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Abstract—In this note, we propose a formal argument identifying the hydrodynamic limit of
a Fokker-Planck model for granular media appearing in [1]. More precisely, in the limit of large
background temperature and vanishing friction, this hydrodynamic limit is described by the classical
system of isentropic gas dynamics with a nonstandard pressure law (specifically, the pressure is
proportional to the cube root of the density). Finally, some qualitative properties of the hydrodynamic
model are studied. © 1999 Elsevier Science Ltd. All rights reserved.

1. THE FOKKER-PLANCK MODEL

A simple model for granular media, proposed in recent publications (see, for instance, [2]) consists
of a one-dimensional system of like N particles subject to inelastic binary collisions. Specifically,
each particle moves freely between two consecutive collisions. The change in velocities due to
those collisions is given by

vi=v+e(ve—v1), vy =vg — (v —1y), (1.1)

where the parameter € €0, 1/2[ controls the dissipation of kinetic energy while v; and v, (respec-
tively, v{ and v3) are the velocities of the two colliding particles immediately before (respectively,
after) the collision occurs. More precisely, assuming the mass of the particles equals 1, the loss
of kinetic energy per collision is (¢ — £2)x relative velocity before collision.

In (2] (see also [3,4]), a Vlasov type kinetic model is derived formally from this particle model
in the limit as N — 400 and € — 0 in such a way that, for some A > 0, Ne — X. This model
reads

Bef +v0,f + A8y (Ff) =0, (1.2)
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with
F = F(t,z,v) = / v —v| (v =) f (¢, ,v) dv, (1.3)
R

f = f(t,z,v) denoting the density of particles which, at time ¢, are in position z with velocity v.

The present note is devoted to an inelastic particle system as above, modeled as in (1.2) but
immersed in a thermal bath at a constant temperature. In (5] this problem has been considered
from a numerical point of view. The simulations show, in certain regimes, nontrivial clustering
phenomena. In (1] the effect of the thermal bath is modeled by adding to the Vlasov equation (1.2)
a Fokker-Planck term: instead of (1.2), the phase space density f must satisfy

Of +v8:f + A0u(Ff) = BOy(vf) + 0 Buuf, (1.4)

where (3 is the friction coefficient and o/ the temperature of the thermal bath.
In the case where the phase space density vanishes at infinity (with sufficiently high order) in
the v-variable, one can integrate (1.4) with respect to v to obtain the continuity equation (local

conservation of mass)
Bep + 9:(pu) = 0, (1.5)

denoting as usual the macroscopic density by p and the bulk velocity by u, or in other words
p(t,z) = / f(t,z,v)dv, p(t,z)u(t,z) = / vf(t,z,v)dv. (1.6)
R R

Multiplying (1.4) by v and integrating with respect to v gives the momentum equation

O (pu) + a,,/ v2f dv = —Bpu. (1.7)
R
Indeed the contribution of the force is
A/ vy (Ff)dv = —/\/ Ffdv= —/\// v =] (v —v) f(t,z,v)f (¢, z,v") dvdv’ =0,
R R RxR

as can be seen by changing variables according to (v, v') — (v',v) in the double integral. Observe
that (1.7) is not in closed form because it involves the second-order moment

/ v fdv,
R

which is not a function of p and u unless some closure assumption is made. In addition, if the
friction coefficient 8 = 0, observe that (1.7) takes the form of a local conservation law, that of
momentum.

Instead of looking at the limit as ¢ — 400 of only the spatially homogeneous solutions of (1.4)
as was done in [1], it is also natural to look for the hydrodynamic limit (i.e., the infinite volume
and long time limit) of (1.4). More precisely, one defines a velocity scale V' > 0, a macroscopic
length scale L > 0 and consider the dimensionless variables

. tVv _ =z v
t_f, I = f’ ’l)——v. (18)
Defining
? (z)i, ﬁ) = f(t,IL‘, ’U) (19)

leads to the dimensionless form of (1.4)

O f +v0sf + ALV 85 (Ff) = ﬂVLaﬁ(ﬁ) + 5;,—13’ s (1.10)
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with
F (t,7,7) =/ o' - o (@ —9) f(3,z,7) dv'. (1.11)
R

The hydrodynamic limit of (1.4) consists in letting V' > 0 as well as the parameters A, 3,
and o fixed and taking L — +o0.

