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1. Introduction

As part of an ongoing project to develop methods for the classification of simple g
of finite Morley rank based on ideas of finite group theory which have proved useful
classification of the finite simple groups, we will prove the following result on the struc
of “parabolic subgroups.” (For precise definitions of the terms used, in the special
appropriate to our present context, see the next section.)

Theorem. LetG be a connected simpleK∗-group of finite Morley rank, and of even typ
andP a parabolic subgroup. ThenF ∗(P ) =O2(P ).

This theorem provides the last ingredient needed to begin an analysis using the am
method in the spirit of [DS] or [Stl], and by combining that method with the result of [
it should be possible to derive the following.
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Even type conjecture. Let G be an infinite simpleK∗-group of finite Morley rank and
of even type. ThenG is isomorphic as an abstract group to a group of Lie type over
algebraically closed field of characteristic2.

Thus the present paper marks a transition from the development of general me
as in [ABC2,Jal2,ABC3,ABC4] suggested by the experience of finite group theo
the point at which these methods can be applied effectively to obtain compreh
classification theorems.

The theorem has two quite distinct parts:O2′(P ) = 1 andE(P) = 1. As we shall explain
in Section 2, on the basis of [ABC2, Section 10] and [Jal2] parabolic subgroups in our
satisfyO(P)= 1 whereO(P) is the largest definable connected normal subgroup wit
involutions. Some additional argument is needed to eliminateO2′ entirely, but the main
point of the present paper is the elimination of components fromP (E(P)= 1).

We have also derived a full version of the Aschbacher Standard Component Th
using similar methods; it turns out that the theorem stated above is more useful, as o
then pass directly to an application of the amalgam method. In this way we avoid all
complications which arise in the analysis of finite simple groups of characteristic 2
and we do not need to deal with standard components.

2. Definitions

We generally refer to the text [BN] for background material on groups of finite Mo
rank, including the basic properties of Morley rank in groups, existence of conn
components, Sylow theory for the prime 2, and the solvable and Fitting radicals
notation for the solvable radical deviates from [BN]; we useσ(G) rather thanR(G).
For iterated commutator subgroups we writeG(n+1) = (G(n))′ andG(∞) = ⋂

n G
(n). Our

notation for the generalized Fitting subgroup follows Bender:F ∗(G)= F(G)E(G). Some
of this material will be reviewed and developed further in the next section.

Some care has to be taken with the notation because of issues of definabili
connectedness. The 2-Sylow subgroups are not necessarily definable or connec
(locally) solvable radical and Fitting subgroups can be shown to be definable in the
rank context, and are, respectively, solvable and nilpotent [BN, p. 112]. They need
connected, but ifG is connected thenE(G) is clearly connected. In using the 2-Sylo
theory we focus on theconnected componentsof the Sylow 2-subgroups, which we ca
Sylow◦ 2-subgroups.

We write N◦(H) for N(H)◦, with similar notations for other operations on grou
O2(G) is the maximal normal 2-subgroup ofG, and in the case of groups of even type t
is definable sinceF(G) is. By Fact 2,O2(G) also tends to be connected, a fact which m
be exploited without explicit mention. Note, however, that we defineO(G) as the maxima
normal definableconnectedsubgroup ofG without involutions; this is called thecoreof G.
The related and more delicate concept ofO2′(G) is discussed in the concluding sectio
but plays no role prior to that point.

Let G be a group of finite Morley rank. Adefinable sectionof G is a quotientH/K

with K � H andH , K both definable inG. G is a K-group if every connected simp
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section ofG is isomorphic to an algebraic group over an algebraically closed field, a
aK∗-group if every proper section ofG is aK-group (so eitherG is itself aK-group, or
G is simple).

We come now to the crucial even/odd type distinction. IfS is a Sylow 2-subgroup ofG,
then its connected componentS◦ has a simple structure:S◦ = U ∗ T , a central produc
with finite intersection, whereU is 2-unipotent (that is, a definable, connected, nilpo
2-subgroup of bounded exponent) andT is a 2-torus (that is, a divisible abelian 2-grou
We say thatG is of:

even type ifU �= 1 andT = 1; odd type ifU = 1 andT �= 1;
mixed type ifU,T �= 1; degenerate type ifU,T = 1.

