebra C*(E)“ to its canonical Cartan
subalgebra D, where D is the commutative diagonal AF-algebra generated by AL*, A € E*.
Indeed, since every AF-groupoid is amenable (see [26, Remark III.1.2]), it follows from [26, The-
orem I1.4.15] that D is the image of a unique conditional expectation @, : C*(E)* — D, which is
faithful. Observe that @, (Av*) =0 if |A| = |v| and A # v. Indeed, since Av* = (AL*)(Av™) (VV¥),
we have @, (Av*) = (AL®) Dy (Av*) (vv*) = 0 because D is commutative and A*v = 0.

Finally, we are going to define the third conditional expectation @3, from the commutative
C*-algebra D to its C*-subalgebra Co(E?). For this we need an explicit description of D. For
0 <r < oo,let E" be the set of (forward) paths in E of length r, together with all paths of length
< r ending in a sink. We have truncation maps 7,5 : E®* — E", y + y[r], for r < s < 0o, where
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the truncation y[r] of y =ejep---is ejey--- e (with y[0] =s(y) and y[r] = y if y is a path of
length < r ending in a sink). For r < oo, we put on E” the discrete topology.
Observe that E*° is precisely the projective limit of the inverse system

Trr+1 Tr—1,r Tr—2,r—1 71,2 70,1

E" E1 E! EY.

We put on E°° the inverse limit topology. A basis of compact open sets for this topology is
provided by the sets

Uy ={y € E*: ylrl=1},

for L € E”, 0 < r < oo. The maps t, are continuous, proper, and surjective, and clearly
TrsTst = Ty forr <s <t
By [18] (see also [17]), D = Co(E®). We have

D = Co(E*®) =1lim Co(E").

We next define a positive integer n,, for each finite path A in E. If the length of X is zero, then we
setn; :=1.If A =ey --- ¢ is a path of positive length, we set

|21

n) = 1_[|sfls(e,-)|.
i=1

Let @' : Co(E") — Co(E®) be the map defined as follows:

1
P'(Hwy= Y o, 2.2)

AEET s(A)=v

for f € Co(E") and v € E°.

Using that ZAGE,,SO\):U % =1 for every 0 <t < 0o and every v € E, one can easily check
that @' is a positive, contractive linear map, and clearly ®'(f) = f for every f € Co(E?). By
Tomiyama’s theorem (see e.g. [7, Theorem 1.5.10]), we get that @' is a conditional expectation
for all + > 0. Note that @7 is faithful for all ¢.

We check now that the conditional expectations @’ are compatible with the maps in the in-
ductive system. Let ¢;41,:Co(E") — Co(E't1) be the natural inclusion map. For f € Co(E")
and v € E°, we have

1
SN = Y —f (i)

AEEH s(V)=v

ls~tr () 1
= > ——— f()+ 5 —f)
”y|s r(y)l ny
yEE', |y|=t yEeE" |yI<t
s(y)=v, r(y)¢Sink(E) s(y)=v, r(y)eSink(E)
=o' (f)(v),

which proves that @'+ (1,11 ,(f)) = ®'(f) for f € Co(E"), as desired.
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Since every @ is contractive and positive, we conclude that there is a unique contractive, pos-
itive linear map @3 : Co(E*®®) — Co(E 0y extending all @'’s. This map is therefore a conditional
expectation from D = Cy(E°°) onto CO(EO). We now observe that @3 is faithful. Indeed since
D is a commutative C*-algebra of real rank zero, given any positive nonzero element a in D,
there are a positive real number € and a nonzero projection p in D such that € - p < a. Since
@3 (p) # 0 for all nonzero projections p in D, it follows that @3 is faithful.

In conclusion, we have obtained three faithful conditional expectations @;, i = 1,2, 3, with

C*(E) =2 (B —2 D —2y ¢o(EO)

and so @ := @3 0 @ o P is a faithful conditional expectation from C*(E) onto Co(E 0y,
It remains to check (2.1). Let y and v be two (finite) paths in E with r(y) =r (). If |y| # |v],
then @1 (yv*) =0 and thus @g(yv*) =0.If || = |v| but y # v then

P (rv7) = @3(P2(@1(rv7))) = P3(P2(vv7)) = 23(0) =

Finally, if y = e -- - ¢, is a path of length ¢ in E, then yy* corresponds to the characteristic
function of {y} in Co(E"), and thus we get from (2.2) that

1
De(yy™)=P3(vy™) (n‘s s(ei) ) s(y),

establishing (2.1) also in this case. O

Definition 2.2. If E is a row-finite graph, we call the conditional expectation @g of Theorem 2.1
the canonical conditional expectation from C*(E) to Co(E).

3. C*-algebras of separated graphs

Assume that (E, C) is a separated graph. In this section, we develop a characterization of
C*(E, C) as an amalgamated free product of ordinary graph C*-algebras. This will enable us to
define the reduced graph C*-algebra C},(E, C) when (E, C) is finitely separated. We will show
that for a trivially separated row-finite graph E, the reduced graph C*-algebra agrees with the
non-reduced one.

Set Ag = Co(E®) = C*(E,¥). For each X € C, consider the graph C*-algebra Ay =
C*(Ex), where Ey is the subgraph of E with (Ex)? = E° and (Ex)' = X. We have natural
*-homomorphisms

Ao — Ax — C*(E,C)

arising from the inclusions (E?, #) — Ex and (Ex, {X}) — (E, C).

Let C be a category, and consider an object Cy in C and a family (C,),c; of objects in C, with
morphisms f,:Co — C,. Then the amalgamated coproduct of (C,),e; over Co is an object C
in C, together with morphisms g, : C, — C such that g, o f, = g, o fy for all ¢, (' € I, which are
universal in the following sense: Given any other family of morphisms 4,:C, — D such that
h,o f,=hyo fyforallt,/ €1, thereisaunique h: C — D suchthath, =hog forall.el.
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We now show that C*(E, C) is an amalgamated coproduct of the C*-algebras C*(Ey). This
is the same idea (and proof) as in Duncan’s Theorem 1 [12], except that we express C*(E, C) as
a coproduct of smaller algebras (but more of them) than Duncan uses.

Proposition 3.1. Ler (E,C) be a separated graph, and consider Ay = Co(E®) and Ax =
C*(Ex) as above. Then C*(E,C), together with the natural *-homomorphisms fx:Ax —
C*(E, C), is the amalgamated coproduct of the family (Ax)xec over the C*-algebra Ay in
the category C*-alg.

Proof. We have to verify the universal property, so for X € C let hx: Ax — D be a x-homo-
morphism from Ay to a C*-algebra D such that all compositions A9 — Ay — D give the
same map ho. We then have a family (ho(v)),cgo of orthogonal projections in D and a fam-
ily (hx(e))ecx of partial isometries in D for each X € C, satisfying the relations (V), (E),
(SCK1), (SCK2). By the universal property of C*(E, C), it follows that there exists a unique
s«-homomorphism % : C*(E, C) — D such that h(v) = ho(v) for all v € EY and h(e) = hx(e)
for all e € X, for any X € C. It follows that 4 o fx = hy for all X € C, and so C*(E, C) is the
amalgamated coproduct of the family (Ax)xec over Ag. O

Remark 3.2. The same proof as above shows that L(E, C) is the amalgamated coproduct of the
family (L(Ex))xec over the x-algebra Lo = @veEO Cv, in the category of complex *-algebras.

Definition 3.3. Voiculescu defined in [31] the reduced amalgamated product of a nonempty
family (A,, @,),c; of unital C*-algebras containing a unital subalgebra Ay with conditional ex-
pectations @, : A, — Agp. The reduced amalgamated product (A, @) is uniquely determined by
the following conditions:

(1) A is a unital C*-algebra, and there are unital *-homomorphisms o,: A, — A such that
ola, =0vla, forall ¢, V' € I. Moreover the map o,|4, is injective and we identify Ao with
its image in A through this map.

