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We present the generalisation to (3 4+ 1) dimensions of a quantum deformation of the (2 + 1) (Anti)-de
Sitter and Poincaré Lie algebras that is compatible with the conditions imposed by the Chern-Simons
formulation of (2 + 1) gravity. Since such compatibility is automatically fulfilled by deformations coming
from Drinfel’d double structures, we believe said structures are worth being analysed also in the (3+1)
scenario as a possible guiding principle towards the description of (3 + 1) gravity. To this aim, a canonical
classical r-matrix arising from a Drinfel'd double structure for the three (3 + 1) Lorentzian algebras
is obtained. This r-matrix turns out to be a twisted version of the one corresponding to the (3 + 1)
k-deformation, and the main properties of its associated noncommutative spacetime are analysed. In
particular, it is shown that this new quantum spacetime is not isomorphic to the x-Minkowski one, and
that the isotropy of the quantum space coordinates can be preserved through a suitable change of basis of
the quantum algebra generators. Throughout the paper the cosmological constant appears as an explicit
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parameter, thus allowing the (flat) Poincaré limit to be straightforwardly obtained.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

The quantisation of gravity remains an unsolved problem in
fundamental physics (for a recent, general and very readable ac-
count, see [1]; for a comprehensive reference, see [2]). In an at-
tempt to render the task more tractable, much work has been done
in the (2 + 1)-dimensional case, as gravitation becomes a topolog-
ical field theory [3,4]. In particular, it is well known that in this
case gravity can be described as a gauge theory, referred to as a
Chern-Simons (CS) theory [5,6].

In exploiting the above description as a CS theory, quantum
groups [7-10] have proven themselves very relevant in (2 + 1)
gravity, since within the so-called Fock-Rosly construction the
phase space of the theory is given by Poisson-Lie groups, which
are just the classical counterpart of quantum groups [11-14].
Moreover, those Poisson-Lie symmetries coming from Drinfel’d
double (DD) structures turn out to be outstanding in this con-
text, since the canonical classical r-matrix that arises from a given
DD structure automatically satisfies the constraints imposed by the
Fock-Rosly construction in order to provide a compatible phase
space for (2 + 1) gravity [15-17]. As a consequence of all these
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considerations, the quantum double is widely believed to play an
important role in (2 + 1) quantum gravity [18-24]. In fact, propos-
als to account for the symmetries of (2 + 1) quantum gravity in
terms of quantum double deformations of the isometry groups of
spacetimes have been put forward by realising that the Lie groups
underlying classical Lorentzian gravity in (2 4+ 1) dimensions can
be endowed with certain DD structures, that have been fully clas-
sified and constructed [17,25-28]. In this respect, we stress the
need to work out this problem for Lorentzian kinematical groups
with non-vanishing cosmological constant, since they could be the
relevant ones in order to provide models for cosmological and as-
trophysical consequences of quantum gravity phenomena (see [29]
and references therein).

However, if one wishes to carry over the above analysis to the
realistic case of (3 + 1)-gravity, the programme advocated for faces
an obstacle: the Fock-Rosly construction links quantum groups
with CS gravity, but CS is only defined on odd-dimensional man-
ifolds [30]. Nevertheless, the fundamental structures used in our
approach (DDs and their associated quantum groups) do admit an
extension to (3 4+ 1) dimensions, regardless of the particular the-
ory of gravity (if any) they might be linked with. Therefore, the
motivation of the results here presented relies on the fact that,
as DDs seem to describe the symmetries of (2 + 1)-gravity, it is
not unreasonable that (3 4+ 1)-DDs could be used to suggest sym-
metry constraints on a novel action principle for (3 4+ 1) gravity,
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hopefully paving the way to a more amenable quantisation. More-
over, in such a case, said (3 + 1)-dimensional generalisations of
DD structures should lead to the already known DD structures in
(2 + 1) dimensions through a well-defined dimensional-reduction
procedure.

In this paper we present the first — to the best of our knowl-
edge — DD structure for the three Lorentzian Lie algebras in (3+1)
dimensions, which is just the generalisation of one of the CS-
compatible DD structures that have been recently found in (2 + 1)
dimensions [17]. In our approach, the cosmological constant A is
presented as an explicit parameter that allows a simultaneous de-
scription for these three Lie algebras in terms of a one-parametric
real Lie algebra that we call AdS,, such that A o —w. In partic-
ular, the canonical classical r-matrix arising from this DD struc-
ture generates a twisted k-deformation of the three Lorentzian
Lie algebras in (3 + 1), whose (2 + 1) dimensional reduction is
the specific Poisson-Lie symmetry that has been fully worked out
in [27] and that, for the case of vanishing cosmological constant,
is the r-matrix that generates one of the twisted x-deformations
of (3 + 1) Poincaré algebra that were studied in [31-34]. Moreover,
by analysing the first-order term of the quantum deformation pro-
vided by the classical r-matrix, we will show that the first-order
noncommutative spacetime, that would arise after quantisation,
can be given a manifestly isotropic structure, which, interestingly,
is by no means isomorphic to the x-(Anti)-de Sitter spacetime.
Therefore, DD structures can also be used in (3 4+ 1) dimensions as
a guiding principle in order to select those quantum deformations
that (hopefully) could play a role as symmetries in a quantum
gravity scenario.

