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Abstract—We consider an oceanic domain included in R’ in which there exist, at initial time, a current
field V,, and a temperature field 6,. Perturbations V and 6 of the velocity and the temperature are induced
by a perturbation of the mean wind-stress. V and 8 have to satisfy a non-linear problem of Navier-Stokes
type. We prove the existence of the solution, for the variational problem, and give some results about
uniqueness and regularity. In order to study the asymptotic behaviour of the perturbation, we introduce
some operators, deduced from the Stokes operator. Their properties allow us to make a priori estimations,
and to prove that, under some assumptions, the perturbations V(r) and 8(¢) remain bounded as ¢ —»c0.
With stronger assumptions about the initial data, we can prove that the perturbation tends to 0 as 1 — oo,
and that the solution of the variational problem is a strong solution for every ¢ €[0, oof.

NOTATION

x, ¥, z = The cartesian coordinates, forming a right-handed set, in which x, y are measured in the horizontal plane of the
undisturbed sea surface (0x towards the East, Oy towards the North and 0z vertically ascendant)
V = The current velocity
p = Pressure
6 = Temperature
Pm = A mean value of the density over all the domain
V, = The current velocity at initial time
P,, 6, = Pressure and temperature at initial time
F=(0,0, 2w sin ¢) = The Coriolis stress
@ = Rate of rotation of the earth
¢ = Latitude
G = (0,0,—g) = The gravity stress
T = The wind-stress
v = The eddy viscosity coefficient
v’ = The eddy diffusivity coefficient
n = The unit outward vector normal to the boundary
V=V, +V,; V, =tangential component of the velocity, V, = normal component of the velocity

V=(v,2,0)
(x, 3, 2) = (%, %3, X3)
0
i=—, =13
D, o, i
. ¢ & 0
V = The gradient operator | —,—,— }|=(D,,D,, D;)
Ox dy 0z

3
A=V-V=Y D?
i=1

3

{V-V] = The operator Y v,D,

i=1

1. INTRODUCTION

We have undertaken this study in order to make precise some results obtained in previous works
about equatorial waves [1, 2]. Our purpose was then to investigate the effects of a mean circulation,
with vertical and latitudinal shear, on the equatorial oceanic waves. To this end, we have developed
a numerical model to calculate the perturbation of a given mean flow. The excited waves were
obtained by Fourier analysis of the perturbation of the velocity. We have dealt with two initial
situations, characteristic of the circulation in the equatorial Atlantic during the summer and the
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winter. One important feature displayed by this study is the existence of unstable waves, in the
meaning that their amplitude increases as a function of time. This instability is dependent upon
the characteristics of the mean circulation. For example, with an initial circulation corresponding
to the summer in the equatorial Atlantic, we get an unstable westward propagating wave of
24-day period. This wave is no longer present with an initial mean flow corresponding to the winter,
and characterized by weaker westward currents. These results have been corroborated by recent
observations in situ.

The fact that oceanic waves could be stable or unstable, depending on the characteristics of the
mean circulation, induced us to consider the problem of the stability of a given initial flow. To
this end, we went back to the problem of the perturbation of a mean circulation, introduced to
modelize waves, in order to study its asymptotic behaviour.

Let Q be a bounded oceanic domain, included in R?. We assume that there exist in Q, at initial
time, a current field V, and a temperature field 8,. A perturbation of the wind-stress induces a
perturbation of the mean circulation. We are going to study its behaviour as time ¢ — c0. Velocity
of the current has to satisfy Navier—Stokes equations, to which is added a linear term resulting
from Coriolis stress. The equation satisfied by temperature is of transport-diffusion type. We prove,
for this non-linear problem, the existence of a solution in proper functional spaces. The uniqueness
can be proved only for a more regular solution, but then we cannot assure the existence.

To study the stability, we introduce some operators deduced from the Stokes operator. These
operators generate strongly continuous semi-groups, which allows us to write a weak solution of
the problem. We have located the eigenvalues of these operators; they are situated inside a
parabolic curve drawn in the complex plane.

We show that the perturbations of velocity and temperature remain bounded for every time ¢,
provided that the eigenvalues have positive real parts and under some assumptions about the inital
circulation and the perturbation of the wind-stress. With stronger assumptions, we can prove that
the perturbation tends to 0 as time ¢ — o0.

2. GENERAL ASSUMPTIONS AND EQUATIONS

The equations governing the circulation in an oceanic domain included in R® are the
Navier-Stokes equations, to which is added a term resulting from the Coriolis stress. Temperature
is governed by a transport-diffusion equation. So, velocity V(x, y, z; t), pressure p(x, y, z; t) and
temperature 6(x, y, z; t) have to satisfy the following equations:

1
%IY+[V'V]V+FAV—vAV+—Vp=T+G (1
divV =0 )
Z—?Jr [V-V)0 —v'A6 =0, 3)

in Q x [0, T].

In equation (1), T represents the wind-stress which will be considered as a body-force.

The physical problem we are dealing with is the problem of equatorial waves developed in
Ref. [2]. We assume that at the initial time, induced by a mean wind-stress T, there exists in Q
a stationary flow characterized by a velocity Vy(x, y, z), a pressure p,(x, y, z) and a temperature
6y(x, y, z). In order to study the stability of this stationary solution, we are going to calculate the
perturbations V'(x, y, z; t), p'(x, y, z; t), 8'(x, y, z; t) of velocity, pressure and temperature induced
by a perturbation T’(¢) of the wind-stress.

The mean situation (V,, 8,) is given. The values of current and temperature must be characteristic
of an equatorial domain. Two cases can occur, these values, resulting from physical observations,
either verify the linearized equations, or are solutions of the complete, non-linear, stationary
problem.
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In these two cases, equations satisfied by the perturbations V', p’ and 6’ can be written:

-a-a‘% +[Vo VIV + [V VIV, + [V -VIV' + F A V — vAV’ +éVp' =1(1) @

divv' =0 ®

O Vo'V + V'V, + [V V10" — v'80" = 4, ©
in Q x [0, T.