Notice that, multiplying (1.10) by T and integrating with respect to Z and ¥ under the assump-
tion that the number density f vanishes (of sufficiently high order) at infinity in both Z and T

leads to %//vadidv= _%L_ //Rﬁfd'fdﬁ- (1.12)

Hence, if 3 > 0 and as L — 400 and unless 8 = 0, the total momentum is instantaneously
dissipated under the effect of the large dimensionless friction coefficient, thereby leading to the
trivial dynamics

a;/ F(Ez,9) dv=0, /ﬁ(i,f,ﬁ) dv = 0. (1.13)
R R
Therefore, in the sequel, we set once and for all 8 = 0. To simplify notations, we define
V3 ~ V4
€= E and A= —0_——‘, (1.14)

and substitute this in (1.10); after dropping all bars, we get

Oufo+0Buf+~ MOy (Ffe) = Bufi] =0, (1.15)

with
Fe(t,z,v) = / v —v| (v =) fe (t,z,v") dv'. (1.16)
R

This problem is posed for all (z,v) € R x R with prescribed initial data
fe(0,z,v) = fi"(:z:, v), (z,v) e R xR. (1.17)

The question of global existence and uniqueness for (1.15)-(1.17) with ¢ > 0 is open. In the pure
Vlasov case (¢ = § = 0), global existence and uniqueness of classical solutions of the Cauchy
problem for (1.2) on R, x R, is established in [4] under the condition that A be small enough
(in terms of suitable L, norms of the initial data).

In the new dimensionless variables, the hydrodynamic limit of (1.4) consists in the limit as
€ — 0 of the singular perturbation problem (1.15)-(1.17).

A last object naturally associated with the Fokker-Planck model (1.4) is the free energy, which
for the dimensionless form (1.15) for 8 = 0 is defined by

m@) = [ ewbes)dv+3 [[ w-oPemee) war, g

defined on nonnegative measurable functions ¢ of the velocity variable v.

A natural question is that of the existence and uniqueness of stationary states with respect to
the free energy 7, above; these states minimize the free energy under the constraints of given
total mass and momentum. Thus, we consider, for all p > 0 and u € R,

K,.= {¢ eL'(R,(1+v%) dv) | ¢ >0ae, / ddv = p, / vpdv = pu} ) (1.19)
R R

LEMMA 1. For all A > 0, n, is strictly convex with values in [0,+00] on K, o and reaches its
minimum there at a single point denoted by Gy. This function G, is even and belongs C*(R).

This is precisely Theorem 2.1 of [1] in the case of 3 = 0.
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COROLLARY 2. ForallA>0andallp>0,ucR

li{nf 7 Is attained by the unique function v — pGj,(v — u).

pyu

PROOF. Let ¢ € K, 4; then ¢ : v — (1/p)d(v + u) belongs to Ky and a trivial change of
variables shows that

1
Mo(y) = ;m(¢) —logp. (1.20)

One then concludes by a direct application of Lemma 1.

As explained in [1], 7 is a Lyapunov function for the spatially homogeneous version of (1.4),
and the functions G above are the spatially homogeneous steady states for (1.4). It also satisfies
the self-consistent equation

e—(3/3) [ dv'|v' ~v|*Ga(v")
Sl PRI VEY E N

(1.21)

which is consequence of the stationary condition Ad,(fF) — 8,,f = 0 for the homogeneous
equation associated to equation (1.15).

2. THE STATIONARY STATES AND
THE HYDRODYNAMIC LIMIT

Defining as in (1.6) the macroscopic density p. and bulk velocity u. associated to the micro-
scopic density f, solving (1.15)—(1.17), we see that (pe,u¢) satisfy the system of conservation
laws (1.5) and (1.7) with 8 = 0. One formulation of the hydrodynamic limit is to find a closure
for (1.7), i.e., a function @ such that

. 2 _ . .
lim Rfev dv=2 (gl_r}g,pe, 22%/’5”6) (2.1)
(where the limit as € — 0 is taken in some weak topology). One way of finding & is by postulating
the local equilibrium condition, that is, to leading order as € — 0:

fe(tyx, U) = pe(t’ x)G,\pe(t,x) ('U - ue(t’ ZL‘)) . (22)

Indeed, since the spatially homogeneous steady states for (1.4) (with 8 = 0) are microscopic
densities of the form (2.2) with p and u constant, it is natural to look for approximate solutions
of (1.15),(1.16) on finite time intervals by slowly modulating the parameters of the steady state
(that is, by letting them depend on the slow time and space variables defined by (1.8)).