The structure of the paper is as follows. In the next section,
the basic definitions of the AdS, Lie algebra and their associated
Lorentzian homogeneous spaces will be recalled, together with the
(complex) transformation that maps the algebra with w # 0 to
50(5). In Section 3, a DD structure for so(5) will be introduced,
and the canonical r-matrix that generates an so(5) Lie bialgebra
structure will be presented. In Section 4, the previous complex
map will be used to obtain a (real) DD structure for the family
of AdS,, Lie algebras, and to analyse the properties of the quantum
deformation arising from the associated Lie bialgebra structure. In
particular, the features of the first-order noncommutative space-
time generated by this quantum deformation will be described,
and a change of basis that restore the space isotropy (that seemed
to be lost in the initial presentation of the symmetries) is explic-
itly given. A final section devoted to some comments and open
problems closes the paper.

2. AdS,, in (3 4+ 1) dimensions from so(5)

Let us consider the (3 4+ 1) Lorentzian Lie algebras denoted
collectively as the one-parameter family of algebras AdS,, where
w is a real parameter. In the kinematical basis {Pg, Pq, Kq, Ja},
(a=1,2,3) of generators of time translation, space translations,
boosts and rotations, respectively, the commutation rules for the
AdS,, Lie algebra read

[Ja, Jobl=¢€apcJc, [Ja, Pp] = €ancPc,
[KasPO]:Pay [Kaypb]zfsabPOv
[Po, Pq]l = wKq, [Pa, Pp] = —wegpc J ¢,

[.]117 Kb] = 6achc )
[Kq, Kp] = —€apc Jc
[Po, Ja] =0.

(2.1)

Therefore, AdS, contains the Anti-de Sitter (AdS) Lie algebra
50(3,2) when w > 0, the de Sitter (dS) Lie algebra so(4,1) for
w < 0, and the Poincaré one iso(3,1) for w =0.

Notice that setting w = 0 is equivalent to applying an Inoénii-
Wigner contraction [35] associated with the involutive automor-

phism of both s0(3,2) and so(4,1) given by the composition of
parity P and time-reversal 7, namely

PT: Po— —Po, Py— —Py, Ko—> Ko, Ja— Ja-

This automorphism gives rise to the following Cartan decomposi-
tion of AdS,,:

AdS, =h D p,
p = Span{POa Pa}a

h =Span{Ky, Jq} ~s0(3,1),

so that h is the Lorentz subalgebra. Thus, the family of the three
(3 4+ 1)-dimensional Lorentzian symmetric homogeneous spaces
with constant curvature is defined by the quotient Adsz)“ =
S0, (3,2)/S0(3,1), where the Lie groups H = SO(3,1) and
S0, (3,2) have h and AdS, as Lie algebras, respectively. In this
framework, the parameter w is just the constant sectional curva-
ture of the homogeneous space, which is related to the cosmologi-
cal constant in the form w o« —A. Explicitly, AdeU“ comprises the
three following Lorentzian spacetimes:

e w>0, A <0: AdS spacetime AdS>*! =S0(3, 2)/S0(3, 1).
e <0, A>0:dS spacetime dS>*! =504, 1)/50(3, 1).
e w= A =0: Minkowski spacetime M3+1 =150(3, 1)/S0(3, 1).

Consequently, the case w = A =0 corresponds to the flat or van-
ishing cosmological constant limit. We emphasise that, throughout
the paper, the cosmological constant parameter w will be explic-
itly preserved and all the results presented hereafter will hold for
any value of w.

On the other hand, the so(5) Lie algebra is defined by the non-
vanishing commutation rules

Uij Jil = Jjk Uijs Jjkl = —Jiks

Uik, Jil = Jij, i<j<k, (2.2)

where i, j,k=0,...,4. It turns out that the s0(3,2) and so0(4,1)
algebras (i.e., the AdS,, Lie algebra with @ # 0) can be obtained
as an “analytic continuation” of so(5) by defining the kinematical
generators in terms of the angular momenta ones J;; as

Po=—vw Joa, Py =iV Jo1, P, =iV Jo2,
P3 =iV Jos, Ky =i]14, Ky =1iJ2a4, K3 =1]J3a,
J1=Jas, Ja=—]13, J3=J1n2. (2.3)

This map expresses nothing but the appropriate change of real
form that transforms the Lie brackets (2.2) into (2.1), and we will
use it in Section 4 in order to transform the so(5) DD structure
into an AdS,, one.

3. A Drinfel’d double structure for so(5)

Let us recall that a 2d-dimensional Lie algebra a is en-
dowed with a (classical) DD structure [8] if there exists a basis
{X1,...,Xq,x',...,x%) in which the Lie brackets for a take the
form

[Xi. Xjl=cfiXe, X x]=fl¥
X, Xj1= X — f¥ X . (3.1)

Hence the two sets of generators {Xi,..., X4} and {x!,...,x%}
form two Lie subalgebras, g and g*, with structure constants cffj

and f,ij, respectively. In fact, g* is dual to g, that is,

(Xi, Xj)=0, (K, x)=0, (' X;)=8, Vij. (32)
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The pair (g, g*) and the associated vector space a =g @ g* are
thus endowed with a Lie algebra structure by means of the brack-
ets (3.1), while the dual relations (3.2) provide an Ad-invariant
quadratic form on the DD Lie algebra a.

A given 2d-dimensional Lie algebra can present more than one
inequivalent DD structures and, on the other hand, (semi)simple
Lie algebras are not — in general — even dimensional. Therefore,
the classification of DD structures for a given Lie algebra is a
challenging problem, that has been fully solved only in the case
of four- and six-dimensional Lie algebras [36,37]. In the case of
(semi)simple Lie algebras, a general solution can be found pro-
vided each algebra is enlarged with a suitable number of central
generators (see [38,39]).