A 2-local subgroup ofG is the normalizer of a nontrivial definable 2-subgroup ofG.
A 2-local◦ subgroup ofG is a group of the formN◦(Q) whereQ is a nontrivial definable
connected2-group.

A Borel subgroup is a maximal definable connected solvable subgroup. For gro
even type, astandard Borelsubgroup is a Borel subgroup containing a Sylow◦ 2-subgroup.
In a K∗-context, a standard Borel subgroup will coincide with the connected comp
of the normalizer of a Sylow◦ 2-subgroup. Aparabolicsubgroup is a definable connect
subgroup containing a standard Borel subgroup.

We will prove in Section 4 that proper parabolic subgroups of connected simpleK∗-
groups of finite Morley rank and even type are 2-local◦. From [ABC2, Section 10
and [Jal2] it follows that 2-local subgroups of connected simpleK∗-groups of finite Morley
rank and of even type have trivial core, and hence the same is true of proper pa
subgroups under the stated hypotheses.

At this point the notions used in the statement of the main theorem have been suffi
explained; additional background material will be given in the next section. Another
may be added about the context in which we are working. The main conjecture
area, proposed independently by Zilber and one of us, is that any simple group o
Morley rank should be isomorphic, as an abstract group, to an algebraic group o
algebraically closed field. Within an inductive (i.e.,K∗) context, the mixed type case
eliminated outright by a theorem of Jaligot, improving on [ABC1]:

Fact 1 [Jal1]. Let G be a simpleK∗-group of finite Morley rank. ThenG is not of mixed
type.

The analysis of groups of degenerate type is undoubtedly a formidable problem
leaving aside the worst case, strictly analogous to Feit–Thompson, in which there
involutions. The analyses of odd type and even type groups have been approache
very divergent lines, and the work here is firmly embedded in the even type contex
the case of odd type, one has the theorem of [BoOdd] which amounts to a division
tameodd type case into three special subcases. While there is no such a priori divis
the case of groups of even type, work in progress should give the complete classifi
in this case, under the assumption that the groups involve no degenerate simple sec



T. Altınel et al. / Journal of Algebra 269 (2003) 250–262 253

finite
e will

nent.

s of

e

n

3. Preliminaries

This section is devoted to background material running parallel to the theory of
groups used in our proof. This includes some standard material from [BN], though w
also use some elementary material from [BN] without explicit mention.

Definition 1. Let G be a group of finite Morley rank.

1. A unipotentsubgroup is a connected definable nilpotent subgroup of finite expo
Forp a prime, ap-unipotent subgroup is a unipotentp-subgroup.

2. A torus is a definable divisible abelian subgroup ofG. Forp a prime, ap-torus is a
divisible abelianp-subgroup ofG.

3. F (G) is the Fitting subgroup ofG.
4. A quasisimplegroup is a perfect group which is simple modulo its center.
5. E(G) is the group generated by the definable subnormal quasisimple subgroupG;

it is a central product of finitely many such groups.

3.1. Generalities

Fact 2 [ABC4, 2.26]. Let H be a connectedK-group of even type. ThenO2(H) is
connected.

Fact 3 [ABC2, 2.43].LetG=H �T be a group of finite Morley rank,Q�H a T -invariant
definableπ -subgroup of bounded exponent. Suppose thatT is a definableπ⊥-subgroup
of G, and thatQ andT are solvable. Then

CH/Q(T )= CH (T )Q/Q.

Corollary. Let G = H � T be a solvable group of finite Morley rank withH and T

definable. Assume thatH is a π -group of bounded exponent andT is a π⊥-group. Then
H = [H,T ]CH(T ).

3.2. Structure

Fact 4 [ABC3, 2.33].Let H be a connectedK-group of finite Morley rank of even typ
with O2(H)= 1. ThenH =E(H) ∗O(H).

Fact 5 [AltSE, Fact 2.43].Let H be a connectedK-group of finite Morley rank. The
H/σ(H) is a direct product of finitely many simple algebraic groups.

Fact 6 [NeSo].LetH be a connected solvable group of finite Morley rank. ThenH/F ◦(H)

is divisible abelian.

