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Abstract

In this paper, by introducing a new operator, improving and generating a p-Laplace operator for some p > 1, we study the
existence of countably many positive solutions for nonlinear boundary value problems on the half-line

(@) +a@®) fu®) =0, 0<t<-+oo,
m—2
w0 =Y oju(E),  u'(c0)=0,

i=1

where ¢ : R — R is the increasing homeomorphism and positive homomorphism and ¢(0) = 0. We show the sufficient conditions
for the existence of countably many positive solutions by using the fixed-point index theory and a new fixed-point theorem in cones.
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1. Introduction

In this paper, we consider the existence of countable many positive solutions of the following boundary value
problem on a half-line

(@) +a@) fu(®) =0, 0<1<+o0, (1.1
m—2

u(©) =Y ou(E),  u'(c0) =0, (12)
i=1

where ¢ : R — R is the increasing homeomorphism and positive homomorphism and ¢(0) = 0, & € (0, +00)
with 0 < & < & < -+ < &,-2 < 400 and «; satisfy «; € [0,+00),0 < Z:":_lzoc,- < 1,f €
C([0, +00), [0, +00)), a(t) : [0, +00) — [0, +00) and has countably many singularities in [0, +00).

A projection ¢ : R — R is called an increasing homeomorphism and positive homomorphism, if the following
conditions are satisfied:

(D ifx <y, then p(x) < p(y),forall x,y € R;

(2) ¢ is a continuous bijection and its inverse mapping is also continuous;

(3) p(xy) = p(x)p(y), forall x, y € [0, +00).

In the above definition, we can replace condition (3) by the following stronger condition:

@) p(xy) = p(x)@(y), for all x, y € R, where R = (—00, +00).

Remark 1.1. If conditions (1), (2) and (4) hold, then it implies that ¢ is homogeneous generating a p-Laplace
operator, i.e. ¢(x) = |x|?~2x, for some p > 1.

In this paper, some of the following hypotheses are satisfied:
(Cy) f € C(0, +00), [0, +00)), f(u(t)) # 0on any subinterval of (0, +00) and when u is bounded f((1 +¢)u(t))

is bounded on [0, 4+00);
(C2) There exists a sequence {£;}72, such that 1 < ;11 < ;, limj 00t = 19 < +00, and 19 > 1. lim;—, a(t) =

oo, i=1,2,...,and
+00 +00 +00
0< / a(t)dr < —i—oo,/ (pfl (/ a(s)ds) dr < +o0; (1.3)
0 0 T
(C3) There exists a sequence {f;}72, such that 0 < ;41 < #; < 1, limj,00f; = 19 < +00,and 0 < 79 < 1.
lim; 4 a(t) = o0, i =1,2,..., and (1.3) holds. Moreover, a(t) does not vanish identically on any subinterval
of [0, +00).

In recent years, the existence and multiplicity of positive solutions for the p-Laplacian operator, i.e. ¢(x) =
|x|P —2y, for some p > 1 have received wide attention, please see [6-9,11,13,16,18] and references therein. However
for the increasing homeomorphism and positive homomorphism operator the research has proceeded very slowly.
In [2], Liu and Zhang study the existence of positive solutions of quasilinear differential equation

(X)) +a@®) f(x(1) =0, 0<t<I,
x(0) — Bx'(0) =0,  x(1)+8x'(1) =0,

where ¢ : R — R is an increasing homeomorphism and positive homomorphism and ¢(0) = 0. They obtain the
existence of one or two positive solutions by using a fixed-point index theorem in cones. But, whether or not we
can obtain countable many positive solutions of m-point boundary value problem on the half-line (1.1) and (1.2) still
remain unknown. So the goal of the present paper is to improve and generate p-Laplacian operator and establish some
criteria for the existence of countable many solutions.