We recall that in (2 4+ 1) dimensions the classification of DD
structures for so(2,2) (AdS) and so(3, 1) (dS) Lie algebras is well
known [37], and it was used in [17] to construct two essentially
different classes of classical r-matrices that fulfil the Fock-Rosly
constraints imposed by (2 + 1) gravity. As said earlier, we are un-
aware of a DD structure having been obtained in the case of the
three (3 + 1) Lorentzian Lie algebras. Therefore, in the sequel, we
present a first DD structure for these 10-dimensional Lie algebras,
which can be found by constructing the two dual subalgebras g
and g* in terms of the generators corresponding to the positive
(resp. negative) roots, together with some linear combination of
the generators belonging to the Cartan subalgebra. Although this
construction is inspired by the one presented in [38,39], the re-
sult is different, since no central extensions are needed, and the
DD structure so obtained can be readily contracted to the Poincaré
case.

More explicitly, let us consider the classical Lie algebra c;
spanned by the Chevalley generators {h;, e4;} with [ =1,2 and Lie
brackets given by

leq1,e—1]=hi,

leq2,e_2]=ho,

[h1,e12] = Feso,

[hy, e1z] =F2e4o,

[h1,e+1] =Fesq,
[h2,e+1] = Fexq,
[h1,h2]=[e_1,e;2]=[eq1,e_2]=0,

and supplemented by the four new generators er3, e+4 defined by

[e+1,e42] :=e€43, [e—2,e—1]:=e_3,

[e+1,e43] :=e44, [e—3,e—1]:=e_4.

Hence, the 10 generators {h;,e1m} (I=1,2 and m=1,...,4) span
the Lie algebra so(5). Our aim now is to show that so(5) is en-
dowed with a DD structure.

Let us denote f; =e_p and consider the following linear com-
bination of generators belonging to the Cartan subalgebra:

1 . . 1 . .
eg = E((l +1i)hy +ihy), for= E((l —i)hy —ihy).
Next, if we perform the identification
X,‘E€+,‘, XiEfiEe,i, i=0,...,4,

it is easily seen that the Lie algebra so(5) possesses an underlying
DD structure obeying (3.1), the canonical pairing (3.2) being given
by the bilinear form

(fi. fj) =0,
In other words, a >~ so(5) = g @ g* where g = Span{eo, ..
g% =Span{fo, ..., fa}.

Also, the quadratic Casimir operator for so(5) is obtained from
the well known canonical Casimir operator associated with any DD
structure:

(ej,ej) =0, (fi.ej) =38, Vi, j. (3.3)

.,e4} and

e R
CZEZXX&+XM)=52;ﬁa+ﬁM- (3.4)

The remarkable point is that, once so(5) has been shown to be
endowed with a DD structure, a (quasitriangular) Lie bialgebra
structure (so(5),8) can be directly obtained through the canoni-
cal classical r-matrix given by

4
TZZXi®Xi:Zfi®ei,
i i—0

whose skew-symmetric component

4
1 : 1
ﬂ:EZx’/\X;:EZfi/\ei (3.5)
i i=0
is related to r through the symmetric element
1 ) )
Q=r—1r'= 5Zi:(x‘®xi+xi®x1)
14
=§Z(fi®ei+ei®fi)» (3.6)
i=0

which is Ad-invariant, as it satisfies [Y ® 1+1Q Y, Q2]=0,VY €
50(5). Then, the Lie bialgebra structure (so(5), §) generated by this
r-matrix is given by the cocommutator map

SYV)=[Y®1+1®Y,r'], VY esa(5). (3.7)

All the above results can be easily rewritten in terms of the an-
gular momenta generators J;; fulfilling (2.2), through the following
change of basis:

eo=—%(]04—i113), fO:%(]O‘l‘H]B)’

e1= 7z +iJ12). fr==J5Uxs—ij1),
fa==3(Jo1— Jza
+i(Joz + J14)),
f3 =—%(124—i102),
fa=—=3(Jo1 + J3a
—i(Jo3 — J14))-

e2=1(Jo1 — Jaa
—i(Jos + J14)),

e3= %(]24 +iJo2),

ea=1(Jor+ Jza
+i(Joz — J14)) .

The inverse map reads

101:%(ez—f2+64—f4), ]132—%(804-]“0),

Joz=—%(e3+f3), Ju=jE2+frtestfo),
Jos =12+ fa—es— fa), ]232%(61—13),
Joua= %(63 - f3),

Jaa=—3(2—fo—es+ fa).

1042—%2(60—f0),
]12=—%(€1 + f1),

From these relations, the quantum deformation of so(5) associated
with the DD structure introduced above is generated by the classi-
cal r-matrix (3.5), which in the new basis (and after introducing a
global rescaling factor) becomes

rp==2ir"=§(Jo1 A Jia+ Jo2 A J2a+ Jo3 A J3a

+ Joa A Jiz+ Jiz A J23),s (3.8)
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& being the quantum deformation parameter. The canonical pairing
(3.3), the Casimir (3.4) and the Ad-invariant element (3.6) turn out

to be
1 2
C=—§ E Jij,

O<i<j<4

(Jijs Ju) = —ikd i,

1
Q:_E Z Jij ® Jij - (3.9)

O<i<j<4

We stress that the DD classical r-matrix r; so obtained (which
is a solution of the modified classical Yang-Baxter equation)
presents an “hybrid character” [25,40], as it is formed by the
superposition of a standard or quasitriangular r-matrix and a non-
standard or triangular one, the latter being, in fact, a Reshetikhin
twist. Namely, rj = T'standard + Ttwist, Where

T'standard =& (Jo1 A J1a+ Joa A Joa+ Joz A Jsa+ J12 A J23)
Tewist =& Joa A J13.

