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Abstract—It is shown that the suitably normalized maximum likelihood estimates of the para-
meters of periodical type of some multidimensional stationary AR processes have exactly normal
distribution. This provides a generalization of the well-known behaviour of the estimate of period of
a complex 1-dimensional AR process (see [1-6]).
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1. INTRODUCTION

Consider the complex-valued stationary autoregressive process &(t) = £ (t) +i€2(t), t > 0, given
by the stochastic differential equation

dg(t) = —vE(t) dt + dw(t),

where w(t) = wy(t) + iwo(t), t >0, is a standard complex Wiener process (i.e., w1 (t) and wa(t)
are independent standard real-valued Wiener processes) and v = A —iw with A > 0, w € R.
Consider the statistics

t t
2 — 2 d , — 2 de ,
50 = [ s re® = [ e s
where 6(t), t > 0, is defined by _
£(t) = B
The process

re(t) = / (€1(w) dea(u) — &x(u) dEr(w)), >0,

is called Lévy’s stochatic area process. (It is interesting to remark that in case v = 0, i.e.,
£(t) = w(t), ru(t) = fot(wl(u) dwo(u) — wo{u) dwy(u)) the process (wy(t), wa(t),r,(t)), t >0, is
just the standard Wiener process on the Heisenberg group, see e.g., [7,8].)

It is known that the maximum likelihood estimate of the period w is
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and

\/82(t) (@ (t) — w) 2 N(0,1) for all t >0,

where 2 denotes equality in distribution. Surprisingly, we have exact distribution, not only an
asymptotic property! This statement was first formulated in [4]. Complicated proofs can be
found in [1,5,6,9]. Using Novikov’s method, Araté [3] gave an elegant new proof.

The above mentioned result can be reformulated in the following way. Let us consider the
2-dimensional real-valued stationary autoregressive process X (t), t > 0, given by the stochastic

differential equation

dX (t) _ - —w) X(t) dt " aw, (t)

dXa(t))  \w = Xo(t)dt aws(t) )’
where W (t), t > 0, is a standard 2-dimensional Wiener process, and A > 0, w € R. Consider the
statistics

O = [ (2w +X@)du,  rx(®) = [ (K1) dXalw) — Xa(w) dXa(w).
0 0

Then the maximum likelihood estimate of the period w is

rx(t)

Oxt) =y

and
V5% () (@x (t) — w) B N(0,1) for all ¢t > 0.

The aim of the present paper is to generalize this result for some 3- and 4-dimensional stationary
AR processes.

2. PRELIMINARIES

Let X(t) = (X1(t),..., Xx(t)), t > 0, be the k-dimensional stationary (continuous) process
given by the stochastic differential equation

dX(t) = AX(t)dt +dW (¢),

where W(t), t > 0, is a standard k-dimensional Wiener process, A is a k x k matrix with
eigenvalues having negative real parts. It is known that X (¢), ¢t > 0 is a Gaussian process with

EX(t) =0, EX(s+t)X"(s) = R(t) = e!*R(0),
where R(0) = EX(s)X*(s) is the unique solution of the matrix equation
AR(0) + R(0)A* = -1, (1)

where I is the unit matrix.

Let P; x and P;,w be the measures generated on ((C[0,t])*,B((C[0,t])*¥)) by the processes
X(s),0<s<tand W(s), 0 <s <t, respectively. If R(0) is nonsingular, the the measures P; x
and P, w are equivalent and the Radon-Nikodym derivative has the form

dP; x
dP,w

'

(X) = (2m)™*/? (Det R(0)) ""/* exp { -§ (R71(0)X(0), X(0)) + /0 (AX (W), dX ()

_% /Ot (AX (u), AX (1)) du}.
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For an arbitrary symmetric matrix M, It6’s formula implies

((MX(t), X () — (MX(0), X(0))) = %t Tr M, 2

N | =

/0 (MX(u),dX (u)) =

where Tr denotes the trace. Formula (2) can be applied for evaluation of the Radon-Nikodym
derivative splitting the matrix A into its symmetric and skew-symmetric parts

1 1
A= §(A + A" + E(A + A*).
For investigation of the distribution of functionals of integral type we shall use the following

statement (see e.g., [10,11]). Let ¢ : [0,T]F — R be a function such that 4, %%,

a—gig;—j, 1 < i,j < k are bounded continuous functions. Then the function u(t,z), 0 <t < T,

z € R* defined by t
uft,z) =K (exp {/0 P (X{(s)) ds}

is the solution of the Cauchy problem

X(0) = :c)

-gt—u = ~;—Au + (AX, Vu) + ¢(x)u, u(0,z) =1 for z € R, (3)

For computation of expected value of a random variable the following simple formula holds.
Let £ and 1 be random variables with distributions P¢ and IP,, such that P¢ < IP,, (P¢ is absolutely
continuous with respect to P,;). Let g : R — R be a bounded Borel-measurable function. Then

Eg(€) = E (g(n)%(n)) .