The motivation for the present work stems from both the practical and theoretical aspects. In fact, boundary value
problems on the half-line occur naturally in the study of radially symmetric solutions of nonlinear elliptic equations,
see [4,12], and various physical phenomena [3,10], such as unsteady flow of gas through a semi-infinite porous media,
the theory of drain flows, plasma physics, determining the electrical potential in an isolated neutral atom. In all these
applications, it is frequent that only solutions that are positive are useful. Recently, many papers have been published
that investigate the positive solutions of boundary value problem on the half-line, see [1,14-17]. They discuss the
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existence and multiplicity (of at least three) positive solutions to the nonlinear differential equation. However, to the
best knowledge of the authors, there is no paper concerned with the existence of countable many positive solutions to
the boundary value problems of differential equation on infinite intervals so far.

So in this paper, we use fixed-point index theory and a new fixed-point theorem in cones to investigate the existence
of countable solutions to boundary value problems (1.1) and (1.2).

The plan of the paper is as follows. In Section 2, for the convenience of the reader we give some definitions. In
Section 3, we present some lemmas in order to prove our main results. Section 4 is developed to presenting and proving
our main results. In Section 5 we present the example of the increasing homeomorphism and positive homomorphism
operators.

2. Some definitions and fixed-point theorems
In this section, we provide some background definitions cited from cone theory in Banach spaces.

Definition 2.1. Let (E, ||.||) be a real Banach space. A nonempty, closed, convex set P C E is said to be a cone
provided the following are satisfied:

(a)ify e Pand A >0, then Ay € P;
(b)ify e Pand —y € P,theny = 0.

If P C E is a cone, we denote the order induced by P on E by <, thatis, x < yifandonlyify —x € P.
Definition 2.2. A map « is said to be a nonnegative, continuous, concave functional on a cone P of a real Banach
space E, if

o: P —[0,00)
is continuous, and

altx + (1 —1)y) > ta(x) + (1 — Ha(y)
forallx,y € Pandt € [0, 1].

Definition 2.3. Given a nonnegative continuous functional y on a cone P of E, for each d > 0 we define the set
P(y,d)={xeP:ykx) <d}.

The following fixed-point theorems are fundamental and important to the proofs of our main results.

Theorem 2.1 (/5]). Let E be a Banach space and P C E be a cone in E. Let r > 0 define 2, = {x € P : ||x|| < r}.

Assume that T : P ) 2, — P is a completely continuous operator such that Tx # x for x € 3£2,.
@ If ITx|l < llx|| for x € 942, then

i(A, 2, P)=1.
@) If |ITx|| = ||x|| for x € 3£2,, then
i(A, 2., P)=0.

Theorem 2.2 ([18]). Let P be a cone in a Banach space E. Let o, B and y be three increasing, nonnegative and
continuous functionals on P, satisfying for some ¢ > 0 and M > 0 such that

y(x) < B(x) =ax), x|l =My(x)
forall x € P(y, c¢). Suppose that there exists a completely continuous operator T : P(y,c¢) - Pand0 <a <b <c

such that

1) y(Tx) <c, forallx € 9P (y, c);
@ii) B(Tx) > b, forallx € AP (B, b);
(i) P(a,a) # 0, and a(Tx) < a, forall x € dP(«, a).

Then T has at least three fixed points x1, x2, x3 € P(y, ¢) such that

0<a(x) <a<alx), B(x2) < b < B(x3), y(x3) <c.
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3. Preliminaries and lemmas

In this paper, we will use the following space E to the study of (1.1) and (1.2), which is denoted by

, u(2)]
E=1{ueCl[0,+00): sup < 400},
0<t<+o0 1+1
lu(@®)|

T+ < 100

Then E is a Banach space, equipped with the norm |ju| = SUP) </ <400
Define cone K C E by

K = {u € E : u(¢) is a nondecreasing and nonnegative concave function on [0, +00)}.

Lemma 3.1. Suppose that (C3) holds. Then
(1) for any constant 6 € (1, 400) which satisfies

0
0< ﬁ a(t)dt < 400,

0

(ii) the function

m—2
Yoo fie! (f;a(r)dr> ds
0]

fo fo =1
H@) = / (p" (/ a(r)dr) ds + =
t s

is continuous and positive on [%, to]. Furthermore,

m—2
1-— Z [0 4]
i=1

L= min H(t) > 0.