Fact 7. LetU be a unipotent subgroup of a solvable groupH of finite Morley rank. Then
U � F ◦(H).
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Proof. By Fact 6UF ◦(H)/F ◦(H) is a divisible group, and as it is also of bound
exponent, it is trivial. ✷
Corollary. Let H be a connected solvable group of finite Morley rank and of even
ThenO◦

2(H) is the unique Sylow2-subgroup ofH .

Proof. Let S be a Sylow 2-subgroup ofH . By Fact 7,S◦ =O2(F
◦(H)), soS◦ =O◦

2(H).
Passing toH/O◦

2(H), we may suppose thatS is finite. ThenS � F ◦(H) by Fact 6, and
henceS = 1 sinceF ◦(H) is connected and nilpotent andS is finite (cf. [BN, Corollary
6.14]). ✷
Fact 8 [ABC2, Theorem 10.20, Jal2].If G is a connected simpleK∗-group of finite Morley
rank of even type andH is a2-local subgroup thenO(H)= 1.

In [ABC2] it is shown that a counterexample to this result produces a weakly embe
subgroup, and then invoking [Jal2], the result follows.

Fact 9 [BNSZ1,BNSZ2].LetG be a solvable group of finite Morley rank andQ a normal
Hall π -subgroup ofG. ThenQ has a complement inG. If Q has bounded exponen
then the complements ofQ in G are definable, and are conjugate to each other, and
subgroupK of G with K ∩Q= 1 extends to a complement ofQ in G.

Fact 10. Let G be aK∗-group of finite Morley rank and of even type, andS a Sylow◦
2-subgroup ofG. ThenN◦(S) is a Borel subgroup ofG. If G is simple thenN◦(S) has the
formS � T with T a torus.

Proof. N◦(S)/S is a connectedK-group whose Sylow 2-subgroups are finite and he
trivial by Facts 2 and 4. Thus the quotient is solvable, and henceN◦(S) is solvable.
Conversely, ifB is a connected solvable subgroup ofG containingS thenS � B by the
Corollary to Fact 7. ThusN◦(S) is a Borel subgroup ofG.

Suppose thatG is simple. LetB =N◦(S). ThenF ◦(B) = S by Fact 8. HenceB/S is a
torus by Fact 6. By Fact 9B splits asS � T with T � B/S a torus. ✷
3.3. Algebraic groups

Fact 11 [AC]. LetH be a group of finite Morley rank which is a perfect central extens
of an algebraic group over an algebraically closed field. ThenZ(H) is finite and H is an
algebraic group.

We note that as an abstract group it is quite possible for an algebraic group o
algebraically closed field to have perfect central extensions with infinite center. The
is that such extensions cannot have finite Morley rank.

Fact 12 [BN, Theorem 8.4, p. 124].Let G be a group of finite Morley rank, andH a
definable normal subgroup which is isomorphic to a quasisimple algebraic group ov
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algebraically closed field. Then the subgroup ofAut(H) induced by the action ofG is an
extension of the group of inner automorphisms by graph automorphisms.

Fact 13 [ABC3, 2.34].Let H be a central product of quasisimple algebraic groups o
algebraically closed fields of characteristic2, and letA � H be a quasisimple subgrou
which is normalized by a Sylow2-subgroup ofH . ThenA �H .

Proof. This is stated in [ABC3] for the case in whichH is a direct product of simple
groups andA is also simple. Evidently the present formulation amounts to the s
thing. ✷
Fact 14. Let H be a quasisimple algebraic group over an algebraically closed fiel
characteristic2, B a Borel subgroup, andS = O2(B). If S = S1S2 with [S1, S2] = 1 and
S1, S2 �B thenS = S1 or S2.

Proof. S1 andS2 are products of root groups, more precisely they aredirectly spannedby
root groups in the sense of [HuAG, p. 171], by [HuAG, Proposition 28.1]. Furtherm
we claim that every root group lies in one or the other of these two groups: if an ele
s of a root group is written ass1s2 with s1 ∈ S1, s2 ∈ S2, wheres1 ands2 are expresse
as products of elements of distinct root groups (so that in particular no root group m
a nontrivial contribution to boths1 ands2) then necessarily one of these elements iss and
the other is trivial.