Recall that rgandarg is just the so(5) classical r-matrix worked out
in [41], while ryist provides a trivial solution of the classical Yang-
Baxter equation, since [ Jo4, J13] =0.

Finally, the corresponding so(5) Lie bialgebra generated by the
classical r-matrix (3.8) has cocommutators (3.7) given by

8(Joa) =0,  48(J13)=0,

§(J1iz2) =& (Joa N J23 + J13 A J12),

8(J23) =& (J1iz A Joa+ J1z A J23),

§(Jo1) =&(Joa A (Jo1 — Jo3) + J23 A Joz + J12 A J2a
+ Jiz3 A (J3a — J14)),

§(Jo2) =&(Joa A Joz+ (Joz + J1a) A Jiz+ J2a A 13
+ J23 A (J3a — Jo1)),

8(Jo3) =&(Joa A (Jo1 + Jo3) + Ji2 A Joz
+ (J1a+ J3a) A J1z + J2a A J23),

§(J1a) =813 A Jor — Jo3) + Jo2 A J12
+ Joa A (J14 — J34) + J23 A J24),

8(J24) =86(J12 A (Jo1 — J3a) + J13 A Jo2
+ (Joz + J1a) A J23 + Joa A J24),

5(Jz3a) =813 A o1+ Jo3) + J23 A Jo2
+ Joa A (J1a + J34) + Jiz A J24).

We recall that the map § provides the first-order in & of the
coproduct of the quantum so(5) algebra generated by r;. Alter-
natively, the dual map §* provides the first-order in the group
coordinates of the corresponding so(5) quantum group. Under the
kinematical realisation that we will present in the next section,
this first-order will provide the essential information about the
noncommutative spacetime generated by this DD structure.

4. A quantum AdS,, deformation from the Drinfel’d double

We next use the results obtained in the previous section for
the compact form so(5) in order to construct the corresponding
(first-order) AdS,, deformations and underlying noncommutative
spacetimes.

The map (2.3) can be applied to the full so(5) DD structure
in such a manner that the classical r-matrix for AdS,, is obtained
from (3.8) in the form

er\/aT]:§'(K1AP]+1<2/\P2+I<3/\P3+\/5]3/\]1
+ Po A J2). (4.1)

where a /w rescaling is needed in order to guarantee a non-
vanishing w — 0 limit, and a real structure for the three Lorentzian
symmetries is obtained (this rescaling can be rigorously justified
through the theory of Lie bialgebra contractions [41]). Therefore,
we get the (3 + 1) generalisation of the (2 + 1) classical r-matrix

r=z(K1 AP1+KxAPy)+6] APy, (4.2)

whose underlying DD structure was found in [17]. We recall that
the full (24 1) twisted k-AdS,, quantum algebra generated by (4.2)
was constructed in [27], and possible (3 + 1) generalisations of
classical r-matrices for x-deformations with cosmological constant
were analysed in [42]. When comparing (4.1) and (4.2), we note
that the new feature of the (3+ 1) case is the term /@ J3 A J1. On
one hand, this new contribution is cancelled in the & — 0 Poincaré
limit, which implies that twisted quantum k-Poincaré in (2 4+ 1)
and (3 + 1) provide similar structures (see [32-34] for the explicit
construction of the twist generated on the (3 + 1) x-Poincaré al-
gebra by the element Py A J2). On the other hand, when w # 0,
the term /@ J3 A J1 generates a nontrivial quantum deformation
within the rotation subalgebra in the (3 + 1) case (in the (2 + 1)
setting, this subalgebra is one-dimensional).

Regarding the remaining DD structures, it is straightforward to
prove that under (2.3) and after the suitable rescalings that guar-
antee the existence of the w — 0 limit, the pairing, Casimir opera-
tor and Ad-invariant element (3.9) read

(Po, Po)w =—w, (Pa, Pp)oy = W 8gp ,
(Ka, Kp)ow = Sab » (Jas Jb)o = —dab , (43)
1 3 3
sza)cz§<ZP§—P5+0)Z(K§—]§)>, (4.4)
a=1 a=1
1 3
2 =02=3() Pa®Pa—Po® Py
a=1
3
+0) Ke®Ke—Ja® Jo)), (4.5)
a=1

which means that the bilinear form (4.3) becomes degenerate in
the w — 0 Poincaré limit, whereas the Casimir C,, is always well-
defined.

At this point, it is worth recalling that in (24 1) dimensions two
quadratic Casimirs and, associated with them, two inequivalent
Ad-invariant symmetric bilinear forms exist for the AdS, algebra
(see [6,17]). Therefore, two inequivalent pairings exist from the DD
viewpoint. One of them is just the (2 4+ 1) analogue of (4.3), while
the other bilinear form (which does admit a well-defined w — 0
limit) is the one commonly used in order to reformulate (2 + 1)
gravity as a CS gauge theory with the relevant isometry group as
gauge group. Nevertheless, the (2 + 1) analogue of (4.3) can be
shown to generate a gauge theory with the same equations of mo-
tion, but with a different symplectic structure [15,43,44].