(2) Ais generated by | J,.; 0.(A).

(3) @:A — Ag is a conditional expectation such that ® oo, = @, forall 1 € I.

4) For (t1,...,1y) € A(l) and a; € ker@tj we have @ (o, (ay)---o,,(an)) = 0. Here, A(I)
denotes the set of all finite tuples (¢1,...,t,) € |_|f,i1 I such that ¢; # ;41 fori=1,...,
n—1.

(5) If c € A is such that @ (a*c*ca) =0 forall a € A, then c =0.

The full amalgamated product * 4, A, is by definition the amalgamated coproduct of the
family (A,),c; over Ag in the category of unital C*-algebras. By (1), there is a unique *-
homomorphism o : %4, A, — A such that o, =0 o f, for all 1 € I, where f,: A, — %4, A,
are the canonical maps, and by (2) this map is surjective. We also have a canonical map
*fog A, — k4, A, where >|<:l§ A, denotes the algebraic amalgamated free product (which is the
amalgamated coproduct of (A,),e; over Ay in the category of unital C-algebras).

We now briefly recall the construction in [31]. Let M, = L?(A,, ®,) be the Hilbert Ao-
bimodule given by the GNS-construction, where the action of Ag on the left is given by restricting
to Ag the canonical action of A, on M,. We have M, = Ao & Mf) as a Hilbert bimodule, and the
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Hilbert Ag-module M is defined by

M=A0 P M @ M.
(15stn)€A)

There are representations A, : A, — L(M) corresponding to the action of A, on terms with left
hand factor M,, see for instance [31,16], and *fg A, is defined as the C*-subalgebra of L(M)
generated by Ule[ A (A)). We have a cyclic vector & := 14, in M such that a - £ = a for all
a € A,, where a denotes the copy ofa € A, in M, C M.

If all the kernels of the GNS representations are 0, then the maps o, are isometries, and we
can identify each A, with its image in A.

Preparation 3.4. We are now going to define the reduced graph C*-algebra C* ,(E, C) of the

red
finitely separated graph (E, C). For a C*-algebra A, we will denote by A the minimal unital
C*-algebra containing A, that is the subalgebra of the multiplier algebra M (A) of A generated
by A and lM(A)-

Set By = Ao, and By = AX for X € C, where, as above, Ag = Co(E®) and Ay = C*(Ex).
Then the canonical conditional expectation @x := @, : Ax — Ao constructed in Section 2
extends canonically to a conditional expectation @x : By — By (see e.g. [7, Proposition 2.2.1]).
Since @x: Axy — Ag is faithful, it follows that its extension to By is also faithful. Now we
consider the reduced amalgamated product (B, @) of the family (By, @x)xec. Since all the
conditional expectations @y are faithful, it follows from [16, Theorem 2.1] that the canonical
conditional expectation @ : B — Ay is faithful.

Definition 3.5. Let (E, C) be a finitely separated graph, and let Ao, By, Ax, Bx be as de-
fined above, for X € C. Consider the reduced amalgamated product (B, @) of the family
(Bx, @x)xec- Then the reduced graph C*-algebra C;,  (E, C) is the C*-subalgebra of B gener-
ated by (Jycc Ax in B (where we identify each Ax with its isometric image in B). Observe that
there is a faithful canonical conditional expectation @ : C (E, C) — Ao, such that @[5, = Py
forall X € C.

As with C*(E, C) (cf. Definition 1.5), we use the same symbols to denote vertices and edges
of E as for their canonical images in C} ,(E, C).

We do not address here the question of extending Definition 3.5 to a functor from FSGr to
C*-alg. However, several natural maps related to this possible functor will be needed, as follows.

First, given a finitely separated graph (E, C), observe that the natural images in Cr*ed(E ,C) of
the vertices and edges of E satisfy the defining relations of the C-algebra L(E, C). Hence, there
is a unique *-homomorphism L(E, C) — C} (E, C) that sends all vertices and edges of E to
their canonical images in Cjed(E , C). We refer to this map as the canonical map from L(E, C)
to C}4(E, C). For the same reason, we obtain a canonical map C*(E,C) — C},(E, C), and
the canonical map L(E, C) — C; (E, C) is the composition of the canonical maps L(E, C) —
C*(E,C)— C}4(E,C).

Next, suppose that E is a row-finite graph, viewed as a trivially separated graph (E, C) where
Cy = {s~!(v)} for all v € E®\ Sink(E). We then define C,,(E) := C,(E, C). From the pre-
vious paragraph, we obtain a canonical map C*(E) — Cjed(E ). We prove in Theorem 3.8 that
this map is an isomorphism.

The final canonical map we require is given in the following lemma.
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Lemma 3.6. Let (F, D) be a complete subobject of an object (E,C) in ¥SGr, such that
E® = FO Then there is a natural embedding of C*,(F,D) into C*,(E,C) such that

red red

E'N Cry(F, D) and F'n Cr4(F, D) are sent to their natural images in E'N Cry(E,C)
and E' N C*,(E, O).

Proof. Write Ag = Co(E®) = Co(FP), and denote by M and M’ the Hilbert Ag-modules corre-
sponding to (E, C) and (F, D) respectively. For X € D, let A’y : Ax — L(M’) be the canonical
representation of A xonM  andforY € C,let Ay : Ay — L(M) be the canonical representation
of A~y on M.

Let B be the C*-subalgebra of C;%;(E, C) generated by | Jx.p Ax (Ax),andlet @5: B — A
denote the restriction of @ g c): Cr (E, C) — Ap to B. Note that (B, @p) satisfies conditions
(1)—(5) of Definition 3.3 with respect to the family (Ax, @x)xep ((5)is trivially satisfied because
D g, c) is faithful). Since these properties determine the reduced amalgamated product, we obtain
an isomorphism ¢ : (C (F, D))~ — B such that ®p o = @ p) and 1y = Ax forall X € D.
It follows that ¢ restricts to an isomorphism from Cr*e 4(F, D) to the C*-subalgebra of C:‘ed(E ,0)
generated by (JycpAx(Ax). O

The proof of the following lemma is straightforward.

Lemma 3.7. Assume that (F, D) is a complete subobject of an object (E, C) in ¥SGr, such that
E'=F' and C = D. Then

Cry(E,C) = CLy(F, D) x Co(E°\ F°). O

We are now ready to establish one of our main results. In particular, this provides an extension
of [29, Theorem 7.3] to finitely separated graphs. It implies that the linear basis of the dense
subalgebra L(E, C) explicitly exhibited in [1, Corollary 2.8] is linearly independentin C*(E, C).
Thus, the paths in E are linearly independent in C*(E, C), and the vertices of E constitute a set
of pairwise orthogonal nonzero projections in C*(E, C).

Theorem 3.8. Let (E, C) be a finitely separated graph.

(1) The canonical map L(E,C) — Cr*ed(E, C) is injective, and hence so is the canonical map
L(E,C)— C*(E,C).

(2) If E is a (non-separated) row-finite graph, then the canonical map C*(E) — Cr*ed(E) is an
isomorphism.

Proof. Throughout, set Ag := C*(E?, ) = Co(E?).

(1) We first consider the case where EY is finite. In this case, Ag 1s a commutative finite-
dimensional C*-algebra, and Ag = L(E?, ). Let ¢ : L(E,C) — Cr4(E,C) be the canonical
map, and set Ly := L(Ex) = Ao @ L, for X € C, where L, =ker (®x)|.,. We will denote
algebraic tensor products by ©.

‘We have

~ al
LEE.OZKSLy=400 @ L} Oa O LY,
(X1,....Xn)eA(C)
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and we want to show that ¢y embeds each of the terms L‘)’(1 OV PRERIOY L‘;(n into the correspond-
ing M§ ®a, - ®ay M% , where My := L%(C*(Ex), ®x) forall X € C. For (Xi,...,X,) €
A(C)and a; € L(J)(,-’ i=1,...,n, wehave

Y(ar Oay -+ Oag an)lag =a R4y B4, an GM;)(I R4y R4y M%)l.