In particular, the set of fundamental roots is expressed as the union of two setsA andB
of roots, so that ifr ∈ A\B ands ∈ B thenr + s is not a root, and similarly withA andB
reversed. Since the Dynkin diagram forH is connected, this forces one of these two set
contain all the fundamental roots (even in characteristic 2 the coefficients in the Che
commutator formula do not degenerate sufficiently to affect this, though one has to
the various cases, such asG2, individually). ✷
Corollary. LetH be a central product of quasisimple algebraic groups over algebraic
closed fields of characteristic2, B a Borel subgroup, andS = O2(B). SupposeS = S1S2
with [S1, S2] = 1 and S1, S2 � B. ThenH = H1 ∗ H2 where for i = 1,2, Si ∩ Hi is a
Sylow subgroup ofHi . If in additionS = S1 × S2 thenSi is a Sylow subgroup ofHi and
H1 = CH (S2) andH2 = CH(S1).

The next fact is very likely to be found in the literature but we were unable to loca
appropriate citation.

Fact 15. Let G be a quasisimple algebraic group over an algebraically closed field,B a
Borel subgroup, andS the unipotent radical ofB. LetΦ be the system of positive roo
corresponding toS. ThenS′ is directly spanned by the root subgroups correspondin
the nonsimple roots ofΦ.

Proof. LetB = S � T with T a maximal torus. AsS′ is T -invariant, it is directly spanne
by certain root subgroups. By the Chevalley commutator formula, all such root
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nonsimple. We need to show that each root groupSγ with γ not simple actually occurs
and for this we need to open up the commutator formula a little.

The Chevalley commutator formula [Ca, p. 76, Theorem 5.2.2] states that

[xβ(u), xα(t)] =
∏

xiα+jβ

(
Cijαβ (−t)iuj

)

with the product taken over pairs of positive integersi, j for which iα + jβ is a root, in
order of increasingi+ j , where the coefficientsCijαβ are determined as follows [Ca, p. 6
line 2].

If the chain throughβ of rootsiα + β is: −pα + β, . . . , β, . . . , qα + β , where 0� p,q

andp + q � 3, and similarly the chain throughα is: −p′β + α, . . . , α, . . . , q ′β + α, then
we have

|C1jαβ | =
(
p′ + j

j

)
, |Ci1αβ | =

(
p + i

i

)
, |C32αβ | = 1, |C23αβ | = 2.

Write γ = γ1 + γ2 with γ1 simple andγ2 positive. Thenγ belongs to the rank 2 roo
system generated byγ1 andγ2. So it suffices to prove our claim for root systems of rank

If α,β are fundamental roots, withα taken to be short if the lengths are distinct, th
p = p′ = 0, and hence all coefficientsCijαβ are±1, sinceC23αβ would only occur in type
G2, and withα long.

Hence in the Chevalley commutator formula,[Sβ,Sα] contains an element whos
factorization into elements from appropriate root groups has a nontrivial term in each
Siα+jβ for which iα + jβ is a root. As this factorization is unique, once the order of
terms is fixed, and the commutator subgroup is directly spanned by some of thes
groups, our claim follows. ✷
3.4. C(G,T )

Definition. Let G be a group of finite Morley rank, andT a Sylow◦ 2-subgroup ofG.
ThenC(G,T ) is the subgroup ofG generated by all groups of the formN◦(X) for X � T

nontrivial definable, connected andN◦(T )-invariant.

The following result, theC(G,T )-theorem, is perhaps the strongest form of a serie
results which have been built up in [AltSE,ABC2,Jal2,ABC3]. It will play a key role in
proof of our main theorem.

Fact 16 [ABC4, 3.5]. Let G be a connected simpleK∗-group of finite Morley rank o
even type, andT a Sylow◦ 2-subgroup ofG. If C(G,T ) < G thenG � SL2(F ) for some
algebraically closed fieldF of characteristic2.
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4. Elimination of components

Lemma 1. Let H be a connectedK-group of finite Morley rank and even type, andA a
definable quasisimple subgroup ofH such thatN◦(A) contains a Sylow◦ 2-subgroup ofH .
ThenA �H .