On the contrary, in (3 + 1) dimensions the AdS, algebra has
only one quadratic Casimir (4.4) (the other one is a quartic polyno-
mial in the generators) and the only possible bilinear form related
to it is just (4.3). Therefore, the study of the phase space associ-
ated with the (3 + 1) DD structure that we have just introduced
seems to be pertinent.
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4.1. A new AdS,, noncommutative spacetime

In order to have a more precise idea about the noncommutative
AdS,, spacetime associated with the quantum deformation gener-
ated by the r-matrix (4.1), we can compute the cocommutator map
§(Y)=[Y®1+1Q®Y,r,], which becomes

5(Pe)=0,  8(J2)=0
5(J1) =8 (Po A J3+ V@ 1 A J2),
8(J3)=&(JiAPo+~Vw]3 A J2),
8(P1) =((P1 = P3) A Po+(J2 A (K1 = K3) + J3 A Kz)

+V/@]1 A Ps),
8(P2)=§(P2AP0+LO(J1 AK3+ Jo A Ky + K1 A J3)
+ Vo (P A +P3/\]3)>,
5(P3) =.§((P1 +P3) A Po+o(Ja A (Ki +K3) + Ko A 1)
+«/5J3/\P2>,
§(Ky) :s((xl —K3)APo+ (P1—P3)A J2+ P2 J3
+ Vo1 AK2),
8(1(2)=$(K2AP0+]3AP1 +PyA Ja+P3A
+ V(K A J1+Ks A ]3)),
5(K3) =s((1<1 +K3) APo+ (P14 P3) A Ja+ J1 AP

+@]3 /\Kz). (4.6)

As usual, this cocommutator provides the first-order (in the
quantum deformation parameter &) of the quantum deformation
of the AdS,, algebra that is generated by the DD classical r-matrix.
Now, by introducing the dual coordinates {x*,k?, ;*} such that
(note that the pairing here is a different one relating Lie algebra
generators to the corresponding AdS, group coordinates around
the identity)
(x, Py) =8y,

pwov=0,....3, (K Kp)=(;% Jp) =8,

the (first-order) Poisson-Lie brackets among the 4-dimensional
spacetime subalgebra x* are easily read off the dual cocommu-
tator map obtained from (4.6):

0 =¢ (x1 +x3> 7
030 =¢ <x3 —x1> ’

These expressions are just the linearisation of the full Poisson-Lie
structure on the AdS, Lie group generated by (4.1), that could be
explicitly constructed through the corresponding Sklyanin bracket
(see [27] for the full construction in the (2 + 1) case). As a re-
sult, by introducing the quantum group coordinates {)?”,IA(“, 7%,
the noncommutative version of this algebra provides the first-order
(in the quantum group coordinates) of the quantum AdS, group
generated by the DD r-matrix (4.1). At this point, we would like to
emphasise that the cosmological constant w will explicitly appear
in (4.7) when higher orders in the group coordinates are taken into
account (see [27] for a detailed discussion, as well as [45,46]).

X0y =22,

x,x"}=0, a,b=1,2,3. (47)

Some analyses of the (first-order) noncommutative space-
time (4.7), which is common for the three (3 + 1) quantum
Lorentzian groups, are in order. Firstly, from the classification of
real four-dimensional Lie algebras given in [47], it can be read-
ily shown that the Lie algebra (4.7) is isomorphic to the A4 ¢ case
with a =b = 1. On the other hand, if the twist term & Py A J; is
cancelled in the r-matrix (4.1) (which is tantamount to considering
the non-twisted «-AdS, deformation in (3 + 1)), the noncommu-
tative spacetime reads
K0 =£x", (. x)=o0, (4.8)
which would be the (non-twisted and first-order) «-AdS,, space-
time. It is important to stress that (4.8) is not isomorphic to (4.7)
as a Lie algebra, since it corresponds to the different case Aiil;
with a =b =1 in the classification [47]. This means that the exis-
tence of an underlying DD structure for the «-deformation (that
in the (2 + 1) case is directly related to the compatibility with
gravity in a CS setting) implies that a twist has necessarily to
be included and, as a consequence, that the k-noncommutative
spacetimes have to be modified in an essential way. We empha-
sise that this requirement also holds in the (flat) Poincaré case,
for which the «-Minkowski spacetime [48] has become a key-
stone in the construction of many different noncommutative mod-
els (see, for instance, [49,50] and references therein), as well as
in a non-vanishing cosmological constant scenario, for which the
non-twisted xk-AdS deformation has already been considered in a
quantum gravity context [51].

However, it could be argued that the space isotropy of the non-
commutative spacetime (4.8) is broken when the twist & Pg A J2
is considered, since we arrive at (4.7), where the x? coordinate
seems to be privileged from the other two “quantum space” di-
rections. Nevertheless, this difficulty can be circumvented and the
space isotropy can be manifestly recovered in this DD quantum de-
formation by considering the following automorphism of the AdS,,
algebra:

~ 1 1 1 1
Yi=—Y 1 +—=Yy+—=Y Yi=— (Y1 +Y,—2Y
T T BT ' x/ﬁ(l 2= 23),
~ 1 1 1 1
Yo=—F-Y1+—=Y2——=Y Y)=— Y+Y2+Y3
2= ﬁ V2 ﬁ“ >
- 2 1 ~
Y3=— Y]+ Y3 —— Y] YZ,

NG «/— _ ﬁ( )
for Ye{P,KJ}, Po = Py. (4.9)

In fact, under (4.9) the classical r-matrix (4.1) is transformed into
?w=§<k1/\131 +I~(2A132+k3/\133

1 . .
+ﬁ1’0/\(]1+]2+13)

-i-£ (]1/\12+]2/\J3+]3/\11)>
NG
while the pairing (4.3), Casimir (4.4) and Ad-invariant element
(4.5) are kept invariant. Indeed, we note that in (4.10) the three
spatial directions and the three spatial rotations play exactly the
same role, a property that is inherited by the associated cocom-
mutator map, which becomes

(4.10)