Hence, it suffices to show that, for z in the algebraic tensor product L()’(1 Oc---Oc L()’(n , we have
(z, z) =0 if and only if z belongs to the kernel K, of the natural map

L‘)’(l QC"-QCL[))(,,_’L())(I ®Ao"'®A0L§(n, (3.1)

cf. the proof of [19, Proposition 4.5]. We proceed by induction on n. If n = 1 then the result
follows from the fact that @y, is faithful and Ly, € C*(Ex,), so that L‘}(l C M$, . Assume that
n>1landthat LS Og,---Oay Ly | embedsin My ®a, - ®ay My . The mapin (3.1)is
the composition of the linear maps

(Lg(l Q(C e Q(C L())(nf]) Q(C L())(n - (L())(I QAO o ®A0 L())(nf]) QC L())(n (32)

and

(L())(l O4y -+ 04, L(})(,,_|) Oc L())(n - (L())(l O4y - 04, L())(,,_|) Oa4, L())(,l' (3.3)

Write Ny := L(}’(l Q4 - Q4 L()’(’H. By the induction hypothesis, No embeds in the Hilbert
Agp-module N := M;’(l R4y B4 M;’(nil. The Hilbert Ag-module M;’(l ®4ag - R4y M;’(n is
the interior tensor product N ®4, M;}n, so that is the completion of the inner-product module
(N Oc M;’(”)/Y, where

Y = {zeN@c M;}n: (z,2) =0}

and (-,-) is the sesquilinear form on N O¢ M;’(n defined by

(n1 @mi,ny @ ma) = (na, ¢((n1,m1))ma),

forny,np e N,mi,my € Mon ,where ¢ : Ag — E(M;’(n) is the map given by the left action of Ag
on M;’(n.
Now we follow the proof of [19, Proposition 4.5]. Assume that

k
=Y x®y eNyOc Ly, SN Oc My,
i=1

satisfies that (z,z) = 0. Let x = (x1,...,xx) € N(])‘ C Nk Asin [19, proof of 4.5], N* is a Hilbert
M (Ap)-module and we have

(z.2) = (v, 0P (X)y),



P. Ara, K.R. Goodearl / Journal of Functional Analysis 261 (2011) 2540-2568 2551

where y = (y1,...,¥n) € (L‘)’(n)k and X = ({x;,x;)) = (X, X) py(Ag)- Since M (Ap) is a finite-
dimensional C*-algebra, there are a projection E and a positive element B in My (Ap) such that

BX =FE, XE=X.

It follows that x E = x and that ¢ (E)y = 0. This shows that z belongs to the subspace of
No O¢ L‘;(n generated by all elements of the form na @ m —n ® ¢(a)m, n € Ny, m € L‘;(n,
a € Ay, that is, to the kernel of the map (3.3).

Finally, assume that z € (L‘))(1 Oc - Oc L‘;(IH) Oc L()’(n is such that (z, z) = 0. Let z be the
image of z under the map (3.2). Then (z, z) = 0 and by what we have just proven,

Z=Y (Fjaj®y; — 7 ®a;y))
j

forsome zj € Ly Oc---Oc Ly, |, yj €LY ., a; € Ap. It follows that

z —Z(Zjaj ®yj—zj®a;y;j) € Kn—1 Oc Ly, C K.
J

Since zja; @ yj —zj ®ajy; € K, forall j, we conclude that z € K,;, as desired.

This concludes the proof in the case where E? is finite. If E© is infinite, then by [1, Proposi-
tion 3.6] we can write L(E, C) =lim L(F, D), where (F, D) ranges over all the finite complete
subobjects of (E, C), and all the limit maps L(F, D) — L(E, C) are injective.

For a finite complete subobject (F, D) of (E, C), the canonical map L(F, D) — Cy (F, D)
is injective, as proved above. Let F’ be the subgraph of E with (F’)* = E® and (F)! = F!.
Then the canonical map Cjed(F ,D) —> Cr*ed(E , C) is the composition of the canonical maps

Cry(F,D)— Cry(F', D) and C}y(F', D) — C},(E, C). By Lemmas 3.7 and 3.6, both of the
latter maps are injective and so the canonical map L(F, D) — C} (E, C) is also injective. Since
L(E,C)= li_n;L(F, D), it follows that the canonical map L(E, C) — Cr*ed(E, C) is injective,
as desired.

(2) Since E is a non-separated graph, we identify C with E° \ Sink(E), by corresponding
{s~'(v)} to v for non-sinks v € E°. We shall write E, = E-1(, forveC. Setn, := Is~ ()]

and L, := L(E,), and set A, := C*(E,), and B, := A,. Let B = C*(E)"~ and recall that we
have a faithful conditional expectation @ : B — Ao (Theorem 2.1). To establish the desired
isomorphism, it is enough to show that (B, @) satisfies conditions (1)—(5) of Definition 3.3,
because these conditions characterize completely the reduced amalgamated product of the fam-

ily (By, @y)vec. All the conditions are immediate, with the exception of condition (4). To show

condition (4), take a sequence of vertices vy, ..., v, in C, with n > 2, such that v; # v; 41 for
i=1,...,n— 1. We have to show that ®(ajaz---a,) =0 when ¢; e ker®,, fori =1,...,n.
Since Ly, := L,, Nker @y, is dense in ker @,,, it suffices to prove this statement for all choices
of a; eLgi,iz 1,...,n.

Consider v € C, and note that any path of positive length in E, consists of either a sequence
of loops at v or else a sequence of loops at v followed by one edge from v to a different vertex.
In particular, all paths of positive length in E,, start at v. Observe that every element of L, is a
linear combination of terms of the following five types:
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(1) Paths y in E, of positive length.

(2) Paths v*, where v is a path in E,, of positive length.

(3) Paths yv*, where y and v are distinct paths in E, of positive length.

(4) Terms y (ee* — n;lv)y*, where e € s~ (v) and y is a path in E, from v to v.
(5) Vertices w € EO.

All terms of types (1)-(4) are in LY (recall formula (2.1)), whereas @,(w) = w for w € E°.
Hence, the terms of types (1)—(4) span LS.

Returning to our previous discussion, we see that it is enough to show that @ (ajaz---a,) =0
for all choices of a; € Lgl_ where each a; has one of the forms (1)—(4). We may also assume that
ayay - --a, # 0. It is easy to verify the following:

e If a; has one of the forms (1), (3), or (4) and i > 1, then a;_ is necessarily of type (1).
e If g; has one of the forms (2), (3), or (4) and i < n, then a;4 is necessarily of type (2).

It follows that at most one a; can be of type (4). If such a term occurs, then
ajay---a, = y(ee* — n;lv)v*

for some v € E, some e € s~! (v), and some paths y, v in E that end at v. In this case, it is clear
that @ (ajaz - - - a,) = 0. (Consider the cases y = v and y # v separately.)

If no a; is of type (4), then one of the following holds: aja; - - - a, = y for some path y in E
of positive length; or ajas - - - a, = v* for some path v in E of positive length; or

ayay - --ay :ylyz...ij;:v;:+l v;lk

where k = j or k = j + 1, and each y; or v; is a path of positive length in E,,. Obviously
@ (ajaz---ay) =0 in the first two cases, and it holds in the third case provided y1y2---y; #
VpVp—1---vg. Thus, it suffices to assume that the third case obtains, and that y1y2---y; =
VuVu—1 - Vk, and to derive a contradiction.