1
TG[BJO]

Proof. Firstly we can easily obtain (i) from the condition (Cy).
Next we prove that conclusion (ii) is also true. It is easily seen that H (¢) is continuous on [%, fo]. Let

) )
Hi(t) = / o ! (f a(t)dr) ds,
t S
m—2
> o fi ! (fsta(r)dr> ds
= n

Hy (1) = =

m—2
1-— Z o
i=1

Then from condition (C;), we know that Hj(¢) is strictly monotone decreasing on [%, to] and Hi(tp) = 0. Similarly
function Hj(¢) is strictly monotone increasing on [io, to] and HZ(%) = 0. Since H;(t) and H»(¢) are not equal
to zero at the same time. So the function H(r) = H(t) + H(t) is positive on [lo,to], which implies that
L = min ]H(t)>0. [l

1
te[%vto

Lemma 3.2. Let u € K and [a, b] is any finite closed interval of (0, +00), then u(t) > A(t)||ul|l, where

o, t>o,
t’ ISU’

At = {

and o = inf [& € [0, +00) : sup,efo, o0y Hea! = 122}
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Proof. From the definition of K, we know that u(¢) is increasing on [0, +00). Moreover the function 4“0 achieves its

I+t
maximum at & € [0, +00). So we divide the proof into three steps:
Step (1). If o € [0, a], then we have r > o, for ¢ € [a, b]. Since u(t) is increasing on [0, +00). So we have

u) >u(o) =0+o0)|u| > ou|, fortela,b].

Step (2). If o € [a, b], then we have t < o, fort € [a, o]. By the concavity of u(¢), we can obtain

u(t) — u(0) - u(o) — u(0)
t - o ’

i.e.,

wo) _u@) @)  u© _ uo)
t o o t " 140

Therefore u(t) > t||lull, fora <t < o.Ift € [0, b], similar to Step (1), we have

= [lull.

u() > olul, foro <t <b.

Step (3). If o € [b, +00). Similarly by the concavity of u(¢), we also have
u(t) — u(0) - u(o) —u(0)
t o
which yields u(¢) > t|lu]|, fora <t < b < o. The proof is complete. [

Remark 3.1. It is easy to see that

(i) A(?) is nondecreasing on [a, b];
(i) 0 < A(t) < 1,fort € [a, b] C (0, 1).

Now, we define an operator T : K — C[0, +00) by

m—2
: +00 >oaify e (fs+°° a(r)f(u(r))dr) ds
(Tu)(t) = / ¢! </ a(t)f(u(t))dr) ds + =1 ) 3.1
0 s

m—2

1-— Z [0 7]
i=1

Obviously, (Tu)(r) > 0, for 1 € (0,400) and (Tu)(t) = ¢~ (fﬁ‘”a(z) f(u(r))dr) > 0, furthermore

((Tu) (1)) = —a(r) f (u(#)) < 0. This shows that (TK) C K.
To obtain the complete continuity of 7', the following lemma is still needed.

Lemma 3.3 ([17]). Let W be a bounded subset of K. Then W is relatively compact in E if {%} are equicontinuous
on any finite subinterval of [0, +00) and for any ¢ > 0, there exists N > 0 such that

x(t)  x(2)
I+ 1+n
uniformly with respectto x € W as t1,t» > N, where W(t) = {x(t) : x € W}, t € [0, +00).

)

Lemma 3.4. Let (Cy) and (Cy) or (C3) hold. Then T : K — K is completely continuous.