If (V,, 0;) satisfies the linearized stationary problem,
f(t) =T'(t) —[Vo-VIVy; @ = —[Vy- V16, + v'Ab,.
If (V,, 8,) is the solution of the non-linear stationary problem,
f()=T(t); ¢ =0.
At initial time ¢ = 0, the mean flow is not modified:

V(x,y,2z;0)=0 )
{9’(x, ».2;0)=0. ®)

The oceanic domain we want to study is an equatorial band, lying from 10°S to 10°N, limited
by eastern and western boundaries, and of constant depth H.

On this equatorial band, we neglect curvature of the earth. So, the domain is parallelepipedic.

Let Q be the open set obtained from this oceanic domain by regularizing vertical edges, in order
to suppress possible singularities in the corners. I' = I''UTI” is the boundary of the open set Q,
I'’ designating the bottom of the studied layer, I'" the union of the sea surface and the lateral
boundaries. We suppose that velocity vanishes on I'’. On I'”, velocity is supposed to be tangential
to the boundary, and its derivative is supposed to be zero.

We also assume that perturbation of the temperature vanishes on I'. Then, the boundary
conditions on I" can be written

r=rur”

=0 on I €))

V=0 on I (10)
V:n=0 and %=0 on I’ (11

N.B. Hereafter, the notation ”,’,” for the perturbation of the mean situation will be omitted.
3. EXISTENCE AND REGULARITY OF THE PERTURBATION

We will denote H'(Q) = [H'(Q)P, LX(Q) =[LQ)]’; (U, V)= [oU-VdQ is the scalar product in
L%Q), |U| = (U, U)"? is the norm in L%(<) [|¢| the norm in L¥Q)], || U]l is the norm in H'(Q) [|iq |
the norm in H'(Q)] and [U] = (grad U, grad U)'? the semi-norm in H'(Q).

We introduce the following functional spaces:

@ = {U e 2(Q)/div U = 0}
H={Uel(Q)divU=0, Un=0 on I}
V={UeH(Q)divU=0, Un=0 on I", U=0 on I},

where
V’ = the dual space of V,

H = identical to its dual space H’
and
V = a closed subset of H'(f2), endowed with the norm of H'.

CAMWA. 13/8—C
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Q is an open set of R* of class ¥*'. The outward vector normal to the boundary n is therefore
defined almost everywhere on I'. On V, the semi-norm [ ] is a norm equivalent to the norm of
H: ).
Thus, there is one constant C such that
CIVI<IVISIVI|, VVeV. 12)

We know that 12(Q) = H@ H*. Let P be the orthogonal projector in L%Q) onto the space H. For
U, V, W in H'(Q), we define

3

a(V,W)=(grad V,grad W) = Z (D;V, D;W),
i=1

dV,W)=F AV, W)

and

b(U,V, W) = (U-V]V, W) = i u,(D;v,)w, dQ.

ij=1J0

Likewise, for p and g in H'(Q), we set

3
a,(p,q)=(gradp,gradq)= Y (D,p, D;q)
f=1
and

b(V,p,q)=(V-VIp,q)=Y | vi(D,p)g dQ.

i=1JQ

To get the perturbations V, @ of the velocity and the temperature, we have to solve equations
(4)-(6) in Q x [0, T, with the initial conditions (7) and (8) and the boundary conditions (9)-(11).
The variational formulation of this problem is the following (Problem I):

VoeV, 6,e H'(Q), fel*0,T;1¥Q)) and ¢ e L*(Q) being given,
we seek Ve L%(0, T; V) and 0 € L¥0, T; H}(Q)), satisfying

d
ra V., W) +va(V, W)+ b(V,, VW) + b(V,V,, W)+ b(V,V, W)

+d(V, W)=, W), YWeV, (13)
d
a(es q)+V/a|(0, q)+bI(V0909q)+bl(V’ OOsq)
Problem I <
+b5,(V,0,9)=($,9), YqeH(Q), (14)
V(x,y,2;0)=0, (15)
L 8(x,y,2;0)=0. (16)

Remark 3.1

Using a classical result from TEMAM, we can prove that, after modification on a set of measure
zero, V is a continuous function from [0, T] into V' and 8 a continuous function from [0, T} into
H-'(Q). This result gives sense to initial conditions (15) and (16).

Proposition 3.1
e a and d are two bilinear continuous forms on V x V.
e a, is a bilinear continuous form on H}(Q) x H}(Q).
e ais coercive on V x V, g, is coercive on H}(Q) x H} ().
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Indeed:
la(V,W)|=|(grad V,grad W)| < ||V} W], VV and WeV,
lai(p, @)l =I(grad p,grad q)| < llpll lqll, Vp and gqeH(Q),
[dV,W)|=|FAV,W)[<|F[|V[ W], VV and WeV,
and

alV,V)=[VE=C?|V|?% VYVeV (idem. for a)).

Proposition 3.2

e b is a trilinear continuous form on V x V x V, b, is a trilinear continuous form on
V x H{(Q) x H){(Q).
e Forevery U, Vand WeV, p and g € H(Q), there is one constant C’ such that:

U, V. W) < C Ul VI W
16/ (U,p, I < C U ellp il g Nl 14
e H(U,V,V)=0, YU and VeV,
b(U,q,9)=0, YUeV, q¢qeH\Q).
e H(U,V,W)=—b(U,W,V), YU, V,WeV,
by(U,p,q)=—b(U,q,p), YUeV, Vp,qeH(Q).

Lemma 3.1

For every function v € H'(Q) (Q being a sufficiently regular open set in R*), there is one constant
C” such that

ol gy < C" ol %f(n)w | }./5‘(0)-

Proofs for Propositions 3.1 and 3.2, as well as for Lemma 3.1, are given in Ref. [2].

Proposition 3.3
The variational Problem I has at least one solution:
VelX0, T; V)
[6 e LX0, T; H) ().