We cannot have j = 1 and k = n, since then n = 2 while y; and v, have different starting
vertices. We cannot have j = 1 and k < n, since y; only changes vertices on its terminal edge,
whereas v, must change vertices once, and the following path v,_; has at least one edge. Thus
J > 1, and similarly k < n. Since y1y» # 0, we have r(y1) = v2 # v1 = s(y1), S0 ¥ consists of a
sequence of loops at v; followed by an edge from v to v;. Similarly, v, consists of a sequence of
loops at v, followed by an edge from v, to v,—1. Thus, since y1y2---y; = vVy—1 - - vk, We see
that yy = v,. Now y2---¥; = v, - - - vk, and we can continue in the same manner. We eventually
find that n — k + 1 = j and y; = vx. However, y; # v;j11 because these paths have different
starting vertices, and y; # v; (in case k = j) by the assumption of type (3) for a; = y; v;‘. This
provides the desired contradiction. 0O

Suppose V is a subset of E°\ Sink(E) and X' : V — C is a function such that X' (v) € C, for
every v € V. Define a subgraph E y of E so that Eg( =E%and E}( = UveV X (v). View Ey as
a trivially separated graph, and note that it is a complete subobject of (E, C).

Corollary 3.9. For any V and X as above, the induced map C*(Eyx) — C; (Ex) —
Cr 4(E, C) is injective, and hence so is the canonical map C*(Eyx) — C*(E, C).
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Proof. By Theorem 3.8(2), we have C*(Ex) = CX (Ex), and so Lemma 3.6 gives that the
canonical map C*(Eyx) — Cr (E, C) is injective. O

Remark 3.10. By [7, Corollary 4.5.4], every graph C*-algebra of a row-finite graph is nuclear.
It follows from this and [7, Corollary 4.8.3] that the reduced C*-algebra Cr*ed(E , C) is exact for
every finitely separated graph (E, C). That C};(E, C) is not nuclear in general follows from the
example

Cry(E,C)=Cry(Fr),
where (E, C) is the separated graph with one vertex v, two edges ej, ez, and C = {{e1}, {e2}}.
(Recall that Cr*ed(]Fz) is not nuclear because [, is not amenable [7, Theorem 2.6.8].)

We recall the following definitions, see e.g. [1,29].

Definition 3.11. Let (E, C) be a finitely separated graph. Recall the relation > defined on E? by
setting v > w if and only if there is a path © in E with s(u) = v and r () = w. A subset H of
EV is called hereditary if v > w and v € H always imply w € H. The set H is called saturated
ifr(s"'(v)) CH implies v € H forany v € E 0 which is not a sink or an infinite emitter. Finally,
H is called C-saturated if r(X) C H for some X € Cy, v € EY, implies v € H.

Let H be the lattice of hereditary C-saturated subsets of E°. By [1, Theorem 6.11] there is a
lattice isomorphism between H and the lattice Tr(A) of two-sided ideals of L(E, C) generated
by idempotents. In the C*-algebra case, we are at least able to show that the analogous map
H — L(C*(E, C)) is injective. Here, for any C*-algebra A, we denote by L£(A) the lattice of
closed (two-sided) ideals of A. For a subset X of E° we denote by I(X) the closed ideal of
C*(E, C) generated by X N C*(E, C).

Corollary 3.12. Let (E, C) be a finitely separated graph, and let H be the lattice of hereditary,
C-saturated subsets of E°. Then there is an order-embedding H — L(C*(E, C)), given by H >
I(H).

Proof. Clearly, it suffices to show that E 0Ny (H) = H, for any H € 'H. Thus, let H be a hered-
itary C-saturated subset of E°.

We construct a finitely separated graph (E/H,C/H) as in [1, Construction 6.8]. Namely,
E/H is the quotient graph, that is, the subgraph of E with

(E/H)’=E°\H and (E/H) =r;'(E°\H)=E'/H,
and, for v € (E/H)O, we set
(C/H)y :={X/H| X € Cy},
which is a partition of sE/lH(v), and C/H := UUGEO\H(C/H)U' Here, for any X C El, we

denote by X/H the set {e € X: r(e) ¢ H}. Observe that X/H # () for all X € C, with v €
E%\ H, because H is C-saturated.
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Since rEl(H) N C*(E,C) C I(H), the cosets of the elements in (E/H)° N C*(E, C) and
(E/H)1 NC*(E, C) generate C*(E, C)/1(H). Itis easily checked (by using the universal prop-
erty of C*(E, C)) that C*(E, C)/I(H) is presented by the above generators together with the
defining relations of C*(E/H, C/H). Thus, we obtain an isomorphism

C*(E,C)/I(H) — C*(E/H,C/H)

sending v+ I(H) — vforv e (E/H) and e+ I(H) — e fore € (E/H)". Now any vertex v €
E°\ H is nonzero as an element of L(E/H, C/H) (cf. [1, Corollary 2.8]). Since L(E/H,C/H)
embeds naturally in C*(E/H,C/H) by Theorem 3.8(1), it follows that v ¢ I (H). Therefore
E°NI(H)=H,asdesired. O

4. Simplicity in C;,,(E, C)

For a finitely separated graph (E, C), the reduced C*-algebra C;;(E, C) has typically fewer
ideals than the full C*-algebra C*(E, C). In fact, it can easily happen that C ;(E, C) is simple
while C*(E, C) is not. We shall consider the two main examples from [1] and a related one, and
we will show that the corresponding reduced graph C*-algebras are indeed simple. These are
somewhat exotic examples of simple C*-algebras; for instance, one has stable rank one but not
real rank zero (see Corollary 6.3). We do not know whether the others are purely infinite or have
real rank zero.

We start by taking examples with only one vertex. The main tool is the following result of
Avitzour (see [3, Proposition 3.1]). Since we will only use the case of faithful states, we state
below the result in this case.

Proposition 4.1. (See [3, Proposition 3.1].) Let A, B be unital C*-algebras and ¢, ¥ faithful
states on them. Let (D, @) be the reduced amalgamated product of (A, ¢) and (B, ) (over C).
Let a € ker ¢ and b € ker Y be unitaries such that ¢, W are invariant with respect to conjugation
by a, b respectively. Let ¢ € ket be a unitary such that ¥ (b*c) = 0.

Then for all x in D,

d(x) € (Y){u*xu: u unitary},

where CO denotes the norm-closed convex hull. It is enough to take u in the group generated by
a, b, c.

It follows readily from this result that in the given situation, D must be simple. Indeed, let J
be a nonzero closed ideal of D, and let x be a nonzero positive element of J. Since ¢ and i are
faithful it follows from [13] or [16] that @ is faithful and so Proposition 4.1 gives that J contains
the invertible element @ (x).

We apply now the result to reduced graph C*-algebras.

As in [22], we will use the following unitaries in M, (C). Let X, be a primitive n-th root of 1,
and set:
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0 1 o --- 0

0 0 1 --- 0
U :=diag(1,kn,...,k’fl_l), Uy =

o o0 --- 0 1

1 0 o --- 0

Proposition 4.2. Let n,m > 1, and let (E, C) be the separated graph with one vertex v and with
Cy :={X, Y}, where |X| =n and |Y| = m. Then the reduced graph C*-algebra C'4(E, C) is
simple.

Proof. Set A := O, and B := O,,, where as usual O denotes the Cuntz algebra, and identify
A = C*(Ex) and B = C*(Ey). Then (C} (E, C), @) is the reduced amalgamated product of
(On, ¢p) and (O, ¢n), where we denote by ¢y the canonical faithful state on O. There is a
standard copy of M, (C) in O,, namely the linear span of {ef*: e, f € X}, and using this copy
we define the unitary a := v, in A. Notice that ¢, is the composition of the canonical conditional
expectation from O, onto the AF-algebra O and the tracial state 7, on O;, = lim M,,; (C), where
o denotes the gauge action. Using this it is quite easy to show that ¢, (axa*) = ¢, (x) for all
x € O,. Indeed, ¢, is invariant with respect to conjugation by any unitary in O . Observe that
¢n(a) = trace(v,) = 0.

Similarly, b := v, and ¢ := u,, are unitaries in ker ¢,,, and ¢y, is invariant with respect to
conjugation by both b and c. Moreover, ¢,, (b*c) = 0. It therefore follows from Proposition 4.1
that C" ,(E, C) is a simple C*-algebra. O

We need for our next examples a slight generalization of Proposition 4.1 for reduced amal-
gamated products over C*-algebras different from C. Other generalizations to this context have
been obtained in [22] and [16].