Proof. Firstly, it is easy to check that T : K — K is well defined. From the definition of E, we can choose ry such
that SUP, e N\ (0) lunll < ro. Let By, = sup{ f((1 +1)u),t € [0, +00), u € [0, ro]} and {2 be any bounded subset of K.
Then there exist » > 0 such that ||u| < r, for all u € (2. Therefore we have

m—2

U X i fy o (1 a) fenar) ds
ITul| = sup —— / o ! (/ a(r)f(u(r))dr> ds + =
t€[0,+00) 141 |Jo s

m—2
1-— Z o
i=1
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1 t +00
sup (p_l (/ a(r)f(u(r))dr) ds

S [
t€[0,400) 1+ 0
m=2 Em—a 1 ( oo
. Yo fg" e (fs a(t)f(u(t))dr) ds
i=1
+ sup !
141¢ m—2
1€[0,+00) T
i=1
m—2
o0 21 ai&p_o
<g¢”! (/ a(r)f(u(r))dt) I+ =
0 1-— Z (047
i=1
< Co (B, Vuen.

So T {2 is bounded. Moreover for any T € (0, +00) and 1, 5 € [0, T'], we have

m—2
>oaify ! (f;rooa(r)f(u(t))dt) ds

i=1
m—2
(15 )
i=1
1 1 1 +00 1 I B too
+ ‘l—l-tl/o (] </t a(s)f(u(s))ds) dr — 1+t2/o ] (/t a(s)f(u(s))ds> dr

1 1
1+1 14+n
— 0, uniformly as 1; — .

1 1

(Tu)(r1)  (Tu)(r2) B
1+ 141

1+1 1+1n

< Co~'(By) +Co~ (B |t1 — 1o

We can get that 7' {2 is equicontinuous on any finite subinterval of [0, 4+-00).
Next we prove for any ¢ > 0, there exists sufficiently large N > 0 such that

(Tw) () (Tu)(r2)

141 141

<¢g, forallty,trp > N,Vu € (2.

Since f0+°° a(t) f(u(r))dr < 4o00. Therefore we can choose Ni > 0 such that
m—2 )
> ai fi o™t (7 a@ f ) ds
i=1

m—2
N1 1-— Z o
i=1

We can also select N>, N3 > 0 are satisfied respectively

SIS e (T a@rw@ndr)ds g e .
> L0 (/ a(t)f(u(r))dt) < 5
N3

&
< -—.
5

Ny
€

Then let N = max{N, N», N3}. Without loss generality, we assume #; > #; > N. So it follow that

(Tw) () (Tu)(2)
141 1+1n

oo oo Nl | 2! ( :ooa(t)f(u(t))dr) ds
- _
- /(; ¢ (l a(m) f(u(®)) t) s 141 14+1n + 1+1n

3.2)
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m—2

m—2
Yo fy e (/7 a@) fwdr) ds X fy e (/7 @) fw(dr ) ds
2 + m—2
ai) (1+12) (1 - 011')
1 i=1

That is (3.2) holds. By Lemma 3.3, T {2 is relatively compact. Therefore we know that T is a compact operator.
Thirdly we prove that T is continuous. Let u, — u as n — 400 in K. Then by the Lebesgue dominated
convergence theorem and continuity of f, we can get

m

i

(1+11) (1 -

+00 +o0
f a(s) f (un(s))ds — f a(s) f(u(s))ds
' 1

+o00
=< f a(s) | f (un(s)) = flu(s)lds — 0, asn — +oo,
t

i.e.,
+00 +o0
/ a(s) f(uy(s))ds — / a(s)f(u(s))ds, asn — +oo.
t '
Moreover
+oo +o00
o (/ a(s)f(un(s))ds) — ¢! (/ a(s)f(u(s))ds) . asn — 4oo.
1 t
So
1Tup — Tull
! +0o +o0
< sup —— | g ( / a(s)f(un(s»ds) —¢7! ( / a(s) f(u(s))ds)‘dr
te[0,400) +1 0 T T
m—2
Z Ai&m—2 oo o
+ =y ( / a(r)f(un(r))dr> e ( / a (o) f(u(r))dt)‘
1— Z o s s
i=1

— 0, asn — +o0.

Therefore T is continuous. In summary 7' : K — K is completely continuous.  [J
4. Main results
For notational convenience, we denote by
m—2
1-—- o;
1 +19 igl l
A= > 0, A = > 0.
L oo m—2 m—2
! (fo a(r)dr) 1= > ai+ Y aifmo
i=1 i=1

The main results of this paper are the following.