We shall make use of the conditional version of the above formula.

LEMMA 1. Let (2, A,P) be a probability space and (X, X) a measurable space. Let £,n:§1 — X
be random elements with distributions P¢ and P, such that Pe < P,. Let g,h : X — R be
measurable functions and suppose that g is bounded and Pp(,;) < Pp(¢y. Then

B(o(©) 116 =) ~E (s o0 h) =2) T2 (Bug as).

PROOF. It is only to show that for any Borel set B € B(R)
dP, dP
JE (| nn ==) Fl@rg @) = [ o) Pl
n h(£)
B {w:h{¢(w))eB}
The left-hand side is equal to
dp dP
/E g(m) === ()| h(n) = T | Pucy) (dz) = / g (n(w)) =& (n(w)) P (dw)
dP, dPy
B {w:h(n(w))EB}

=& (s FEm) ~E@@um@) = [ oEw)Paw),
’ (wih(€(w)eB)

where xx-1(g) denotes the indicator function of the set h™}(B) = {z € R : h(z) € B}. Hence
the assertion.
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3. A 3-DIMENSIONAL AR PROCESS

Consider the 3-dimensional stationary AR process X(t), t > 0 given by

dX(t) -A —w w X1 (t)dt dWi(t)
(m(t)) ; ( 2 5 _w) (XZW) ; (dwz(t)) ,
dX3(t) —w w A Xs(t)dt dWs(t)

where W (t), t > 0 is a standard 3-dimensional Wiener process, and A > 0, w € R. Consider the
statistics

¢
s%(t) = 2/0 (Xf(u) + X2(u) + Xg(u) - X%(u)Xz(u) ~ X1(u)Xs(u) — Xz(U)X3(U)) du

= [[(0a) = Xatw)* + (Xi0) = X)) + (Xaa) ~ Xa(w)?) ds

rx(t) = /Ot (X1 (u) dX2(u) — Xo(u)dX1(u) + X1 (u) dX3(u) — Xa(u)dX;(u)
+ Xo(u) dX3(u) — X3(u) dXz(u)).

First we investigate the distribution of the statistic s% (t).

LEMMA 2. The distribution of s%(t) does not depend on the parameter w (it depends only on
the parameter X).

PrOOF. We present two methods for proving this important statement.
First we examine the conditional Laplace transform

u(t, 1,2, x3) = E (exp {—ask }| X1(0) = x1, X2(0) = z2, X3(0) = z3) .

Applying (3) we obtain that u : [0,00) x R® — R is the solution of

ou_1 P 8—22 & +{(-Az; —wz +w:c)gy-+(wx Az — x)au
ot~ 2\0z% ' 0z%  0al S LA Tt 5,
ou
+ (~wzy + wxy — )\1,'3)8— — 20 (22 + 73 + 73 — 1272 — T1%3 — T2T3) U
T3

with u(0, 1, Z2,z3) = 1 for z1, 72,23 € R. It can be shown easily that there is a function v(t, 0),
t,0 > 0 such that

2, .2, .2
u(t, T1,22,23) = v (t, 2] + 23 + T3 — 172 — T1T3 — Tal3)

and v is the solution of

v 8% v
N =3p 5——2- +2(3 - )\Q)éz - 2a0v

with v(0, 21, 2, z3) = 1 for x1, 2,23 € R. Consequently, we obtain that the conditional distrib-
ution of the statistic s% (t) under the initial condition

X1(0) = I, X2(O) = X9, X3(0) = I3

does not depend on the parameter w. Solving the equation (1) we obtain EX(0)X*(0) = R(0) =
(2X)~!I, thus the distribution of the variable X (0) = (X1(0), X2(0), X3(0)) also does not depend
on w. Hence the assertion.
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The second method for proving the lemma is based on It6’s formula. Let us examine the
process

Zx(t) = X2(t) + X3(t) + X3(t) — X1(£)X2(t) — X1(t)X3(t) — Xa(t) Xa(t).
Using

d(X?) = 2X1(—-2 X1 — wX2 + wX3) + 1] dt + 2X; dW;
d(X1X3) = [X1(wX) — AX2 —wX3) + Xo(—AX) —wXs + wX3)] dt + Xo dW; + X, dW,

and similar formulas for the other terms of Zx(t) we obtain
dZx = (3 - 2)\Zx) dt + (2X1 - X5 — X3) dWl‘—i- (2X, — X1 — X3) dWy + (2X3 — Xy — X2)dW3.