Proposition 4.3. Let A, B, Ao be unital C*-algebras with Ao C A and Ay C B, and let
¢:A— Ag and  : B — Ao be faithful conditional expectations. Let (D, @) be the reduced
amalgamated product of (A, ¢) and (B, V), and let w: A *a:f B — D be the natural map from
the algebraic amalgamated product to D.

Assume there is a central projection P € Agy such that PAg = CP. Let a € P(ker¢)P and
b € P(keryr) P be unitaries in PAP and PBP respectively, such that ¢|pap, ¥|ppp are invariant

with respect to conjugation by a, b respectively. Let ¢ € P(kery) P be a unitary in PBP such
that ¥ (b*c) = 0. Then for all x in w(P)Dw (P),

®(x) e c%{u*xu: u unitary in rr(P)Dn(P)}.
It is enough to take u in the group generated by a, b, c.

Proof. The proof follows the steps of that of [3, Proposition 3.1]. Let us just mention what
are the main steps. Let M be the Hilbert Ag-module arising in the construction of D (recall

Definition 3.3). We identify 7 with the standard representation A *i‘lf B — LA, (M).

Let Wo C PA *ff B be the span of those words starting with an element from P ker ¢ or from
the constants CP or a multiple of b. Let W be the span of those words starting with some 5’ in
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P kerr such that v (b*b’) = 0. Let
Hi=m(W;)§ Ca(P)M.

Then 7 (P)M = Ho @ H;. Since for x € 7(P)Dnx(P) we have

Xl 2y ) = X Iz (PyMll £y r(PYM)

we can apply the proof of [3, Proposition 3.1] to show that
@ (x) € co{u*xu: u unitary in 7 (P) D (P)},
as desired. O

Corollary 4.4. Assume that the conditions of the above proposition hold, and that in addition
7 (P) is a full projection in D. Then D is simple.

Proof. First, recall from [16, Theorem 2.1] that @& is faithful. Let J be a nonzero closed ideal
of D. Since 7 (P) is a full projection in D, we have that 7(P)Jm (P) is nonzero. Let x be a
nonzero positive element in 7 (P)Jw(P). Then @(x) is a nonzero scalar multiple of P, and
so it follows from Proposition 4.3 that 7 (P) € J. Since m(P) is full in D, we conclude that
J=D. 0O

The next example is related to an example considered by McClanahan in [22, Example 3.12]
(see Proposition 6.1 for the precise relationship). However we use in the proof our version of
Avitzour’s result (Proposition 4.3), which is simpler than the one used in [22].

Example 4.5. For integers 1 < m < n, define the separated graph (E (m, n), C(m, n)), where:

(1) E(m,n)? :={v, w} (with v # w).

2) Em,m)! :={o,...,on, Bi, ..., Bm} (with n + m distinct edges).

(3) s(a;))=s(Bj)=vandr(a;) =r(B;) =w forall i, j.

@) C(m,n)=C(@m,n), :={X,Y}, where X :={ayq,...,a,}and Y :={B1, ..., Bu}.

By [1, Proposition 2.12], L(E(m,n),C(m,n)) = M, 11(L(m,n)) = M, +1(L(m,n)), where
L(m,n) is the classical Leavitt algebra of type (m, n). The same argument (by way of universal
properties) shows that

C*(E(m,n),C(m,n)) = Mu11(UY,) = Muy1 (Uyy,). 4.1)

where U,¢, denotes the C*-algebra generated by the entries of a universal unitary m x n matrix,

as studied by Brown and McClanahan in [6,20-22].

The reduced graph C*-algebra of (E(m,n), C(m,n)) is Morita equivalent to McClanahan’s
example, as we will show in Section 6. (Hence, the following proposition can also be obtained
as a corollary of McClanahan’s results.)
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Proposition 4.6. Let 1 <m < n, and let (E,C) := (E(m,n), C(m,n)) be the separated graph
described in Example 4.5. Then the reduced graph C*-algebra C ,(E(m, n), C(m, n)) is simple.
Proof. Set Ag := Cv & Cw, and identify Ay with €2 so that v and w correspond to (1, 0) and
(0, 1) respectively. Set A := C*(Ex) and B := C*(Ey), and identify A and B with M,,;(C)
and M, +1(C) so that v and w correspond to diag(l, ..., 1,0) and diag(0, ..., 0, 1) in each case.
The canonical conditional expectations @y and @y are easily seen to correspond to the maps
¢: M, 1(C) — C?and ¢ : My, +1(C) — C? given by

n

1 1 «
¢(laij]) = <; Zﬂii» an+l,n+l)a v ([bij]) = (n—1 ijj, bm+l,m+1)~
j=1

i=1

Take P := v, and observe that PAg = CP and that P is a full projection in both A and B,
so certainly P will be a full projection in D := A *fg B = C},(E, C). Consider the unitaries
a = diag(vy, 0) in M,,+1(C) and b := diag(vy,, 0), ¢ := diag(u,,, 0) in M,,11(C) respectively;

then a € PAP and b, ¢ € PBP with the above identifications. We have

p@ =y B =y()=y(b*)=0, (4.2)

and moreover ¢|pap, V¥ |ppp are invariant with respect to conjugation by a, b respectively, and
thus the conditions in Proposition 4.3 are satisfied. It follows from Corollary 4.4 that C};(E, C)
is a simple C*-algebra. O

Remark 4.7. To fill in the cases not covered by Proposition 4.6, let n > 1 and consider (E, C) :=
(E(1,n),C(1,n)).If n > 1, then U}, = O, and (4.1) implies that

C*(E, C) = M (Op) = My11(Op),

whence C*(E, C) is simple. In this case, the full and reduced C*-algebras of (E, C) coincide,
and C,(E, C) is again simple.

Since U{"Cl = C(T), the case m = n = 1 reducesto C*(E, C) = M»(C(T)) by (4.1). Following
the construction in the proof of [1, Proposition 2.12], there is an explicit isomorphism

Y : C*(E, C) — Ma(C(T)) = M2(C) ®c C(T)
sending
vV—> €11, w— e, o — zejo, Br—el2,
where z is the canonical unitary generator of C(T). We shall use this isomorphism to see that
C*(E,C) = C}4(E, C). Thus, the case m =n = 1 is the only one for which C ;(E, C) is not
simple.

Identify A := C*(Ex) and B := C*(Ey) with their canonical images in C*(E, C), and set
Ag := Cv @ Cw. There is a faithful conditional expectation

$®1: Ms(C) ®c C(T) —> (% g)
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d 0d
corresponds to a faithful conditional expectation @ : C*(E, C) — Ay, because  restricts to

where ¢ (‘: b) = (” 0) for (‘Z 2) € M»(C) and t is the canonical faithful trace on C(T). This

an isomorphism of Ay onto (% (g) We claim that (C*(E, C), @) satisfies the conditions of

Definition 3.3 to be the reduced amalgamated product of (A, @x) and (B, @y). Conditions (1)
and (2) are clear, (3) is easily checked, and (5) follows from the faithfulness of @. To check (4),
observe that since ker @y = Ca @ Ca™ and ker @y = C8 & CB*, it suffices to show that @
vanishes on all finite paths of the forms

af*af*---, o Batp -, Ba*Ba* -, Brafta---.

However, ¥ maps these paths to products of the form z¥e; j or (z*)ke; jwithk>1,and9p®
vanishes on such products.

Therefore (C*(E,C), D) = (A, ) *r:g (B,®y) and so C*(E,C) = C},(E,C) in this
case, as claimed.

Finally, we show with another example that the structure of hereditary C-saturated subsets
of EY is not respected in Cr4(E, C) in general, that is, there can be two different hereditary C-
saturated subsets Hy and H, which generate the same ideal of C;(E, C). This heavily contrasts
with the situation for the full graph C*-algebra C*(E, C).