Theorem 4.1. Suppose that conditions (Cy) and (Cy) hold. Let {Gk},fil be such that 6y € (tp41, te) (k =1,2,...).
Let {ri}32., and {Ri )32, be such that

)
1+ 6k

Furthermore, for each natural number k we assume that f satisfies:

Rit1 < re<rp<mrp <R, k=1,2,3,....
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1
(Ca) F((L+Du) = g(mry). for all 50r, < u(t) < ni;
(C5) F((1+0u) < p(MRy). forall 0 % u(t) < Ry.

where m € (A1, +00), M € (0, A2). Then the boundary value problem (1.1) and (1.2) has infinitely many solutions
{ur}p2 | such that

re < lugll < Rk, k=1,2,....

Proof. Since 1 < 1y < fry1 < 6 < tx < 400, k = 1,2, ..., then, forany k € N and u € K, by Lemma 3.2, we
have

u() = r@)|ull, te |:i,9k:| . “.1)
Ok

We define the sequences {Ql,k},fi | and {QZ,k}ifil of open subsets of E as follows:
Dr={uekK: ul<mn}, k=12...,
Dhir={uekK: |ul <R}, k=12,....

For a fixed k and u € d{2 . From (4.1) we have

re = |lull = sup u@) > su u(t) . u(t) .

. u(r)

inf

O<t<too 1 +1 <t<b; I+ I+
s

$§l<9k 1 +1

1 1 1
u(z)  Alg) AMg)
> 0 Ay = %,
1+ 6k 1+ 6 1+ 6k

By condition (C4), we have

1
r, forallt e [—,Qk} .

O

1
f@) > o@nry), forallt e [e—,ek],
k

Since (%, ty) C [%, Ox1, if (Cy) holds, in the following, we consider three cases:
) If& € [%, to]. In this case, from (3.1), condition (C4) and Lemma 3.1, we have
m—2

L +oo > ai fi o7 (7 a) fudr) ds
ITul = sup —— f ! (/ a(t)f(u(r))dr)ds+’:1
0 s

1+1¢ m—2
te[0,400) L Z N
i=1
m—2
1 R 1 ,-;1 % 8 /(8
z B a(t) f(u(r))dr | ds + _—/ _</at u(r dr)ds
1+t0/¥1¢ </Y () f (u(z)) > T+ 1 3 1 i () f(u(z))
1— Z o o
i=1
m—2
1 to » to ig (2%} £ . £
= o /El ¢ </ a(t)dt) ds—i—TL o (/ a(,)dt> ds
1-— Z o o
i=1
mry Lmry
= H
T+ 10 &) > 11
> ri = |lull.

(i) If & € (O, %). In this case, from (3.1), condition (C4) and Lemma 3.1, we have

l t —+o0
ITul > sup — wl(/ a(r)f(u(t))dt)ds

ref0,+00) 1 + 1 Jo
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! /m 1( " ao) fwnde ) d
> 7 /ar u(t 'L’)S
1—I—t0% s

mry, fo 1 fo
> © a(t)dr ) ds
1+1 % s

mry 1 Lmry
= H|{—)>
141 to 141

> rg = |lul.

(iii) If &1 € (#9, +00). In this case, from (3.1), condition (C4) and Lemma 3.1, we have

m—2
3 o ff ! (f;o a(t)f(u(r))dt) ds
i=1 )

1
ITull = —
1— Z o
i=1
L
> mry Hito) > mry
1+1 141
> ri = [lull.

Thus in all cases, an application of Theorem 2.1, implies that

i(T, Dk, K)=0. (4.2)