Proof. Let S � N◦(A) be a Sylow◦ 2-subgroup ofH . Let H = H/O2(H). By Fact 4
H = E(H) ∗ O(H) and by Fact 13,̄A is normal inE(H) and hence inH . In terms ofH
we haveAO2(H) � H . ButO2(H) � S so [A,O2(H)] � A∩ O2(H), andA ∩O2(H)�
Z(A), by quasisimplicity. Thus[A,O2(H)] = 1 by the three-subgroups lemma. Th
A =E(AO2(H)) �H . ✷
Proposition 1. LetG be a connected simpleK∗-group of finite Morley rank, and of eve
type, andP a proper parabolic subgroup. ThenE(P) = 1.

Proof. Suppose toward a contradiction thatA is a quasisimple component ofP . Let S be
a Sylow◦ 2-subgroup ofG such thatN◦(S) � P . We will show thatC(G,S) � N(A), and
then Fact 16 produces the desired contradiction.

We first consider the structure ofP . As P is connected, so isA, andA is normal inP .
A is an algebraic group by Fact 11. In particular the center ofA is finite, and of odd orde
since the characteristic is two. By Fact 12

P =A ∗CP (A), a central product. (1

Let SA = S ∩A, a Sylow 2-subgroup ofA. As elements ofS induce inner automorphism
of A which normalizeSA and have order a power of 2, we find

S = SA ×CS(A). (2)

LetB =N◦(S), a standard Borel subgroup contained inP , and setBA = B∩A =NA(SA),
a Borel subgroup ofA in both the model theoretic and algebraic senses. AsB normalizes
BA and acts by inner automorphisms onA, we have also

B = BA ∗CB(A), a central product with finite intersection. (2′)

By Fact 10 we haveB = S � T for some torusT . By Fact 9BA = SA � TA with
TA = T ∩A, and again

T = TA ∗CT (A). (2′′)

AsA is a quasisimple algebraic group, we have

[TA,S] = SA; CS(TA)= CS(A). (3)



258 T. Altınel et al. / Journal of Algebra 269 (2003) 250–262

up

:

e

d
oups

ase in
We now take upC(G,S). Let X � S be a nontrivial definable connected subgro
normalized byB, and setK =N◦(X). We must show

K normalizesA. (∗)

We consider the structure ofK. SetQ = O2(K) andK = K/Q, and letQA = Q∩ A.
ThenQ � S � B � K. By Fact 4 we have

K =E(K) ∗O(K). (4)

Let T0 be the preimage ofO(K) in K. ThenT0 � N◦(S) � N◦(A). So it suffices to prove

E(K) normalizesA. (∗∗)

Now TA � K so we may consider the action ofTA on Q. As Q � SA × CS(A) =
[S,TA]×CS(A) we haveCQ(TA)= CQ(A). SinceA is a quasisimple algebraic group, w
haveQA = [QA,TA]. Thus[Q,TA] =QA.

Since by the corollary to Fact 3,Q = [Q,TA]CQ(TA), we find

Q =QA ×CQ(A). (5)

Now in K we deduce from (2), (5)

S = SA ×CS(A) (6)

and asCS(A)= CS(TA) it follows from Fact 3 that

CS(A)= CS(TA). (7)

Now we may apply the corollary to Fact 14 toE(K) and S, to get the associate
decomposition ofE(K), which we may express as follows: there are normal subgr
K1,K2 �K containingQ such that

E(K)= K1 ∗K2,

SA,CS(A) are 2-Sylow subgroups ofK1,K2, respectively,

K1 = CE(K)(CS(A)), K2 = CE(K)(SA). (8)

This decomposition may degenerate, and we will need to consider carefully the c
whichK2 = 1, i.e.,Q �CS(A). Suppose first however that this is not so

K2 �= 1. (I)

Let K∗ = CK∗
2
(TA). We claim

K2 =QA ×K∗
2 . (I.1)
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Now TA acts onE(K), and normalizes its quasisimple components. AsCS(TA) is a
Sylow 2-subgroup ofK2, andTA is a 2⊥-group, it follows thatTA centralizesK2. By Fact 3
we haveK2 = QK∗

2 = QAK
∗
2 . As QA ∩ K∗

2 = CQA(TA) = 1, we haveK2 = QA � K∗
2 ,

and we claim thatK∗
2 acts trivially onQA.