Moreover, Ve L*(0, T; H) and 6 € L*(0, T; LYQ)). V is weakly continuous from [0, T] into H,
0 weakly continuous from [0, 7] into L¥().
Proof. We set

a(V,W)=va(V,W)+ b(V,,V,W) + b(V,V,, W) + d(V, W),
a,(0,q)=v'a;(8,9)+ b,(V,,0,9)
and
n(V,q)=b,(V, 0, 9).
Equations (13) and (i4) can be written

%(V, W)+ ad(V, W)+ b(V,V,W)=(f,W), YWeV, an

d

We are going to prove the existence of the solution, using the Galerkin method. Let

W,,...,W,, ... be a free and total sequence in V,
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and
qQir---»qm .. be a free and total sequence in H)(Q).

For each fixed integer m, let V,, be the subspace of V generated by w,,...,w, and H, the
subspace of H}(Q) generated by q,,...,q,.
We define an approximate solution of Problem I by

Vm = Z gim(t)wi, 9m = Z 6jm(t)qj'
i=1 j=1
V,, and 6, satisfying the equations

d
(5 Vs W)+ AV ) + 5V, Vo W) = (W), K =1,...om, (19)

d "
a'; (em’ qk) + a (0m9 qk) +n(Vms qk)

2
+bl(vm50maqk)=(¢9qk), k=1,...,m, (20)
Vau(x,y,2;0)=0, : 1)
LOn(x,y,2;0)=0. 22)

Functions g,,(?), 6,,(¢) are scalar functions defined on [0, T']. They have to check a non-linear
differential system, which has a maximal solution on [0, T].

To get the convergence of the approximate solution (V,,, f,), we have to use the following
lemmas.

Lemma 3.2

e The sequence V,(¢) is bounded in L%0, T; V) and in 1=(0, T; H).
e The sequence 0,,(¢) is bounded in L0, T; H}(Q)) and in L=(0, T; L*(Q)).

Lemma 3.3
e The sequence V,,(¢) is bounded in L'(0, T; V*).
e The sequence 6,(¢) is bounded in L'(0, T; H'(Q)).

d
Notation: v;,(z)=%vm(z); 6:0(1) = 2 On(0).

We now define the following functional spaces:
¥ ={VelX0,T;V); Veli0,T;V)}
¥, ={0eL¥0,T; Hy(Q); 6'eL'(0,T;H '(Q)}.

The injection of ¥ (respectively #,) into 1%(0, T; H) [resp. into L¥0, T; L¥Q)] is compact [3].

We have proved (Lemmas 3.2 and 3.3) that the sequence V,, is bounded in %, the sequence 6,
bounded in %,.

Therefore, we have got the following convergence results

—1It is possible to extract from (V,,,8,,) a subsequence (V,,,6,.) which converges
towards (V*, 6*) in 1%0, T; H) x L¥0, T; L)) strongly.

—On the other hand (cf. Lemma 3.2) (V,,, 6,,) converges towards (V*, 6*) in L0,
T; V) x L¥0, T; H)(Q)) weakly and in 1L=(0, T; H) x L*(0, T; L*Q)) weak-star.

We have now to verify that (V*, 6*) satisfy equations (13)—(16). Let ¥ (¢) be a scalar function
on [0, T, of class €', and such that y(T) = 0. We multiply equations (19) and (20) by (¢) and
integrate between 0 and 7.
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There is no problem for passing to the limit in the linear terms. In the non-linear terms, we apply
the following result [3}:

Lemma 3.4

If (V,,60,) converges towards (V,0) in L*0,T;V)x L*0, T; H(Q)) weakly and in
L%0, T; H) x L%0, T; L¥)) strongly, then

0

JT b(V,.(), V,(t), W(t))dt converges towards jr b(V(1), V(1), W(1)) ds,
0

VWe (8'Q x [0, TDY,

and

jr b,(V,(1),0,(t),q(t))dt converges towards jrbl V(@),0(2),q(2)) dt,
0 0

Vqge¥?'(Qx[0, T).

Thus, we get that (V*, 6*) satisfy equations (13) and (14) in the distribution sense on [0, T]. It
is now easy to prove that initial conditions V*(0) =0, 8*(0) =0 are verified.
We have proved the existence of at least one solution (V, 8) for Problem I, satisfying

Ve L0, T; V)NL®(0, T; H)
{9 e L¥0, T; HL(Q)N L2, T; LYQ)).

We have proved moreover, that V is almost everywhere equal to a continuous function from
[0, T into V’, and 0 almost everywhere equal to a continuous function from [0, 7] into H ~(Q).

This implies, using a result proved by TEMAM, that V is weakly continuous from [0, 7] into
H and 6 weakly continuous from [0, T into L%Q), that is to say that

VYVWeH, theapplication: t—(V(t), W) iscontinuous;
Vg e LX), theapplication:t—(0(z),q) iscontinuous.
The uniqueness of the solution cannot be obtained in these functional spaces. In the following

proposition, we prove that a more regular solution is unique if it exists, but this time we cannot
assure the existence.

Proposition 3.4
There is at most one solution of Problem I, such that

Ve LX(0, T; V)NL®(0, T; H)
Vel¥0, T; LYQ)

8 e L0, T; Hy(Q)NL*(0, T; L(SY))
8 e L¥0, T; LY)).

V is then continuous from [0, T] into M, # continuous from [0, T] into L¥Q).
Proof. If V e L0, T; L4Q)), 6 € L¥0, T; L4Q)), we have the following result:

VelX0,T;V), Vel¥0,T;V),
0elX0, T; Hy(Q), 0'eL*0,T; H'(Q)).

This implies that V (resp. 8) is almost everywhere equal to a continuous function from [0, T} into
H [resp. into L%(£2)].