Let k,I,m,n > 2 be integers. Consider the separated graph (E, C), where

(1) E%:={v, w;, wy} (with 3 distinct vertices).

2) E! ={ar, o 0 Bl By Vs ooy Yms 81y - -+, O} (With k + 1 + m + n distinct edges).

(3) s(e) = v for all e € E', while r(e;) = r(Bj) =w; forall i, j, and r(y;) =r(d;) = wy for
all i, j.

4 C=C,:={X,Y} where

X5={“1w-~705k,]/],~-'57m}7 Y::{ﬂ17"'7ﬂl58]"”98n}'

A picture of the graph E for the case k =/ =m = n =2 is shown below.

wq B2 8 wy

Observe that Hy = {w} and H> = {w;} are both hereditary C-saturated subsets of E. How-
ever, by the next proposition, both H; and H; generate the full algebra Cr*ed(E ,0).

Proposition 4.8. Let (E, C) be the separated graph described above. Then the reduced graph
C*-algebra C* (E, C) is simple.

red
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Proof. Set Ag:=Cv & Cw; & Cw,, and identify Ag with C3 so that v, wy, wo correspond to
(1,0,0), (0,1,0), (0,0, 1) respectively. Set A := C*(Ex) and B := C*(Ey), and identify A and
B with My 11 (C) x My, 4+1(C) and M;41(C) x My,+1(C) so that v, wy, wy correspond to

(diag(1,...,1,0), diag(1, ..., 1,0)), (diag(0, ..., 0,1),0), (0, diag(0, ..., 0, 1)),

respectively, in each case. The canonical conditional expectations ®@x and @y correspond to the
maps ¢ : My41(C) x My1.1(C) — Ag and ¥ : M 41(C) x M 41(C) — A given by

k m
1
¢ (laij), [a);]) = T ( > ai+ Za’,,> VA A LA 1W ) g W2

i=1 j=1

I n
1
v (1bij), [b};]) = I <Zbii + Zb/jj>v F brg1i+1w1 by w2,

i=1 j=I
Take P := v, and observe that P Ay = CP and that P is a full projection in both A and B, so

certainly P will be a full projectionin D := A *TXS B =C},(E, C). Consider the unitaries

a:= (diag(vk, 0), diag(vy,, 0)) € PAP,
b := (diag(v;, 0), diag(v,, 0)) € PBP, ¢ := (diag(uz, 0), diag(u,.,0)) € PBP.

Then (4.2) holds, and moreover ¢|pap, ¥ |ppp are invariant with respect to conjugation by a, b
respectively, so that the conditions in Proposition 4.3 are satisfied. It follows from Corollary 4.4
that C* (E, C) is a simple C*-algebra. 0O

red

5. K-theory

Our aim in this section is to compute the K -theory of the full graph C*-algebras of finitely
separated graphs. This will use the powerful results in [28].

We recall here the main result from [28] used in our computations; it is a particular case of
[28, Theorem 2.7].

Theorem 5.1. Let Ay, A|, A be separable C*-algebras. Assume that iy : Ag — Ay, fork=1,2,
are embeddings, and that Ay is finite-dimensional. Let ji: Ay — Ay %4, A2, for k =1,2, be the
canonical maps. Then there is a 6-term exact sequence:

(15:024) Jix—J24

Ko(Ao) ——— Ko(A1) @ Ko(A2) ——— Ko(A1*4,A2)

T l (5.1)

j *_j * ( *)i *)
Ki(A1 %4y A2) <= Ki(AD) @ K1(A2) <= Ki(4p)
For some direct applications of this theorem to the K-theory of C*-algebras of separated
graphs, see [12, Section 5].
In order to state our result, we need some preparation. If E is a row-finite (non-separated)
graph, we will denote by A’; the adjacency matrix of E, that is, the matrix (a(v, w))

v,weE0 1M
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ZE XE” where a(v, w) := |sEl(v) N rEl(w)|, that is, the number of arrows from v to w in E.

Write A’E and 1 for the matrices in ZE"*E"\Sink(E) which result from the transpose of A, and
from the identity matrix after removing the columns indexed by sinks. Then the K-theory of
C*(E) is given by the formulas

Ko(C*(E)) = coker(1 — Ay : ZE\SWKED _, 7(ED), (5.2)

Ki(C*(E)) Zker(1 — Al : ZE\SkE) _, 7(E) (5.3)

[25, Theorem 3.2]. Further, the formulation of [25, Theorem 3.2] given in [30, Theorem 2.3.9]
shows that the isomorphism of (5.2) sends [v] to the coset of §, for all v e E 0 where (6v)peko

denotes the canonical basis of Z(E®).

We now present a corresponding result for any finitely separated graph (E, C). The adja-
cency matrix of (E, C) is the matrix A/(E’C) = (a(v, w)), o such that the entry a(v, w) is the
function X — ax (v, w) in Z¢ where ay (v, w) equals the number of arrows in X from v to w,
for any v, w € E° and X € C,. We denote by 1¢: Z(© — ZE" and Alg.c) .20 5 7E the
homomorphisms defined by ’

le@x) =8 and Al (6x)= Y ax(.w)s, (veE’ XeC,).

wekE"

where (8x) xec denotes the canonical basis of Z(©),
With this notation, the K-theory of C*(E, C) has formulas which look very similar to the
ones for the non-separated case:

Theorem 5.2. Let (E, C) be a finitely separated graph, and adopt the notation above. Then the
K -theory of C*(E, C) is given as follows:

Ko(C*(E. C)) Zcoker(Ic — Alp ¢ : 2O — ZF), (5.4)
Ki(C*(E. C)) Zker(lc — Al ¢ : 2O — Z(EY), (5.5)

Further:
The isomorphism of (5.4) sends [v] to the coset of 8, for all v € E°. (5.6)

Proof. Since K-theory is continuous, we may reduce to the case where E is a finite graph
by using Proposition 1.6 and [1, Proposition 3.5 and comments after Definition 8.4]. Set
Ag := C*((E°,¥), %) = Co(E®), which is a finite-dimensional commutative C*-algebra under
our current assumption. There is an isomorphism « : Ko(Ag) — Z(EO) sending [v] — §, for
ve E°.

For a finite separated graph (E, C) (meaning that E 0 FEl and C are all finite), we will show
the results by induction on |C|. The case where |C| < 1 follows from the results for non-separated
graphs. Assume that n > 1 and that the results are true for finite separated graphs (E’, C") with
|C’| < n. Let (E, C) be a finite separated graph with |C| = n, and select X € C, for some v €
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EO \ Sink(E). Let C' := C \ {X}, and consider the separated graphs (Ej, C’) and (E», {X}),
where (E1)0 = (Ez)0 EY and (Ent = |_]Y€C, Y, (E2)! = X. Then we have

C*(E,C)=C*(E|,C') *4,C*(E2, {X}),

relative to the canonical embeddings iy : Ag — C*(E{,C’) and iy : Ag — C*(E3, {X}) cor-
responding to the inclusion morphisms ((E°, #), %) — (E1, C") and ((E°, %), %) — (E», {X})
in FSGr. Therefore we can apply Thomsen’s result and the induction hypothesis to compute
Ko(C*(E, C)). By induction, there is a commutative diagram as follows, where m¢s and mx)
are the obvious quotient maps.