8§(Pg) =0,
8(Po) =& [ (Pa+ L5 (Pas1 — Pas2) ) A Po

+ 22 (Par1 A Jost + Pasz A Jara
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+Ja A (Past + Pasa) + Va(Ja+ Jas1 + Jarz) A Ra)
- w(ka+1 A ja+2 + ]a+1 A ka+2)} )
§(Ka) =& [(ka + %(f(a—k] - 1~<a+2)) A Po
+ % [\/B(kaﬂ A Jat1 + Kag2 A Jat2
+Ja A (Ras1 + Rar2) ) + Pa A (Ja+ Jarr + Jas2) |

+ f’a+1 A ja+2 + ja+1 A 13a+2] )
1

8(Jo)=—=
(Ja) NG

S(ﬁ]a A (]a—H + ja+2) + (]a+1 - ja+2) A 130) )
(411)

where the index a is to be cyclically permuted over the set
{1,2,3}. Finally, by following the same construction of (4.7)
from (4.6), the first-order noncommutative spacetime spanned by
the dual coordinates of the spacetime subalgebra in (4.11) reads

{xa7X0}:g(Xa+%(xa+2_xa+l))’
X’y =0,

This Lie algebra, which can indeed be proven to be isomorphic
0 (4.7), has recovered the isotropy among the three spatial di-
rections, as is also the case with the r-matrix (4.10). Thus, space
isotropy is restored in the twisted case with DD structure.

a,b=1,2,3.

5. Concluding remarks and open problems

Since the role of Poisson-Lie groups as phase space symme-
tries in the CS approach to (2 + 1) gravity is well established, one
should expect that their quantisation (i.e., the corresponding quan-
tum groups) should play a relevant role in (24 1) quantum gravity.
At this stage, DD structures have been shown in [17] to be useful
in order to select which Poisson-Lie structures on the Lorentzian
groups satisfy the conditions imposed by the CS framework and,
therefore, which quantum deformations of the AdS, of DD-type
should be considered as symmetries of the (2+ 1) quantum theory,
in which the cosmological constant appears as an explicit para-
meter.

As explained in the Introduction, the (naive) generalisation of
this approach to describe (3 + 1) gravity is not possible, due to the
absence of a CS form in (3 4+ 1) dimensions. Nevertheless, if we as-
sume that the (2 + 1) AdS,, quantum doubles could be physically
meaningful structures, the “correct” (3 + 1) quantum symmetries
should project themselves down to the (2 + 1) ones when one
of the dimensions is suppressed. Here we have shown that this
construction is possible by presenting the (3 + 1) generalisation of
one of the two relevant DD quantum deformations of the AdS,, Lie
algebra, namely the twisted x-AdS,, deformation. The (2+1) coun-
terpart of this quantum deformation was fully presented in [27],
and it turns out that the (3 + 1) deformation arising from a DD
structure mimics the two main features of the (24 1) case, namely,
that the introduction of a twist is essential in order to have an un-
derlying DD structure and the fact that the space isotropy of the
associated noncommutative spacetime can be preserved.

Notwithstanding the comment of the paragraph above on the
lack of a CS form in (3 + 1) dimensions, there certainly is a pos-
sibility worth exploring. As is well known, the Chern-Weil theory
enables us to obtain the integral of the second Chern character on
a 4-manifold M by evaluating the integral of the CS three-form
on its boundary I' = 9 M. As this CS three-form is the one used
to describe (2 + 1) gravity as a gauge theory, it could also be used

to describe (3 + 1) gravity if the integral evaluation above makes
sense. Interestingly, this sort of reasoning is well known in spin
foam models of quantum gravity (see [52] and references therein).
It would indeed be very interesting to elucidate whether this ge-
ometrical construction admits an algebraic description along the
lines presented in this paper, what would provide some hint of
possible new action principles for (3 + 1) gravity and, ultimately,
of a more tractable quantisation.

In addition to the above, a number of natural open problems
arise from these results. First of all, the explicit construction of
the (3 + 1) AdS,, quantum group, whose first-order has been pre-
sented here. To this aim, one could start from the Drinfel’d-Jimbo
quantisation of the simple Lie algebra ¢, given in [8,53] in order
to obtain the (standard) quantum so(5) algebra and, afterwards,
through the “analytic continuation” map given by (2.3), trans-
form it into the full untwisted AdS, quantum structure (which
is the one generated by the classical r-matrix (4.1) without the
Py A ] term). Finally, the contribution to the quantum deforma-
tion coming from such a twist term can be computed by mak-
ing use of the corresponding twist operator, as it was explicitly
shown in [27] for the (2 4+ 1) case. However, the change of ba-
sis from the quantum c¢; generators to the kinematical ones is
really cumbersome, and a promising alternative route in order to
get the all-orders AdS,, deformation consists of implementing the
approach presented in [54], which is based on the so-called “quan-
tum duality principle” [8,55] and takes directly the DD kinematical
r-matrix (4.1) as the first-order initial data. In fact, this method
was already used in [54] for the w = 0 case (see also [32-34]),
and seems to be computationally amenable for the construction
of the generic twisted AdS, quantum group [56]. Armed with
this, the role of the cosmological constant for higher orders of the
noncommutative spacetime relations should become apparent, and
further analyses could be carried out. Among them, the study of
the relation between the quantum AdS, Casimirs and the corre-
sponding deformed dispersion relations (see the review [29]), the
construction of the associated curved momentum spaces (see, for
instance, [19,57-60]) and the possibility of getting a deeper insight
into the physical role of twists in quantum gravity would be wor-
thy of a thorough analysis.