On the another hand, let u € 3(2 i, we have 7(—3 < SUP)<t<+oo |'f52‘ = |lul| = Rk, by (Cs) we have

fu@)) <(MRy), forallt e [0,+00).
So,

m—2
1 t +00 Z @ fo o (f;rooa(f)f(u(r))dr) ds
ITull = sup —— / o </ a(r)f(u(t))dt> ds 4 42

tef0,400) 1 T 1 |Jo s

m—2
1-— Z o
i=1

m—2
1 t +00 Z o ()EW2 ! <f9+ooa(t)f(u(r))dr) ds
< siep — [ ¢ (/ a(r)f(u(r))dr) ds + =1

ref0,400) 1 +1Jo bl
1-— i
m—2
. Z oi€m_2 +oo
<o ( | a(r)f(u(f))df) e ( [ s (“(’))d’>
0 0
1— > o
i=1
m—2
oo Z ai&p_o
< MR, (p_l (/ a(‘[)d‘[) 14+ = —
0 1— > o
i=1
< Ri = |lull.

Thus Theorem 2.1 implies that

i(T, by, K)=1. (4.3)
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Hence since ry < Ry for k € N, (4.2) and (4.3), it follows from the additivity of the fixed-point index that
i(T, i\ 1%, K)=1, forkeN.

Thus T has a fixed point in (2 & \ﬁl,k such that . < |luxl| < Rg. Since k € N was arbitrary, the proof is completed.
O

In order to use Theorem 2.2, let % < ry < O and 6 of Theorem 4.1, we define the nonnegative, increasing,
continuous functionals y, i, and ok by

ve(u) = max u(t) = u(ry),

qfff"k

Br(u) = min u(r) = u(re),
rr <t <6

or(u) = max u(t) = u(f).
7 <I<6
k
It is obvious that for each u € K,
Ye(u) < Br(u) < o (u).

In addition, by Lemma 3.2, for each u € K,
1
ve@) = u(re) = —|llull.
Ok
Thus

lull < Okyi(u), forallu € K.

In the following, we denote by

m—2
Em—2 Z (2%}

1 +o0 ]
Pk=¢ (/O a(r)dr) 9k+T )

11— ) «
i=l
1 Ok
—1
Nk = —¢ (f a(f)df) .
Ok Tk

Theorem 4.2. Suppose that conditions (Cy) and (Cy) hold. Let {0k};2 | be such that 6 € (tx+1, ) (k =1,2,...).
Let {ar}72 |, bk )2, and {ci}72 | be such that

)

O + 1

Furthermore for each natural number k we assume that f satisfies:

(Ce) f((1+Du) < ga( ) forall 0 < u(r) <

1
Chtl < ap < by < A (6_> b <ck, and prby < nkck, fork=1,2,....
k

1 Cks
Qk)

(C7) f(A+1Du) > <p( ) for all 2 Thg Su() < Tbk;
(C) f(1+0mw) < (L), forall0 < ut) < o o

Then the boundary value problem (1.1) and (1.2) has three infinite families of solutions {u1x}2 . {u2k}ze, and
{usi )2 satisfying

0 < op(uik) < ap < ag(uy), Br(uag) < br < Br(usp), y(usg) < cx, fork eN.
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Proof. We define the completely continuous operator 7 by (3.1). So it is easy to check that T : K (y, cx) — K, for
keN.

We now show that all the conditions of Theorem 2.2 are satisfied. To make use of property (i) of Theorem 2.2, we
choose u € 3K (yk, cr). Then yx(u) = max L u(t) = u(ry) = cx, this implies that 0 < u(t) < ¢ fort € [0, r¢],

STk

ie,0< 4 < ci. If we recall that |ju|| < YEs 1 )yk(u)

T cr. So we have

M s ;)
u(t) 1

0=
I+1 7 o)

Then assumption (Ce) implies that

f(u)<g0(c—k), 0<t < +oo.
Pk
Therefore

Tk +00
v(Tu) = max (Tu)(t) = (Tu)(ri) = /0 9! </ a(f)f(u(f))dt) ds

@iff”k

m—2
Y JEi o1 (fj“a(r)f(u(r))dr) ds
+ =

m—2
1 - Z [0 4]
i=1

Z o g’" ) ( 0+°Oa(t)f(u(r))d1:) ds

O 1 oo i=1
5/ ¢ (/ a(f)f(u(f))df>dS+
0 0

m—2
1-— Z o
i=1
o0 En—2 Z o
=9 ( / a(r)f(u(r))dr> o+ ———
0 1- Z o
c +00 Em—2 Z o
< —kgo*l (/ a(t)dt) Ok + m—_zl
Pk 0 L
i=1

= .