Let us suppose now that there are two solution (V,, 8,) and (V,, 6,) satisfying the assumptions
of Proposition 3.4. Set

D=V,—-V,, y=0,-6,.
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(D, y) have to verify the equations

%|D|2+2&(D, D)=2b(D,D,V,) (23)

d
O [y1%+2d,(y,v) +2n(D, y) = 2b(D, v, 6,). (24)
Equation (23) can also be written
% D]+ 2v[D)=2b(D, D, V,+ V).
Thus, we get the inequality
d
O D) + 2vC?||D(2) || < 2|6(D(#), D(1), VF ()1,
where
V()= V(1) + Vq;
2|6(D, D, V)| < 2C7[ID() |l oy DO 1| 1 VE ()} oy
L2C°C"|D) D) ™ VE () Il gy -
Let us apply now Young’s inequality. We can prove that there is one constant C;, such that
d
& ID()1* < G,ID() 1 | V¥ () | ue)- (25)

V, is given in V, independent of time; V,(z) € L¥0, T; LYQ)).
Thus, the function r — || V¥ (¢) || {4q) can be integrated, and from inequality (25) we can deduce

d 1 [
a {ID(I)Pexp(—gJ IVE@) i@ dt)}so- (26)
1J0
Integrating relation (26), we obtain, since D(0) = 0, that

ID(1)|><0, Vre[o,T)

So, we have V, =V,.
Let us prove now that 8, = 6,. y = 6, — 0, has to satisfy equation (24) but, since D = 0, we have

S 1+ 28,6, =0= T WO + 2 BOT
This implies
(% YOI +2v'Cly()I*<0.
Integrating this inequality, we get

ly(1)1*<0, Yrelo, T)

So, we have 6, = 6,.

4. THE OPERATORS 4 AND 4,

We have defined the two bilinear forms
a(V,W)y=va(V,W)+ b(V,,V,W) + b(V,V,, W)+ d(V, W)
and
a,(6,q)=v'a,(0,9)+5,(Vy,6, q).
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Let 4 and A, be the operators associated with these forms. P being the orthogonal projector
in L2(Q)) onto H, we have
AV=vAV+ LV, A,0=v'4,0+ M0,
where
AV = —PAV; LV=P(V,VIV+[V-VIV,+FAYV)
A0 =—-A0; MO =[V, V]
L being a linear continuous application from V onto H, there is one constant C;, such that
ILUI<C||U]. 27

Using the previous notations, V and 6, solutions of Problem I have to satisfy the following
differential equations:

v .
—d—t—+AV=T(t) (28)
in H
V({©0)=0 (29)
and
%Qt +A4,0 =5@) (30)
in L(Q),
6(0)=0 (31
where
() = P(A(t) — [V-V]V)
and

g§W)=¢ —[V-V]§,—[V-VIb.
N.B. Hereafter, f(z) will denote the~orthogonal projection of f(¢) onto H(P(f(z))).
The domain of the operator A is defined by
- 0
D(A4)= {Ve HXQ)NV; n (V)=0 on F”}.

The domain of the operator A, is defined by
D(4,) = H{(@NH*Q) = D(4,).

V, and 6, are given. They are real values.
Hereafter, functional spaces H, V, H}(Q) and L¥Q), will be considered as complex spaces.

Proposition 4.1

e The operator 4 is V-coercive.
e The operator 4, is V-elliptic.

Indeed, applying properties of the trilinear forms & and b,, we get
Re(@(U, V) 2 K |U|I* - K,|U]%, YUeV,
and
Re(d(9,9) > Ksllqll% VqeHLQ),
where K|, K, and K, are positive constants.

Corollary 4.1
e For y €R, y € —K,, the operator 4 —y[ is V-elliptic.
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o (4 — 1) is an isomorphism from D(A) onto H.
e D(A)is dense in V and in H.
e The operator (4 — yI), and hence the operator 4 are closed operators.

Corollary 4.2

e The operator A4, is an isomorphism from D(A4,) onto L¥Q)
e D(A)) is dense in H{(Q) and in L(Q)
e The operator 4, is closed.

Proposition 4.2

The operator -4 (resp ~A) generates in H [resp. in L*Q)] a strongly continuous semi-group,
denoted by exp(—tA) [resp. exp(—t4,)).

Proof. Proposmon 4.2 is a corollary from the Hille-Yoshida theorem. The operator 4 is
unbounded, closed in H; its domain D(A) is dense in H.

For y € —K,, the operator A — y/ is an isomorphism from D(4) onto H, and we can prove that,
for yeR, y < — C%/4, we have

1
cy

[We set C,=C,/C \/; , C and C, being the positive constants introduced in expressions (12) and
27).]

All the assumptions of the Hille-Yoshida theorem are satisfied by the operator A. Then — 4
generates a strongly continuous semi-group in H, denoted by exp(-tA) and satisfying

1A = D) lyan < (32)

llexp(—td)|| < eXp(% t) : (33)

A similar proof is valid for the operator A,, and we get the estimation
lexp(—24)) || < exp(—v'C?t). €

Proposition 4.3

The eigenvalues 4 of the operator 4 (A =y + iu), are located inside the parabolic curve of the
equation
1

Wie— G (35)

y =
Proposition 4.4

o Let leC, A=y +iu
e For every fixed y(y e R), we have

- 2
ll(A——/lI)"llH*H=0(;> when pu— + c0.

Proposition 4.5
The eigenvalues A, of A, are real values, and such that
0<v'C*<A,.
Proofs for Propositions 4.34.5 may be found in Ref. [2].

5. THE LINEARIZED PROBLEM

If we neglect the non-linear terms, V and 6 have to satisfy the following differential equations:
dv
qr + AV =1(t) (36)
inH
V(0)=0 37
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and
%Q+Zlo =g() (38)
! in LYQ)
6(0)=0 (39)
where
f(z) = P(f(2))
and

gt)=¢ —[V-V]b,.

According to Proposition 4.2, weak solutions of the differential equations (36) and (37) can be
written

V() = f exp(—tA)f(t — 1) dz. (40)
0

Weak solutions of the differential equations (38) and (39) are given by
0(t)= f exp(—t4,)g(t — 1) dr. (41)
0

Proposition 5.1
If all the eigenvalues of the operator 4 have positive real parts, then

IlV(t)IIZSCsjteXp(—2v'T)lf(t —1)|*dr, 42
0

where C; is a positive constant and y’ a real number satisfying 0 <y’ < Re(4) for every A eigenvalue
of 4.
In order to prove inequality (42), we need the following two lemmas.

