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We provide a construction of a graph on O(n) vertices which can be represented 
as the intersection graph of a system of curves in the plane, but every such represen- 
tation contains at least 2” intersecting points of the curves. 0 1991 Academic Press, Inc. 

A graph G (finite, undirected and without loops or multiple edges) is 
called a string graph if it is isomorphic to the intersection graph of a system 
of curves in the plane [l-4]. Such a system is called a string representation 
of G. A pair (G, R), where G is a graph and R c (“i”‘) is a set of some two- 
element subsets of E(G)(the edge set of G) is called weakly realizable if G 
has a drawing D (a weak realization of (G, R)) in the plane such that edges 
do not pass through vertices and any two edges e, fare allowed to cross 
only if { e,f} E R (but they need not cross in that case). 

We define the size of a string representation (resp. weak realization) as 
the total number of intersecting points of the curves (resp. edges) of the 
representation. (We consider only representations in which no three curves 
(resp. edges) pass through the same point. Or equivalently, if an inter- 
secting point belongs to k curves (edges), we count it (‘;)-times.) Further, 
we define f,(G) (resp. f,(G, R)) as the minimum possible size of a string 
representation of G (resp. a weak realization of (G, R)), if it exists. Finally, 
we put f,(n) = maxfS(G) (resp. f,(m) = maxf,(G, R)), where the maximum 
is taken over all string graphs with n vertices (resp. over all weakly 
realizable pairs (G, R) with m edges). The functions fS and fw are polyno- 
mially equivalent: 

LEMMA. (i)f,(m) GfAJm) - 44 
(ii) f,(n) < 4fW(n’) + n2. 

ProoJ (i) Let (G, R) be a weakly realizable pair with n vertices and m 
edges, such that f,(G, R) =fJm). W e may suppose that every connected 
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component of G is nonplanar and so n < m. Consider a weak realization D 
of (G, R) and define a graph H by 

V(H)= V(G)uE(G)u {(u,e)lu~e~E(G)}, 

E(H)= {{u, (u, 4>, { e,u,e)}lu~e~~(G))u{{e,f}IeZf~~(G), 

{e,f} E R and the drawings of e,fintersect in D}. 

Then H has n + 3m < 4m vertices and it is a string graph, since we easily 
obtain a string representation of H from the weak realization D of (G, R). 

Consider a string representation of H of size <fs(4m). For each 
u E V(G), contract the curves representing the vertex u and the vertices 
(u, e), v E e E E(G) into a single point, called again u. This yields (after 
possible omitting of unnecessary parts of the strings representing vertices of 
E(G)) a drawing D’ of G in which any two edges e, f intersect only if 
{e, f } E R. The size of D’ is at most fs(4m) - 4m. 

(ii) Here the proof is obtained analogously (cf. the construction in 
the proof of [3, Proposition 51). 1 

THEOREM. fw(m) > 2’” for a positive constant c. 

ProojI The construction starts with the planar graph depicted in Fig. 1 
(the horizontal path AB is formed by the vertices Au, U, _ r U,U, ~ Z u, _ r . ‘. 
uZu3u,uZu,,uI B, the short vertical edges join the ~4;s with the bottom path 
and no two edges are allowed to cross). Note that this graph has a 
topologically unique noncrossing drawing in the plane. Then we add edges 
{ui, u,}, i= 1, 2, . . . . n, and we allow them to cross the edge {a, b} and all 
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FIGURE 1 
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FIGURE 2 

edges of the horizontal path AB. It is easily seen that in every weak 
realization the edge {ui, ui> intersects the edge {a, b} at least 2’-’ times, 
and thus a weak realization of minimum size must look as that depicted in 
Fig. 2. (We prove the above statement by induction on i. Straightforwardly 
it is true for i = 1. Suppose it holds for some i. Since the edge {ui+ i, oi+ , } 
is not allowed to cross the edge {ui, ai}, it must make a turn around the 
vertex oi. Thus it consists of two parts-one passing from U, + i to the turn- 
point, the other passing from this turn-point to ui+i. Both of these parts 
may be used as an edge joining ui and vi-after contractions of { ui+ i, ~4~) 
and {ui, oi+l> into ui and a contraction of the turn around vi into a,. 
Hence by the induction hypothesis, each of these two parts share at least 
2’-’ common intersecting points with the edge (a, b}, and the whole edge 
{“ i+13 vi+l } shares at least 2’ of them.) Since the constructed graph has 
5n + 13 edges, we have fJ5n + 13) > 2” - 1 and the statement follows. 1 

COROLLARY. f,(n) 2 2’” for a positive constant E. 

Remark. It is shown in [3] that recognizing string graphs is NP-hard. 
Our result indicates that one cannot prove the NP-membership for it by a 
simple reduction to planarity testing. At present it is even not known 
whether the problem is algorithmicly decidable. Of course, this would 
follow from determining any general recursive upper bound forf,(n). 

CONJECTURE. For a positive constant C, f,(n) < 2”‘. 
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