Secondly, another challenging problem deals with the identifi-
cation of the (3+1) generalisation of the second main DD structure
of the (2 4+ 1) AdS,, Lie algebra that has been analysed in [26] and
whose noncommutative spacetime generates an so(2, 1) Lie alge-
bra, thus being much closer than the «-deformations to the Snyder
spacetime [61]. In this context, a general study of all possible DD
structures of AdS,, should be undertaken in order to see whether
other relevant DD symmetries appear in (3 + 1) dimensions.

Acknowledgements

This work was partially supported by the Spanish Ministerio
de Economia y Competitividad (MINECO) under grant MTM2013-
43820-P and by Junta de Castilla y Le6n under grant BU278U14.
P. Naranjo acknowledges a postdoctoral fellowship from Junta de
Castilla y Ledn.

References

[1] C. Kiefer, Quantum Gravity, International Series of Monographs on Physics, Ox-
ford University Press, Oxford, 2007.

[2] A. Ashtekar, V. Petkov, Springer Handbook of Spacetime, Springer, Heidelberg,
2013.

[3] S. Carlip, Quantum Gravity in 2 + 1 Dimensions, Cambridge Monographs on
Mathematical Physics, Cambridge University Press, Cambridge, 2003.

[4] S. Carlip, Living Rev. Relativ. 8 (2005) 1.


http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4B6965666572s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4B6965666572s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib41736874656B6172s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib41736874656B6172s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4361726C6970626F6F6Bs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4361726C6970626F6F6Bs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4361726C69706C7272s1

A. Ballesteros et al. / Physics Letters B 746 (2015) 37-43 43

[5] A. Achucarro, PK. Townsend, Phys. Lett. B 180 (1986) 89.

[6] E. Witten, Nucl. Phys. B 311 (1988) 46.

[7] V.G. Drinfel'd, Sov. Math. Dokl. 27 (1983) 68.

[8] V.G. Drinfel'd, Quantum groups, in: A.V. Gleason (Ed.), Proc. Int. Cong. Math.,
Berkeley 1986, AMS, Providence, 1987, p. 798.

[9] V. Chari, A. Pressley, A Guide to Quantum Groups, Cambridge University Press,
Cambridge, 1994.

[10] S. Majid, Foundations of Quantum Group Theory, Cambridge University Press,
Cambridge, 1995.

[11] V.V. Fock, A.A. Rosly, Preprint ITEP-72-92 (1992);

V.V. Fock, A.A. Rosly, Transl. Am. Math. Soc. 191 (1999) 67.

[12] A. Alekseev, A.Z. Malkin, Commun. Math. Phys. 162 (1994) 147;
AL. Alekseev, A.Z. Malkin, Commun. Math. Phys. 169 (1995) 99.

[13] A.Y. Alekseev, H. Grosse, V. Schomerus, Commun. Math. Phys. 172 (1995) 317;
AY. Alekseev, H. Grosse, V. Schomerus, Commun. Math. Phys. 174 (1995)
561.

[14] A.. Alekseev, V. Schomerus, Duke Math. J. 85 (1996) 447.

[15] C. Meusburger, B.J. Schroers, Nucl. Phys. B 806 (2009) 462.

[16] C. Meusburger, K. Noui, Adv. Theor. Math. Phys. 14 (2010) 1651.

[17] A. Ballesteros, FJ. Herranz, C. Meusburger, Class. Quantum Gravity 30 (2013)
155012.

[18] F.A. Bais, N.M. Miiller, Nucl. Phys. B 530 (1998) 349.

[19] H.J. Matschull, M. Welling, Class. Quantum Gravity 15 (1988) 2981.

[20] FA. Bais, N.M. Miiller, B.J. Schroers, Nucl. Phys. B 640 (2002) 3.

[21] E. Batista, S. Majid, J. Math. Phys. 44 (2003) 107.

[22] C. Meusburger, B.J. Schroers, Adv. Theor. Math. Phys. 7 (2004) 1003.

[23] S. Majid, J. Math. Phys. 46 (2005) 103520.

[24] E. Joung, ]. Mourad, K. Noui, ]J. Math. Phys. 50 (2009) 052503.

[25] A. Ballesteros, EJ. Herranz, C. Meusburger, Phys. Lett. B 687 (2010) 375.

[26] A. Ballesteros, FJ. Herranz, C. Meusburger, Phys. Lett. B 732 (2014) 201.

[27] A. Ballesteros, FJ. Herranz, C. Meusburger, P. Naranjo, SIGMA 10 (2014) 052.

[28] A. Ballesteros, FJ. Herranz, P. Naranjo, Class. Quantum Gravity 31 (2014)
245013.

[29] G. Amelino-Camelia, Living Rev. Relativ. 16 (2013) 5.

[30] M. Nakahara, Geometry, Topology and Physics, IOP Publishing, Bristol, 2003.

[31] S. Zakrzewski, Commun. Math. Phys. 185 (1997) 285.

[32] J. Lukierski, V.D. Lyakhovsky, in: Non-commutative Geometry and Representa-
tion Theory in Mathematical Physics, in: Contemp. Math., vol. 391, Amer. Math.
Soc., Providence, RI, 2005, p. 281.

[33] M. Daszkiewicz, Int. J. Mod. Phys. A 23 (2008) 4387.

[34] A. Borowiec, A. Pachol, SIGMA 10 (2014) 107.

[35] E. Inondi, E.P. Wigner, Proc. Natl. Acad. Sci. USA 39 (1953) 510.

[36] X. Gomez, ]J. Math. Phys. 41 (2000) 4939.

[37] L. Snobl, L. Hlavaty, Int. J. Mod. Phys. A 17 (2002) 4043.