Lemma 5.1
For0<t <1,

- C
lexp(—td) lfy <= (43)
(C, = positive constant).
Proof:
- lexp(—tA)V* ||
lexp(—t4) lu-v = sup — v
V = exp(—tA)V* is a weak solution of the differential problem
av .
— +AV=0 44
ot (44)
V(0) = V*. 45)

Then, applying properties (12) and (27), we get the inequality
(% [exp(— C30)IVI* ]+ vC?exp(— C3) | V> <0. (46)

Integrating inequality (46) between 0 and ¢, with respect to the initial condition (45), we can prove
that

exp(C3)
vC?

JIIV(r)IIZdrs |V*|2, for 0<r<l. @7
0
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From equation (44), we also obtain the inequality
V(@) 1< cxp(lc MWIV@E) |12, for 0<t'<t<1. (48)
Integrate now inequality (48) between 0 and ¢. According to inequality (47), there is one constant
C,, such that
LIV’ < GIV*%, for 0.
Since V(1) = exp(—tA) V*, this implies the property (43).

Lemma 5.2

If all the eigenvalues of 4 have positive real parts, and if y is a real number satisfying
0 <y < Re(4) for every A eigenvalue of 4, then

lexp(—1A4) [l u_u < Cyexp(—7y1) “9)

(C, = positive constant).
Proof: for t >0, exp(—tA) can be represented by

¥+ iw -
exp(—tA) = lim ——1— exp(—ti) (4 — A~'1d4,

where AeC, A=y +iu;yeRis fixed, yeRand —wo<u< +w
Integrating by parts, we get

1 exp( 7t)

5 {[A - (v + i)} exp(—iwt) — [A — (y — iw)I]™! exp(iwt)}]]

exp(~—td) = hm l[

s exp(t—vt) L j _: exp(—iut)[A — (v + i) dp.

We apply the result of Proposition 4.4, and we get that

1 ex t ~ .
exp(—tA) o < 5= 22| Y0 — i1

The value of the integral is finite. Therefore there is one constant C,, such that
- -t
lexp(~ D) T < C BT < exp(—n), for 131
The inequality is still true for 0 <z < 1. to show it, we apply estimation (33).

Proof of Proposition 5.1
The weak solutions of equations (36) and (37) can be written

V(1) = L exp(—tA)f(t — ) dr.
For ¢t > 1, we set
V(1) = Ll exp(—tA)f(t —7)dr and V,(1) = j} exp(—tA)f(t — ) dr.
Majoration of ||'V,(¢)||>. From equation (36), we get the estimation
([V]ZCXP( Cin) < <1 IﬂzeXP( Cio).
After integration, this imphes that, for 0 <t <1,

: <exr>(C 3)

V()2 = ” J: exp[—(t — 1)A]f(z) dr j |f(t)|*dz. (50)
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This majoration is still true for ¢ = 1. Therefore,
eXP(C )

IVi@)*< f \f(t — )|*dr. (1)

Majoration of | V,(¢)||% For t > 1,
exp(—tA) = exp(—A)-exp[— (1 — 1)A]
and

llexp(—£4) |y < lexp(—A) v llexpl—( — DAYl y-n.
We apply now the results of Lemma 5.1 and 5.2. So, we have for t > 1,

llexp(—tA) | u-v < Csexp(—y?) [Cs=/C;Ciexp(y)]
and

IV, =

fexp(—r,i)f(z —1)dt

< CSJ exp(—yt)|f(t — )| dr.
1

Let y” be a real number satisfying 0 <y’ <7y, and set 6 =y —y’. We get

2
Va0l < 6, 25 )j exp(=2D)|f(t — 1) dr. (52)

Majoration (51) for V,(¢) can also be written

Vil < p(c )

exp(2y )j exp(—2y't)f(r —7)|?dr (0<y’ <)

0
We have set V(¢) =V,(¢) + V,(2), for ¢t > 1. Therefore, there is one constant C, such that

t
IV)I2< Cs‘[ exp(—2y"t)|f(t —7)|* dr.
It is easy to see that this majoration is still true for 1 < 1. We can then apply estimation (50).

Proposition 5.2
The solution 6(¢) of the differential equations (38) and (39) satisfies the following estimation:

||9(t)||2<C;j{exp(—h’t)lg(t —1)*ds, (33)

where Cj is a positive constant and y a real number, such that 0 <y < v’C2 This proposition can
be proved just as Proposition 5.1.

6. STABILITY OF THE NON-LINEAR PROBLEM

We come back now to the complete non-linear problem. V and 8 have to satisfy the differential
equations (28)-(31).

Proposition 6.1
If all the eigenvalues of the operator 4 have positive real parts, then

IV 12+ fuvmvdr < c.of'mr)lzdr (54)
0 0
and moreover,
IV 12 +v 'f Cexpl—2y(t — ]| AV(r)|?dr < cmj'exp[—zy(t —ole)dn, (55
0 V]

where C, is a positive constant, and y a real number such that 0 <y < Re(4) for every eigenvalue
A of the operator A.
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Proof. From equation (28), we get the estimation
d 2C 2
— [VE+v[4AVP <= V]2 +21f)?
dt v v
and, after integration,
2 ! 2 C% ! 2 2 ' 2
VOF +v | 14V(©)|?dr <2— | |V(z)[*dz +~ f(x)|* dz. (56)
] 0 0
We apply now the result proved in Proposition 5.1.
t
IV 112 < Csf exp(—2y7) |}z — 7)|dr,
0
which implies the two estimations
t C t
J I'V(z)||* dz S—"j IT(x)|? dz. (57)
0 2y Jo
and
V) 1*< Csf |T(x)|? dr. (58)
0
From expressions (56)58), we can conclude that there is one constant C,,, such that
V) I*+ VJ [AV(7)|*dt < CmJ‘ [(x)|* dx.
0 0
This estimation can be improved in order to get expression (55). V satisfying the differential

equation (28), we set W = exp(y?)V, where y is a real number such that 0 <y < Re(4) for every
eigenvalue A of 4. W is solution of the differential equation

%Y + (A — yDW = exp(y(z).
Set A*=A4 —yI, () = exp(y)i(r).