Another, more mathematical method is to apply the Hilbert expansion method to (1.15),(1.16),
i.e., to look for solutions f. of (1.15),(1.16) as formal series

feltsz,v) =Y e fi(t,z,v) € C®°(R x R x R)[[¢]]. (2.3)
k>0

Observe then that model (1.15) has a nice gradient structure with respect to the free energy 7).
Indeed, the differential of 1) ¢ is

Doy (f) = log f(t,z,v) + %/R ' — vlsf(t,:r, v') dv'. (2.4)

Since
A (FefC) ~Oufe=—fc aanA (fe) s (25)
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equation (1.15) can be recast in the form

1
atfe +va:cfc = ‘e'au [fe aul)"’,\ (fe)] (26)
The Hilbert expansion method applied to (2.6) gives, to the leading order,
at order €1 : 9, [fo 0y Dy (fo)] = 0. (2.7)

Equation (2.7) is the equilibrium equation for the homogeneous version of equation (1.15). The
regular, positive, summable, and stationary solutions of the homogeneous equation must coincide
with a minimum of the functional n with the constraints for the density and the momentum,
being 7 strictly convex. Then

Jo(t,z,v) = p(t, )G p(t,c) (v — u(t,x)). (2.8)
Hence, (2.8) is a justification to the formal approximation
Je(t,z,v) = p(t, 2)Grp2,z) (v — u(t, 2)), as € — 0. (2.9)

As a consequence, one is led to define ® by the relation

®(p, pu) = /R PG, (v — u)v? dv. (2.10)
LEMMA 3. For all A\ > 0, one has

Ga(v) = \3G, (Al/%) , weR.

PROOF. Let ¢ € K, g; for all o > 0 the function 9 : v — a¢(av) also belongs to K; o and one
has

M) = Mrja3 (@) + log o (2.11)

Putting ¢ = G and a = A'/3 shows that ¢ : v~ A~1/3G,(A\~/3v) minimizes 7,0 on K; o and
must by the uniqueness part of Lemma 1 coincide with G, thereby proving our claim.

COROLLARY 4. For all p > 0 and m € R, the function ® defined by (2.10) is given by the formula

m? 1/3
®(p,m) = - kp™’*, (212)
with the constant k > 0 defined by
k= \/3 / G1(w)w? dw. (2.13)
R
PROOF. Indeed
®(p, pu) = / P33, (,\1/3p1/3(v - u)) v? dv; (2.14)
R

in the integrand of the right-hand side of (2.14), split
v? = u? 4 2u(v - u) 4 (v~ u)?. (2.15)

Since G, belongs to K o by definition, changing variables by v+ w = A/3pY/3(y — u) gives

/ P3G, (,\1/3p1/3(v - u)) (v — u)? dv = kp'/3, (2.16)
R
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with k given by (2.13), while

/ P33, ()\1/3p1/3(,u _ u)) dv = p,
R

(2.17)
/ P33, (/\1/3p1/3(v - u)) (v—u)dv=0.
R

The announced formula (2.12) directly follows from the decomposition (2.15) in the integral (2.14)
and from (2.16),(2.17).

Thus, the hydrodynamic limit of (1.15),(1.16) is formally given by the approximation (2.9), the
parameters p and u of the stationary state being governed by the system of conservation laws

atp + am(m) = 01

2 2.18
om + 0, (mT +kp1/3) =0. (2.18)
The system (2.18) coincides with the Euler system of isentropic gases with pressure law
3 1
Plp)=ko", 7v=3. (2.19)

However, the exponent y = 1/3 is extremely nonstandard; in classical gas dynamics, vy = 1+2/N
where N is the number of degrees of freedom for the gas molecule. The mathematical theory of
the P-system is by now well understood for v > 1; see [6, p. 275, Remark 8.6] and the references
therein. When 0 < v < 1, the qualitative properties of the P-system change radically (see the
few remarks below); somehow, system (2.18) is intermediate between the standard P-systems
with 4 > 1 and the system of pressureless gases, the mathematical theory of which is completely
different from that of P-systems with v > 1; see [7,8].