Consider now the process W(t), t > 0 defined by

W(t) _ \/"'l (2X1 - X — X3)dW1 + (2X2 - X1 - X3)dW2 + (2X3 - X1 - X2) dWs
VO(XE+ X2+ XZ - X1 X2 — X1X3 — XoX3) '

The paths of the process W(t), t > 0 are continuous with probability 1, and we have for all
0<s<t

E (W(t) | FW ) =W(s)
o~ — 2
E ((W(t) - W(s)) | f:V) =t—s,

where FV = ¢ {W{(u) : 0 < u < s}. Thus Lévy’s theorem implies that W(t), t > 0 is a standard
Wiener process. Consequently, the process Zx(t), t > 0 is a weak solution of the stochastic
differential equation

dZx(t) = (3 — 2AZx () dt + \/6Zx (t) dW (t).

Using again that the covariance matrix EX(0)X*(0) = R(0) = (2A)~'I depends only on the
parameter A, we obtain that the distribution of Zx(0) depends only on A. Hence the distribution
of the whole process Zx(t}, t > 0 does not depend on the parameter w. Obviously this implies
the statement of the lemma.

It should be remarked that the Laplace transform of s%(¢) can be explicitly computed using
the general result in Koncz [12], and it serves as a third proof of Lemma 2. One could also use
Lemma 1 to find this Laplace transform as it is described in [3,13].

Now we are ready to investigate the maximum likelihood estimate.

THEOREM 1. The maximum likelihood estimate of the parameter w is

. _ rx(t)
0= Sy

and
s2() (@x(t) —w) BN(0,1)  forallt> 0.

PRrOOF. Using the covariance matrix EX (0)X*(0) = R(0) = (2A)~'I we obtain that the Radon-
Nikodym derivative has the form

dP; x

3/2 ¢
P (X) = (A) exp {——;—)\2/0 (X2 (u) + X3 (u) + X2(u)) du — lwzsg((t) +wrx(t)

bis 2

- % (XF(0) + X3(0) + X3(0) + X7(t) + X3(t) + X2(¢)) + g)\t} .
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Consequently, the maximum likelihood estimate of the parameter w is @x () = rx(t)/s%(t)
Let us consider now another 3-dimensional stationary AR process Y (¢), t > 0 given by

dYi(t) -A  ~w+c w-c Yi(t)dt dWi(t)
(dYg(t)) = ( w—c -2 —w +C) <Y2(t)dt) + (de(t))
dYs(t) —w+e w-ec -A Y3(t)dt dWs(t)

with the same Wiener process W(t), t > 0, and arbitrary ¢ € R. Then the measures P x and

P,y are equvivalent and

»

By the help of Lemma 1 and Lemma 2 we obtain
E (exp {—c (rx(t) — wsk(t)) } | s%(t) = 0?) =E (exp { c sx(t)}

= exp {%0%2} .

2 2
s5%(t) =0} —— (o
20 =?) T

Consequently,

E (exp { C\/~;(‘) (Wx(t) )}

=E <exp {—g— (rx(t) - wsg((t))}

s%(t) = 02)

2 (t) = 02) — exp {%8} .

Eexp {—c $2.(8) (Ox(t) - w)} ~ exp {%8}

for all ¢ € R, which proves the assertion.
4. A 4-DIMENSIONAL AR PROCESS

Consider the 4-dimensional stationary AR process X(t), t > 0 given by

Hence we obtain

Xm (t) - —W] —Wy —W3 Xl (t) dWl (t)
dXz(t) | wr - w3y —wa Xz(t)dt 4 dWy(t)
dX3(t) Tl we —ws =X wi X3(t) de(t)
dX4(t) ws we —wi  —A Xa(t)dt dWy(t)

where W(t), t > 0 is a standard 4-dimensional Wiener process, and A > 0, w;,wz,w3 € R

Consider the statistics
t
(0 = [ (X + X3 + X3 + Xjw) du

riP(t) = /Ot (X1(u) dXo(u) — X2(u) dX;(u) + Xq(u) dX3(u) — Xa(u) dX4(u))
@) = /0 (X () dXs (1) — Xs(u) dXi(n) + Xo(u) dXa() — Xa(u) dXa(w))

r& ) = /0 t (X1 (w) dX4(u) — Xa(u) dX1(u) + Xs(u) dXa(u) — X2(u) dXs(u)).