All the eigenvalues of the operator 4* have positive real parts. Hence, we can apply relation
(54)

W)+ v f |AW(7)|*dt SCmf [f*(1)]*dr,
0 0
which can also be written
IIV(t)||2+Vj exp[—2y(t —¥))|AV(1)|*dz SCmf exp[—2y(t — y)]IT(z)|* dr.
0 0

Proposition 6.2
0(t) Satisfies the following estimations:

ue(t)u2+v'f|Ale(t)12dr < Iojllg(f)lzdr (59)
1] 0
and moreover,
ue(r)nZ+v’Lexp[—2v(t—r)]lA.o(r)Pdrsc;oj expl—2y(t — D]Ig(@)7dz,  (60)
0

where Cj, is a positive constant and y a real number such that 0 <y <v’ C2

The proof is the same as that of the previous proposition, taking into account estimation (53)
obtained in Proposition 5.2.

As we said in Section 2, the mean situation (V,, 6,) is given. These values either verify the
linearized equations, or are solutions of the complete non-linear stationary problem. We are now
going to study these two cases separately in order to get stability results.
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6.1. Linearized Stationary Problem
The perturbation (V, 8) has to satisfy the differential equations (28)+31) where:
f(r) =1(t) — PV-VIV); &(1)=¢ —[V-VI6,—[V-V]6;
f(t) = P(T(t) —[Vo-VIVe); & = —[V,-V1by + v'Ab;
T(t) is the perturbation of the wind-stress.

Proposition 6.3
If all the eigenvalues of the operator 4 have positive real parts, and if f(¢) remains small enough,

()P <K < ﬁ( 2—”)3

kC3, 3

then, V(¢) and 6(¢) remain bounded as 1 — o0, and we get the following estimations:

2
2 ﬁ <y
V(@) \K‘<ka 3 (61)
and
101> < Cilo |2+ CiK,. (62)

[C; and C} are positive constants, y is a real number such that 0 <y < inf(Re(4),v’ C?) for every
eigenvalue 4 of A
To prove this proposition, we have to use the following three lemmas.

Lemma 6.1[4]
If «(¢) is a measurable function satisfying

a(t) < A +J F(a, 1) dr,
0

where F is a function continuous in 7, Lipschitz continuous in «, monotone increasing in a, and
A is a constant, then

a(t) < (1),
B(¢) satisfies the differential equation
dg
T _F
T B,
B0)= 4.
Lemma 6.2
For every Ve D(A),
|IBVI?< k| V|*|4V] (63)

where k is a positive constant, and BV = P([V-V]V).
Proof. Applying Holder’s inequality, we can prove that

3 1/6
|BV|?= PV -VIV)|* < || V [l{sq) x [V] % {L[Z(Div,-)z] dx} .

According to the Sobolev inclusion theorem, there is one constant k,, such that

IV iheoy <k Y g (64)
and

3 1/6
{J‘ [Z (Din)z] dx} <k, Z I Divj | <k IV H2(Q)
alij ij

[we still apply inequality (64)).
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We have the following estimation:
IBV2< kil | VI [V |42 (65)

The operator A = —PA is a self-adjoint, V-elliptic operator, of domain D(4) c H¥). 4 is an
isomorphism from D(A4) onto H. There is one constant k,, such that

IVig:<ks|AV], YVeD(A4). (66)
Let us apply estimation (66) in inequality (65). There is one constant k such that
[BVI2<k|IVI?|4V]. (63)
Lemma 6.3
For every 0 e D(A,),
|B,{(V, )P <k’IIV[*]61]14,6], (67)

where k' is a positive constant and B,(V,8) =[V-V]6.
Proof. Applying Hoélder’s inequality, we can prove that

[B/(V.O)2< | VIiis i1 VO] 5.
According to estimation (64), we get

IBU(V, )P <KV NIV |

SKVIZIONN0 ] e
The operator A4, is such that, V0 € D(4,) = H){(Q)N H*Q), there is one constant k3, such that
161l < k514,80,
Thus, there is one constant k’, such that
|BI(V,)*<k’|IV|*]16]}]14,6], V6eD(4,). (67

Proof of Proposition 6.3

V(2) Is solution of the differential problem (28, 29) and we can apply estimation (55) proved in
Proposition 6.1.
Since f(¢t) = f(r) — BV, we get that

1) 12 < 216(2) 12 + 2k | AV] | V|3,

by applying Lemma 6.2. Then, estimation (55) implies the following inequality:
22

k 1 ' 6 ' 2
V@) 2 < C"LeXPI—Zv(t—r)]IIV(r)II dr +2C10I exp[—2y (¢t —7)]If(z)]" dt.

v 0

We assume that f(z) remains bounded for every ¢, let
If(H1*< K.
We have then the relation

V()12 exp(2ye) < &

2 t t
VC"’ f | V(z) || ¢ exp(2yt) dt + 2KC\q f exp(2yt) dt.
0

0

Set
a(t) = || V()| exp(2y?),

t k2c2
a(t) < j (—v—'o a3(7)exp(—4y1) + 2KCyo exp(2yr)> dr.

0
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We can apply Lemma 6.1, and get the following estimation: a(t) < (1), f(¢) satisfying the
differential equation

% = szlo B3 exp(—4yt) + 2KC,, exp(2yt)
B(0)=0.
Set B(1) =expRyt) Y (1) -y (t) is a solution of the following differential problem:
% = szf" Y® —2py +2KCy, (6%)
Y@ =0 and Y()>0 for ¢>0. (69)
The function
6=y 2y +2xc,

is a local Lipschitz function. The differential equation (68) has thus, one and only one solution.
The differential problem (68, 69) makes sense only if the function G(¥) has positive roots, that

is to say for
2 3
K<\/;( _)’)

Y (1), the solution of the differential problem (68, 69) then remains bounded by X, satisfying

v

<xCp 3

and y(t)— K, when t — 0.

For
v ( Py
kC3 3/
we have proved that
2 \/— 61
V() I*< K, < kCoy 3 (61)

We are going to prove now estimation (62) for [|(z)|% 6(¢) is solution of the differential
problem (30, 31) and we can apply estimation (60), proved in Proposition 6.2,

16’ + V’L exp[—2y(t — 1)][4,0(1)[*dr < C)y J: exp[—2y(t ~ 1)]|§(v)|* dr.