3. SOME QUALITATIVE PROPERTIES
OF THE HYDRODYNAMIC MODEL

In this section, we develop a few considerations about the hydrodynamical model (2.18),(2.19)
which we also recast in the nonconservative form

Bip + Bz(pu) = 0,

1 23 (3.1)
Btu+u6,,u——2-6z(p )
Obviously the system (3.1) is equivalent to equations (2.18),(2.19) at least in the case of smooth
solutions.

3.A. The Cloud of Gas in the Vacuum: The Local Existence Problem

The first natural problem arising for system (3.1) is the construction of a local solution. We
analyze the problem in the case of finite total mass, describing an expanding cloud of a granular
gas (maintained at an infinite temperature).

The difference with the usual equations of the dynamics of an isentropic gas with a pressure
law p = kp?, v > 1 is clear. In the latter case, if p — 0 as |z| — oo, the force term given
by the pressure vanishes as || — +00. On the contrary, in the former case the force, given
by (1/2) 8;p~%/3, becomes infinite, so that the particles are accelerated towards +oo. This is
a consequence of our scaling. Indeed, both the thermal fluctuations as well as the inelastic
interactions are very strong. Thus, a test particle in the vicinity of +0c0 has almost all the
mass to the left. The thermal fluctuations towards the left are damped by the inelastic collision
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mechanism while on the right almost no barrier prevents large accelerations. All these facts
make it difficult to establish a local existence theorem for the hydrodynamic model (2.18) or its
equivalent form (3.1).

To present a more convincing argument consider a smooth solution to system (3.1). In the
case of smooth solutions, such a system is equivalent to the following Hamiltonian system:

X(ts .’L‘) = _a.’BV (ta X(t1 112)) )

x(0,z) = z, %(0, z) = up(z), (3.2)

where 1
V(t,z) = —5p7%(t,2). (3.3)

The density p = p(t,x) is transported along characteristics x = x(t,z) according to the formula

/ plt,2)d(z) dz = / po(z) (x(t, 7)) dz, (3.4)
R R

where ¢ is any test function and (pg, uo) is the initial data for the system (3.1). Assume that for
T > T, po is decreasing and that

po = O (jal=2), (35)

and, for the sake of simplicity, that (0, z) = ug(z) = 0 for all z. Suppose also that there exists
a smooth local solution (p(¢, z),u(t,z)) and a positive time tp, small enough so that, for t < tq,
p and 8, p can be considered for all practical purposes as constant in time. Therefore, we are led
to consider the Hamiltonian system

X(t,x) = -8:Vo (x(¢, 7)), (3.6)
where
Vo(a) = ~3057°(z). (3.7)
For this system the energy .
B(@) = 5 (t,2)" + Vo (x(t,2)) (38)

is conserved. Then the time that a particle initially at position xy > T needs to reach +oo is
given by
lo o]

[, e =L Vor™ @) = 63" (o)

o0 dz

= p.l—a/3 .
2o \/x20/3 — 42a/3 0 /1 \ /y2c./3 1

Thus, if a > 3, t(x¢) — 0 as g — +00.

In particular this implies that there exist particles which reach an infinite speed in an arbitrary
small time. As a consequence we do not expect existence of local smooth solutions if p decays
faster than 1/z3.

If a < 3, the energy

t(zo) =
(3.9)

E= %/p’uz dz - g/pl/S dz, (3.10)

and the second term in the right-hand side of (3.10)—the potential energy—is unbounded. There-
fore, the only possibility for the energy to be finite is that both the kinetic energy and the potential
energy be infinite and that their divergences be compensated. In particular, an upper bound on
the energy of a solution does not guaranty that the solution remains bounded for all times. In
the next section, we exhibit a family of solutions all the mass of which concentrates at a single
point in finite time, but which has finite energy, in the case where (3.5) holds with a = 3.
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3.B. The Cloud of Gas in the Vacuum: Concentrations

The physical nature of the system under consideration and its similarity with the pressureless
gas (see Section 3.D below) suggests to look for solutions concentrating in a finite time. We seek
such solutions in the class of self-similar solutions of (3.1).