Ko(C*(E1.C)) < Ko(Ag)) —2>  Ko(C*(E. (X))

=| e E

e 0 T(x)
coker(ler — Ay, ) <—— ZED  —— coker(1(x} — Alg, xp)
(The diagram is commutative because (5.6) holds for the cases (Eq, C’) and (E3, {X}).) Since
K1(Ag) = 0, it follows from Theorem 5.1 that Ko(C*(E, C)) is isomorphic to the cokernel of
the map

0 (wer mixy) 0 ! 0
ZE) N 7E (10— AL )V 2C D ZED J(1x) — A

(£, {X}))Z({X})’ (5.7)

via an isomorphism that sends [v] to the coset of (§, + (1¢7 — (E C,))Z ,0) for v € E. The
cokernel of (5.7) is easily seen to be isomorphic to

0 ’ 0
ZED (1o = ALy, )2 + (1px) = Alg, x)))Z8P) =250/ ((1e — Alg ) Z©).

in view of the exact sequence

E%  (Tenmixy)
ZE) ———5 coker(1cr — AzEl,C’)) @ coker(1yx) — A’(Ez’{X}))

{anma), coker(lc—AzE C)) — 0,

where ¢ and ¢, are the natural quotient maps. We thus obtain both (5.4) and (5.6).
Now we want to compute K;(C*(E, C)). From (5.1) and the above observations, we get a
short exact sequence:

0— Ki(C*(E\,C")) ® K (C*(E2. {X})) — K (C*(E, C)) — ker(m¢r, m(xy) —> O.
(5.8)

. t R t
Set A = l.C’ _'A(Elyc') and B := I{X} — A(Ez,{X})'
We distinguish two cases.
Case 1. X consists of a single loop at v. In this case, B =0, and so 7(x is injective and
ker(mwcr, mix)) = 0. By using the induction hypothesis for K1, we get
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K (C*(E, C)) Zker(A) @ Zsx = ker(lc — AQE’C)),
as desired.

Case 2. |X| > 1 or X consists of a single edge from v to some different vertex. Then
B:Z8x — ZE is injective, so that K (C*(Ea, {X})) = ker(B) = 0, and we get from (5.8):

Ki(C*(E,C)) Z K (C*(E1, C")) @ ker(mcr, mixy)
= ker(4: 7€) — ZE) @ (A(ZC") N B(Z6x)). (5.9)

Now using that A(ZC)yN B(Zsy) is cyclic and B is injective, it is straightforward to show that
the last direct sum in (5.9) is isomorphic to

ker((A  B):Z© — 7E"),

Since (A B)=1¢c — A!

(E.c)» We get the desired result for K1 (C*(E, C)). O

As an example, we consider the separated graph (E(m,n), C(m,n)) of Example 4.5, for
1 <m < n.Now (4.1) and Theorem 5.2 give

Z ifn=m,
Ko(Uys,) = coker R B 22 B .
’ —n —m Ly ifn>m,

1 1 7Z ifn=m
K (U %ker(( )322_}22)2{ ’
1( m,n) —n —m 0 ifn>m.

This confirms a conjecture of McClanahan [21, Conjecture, p. 1067], and recovers [20, Corol-
lary 2.4] in the case n = m.

6. Relationships with McClanahan’s examples
We show here that the reduced C*-algebra of the separated graph (E (m,n), C(m,n)) of

Example 4.5 is Morita-equivalent to the C*-algebra constructed by McClanahan in [22, Exam-
ple 3.12]. Let us recall the definition in [22]. Let

(B, W) := (My1:m(C), ¥1) %2 (M2(C), ¥2)

be the reduced amalgamated product over C? of the algebras M,y ,, (C) and M, (C), with respect
to the conditional expectations defined by

m
(alj) Zau ) Zan—&-j,n-i-j )
j=1

(2 1))
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Proposition 6.1. Let 1 <m < n, let (E,C) := (E(m,n),C(m,n)) be the separated graph de-
scribed in Example 4.5, and let

(A9 ¢) = C;ked(Ev C) = (Mn+] ((C)a ®]) *CZ (Mm+l ((C)ﬂ ¢2)

be the corresponding reduced C*-algebra. Let T := v.Av be the corner of A corresponding to
v € EY, and observe that & restricts to a faithful, completely positive conditional expectation
¢ : T — C-17. Then we have a x-isomorphism

(B.W)Z (My(O)®T. %2 ® ¢).

Proof. We are going to use again the characterization of the reduced amalgamated product. Let
e;j and f;; denote the canonical matrix units in M, ,,(C) and M>(C), respectively. There exist
unital x-homomorphisms o1 : My, 4, (C) = M>(C) ® T and o, : M(C) — M>(C) ® T such that

i ®aiaj (1
fu®aifi_, (
1 ®Binaf  (
f2®Bi-nBi_, (

o1(eij) =

=
A
<
NS
=
+
3

and o2(fij) = fij ® 17 for i, j = 1,2. Now all the conditions in the definition of the reduced
amalgamated product are easily verified, with the exception of (4), that needs some work.
Observe that ker ¥, is spanned by { f12, f21}, while ker ¥ is spanned by the set

Ei={ey: 1<k, I<n+m, k#1}U{e: 1<i<n}U(E;: 1< j<m),
with € 1= ¢;; — %ZLI ey and € := €jqp j4n — %fo:l €stn.s+n- We note that o (eg) =
f11 ® Aoy) and o (€x) = foo ® A(By), where Aag) 1= agerf — Tv and A(By) == BBy — Lv.
For subsets 77, T» of an algebra H, denote by A°(Ty, T;) the set of all elements of H
of the form aja;---a,, where a; € T,-j and i1 # ia,i2» #i3,...,1r—1 # i. With this notation,

to verify (4) it will be enough to show that (¥» ® ¢)(ajaz---a,) = 0 for all ajaz---a, in
A°({o2(f12), 02(f21)}, 01(&)). This is, of course, clear for r = 1. We claim that:

(D For r > 2, any word ajas---a, € A°({02(f12), 02(f21)}, 01(&)) is either zero or has the
form f;; ® d with d € A°(Ty, Tg), where

T, := {ak,a,’:,)»(ak) | 1 <k<n}U{akal* | 1<k, l<n, k;él},
T = { B, B A (B) | 1 <k <m} U BB [ 1 <kl <m, k#1},
and also:

(1) Ifa, € 01(&) and j =1, then d ends in one of a; or age; (with k # 1) or A(er).
(2) Ifa, € 01(&) and j =2, then d ends in one of B/ or BB (with k # 1) or A(By).
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For ¢ € 61(Z), observe that:

(1) o2(fi2)c #0 if and only if ¢ = f21 ® Br_na/; Or c = f22 ® ,3k—n,31*_,, with k #[; or ¢ =
22 ® A(Br).

(2) o2(f21)c # 0 if and only if ¢ = fi1 ® axa with k #[; or ¢ = fi1 ® Mayg); or ¢ =
Sf12 ®Olk,31*_n-

With the aid of these observations, the claim is easily established by induction on r.
Since (A, @) is a reduced amalgamated product, A°(Ty, Tg) < ker @. Hence, we conclude
that A°({o2(f12), 02(f21)}, 01(&)) Cker(¥2 ® ¢), as desired. O

The case n = m is special. In this case, the reduced graph C*-algebra admits a faithful trace
and has minimal projections, as we will see. We establish this by finding a Morita equivalence
with a different example of McClanahan’s, namely [22, Example 4.1]. This example is given as
follows:

(C,¥) = (My(C), tr,) *c (C(T), 1),

where tr, is the normalized matrix trace on M,,(C) and t is the usual faithful trace on C(T).
Then we have:

Proposition 6.2. Let n > 1, let (E, C) := (E(n, n), C(n, n)) be the separated graph described in
Example 4.5, and let

(A, @) :=Cly(E,C) = (My41(C), ®1) *c2 (My11(C), @)

red

be the corresponding reduced C*-algebra. Let T := v.Av be the corner of A corresponding to
v € EO, and observe that @ restricts to a faithful, completely positive conditional expectation
¢ : T — C-17. There is a x-isomorphism

C, V) =(T, ).