In order to get also estimation (55), we assume that y <inf (v'C?% Re(A)), for every eigenvalue
A of A. We can choose the constants Cy, and Cj, in order to have

’
CIO 10

NGNS

We set NV =[V-V]f,. N is a continuous linear operator from H}(Q) onto L¥Q). Hence, there
is one constant C, such that

INVISCiIV], (70)
§()=¢ —[V-V]§,—[V:V]d =¢ — NV — B,(V, 9).
Applying estimations (67) and (70), we get
1EOIP<31¢12+3CENVIE+3k (V014,81
<3|¢ 12+ 3CK, + 3kK, |16 14,01,
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since estimation (61) has been proved.
9k2CiK?

3kClo K 16114,01<v'[4,0]*+ @

161>
Relation (60) can then be written

10112 <3Ci(1¢1*+ CPKy) fexp[—%’(t —1)]dr

9k2C 2
Wk J 16112 expl—2(t — ©)] de

and since

s

kClO
3 t !
18(2) 1* exp(2yt) < 37 J 18(z)I*exp(2yr) dr +3Co (I |* + CIZKI)J exp(2yr) dr.
0 0

Set p(t) = 0()|*exp(2yt). We can apply Lemma 6.1, and get the following estimation:
u(®) < A1), A(2) satisfying the differential equation

dA

dt

A0) =

3
=574 +3C(¢ I + Ci*Ki)exp(2y1)

Set A(t) = exp(2yt) 8(2), 8(t) satisfying the differential problem
4 _
dr

6(0)=

—16+3Ci(18 P+ C7K)

We have,

6 ’
o(1)= . D12+ C{ZK.)[I - exp(——%t)].
This implies the following estimation, valid for every ¢:
6C;
16017 < == (19 "+ CTK)).

Hence, there are two constants C; and C3, such that
101> < C3l9 17+ CiK,. (62)

Proposition 6.4

Under the assumptions of Proposition 6.3, the solution (V,#) of the differential problem
(28)-(31) is a strong solution on [0, 7], that is to say

Vte[0,T], V(it)eD(A) and 60(t)eD(4)).
On the other hand,
Ve¥4(0,T;V) and 0e¥%(0, T; H\(Q)).

Proof. We denote by (4;) the eigenvalues of the operator 4: 0 <A, < - <4+
There is one orthonormal basis in H: w,, ..., w,, ..., where w, is an eigenvector associated to
the eigenvalue 4,. We define an approximate solution for equation (28) by setting

Vm = Z gim(t)wh

i=1



Asymptotic behaviour of the perturbation of a given mean flow 705

V,.eD(A) and V,, satisfies the differential equation

dv,,
-&_ +4V,=1,@0)

V,.(0)=0,
where
f.()=f()—BV,,.
The assumptions of Proposition 6.3 being satisfied, we get the estimation
IV.()I2<K,, Veel0, ol

We can also apply estimation (54) proved in Proposition 6.1
IV 2+ v L' |4V, ()|2dt < Cy JO' If,.(2)|* dr.
Taking into account estimation (63) proved in Lemma 6.2, this implies
L'IAV,,,(r)lzdr <4% (J: [f(z)|*dt + kZ-C;'—‘) Lt I V,,,(r)|16d1:>, Viel0, T

Since
|f(t)12<K and ”Vm(t)||2<Kl’ VIG[O’ T]’

we get
J. AV, ()| dt <4@T<K+kzc'° >

The sequence V() is bounded in L%(0, T; D(A)). We can extract a subsequence which converges
towards V(¢) in 130, T; D(A)) weakly. V(2) satisfies the differential problem (28, 29), V(¢) e D(4)
and satisfies the estimations

J‘IAV(I)IZdt<4@T<K+k2C'° )

and
IV I*<K,, Ytel0,T]

We can easily prove that V' = dV/dr € 10, T; H). Since V e1%0, T; D(A4)), we can conclude,
according to a result from Lions—Magenes, that

Ve%(, T; V).

The same proof is valid for 8(r).

6.2 Non-linear Stationary Problem
The perturbations V, 8 of velocity and temperature always have to satisfy the differential
equations (28-31) but this time the right terms are given by
(1) = P((1)) — P(IV-VIV), &(t)= —[V-VI6,—[V-VI6, f(r)="T().
We assume that the perturbation of the wind-stress T(¢) acts only during some time interval
[0, T], and remains bounded:
() = {T(t), for 0<t<T (T finite)
0, for t>T.
If(O*<K, Vtel0, T

CAMWA. 13/8—-D
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Proposition 6.5
If all the eigenvalues of the operator 4 have positive real parts, and if the following estimation
is satisfied:

) 2exp@T) < X270 Ve, T) 1)

[y is a real number such that 0 <y < inf(Re A, v’C?) for every eigenvalue 4 of 4], then, | V(¢)|>
and ||6(¢)]|2 tend to 0 as ¢ — co.

Proof. We apply, as for the proof of Proposition 6.3, estimation (55). So we have
2

ik f’exp{—zm — V@) dr +2C j exp[—2y( — ©)]fc) | dr
(4]

Ck

CZ
V)12 <=

exp(2yT) — 1
2y

We can apply Lemma 6.1. So we get the following estimation: | V(z)||>exp(2y?) < B(¢), B(t)
being solution of the differential equation
dg  kC3 k*Cio

°r_ 3 4
a . —— B’ exp(—4y1)

exp(—2yt).

exp[ 2y(r = O] V()||° dr + 2KCyo

B(0) = K exp(2yT) f’;i’ =A

Set B(¢) = exp(2yt) Y (), Y (¢) is solution of the differential problem

dy k*Ch
R
Y(0) = 4.
The solution of this differential equation is given by
A exp(—2yt)

Y1) = ol
{1 — Azk Clo [1 —exp(— 4yt)]} §
2vy

provided that
3

Klexp(4yT) < 2v —— k2C‘ .
We get for | V(¢)||? the estimation
exp(—2yt)

1k L
{1 3 f'°K2exp(4yT)[1——exp( 4yt)]}

C
[ V() II* < K exp(2yT) —y’—° (72)
Hence, there is one constant D, such that
IV()]* < D exp(—2y1). (73)
The estimation of [|8(¢)||? is obtained using relation (60). ¢ = 0, therefore
EOP<2CENV@OIP+2k V()2 10]14,8].