Let tg > 0, set 7 = to — t and

plt,x) =770 (17%2), (3.11)

for some critical exponent o and some universal function pg > 0, pop € L*(R). Obviously,
as t — to, p — Mé(z) in the sense of weak convergence of bounded measures on R, where
M = g po(z) dz is the total mass of the density po.
Next assume that p satisfy the continuity equation (i.e., the first equation in system (3.1)): it
is found that
u(t,z) = —a; (3.12)

On the other hand, the momentum conservation equation (i.e., the second equation in (3.1)) gives

nE 1 s z\“53/3 , sz
a(a 1)7_2 = §T Po (‘TO‘) Po (T_O‘) ’ (313)
which entails 3
a = 5, (314)
as well as o
(p5™01) (@) = —7=. (3.15)

Solving (3.15) we finally obtain

1 1 :
p(t,x) = (374772 (1, — 1)3? (( z/ (to — t)3/2)2 +c>3/2,

(3.16)

where the constant ¢ = 16/3v/3 M explicitly depends upon the total mass M = fR o(t,z)dz,
which is left arbitrary.

It is easy to check that, while both pu? and p!/3 behave like 1/|z| as * — *oo and therefore,
are not integrable, (1/2)pu® — (3/2)p'/3 behaves like 1/|z|® and therefore, is integrable. Thus,
the self-similar solution defined by (3.12)—(3.16) concentrates in finite time but has finite energy.

3.C. Concentration, Shocks, and Entropy

If the granular gas is confined in a slab or if it is assumed that its density does not vanish at
infinity, one can prove the existence and uniqueness of smooth solutions to (3.1) on some short
time interval (i.e., before such singularities as shocks, blowing-up or vanishing of the density
occur). A natural problem is to investigate which type of the singularity occurs first. The
following example shows that this first singularity can be both a shock and a concentration that
occur at the same time.

Consider the following initial data for system (3.1):

@, for x < —ay,

to
I T

p(0,z) = ot u(0, ) = “i for —ag <z < ao, (3.17)
0

Qo
——?(-)-, for £ > ay,
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where ag, to, p are positive constants. With this initial data the system exhibits a singularity in
the density at time t = to, if w = ag/to — vV3(to/u)!/3 > 0.
The solutions can be constructed as follows. Let 0 < t < tg; define

a(t) = (to — t) (w + ”—‘{/—% (to — t)‘/3) . (3.18)

For —a(t) < z < aft), the pair p(t,x) = p/(to —t), u(t,z) = —x/(to —t) obviously solves the
system (the force term being equal to zero). Notice that (p(t, —a(t)), u(t, —a(t))) is on the first
rarefaction curve (see [9] for this notion)

1
u=w+\/§F7§. (3.19)
We construct the solution for 0 < t < tg, £ < —a(t) by transporting the values of (p,u) at
(t,x) = (f,—a(?)) by the first characteristic field, the propagation speed of which is given by
1 2 1

M@ =u—a) - o — Wt

_ _ 3 1/3
B oE-a®)” om0

In other words, we have constructed a rarefaction wave matching the solution for —a(t) < z < a(t)
with left constant state given by (p,u) = (u/to, —ao/to).
Let 0 <t <t<tyand
et =—-a(@)+ (- (). (3.21)

It is easy to verify that —ag + tA1(0) < z(t,%) < —a(t) and that %% > 0. Then we can define its
inverse function #(t,z). By construction, f solves

8T+ M () 8,5 =0, (3.22)

and

(p(t, z),u(t, x)) = (( H V3

- 1/3
to — i(z,t))’ vt (u/ (to = t(z, 1)) /3 (to = e 1) ) (829

is a rarefaction wave, which solves the system for —ag+tA1(0) < £ < —a(t). For z < —ag+tA1(0)
the solution is given by the left state (p,u) = (u/to, —~ao/to). A similar construction gives the
solution for z > a(t).

The solution so constructed is a continuous solution with velocity field bounded for all time.
As t — tg, the density blows up, and develops a Dirac component at z = 0 with mass

a(t)

lim p(t,z)dx = lim 2a(t) - 2uw. (3.24)
t—to —a(t) t—ito t() -t
More precisely, for |z| < t§/3/v/3ul/3,
- p
lim p(t, z) = 2uwé(z) + ————————,
=t (/3u13]a]) 635)

tlglt‘ u(t, z) = sgn(z) (w + ﬁ (\/§“1/3|x|) 1/4) .