Hence condition (i) is satisfied.
Secondly, we show that (ii) of Theorem 2.2 is fulled. For this we select u € 90K (B, br). Then, Bix(u) =

min,, <;<g, U(t) = u(ry) = by, this means u(t) > by, for ry, <t < 6. So we have |[u| > % > 1}1‘[ > lfl"l\ek’
for ry <t < 0. Noticing that ||u] < ﬁyk( Br(u) = b, we have
3

)—A(U A(‘

by - u(t) - 1

L+6 ~ 1+1 7 a(3)

by, forry <t <6.

By (C7), we have

b
fu) > cp(—k>, forry <t < 6.
Nk
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Therefore

Bi(Tu)

Iy +0o0
min (Tu)(t) = (Tu)(ry) = / ‘ (p_l </ a(r)f(u(t))dt) ds
0 K

rk<[<

e 507 ([ 0o fuende) ds
i=1

m—2
1— % a
i=1
Tk Ok
/ o ! </ a(r)f(u(r))dr) ds
0 s

b Tk Ok
Zk (pfl (/ a(r)dr) ds
Nk Jo Tk
by 1 Ok
= —rre a(t)dt | > by.
Nk K

Hence condition (ii) is satisfied.

\

v

Finally, we verify that (iii) of Theorem 2.2 is also satisfied. We note that u(¢) = 4 ,0 <t < 400 is a member

of K (ag, ax) and oy (u) = “—" < ay. So K(ag, ar) # 0. Now let u € 0K (g, ag). Then og (u) = max 1 <t<6; u(t) =
St

u(y) = ay. This implies that 0<u@® < ak, for0 <t < 6, fort € [0, 6], we have 0 < ‘1‘52 < ﬁz < ay. Together

with ||u|| < x( yk(u) < k(' o (u) = YE )ak Then we get
t 1
OSM()S —ax, 0=t <+oo0.
14t /\(@)

By (Cg) we have

fu) <g (“—") .
Pk

As before, we get

6 +o00
ap(Tu) = max (Tu)(t) = (Tu)(O) = /kw_l (/ a(f)f(u(t))dr> ds
0 s

q<t<9k

m—2
T e [y (7™ af wmyir) és
+

1-— Z (07
i=1

mi o i ( 0+°°a(r)f(u(t))dr> ds

Ok “+00 —
/ <p_1 </ a(t)f(u(t))dr) ds + 2
0 0

m—2
400 ém—z Z i
(p—l (/ a(r)f(u(‘[))dl’) Ok + m;j
0 1— > o

i=1

IA

m—2
1-— Z o
i=1

IA
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m—2

Ak 1 +oo Em72 ig %
< X (/ a(t)dt) O + ———
Pk 0 m=2

1-— Z [0 4]

= ay.
Thus (iii) of Theorem 2.2 is satisfied. Since all the hypotheses of Theorem 2.2 are satisfied, the assertion follows. [

Now we deal with the case in which condition (C;) and (C3) holds. The method is just similar to what we have done
above.

Lemma 4.1. Suppose that (C3) holds. Then
(1) for any constant 6 € (0, 1), we have
1

6
0< / a(t)dt < +oo,
0

(ii) the function

H(t) = /6 ! (/“ a(t)dt) ds 4 -
t N

Z fto (/Z a(r)dt) ds

m—2
1-— Z o
i=1
is continuous and positive on [ty, %]. Furthermore,
L= min H() > 0.
t€lno, ,0]
Let
—
1+ 1 -2
M=—"250, = =L > 0,
L 4o m—2 m—2
@1 ( 0 a(r)dr) I1— > ai+ Y aibmo
i=1 i=1
m—2
N e 1 -2 i; “ o (%
Pk =¢ (/ a(T)dT) t+t— | e = Ok / a(t)dr ).
0 0]( m= Tk
1=

Theorem 4.3. Suppose that conditions (C1), (C3) hold. Let {0;}32 | be such that Oy € (try1, t), (k =1,2,...). Let
{re)ps, and {Ri )32, be such that

A0

1
O

Ri41 <

rr<rp<mry <Ry, k=1,2,3,....