We get from relation (60) the estimation

16011 < 2C,C7 frexp[~2v(t = Ol V(r)lI*dr
0
272

k:Ce (1
+— OLexp[—zy(t—r)lnvmu“ue(r)HZdr,
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i.e. using expression (73),
k? C

10(t) ||2<2C10C12Dj exp(—2yt)dt + j exp(—2y1)||8(z) ||* exp(—2y7) dr.
0
Set C;=2C,,CD, C;=k*C2D*v'. We have
||9(t)llzeXp(2vl)<j [Ci+ C5l18(z) || exp(—2y7)] dr.
0

Applying the result of Lemma 6.1, we get the following estimation: || 8(¢) || exp(2yr) < A(2), A(?)
being the solution of the differential equation

di = C,+ Cs A exp(—4yt)
dt
A0)=0.

The solution of this differential equation is given by

A(t)=C, J' exp{— % fexp(—4yt) — exp(——4y1:)]} dt
0

<y exp(—%s) L.

Hence, there is one constant D’, such that

10(£)11* < D't exp(—2yt). (74)
Proposition 6.6

Under the assumptions of Proposition 6.5, the solution (V,8) of the differential problem
(28)—(31) is a strong solution on [0, + oo[.

Proof. The design of the proof is similar to that of Proposition 6.4. We define an approximate
solution V,, e D(A), V,, satisfying the differential equation

d% V,+ AV, + BV, =1(1)

v,(0)=0.
Estimations (54) and (63) imply that

j |AV,(z)|*dt <4— U‘ |f(z)|*dr +k2 J. V.. (1:)||°dt]
We have assumed that
f(1)1*< K, Vtel0,T)
f(t)=0, for ¢t>T.
On the other hand, according to Proposition 6.5, we have the estimation
IV < D exp(—2yt), Vtel0, + ol
This implies
4k:C3,D?
vi6y

The sequence V,(¢) is therefore bounded in 1%0, t; D(4)). We can extract a subsequence
converging towards V(z) in LX0, t; D(A4)) weakly. V(¢) satisfies the differential problem (28, 29),
V(t)e D(A) and V(¢) is such that

t k2
f |AV(z)|*dt <45‘!KT+2 C‘°
0

f |4V, (t)*de <4ﬁKT [1 —exp(—6y1)], Vtel0, + ool

—_— [l exp(—6yt)], Ytel0, +oof,
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and
IV(£) 1> < D exp(—2yt), V1el0, +oof.
We can easily prove that, V¢ €0, oo,

dv
V' =— elX0,t; H).
ar € 0,7, H)

Since V € 1%0, £;D(A4)), we can conclude that Ve (0, ¢; V).
The same proof is valid for 8(z).

7. CONCLUSION

We have obtained, in this paper, some theoretical results for the perturbation of a given mean
flow. This problem was introduced in order to modelize equatorial waves [2]. The oceanic domain
Q is an open set included in R®. At initial time, induced by a mean wind-stress, there exist in Q
a velocity field V, and a temperature field 6,. We are going to calculate the perturbations V and
08 of the velocity and the temperature induced by a perturbation of the mean wind-stress. The values
of the initial situation V,, 6, are given. They must be characteristic of the circulation in an
equatorial oceanic domain and these values, resulting from physical observations, either verify the
linearized equations, or are solution of the complete non-linear stationary problem. In these two
cases, the perturbations V and 8 have to satisfy the same equations: an equation of Navier—Stokes
type for V and of transport-diffusion type for 8. Only the right members are different. We prove
that this non-linear problem has always one solution, in proper functional spaces. The method used
is the Galerkin method. We get some a priori estimations which imply weak convergence for the
approximate solution. Strong convergence is necessary for passing to the limit in the non-linear
terms. To get this result, we apply a theorem of compactness [3]. Then, we give some results about
regularity and uniqueness of the solution: we prove that a more regular solution is unique, but then,
the existence of the solution cannot be assured.

These results about existence, uniqueness and regularity of the perturbation being proved, our
purpose is to study the stability of the given initial situation V,, §,, and, therefore, to determine
under what condition the perturbations V(¢) and 6(¢) remain bounded as time ¢ — c0. To this end,
we generalize a method introduced by Prodi [5] based on the properties of operators deduced from
the Stokes operator. We have located the eigenvalues of these operators, they are situated inside
a parabolic curve drawn in the complex plane. The results about stability of the perturbation are
obtained provided that these eigenvalues have positive real parts. The physical significance of this
assumption cannot be clearly explained. If the initial values V, and 6, are solutions of the linear
stationary problem, the right members of the equations are dependent on the perturbation of the
wind-stress, and on the initial values V,, 8,. We prove then that the perturbations V(z), 8(¢) of the
velocity and the temperature remain bounded provided that the perturbation of the wind-stress,
and the initial current V,, are small enough. Under the same assumptions, we get also more
regularity for the perturbation. If the initial data V,, 8,, are solutions of the complete non-linear
stationary problem, the right members of the equations depend only on the perturbation of the
wind-stress. In this case, we get stronger results for stability. Assuming that the perturbation of
the wind-stress acts only during a finite time and is small enough, we prove that the perturbations
V(¢), 8(¢) tend to zero as time ¢ — o0. Moreover, the perturbation is then a strong solution for every
t €0, oof.

It is the fact that oceanic waves could be stable or unstable depending on the characteristics of
the mean situation V,, 6, which induced us to undertake this study. The results given here show
that a stable initial situation is not to be expected. For example, in the case of a wind-stress acting
only for a short time, the fact that the perturbation is a decreasing function of time is quite intuitive.
Nevertheless, we need stronger assumptions to prove this result: real parts of the eigenvalues have
to be positive, and the wind-stress must be small enough. We cannot prove that the perturbation
induced by a strong wind-stress, acting for a finite time, tends to zero as time ¢ —co. Then, it is
not surprising to get unstable oceanic waves, whose amplitude is an increasing function of time.
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