Proof. We are going to use again the characterization of the reduced amalgamated product. Let
u denote the standard unitary generator of C(T), and let ¢;; be the canonical matrix units in
M,,(C). There exist unital x-homomorphisms o} : M,,(C) — T and o, : C(T) — T such that
o1(eij) =aioz;‘ forall i, j, and

or(u)=U := Z,Bja;f.

j=1

Conditions (1), (2), (5) in the definition of the reduced amalgamated product are easily verified,
as is the first part of (3), namely, that ¢ o o1 = tr,,.
As in the proof of Proposition 6.1, define
Ty = o, of , Mag) | 1 <k <nfU{ope] | 1<k I <n, k#1},

<
Ty :={Be- By A(B) | 1 <k <nfU{BB [ 1<k I<n, k#1},
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where A(ax) 1= ooy — %v and A(By) := BBy — %v, and observe that A°(Ty, Tg) C ker @.
Since any nonzero power of U is a linear combination of elements of A°(7Ty, Tg), we see that
¢or(u') = @(U") =0 for all ¢ # 0. It follows that ¢ o 02 = T, verifying (3).
Observe that kertr, and ker t are the closed linear spans of the sets
E i={ey: 1<k, 1<n, k£1}U{e: 1 <i<n},
T = {ut: teZ\ {O}},
with €; :=¢;; — % Z:l:l e+ as before. Also, o1(ex) = A(ak). To verify condition (4), it is enough

to show that ¢ (ajas---a,) =0 forall ajas - - -a, in A°(c1(&), 02(7)). This is clear for r = 1.
We claim that:

(D) Eachelementajas---a, € A°(01(Z), 02(Y)) withr > 2 and a, € 0»(7") can be written as a
linear combination of terms wU’ such that w € A°(T, Tg) and one of the following holds:
(a) t > 1 and w ends in one of & or axa (with k # 1) or A(ay);
(b) t <0 and w ends in one of B or BB (with k # 1) or A(By).

The cases when r = 2 and a3 is a positive power of U are clear. The other r = 2 cases follow
from the facts that

_ B 1
eV =aff, oV =i — U

for all k, I. The remainder of claim (I) is proved by induction on r, with the help of the following
observations:

Uoi(ex)U = PrajU, Uoi(ew)U™" = Bupy.
U o1(ex)U = U™ oy} U, U lop(en)U™ = U e B,

1 _

Uoi (&)U = BrofU — ;Uz, Uoi(e)U™" = 1(Bp),
1

U~ lo1(e)U = U "A(a) U, Ulo(enU ' =0 g i — U2
n

forall k, [.
Finally, we claim that:

(II) Every element aja;---a, € A°(01(Z),02(7")) can be written as a linear combination of
elements of A°(Ty, Tg).

This is clear when r = 1, and it follows directly from (I) when r > 2 and a, € 02(7"), just by

expanding the factors U’. When r > 2 and a, € o1(&), we obtain (II) from (I) with the help of
the facts that

1
Uoi(en) = Pretf’s Uoi(ex) = Pro — U
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for all k, . Since A°(Ty, Tg) < ker @, we conclude from (II) that A°(01(&), 02(7")) C ker ¢, as
desired. O

Corollary 6.3. Let n > 1 and (A, @) := C* (E, C) as in Proposition 6.2. Then A is a simple

red
C*-algebra with a faithful trace. It has stable rank 1, but does not have real rank zero.

Proof. By Proposition 6.2, A is Morita equivalent to McClanahan’s example C, where (C, ¥) :=
(M, (C), try) k¢ (C(T), t). We show that C has the described properties. Simplicity follows from
either [22, Proposition 3.3] or Proposition 4.6, and ¥ is a trace because tr, and 7 are traces (see
[3, Proposition 1.4] or [32, 2.5.3]). It is faithful because tr,, and t are faithful.

Next, since C(T) is a diffuse abelian algebra with respect to 7, meaning that t is given by an
atomless measure on T, it follows from [14, Proposition 3.4] that C has stable rank 1.

Finally, we consider the K -theory of the full free product algebra Cyjy := M, (C) % C(T). Write
e;; for the canonical matrix units in the copies of M), (C) appearing in the different algebras under
consideration. Since Ko(M,,(C)) and K¢(C(T)) are infinite cyclic, with generators [e] and [1],
respectively, it follows from Theorem 5.1 that Ky(Cgy1) is infinite cyclic, with generator [e}]].
McClanahan showed in [23, Corollary 8.7] (cf. [22, Example 4.1]) that the natural map Cgyy — C
induces isomorphisms in K -theory. (This also follows from [15, Theorem 4.1].) Consequently,
Ko(C) is infinite cyclic, with generator [ej1]. The faithful trace ¥ on C thus takes values in
(1/n)Z on projections, and it follows that e is a minimal projection in C. Therefore C cannot
have real rank 0. O

7. Problems
In this final section, we discuss some open problems which arise naturally in this investigation.

Problem 7.1. Compute the lattices of closed ideals of the full and reduced graph C*-algebras of
a finitely separated graph (E, C), in terms of graph-theoretic data. In particular, find characteri-
zations of simplicity of C*(E, C) and/or Cr*ed(E, C) in terms of (E, C).

For the ordinary graph C*-algebra C*(E) of a countable graph E, the lattice of gauge-
invariant closed ideals was characterized in [4, Theorem 3.6, Corollaries 3.8, 3.10]; this gives
the full lattice of closed ideals in case E satisfies condition (K) (see [4], [11, Theorem 3.5]).
A characterization of simplicity of C*(E) was found earlier, in [27, Theorem 12]. For the Leav-
itt path algebra of a separated graph (E, C), the lattice of trace ideals was characterized in [1,
Theorem 6.11], and necessary and sufficient conditions for “trace-simplicity” of L(E, C) were
obtained in [1, Theorem 7.1].

Problem 7.2. Find conditions when the full graph C*-algebra of a finitely separated graph (E, C)
equals the reduced one. Observe that this is always the case for non-separated graphs (Theo-
rem 3.8(2)). A necessary condition for equality is that the full C*-algebra needs to be exact
(Remark 3.10).

Exactness often fails, however, as shown by Duncan [12]. First, if there is a vertex v € E 0
at which there are two loops lying in different members of C,, then C*(E, C) is not exact [12,
Proposition 6]. Second, if there are vertices v, w € E° and three edges from v to w which lie in
distinct members of C,,, then C*(E, C) is not exact [12, Proposition 7].
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Problem 7.3. When the reduced graph C*-algebra of a finitely separated graph is simple and
infinite (as in some of the examples in Section 4), is it purely infinite? Does it at least have real
rank zero? Both answers are positive in the non-separated case [27, Theorem 18].

Problem 7.4. When the reduced graph C*-algebra of a finitely separated graph is simple and
finite, must have it stable rank one? The answer is positive in the non-separated case [27, Theo-
rem 18]. The corresponding question for real rank zero is answered negatively by Corollary 6.3.

Problem 7.5. For free products of two nuclear C*-algebras with faithful states, Germain proved
in [15] that the natural map from the full free product to the reduced one is a KK-equivalence
and so it induces an isomorphism in K -theory. Note that this applies to the examples in Proposi-
tion 4.2.

Is there a corresponding result for amalgamated free products? This would apply in particular
to all the examples of Section 4, for which we could then compute the K -theory of the reduced
graph C*-algebras (thanks to Theorem 5.2).

Problem 7.6. Let (E, C) be a finitely separated graph. Let M (E, C) be the abelian monoid with
generators {a, | v € EO} and relations given by a, = Zee x Gr(e) forall v e EY and all X € C,.
It was shown in [1, Theorem 4.3] that there is a natural isomorphism M (E, C) — V(L(E, C)),
sending a, to [v] € V(L(E, C)), where V(L(E, C)) is the abelian monoid of Murray-von Neu-
mann equivalence classes of projections in matrices over L(E, C).

Is the natural map M (E, C) — V(C*(E, C)) also an isomorphism? Equivalently, is the natu-
ral induced map V(L(E, C)) — V(C*(E, C)) an isomorphism?

We conjecture that the answer to this question is positive. This is certainly the case for non-
separated graphs (see [2, Theorem 7.1]). If the answer is positive, it would follow, as in [1,
Corollary 4.5], that every conical abelian monoid is isomorphic to V(C*(E, C)) for some finitely
separated graph (E, C).
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