”1/3

Let us finally consider the problem of shock wave solutions to the hydrodynamic model (3.1)
or (2.18),(2.19). A first question is to select what are the physically relevant weak solutions. In
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the usual isentropic gas dynamics case (p = kp”, v > 1) the usual entropic solutions predicted by
the global theory of 2 x 2 systems of conservation laws due to DiPerna and completed by Lions,
Perthame and Souganidis (see [6] for a survey of these results) are not physically relevant. As it
is well known (see for instance [10]) one must add the energy or temperature equation to the mass
and momentum conservation, that is, the full compressible Euler system. As long as the solution
remains smooth the two descriptions are equivalent for isentropic states (i.e., with temperature
proportional to p”~1). In the case of solutions involving only weak shocks (as in Glimm’s theory;
see [9]), the isentropic Euler system is a good approximation of the full compressible Euler, as was
recently proved by Saint-Raymond [11]. In presence of shocks of arbitrary amplitude however,
the state equation p = kp” is not valid anymore because the solution of the full compressible
Euler system ceases to be isentropic. Entropic solutions of the full compressible Euler system are
the natural hydrodynamic limit of the classical kinetic theory (see for instance [12]).

The classical kinetic theory of gases suggests to add to (2.18),(2.19) the limiting entropy in-
equality

o [avn(r)+ [dovDnts) ot =1 [ @D 0, (326)

verified by the solution of the kinetic model (2.6) before considering its hydrodynamic limit (2.18),
(2.19). However, at variance with the classical result pertaining to the compressible Euler limit
of the Boltzmann equation, the term [v Dn(f.) 9, fc is not the derivative with respect to = of
an entropy flux. This is in accordance to the fact that the free energy functional evaluated on
the local equilibrium distribution is of the form (4/3)plog p + const p, which is not an entropy for
system (2.18),(2.19).

3.D. The Large Mass Limit

We return to the kinetic model (1.15),(1.17) again with Fokker-Planck constant o /e (instead
of simply 1/e as after the scalings (1.14)). Consider an initial data f'* of the form

in(x,v) = Mg™"(z,v), // g™ (z,v)dzdv = 1. (3.27)

Let f5, be the solution of (1.15),(1.16); we normalize it consistently with (3.1), by considering
9% = fir/M. Clearly, g5, satisfies

Lo, (dir [ 1ol <o) i) ) = CoRefs.  (328)

€

A
Oighr +v 029y +

PROPOSITION 5. Assume o > 0, g > 0 a.e. with [[ g™v? dz dv < +o00. Then, any limit point g
of g in w — L®(Ry; M(R; x Ry)) when M — 400, is of the form
g(t,z,v) = p(t, z)6 (v — u(t,z)). (3.29)

If moreover, [[g™v*drdv < +oo, then the functions p and u in (3.3) satisfy the system of

pressureless gasses
atP + a:l:(pu) = 07

8:(pu) + 8; {pu?) = 0.

PROOF. Multiplying (3.28) by (¢/M)x(v) and integrating on [0, T] x R; x R,, (assuming enough
decay for g%, as (z,v) — +oo for fixed € and M) leads to

—A%//gj,,(T, z,v)x(v)dz dv
T
+ %/0 /// [v—v'| (v —v)- (X (V) — X' (v) ghs (b, 2, v) g3y (8,2, V') dtdzdvdy’  (3.31)

= % /OT//gjw(t,:c, v)x"(v)dz dv + %//gi"(z,v)x(v) dz dv.

(3.30)
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Choose first x(v) = v?; equation (3.31) implies that

T
t
/ /// v — '] g4, (t, z,0)gy (¢, 2,v") dtdzdvdy’ < %2—011, (3.32)
0
and that
T
// 9y (T z,v)dxdv < E—Sti—;}—za—. (3.33)

Inequality (3.32) obviously establishes (3.29).
Applying again (3.31) with x(v) = v%, and using (3.33)

// 9 (T, z,v)x(v)dzdv < 120T9—“—€;—2LT + // g™ (x, v)x(v) dz dv, (3.34)

which allows to take limits in the system (1.5),(1.7) with 8 = 0 and g§, in the place of f (this
simply amounts to divide (1.5) and (1.7) by M). The limiting system obviously reduces to (3.30)
as announced.
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