Furthermore for each natural number k we assume that f satisfies:
(Co) f((1+1)u) = p(mry), for all *<9k>rk <u() <rg;
(Ci0) f((A1+0u) < o(MRy), forall 0 < E u(t) < R,

where m € (A1, +00), M € (0, A2). Then the boundary value problem (1.1) and (1.2) has infinitely many solutions
{ur}p | such that

re < llugll < Ry, k=1,2,....
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LetO, <rp < % and 6 of Theorem 4.3, we define the nonnegative, increasing, continuous functional yj, Bk, and
o by
k() = max u(t) = u(ry),
O <t <ry

Br(u) = rnin1 u(t) = u(ry),

rkafq

oar(u) = max u(t)=u (i) .

Ox=<t=g Ok
It is obvious that for each u € K,

Vi) < Bi(u) < o (u)

and
i) = u(re) = Ao llull = A0 [lu].
Therefore
< , forallu e K.
lull < X(Qk)yk(u) or all u

Theorem 4.4. Suppose that conditions (Cy) and (C3) hold. Let {0k};2 | be such that 6 € (tx+1, ) (k =1,2,...).
Let {ax )32 |, bi}p2; and {ci}}2 | be such that

(6r)
Or + 1

Furthermore for each natural number k we assume that f satisfies:
(€1 F(+0w) < (). forall0 <u) = hexs
(C12) (1 +0w > ¢ (L), forall 2 < u() < 7hsbis
(C13) f(A+Du) <¢ (Z—’;) ,forall 0 < u(t) < %@k)ak'

Then the boundary value problem (1.1) and (1.2) has three infinite families of solutions {u1x}2 |, {u2k}ze, and
{usk)g2, satisfying

Ch+1 < ag < b < MO)br < cx, and prby < nkck, fork=1,2,....

0 < op(uir) < ar < ox(uzg), Br(uop) < br < Br(uzp), y(usg) <cx, forkeN.

Remark 4.1. If we add the condition of a(¢) f(u(¢)) #£ 0,t € [0, +00), to Theorems 4.2 and 4.4, we can get three
infinite families of positive solutions {u 1} |, {u2k )7 | and {uz;}72 | satisfying

0 < ap(uir) < arp < og(uag), Br(uan) < br < Br(uzg), y(usr) <cg, forneN.

Remark 4.2. The same conclusions of Theorems 4.1-4.4 hold when conditions (1), (2) and (4) are satisfied.
Especially for p-Laplacian operator ¢(x) = |x|?~2x, for some p > 1, our conclusions are also true and new.

5. Examples and remark

Example 5.1. As an example we mention the boundary value problem

() +a® fu@®) =0, 0<t<l,

m—2
w(©) =Y euE),  uw'(00) =0,
i=1
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where

uw’

—7 <O’
oy = 1T+u2 "=

uz, u>0

and & € (0,400) with0 < & < & < -+ < §,_2 < +00 and ¢; satisfy «; € [0, 400),0 < Zl'-"z_lzai < 1,
f € C(0, +00), [0,+00)),a(t) : [0, +00) — [0, +0c0) and has countably many singularities in [0, +00) and f
satisfy the conditions of Theorems 4.1-4.4. It is clear that ¢ : R — R is an increasing homeomorphism and positive
homomorphism and ¢(0) = 0.

Remark 5.1. From the Example 5.1, we can see that ¢ is not odd, then the boundary value problem with p-Laplacian
operator do not apply to Example 5.1. So we generalize a p-Laplace operator for some p > 1 and the function ¢
which we defined above is more comprehensive and general than p-Laplace operator.
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