[38] A. Ballesteros, E. Celeghini, M.A. del Olmo, J. Phys. A, Math. Gen. 39 (2006)
9161.

[39] A. Ballesteros, E. Celeghini, M.A. del Olmo, J. Phys. A, Math. Gen. 40 (2007)
2013.

[40] B.L. Aneva, D. Arnaudon, A. Chakrabarti, V.K. Dobrev, S.G. Mihov, ]. Math. Phys.
42 (2001) 1236.

[41] A. Ballesteros, N.A. Gromov, FJ. Herranz, M.A. del Olmo, M. Santander, J. Math.
Phys. 36 (1995) 5916.

[42] A. Ballesteros, EJ. Herranz, F. Musso, J. Phys. Conf. Ser. 532 (2014) 012002.

[43] C. Meusburger, B.J. Schroers, J. Math. Phys. 49 (2008) 083510.

[44] V. Bonzom, E.R. Livine, Class. Quantum Gravity 25 (2008) 195024.

[45] A. Ballesteros, FJ. Herranz, N.R. Bruno, arXiv:hep-th/0401244, 2004.

[46] A. Marciano, G. Amelino-Camelia, N.R. Bruno, G. Gubitosi, G. Mandanici, A. Mel-
chiorri, J. Cosmol. Astropart. Phys. 06 (2010) 030.

[47] ]. Patera, R.T. Sharp, P. Winternitz, J. Math. Phys. 17 (1976) 986.

[48] P. Maslanka, J. Phys. A, Math. Gen. 26 (1993) L1251;
S. Majid, H. Ruegg, Phys. Lett. B 334 (1994) 348;
S. Zakrzewski, J. Phys. A, Math. Gen. 27 (1994) 2075;
J. Lukierski, H. Ruegg, Phys. Lett. B 329 (1994) 189.

[49] L. Freidel, ]. Kowalski-Glikman, S. Nowak, Phys. Lett. B 648 (2007) 70.

[50] A. Borowiec, A. Pachol, SIGMA 6 (2010) 086.

[51] G. Amelino-Camelia, L. Smolin, A. Starodubtsev, Class. Quantum Gravity 21
(2004) 3095.

[52] H.M. Haggard, M. Han, W. Kaminski, A. Riello, arXiv:1412.7546, 2014.

[53] M. Jimbo, Lett. Math. Phys. 10 (1985) 63.

[54] A. Ballesteros, F. Musso, ]. Phys. A, Math. Theor. 46 (2013) 195203.

[55] M.A. Semenov-Tyan-Shanskii, Theor. Math. Phys. 93 (1992) 1292.

[56] A. Ballesteros, FJ. Herranz, P. Naranjo, 2015, in preparation.

[57] J. Kowalski-Glikman, Phys. Lett. B 547 (2002) 291.

[58] J. Kowalski-Glikman, S. Nowak, Class. Quantum Gravity 20 (2003) 4799.

[59] G. Amelino-Camelia, L. Freidel, ]. Kowalski-Glickman, L. Smolin, Phys. Rev. D 84
(2011) 084010.

[60] A. Banburski, L. Freidel, Phys. Rev. D 90 (2014) 076010.

[61] H.S. Snyder, Phys. Rev. 71 (1947) 38.


http://refhub.elsevier.com/S0370-2693(15)00284-1/bib41636875636172726Fs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib57697474656E31s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib44726962s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4472696E66656C6461s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4472696E66656C6461s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4350s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4350s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6D616A6964s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6D616A6964s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4652s2
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib414Ds1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib414Ds2
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib414753s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib414753s2
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib414753s2
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4153s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib636D32s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4D4Es1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484D637167s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484D637167s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42616973s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4D57s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib424D53s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib426174697374614D616A6964s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib424361746D70s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4D616A696474696D65s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4E6F7569s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484D706C6231s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484D706C6232s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484D4E7369676D61s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484E637167s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484E637167s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib416D656C696E6F4C5252s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4E616B6168617261s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib5A616B72s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4C79616B4C756B69s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4C79616B4C756B69s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4C79616B4C756B69s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4461737A31s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib426F50616368s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4957s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib676F6D657As1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib536E6F626Cs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib456E7269636Fs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib456E7269636Fs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib456E7269636F32s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib456E7269636F32s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib446F62726576s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib446F62726576s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4C4243s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4C4243s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484D6A706373s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4D5371756174s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6574657261s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42484272756E6Fs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4D61726369616E6Fs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4D61726369616E6Fs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib696E76617269616E7473s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6B4D696E6B6F77736B69s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6B4D696E6B6F77736B69s2
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6B4D696E6B6F77736B69s3
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6B4D696E6B6F77736B69s4
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4672656964656C706C62s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib506163686F6Cs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib737461726F647574736576s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib737461726F647574736576s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib48616767617264s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4A696D626Fs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib6475616C4A5041s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib535453s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4B6F77616C736B69s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib4B6F77616C736B694E6F77616Bs1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib72656C6C6F63s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib72656C6C6F63s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib42616E627572736B69s1
http://refhub.elsevier.com/S0370-2693(15)00284-1/bib536E79646572s1

	Towards (3+1) gravity through Drinfel'd doubles  with cosmological constant
	1 Introduction
	2 AdSω in (3+1) dimensions from so(5)
	3 A Drinfel'd double structure for so(5)
	4 A quantum AdSω deformation from the Drinfel'd double
	4.1 A new AdSω noncommutative spacetime

	5 Concluding remarks and open problems
	Acknowledgements
	References