First we investigate the distribution of the statistic s% (t).
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LeEMMA 3. The distribution of s%(t) does not depend on the parameter w (it depends only on
the parameter \).
PRrROOF. The first method of the proof of Lemma 2 gives that for the conditional Laplace trans-
form
u(t, 1,72, 73,74) = E (exp {—ask }| X1(0) = 1, X2(0) = z2, X3(0) = 23, X4(0) = z4),
we have
u(t, T1,22,%3,24) = v (t, 23 + 25 + 23 + 23),
where v is the solution of 5 o o
v v

— =2p 22— Xo)— —

5t = X5 +2(2- )3 , o
with ©(0,x1,Z2,13,24) = 1 for z1,22,23,24 € R, which proves the assertion. Of course, the
second method can also be applied, which shows that even the distribution of the whole process
X32(t) + X2(t) + X2(t) + X2(t), t > 0 does not depend on the parameters wi,ws,ws.

Now we investigate the maximum likelihood estimate.

THEOREM 2. The maximum likelihood estimates of the parameters wy,ws,ws are

(9
NG Ty (t) )
wgg)(t) = s—%((m, ] = 17 2739

and

,/sx(t)( DOty — wy, @@ (t) — we, 0P (t) — 3))2/\/(0,1) for all t > 0.

ProoF. Using the covariance matrix EX(0)X*(0) = R(0) = (2))!I we obtain that the Radon-
Nikodym derivative has the form

A2 1
%%(X) = —5exp {—5()\2 +w? + Wl +wd)s%(t) +w1r(1)( t) + wo rX)(t) +w r(a)( t)

’

- % (X3(0) + X2(0) + X3(0) + X7(0) + X2(t) + X2(t) + X2(¢) + X2(t)) + 2At} )

Consequently the maximum likelihood estimates of the parameters w;,ws,w3, are
oD (t) = rP(8)/s% (1), 5 =1,2,3.
Let us consider now another 4-dimensional stationary AR process Y (¢), t > 0 given by

dY; (t) -A —-w1+¢ —we+cCr —ws+c3 Y (t) dt aw, (t)
dYa(t) Jwi—a -A w3 —cCc3 —wWwa+ceo Ya(t) dt dWa(t)
dYs(t) “Vws—c2 —wstecs -A wi —C1 Ya(t)dt dWs(t)
dY4(t) Ww3—C3 Wr—C —wi+ce —-A Yy(t)dt dWy(t)

with the same Wiener process W (t), t > 0, and arbitrary ¢y, c2,c3 € R. Then the measures P, x
and Py y are equvivalent and

dP 1
_d—lP%(X) = exp {E(c% + ¢ + 2 - 2c1w) — 2cowq — 2c3ws)s% ()

»

+err D) + car@(t) + card (t)} .
By the help of Lemma 1 and Lemma 3, we obtain
E (exp {—cl ('r;g)(t) - wlsg((t)) — o (rgf)(t) - wgsg((t))

—c3 (r&?)(t) - w332x(t))} s%(t) = 02) = exp {%a2 (2 +ck+ cg)} .
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Finally,

Eexp {-—\/ s%(t) (c1 (d)g(l)(t) - wl) + ¢ (d)g?)(t) - wg) +c3 (d&f) (t) — w3))}
= exp{% (e +c3 +c§)}

for all ¢1, 3, c3 € R, which proves the assertion.

REMARK 1. The 4-dimensional real-valued stationary autoregressive process X (t), t > 0 can be
identified with the 2-dimensional complex-valued stationary process

(@), n(t)) = (£2(2) + ik (), m(t) +im(t)), 20,

given by the stochastic differential equation

dé(t)\ [ A tiwr  we —iws E(t)dt + du(t)
dn(t) )~ \w2tiws —XA—iw n(t) dt do(t) )’
where u(t) and v(t) are independent standard complex Wiener processes.

REMARK 2. A similar result holds for the 4-dimensional stationary AR process with coefficient
matrix

A | @ A w3  wy
w2 w3 —-A —Wi
w3 —Ww2 wh -A

Other 4-dimensional stationary AR processes with one or two parameters of periodic type can
be found, having structure different from the above mentioned examples, for which the suitably
normalized maximum likelihood estimates of these parameters are exactly normally distributed.
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