Now S ∩ K2 is a Sylow 2-subgroup ofK2, soS ∩ K∗
2 is a Sylow 2-subgroup ofK∗

2 .
But S ∩ K∗

2 � CS(TA) = CS(A), soS ∩ K∗
2 acts trivially onQA. Thus the kernel of the

action ofK∗
2 on QA is a normal subgroup ofK∗

2 containing a Sylow 2-subgroup ofK∗
2 ,

and henceK2 =E(K∗
2) acts trivially onQA. Thus (I.1) holds.

We show next

CS(TA) is a 2-Sylow◦ subgroup ofC(TA). (I.2)

Let S2 = CS(TA). As S = SA × S2 �= SA we haveS2 �= 1 andS � N◦(S2). Thus
Lemma 1 applies toN◦(S2) to yieldA �N◦(S2). SoN◦(S2)� N(A), and

N◦
C(TA)

(S2) �N(A) ∩C(TA),

N◦
C(TA)

(S2) �CN◦(A)(TA)= TAC
◦(A).

Now S2 is a 2-Sylow◦ subgroup ofC◦(A) and hence ofTAC◦(A), soS2 is a 2-Sylow◦
subgroup of its normalizer inC(TA), and by the normalizer conditionS2 is a 2-Sylow◦
subgroup ofC(TA), as claimed.

Now let Q2 = CQ(TA) and setH = NC(TA)(Q2). ThenS2 � K∗
2 � H andK∗

2/Q2 �
K2 is a central product of quasisimple groups. Using the bar notation now for passage
quotient moduloQ2, we haveS � K∗

2 � H , with S2 a 2-Sylow◦ subgroup ofH . Lemma 1
applies here and showsK∗

2 � �H . As S2 is a 2-Sylow◦ subgroup ofH , we conclude tha
K∗

2 =E(H).
Now NA(TA) normalizesC(TA) and centralizesQ2 (since A does), soNA(TA)

normalizesH , and acts onH , normalizingK∗
2. ThusNA(TA) normalizesK∗

2 , and also

normalizes(K∗
2)

(∞) =K
(∞)
2 .

SinceBA andNA(TA) normalizeK(∞)
2 and generateA, we haveA � N(K

(∞)
2 ). Under

our hypothesis (I),K(∞)
2 �= 1, and asS � N(K

(∞)
2 ), Lemma 1 applies to giveA�N◦(K∞

2 ),

and henceK � N◦(K(∞)
2 )� N(A) as claimed.

We now take up the remaining degenerate case

K2 = 1. (II)

In this caseQ2 = CQ(TA)= CS(TA), E(K) =K1, andSA covers a Sylow 2-subgrou
of K1, which is a central product of quasisimple algebraic groups. AsK1 is generated by
the Levi factors of its minimal parabolic subgroups containingB ∩K1, it will suffice to
show that ifP 1 is a minimal parabolic subgroup ofK1 with B ∩K1 � P1 � K1, then

P
(∞) � N(A). (†)
1
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We will need to consider the root systems associated withA and K1, and their
relationship. The subgroupSA is the span of root subgroupsSα in A whereα varies over a
setΦ of positive roots forA; similarly SA is the span of root subgroups inK1 indexed by a
setΦ ′ of positive roots forK1. The root groupsSα are the minimal nontrivialT -invariant
subgroups ofSA; asQA is T -invariant,QA is spanned by root groupsSα indexed by some
subsetΦ0 of Φ. On the other hand, the root groups inSA, relative toK1, are the minima
nontrivial T -invariant subgroups, which are of the formSαQ with anα /∈ Φ0. Thus there
is a natural identificationι :Φ\Φ0 ↔ Φ ′. We do not claim that this bijection automatica
preserves additional structure (length, Dynkin diagram, linear relations). However,
this map, simple roots inΦ ′ correspond to simple roots inΦ (outsideΦ0), since the roo
groupSαQ corresponds to a simple root inK1 if and only if Sα � [S,S]Q, in view of the
Chevalley commutator formula (Fact 15).

Returning now to our groupP1 � K1, let R � P1 be the preimage ofO2(P 1). Then
Q � R � S = SAQ and henceR = RAQ with, as usual,RA = R ∩ SA. As P 1 is a
minimal parabolic subgroup ofK1, there is a simple rootι(δ) ∈ Φ ′ such thatR is
spanned bySα (α ∈ Φ\Φ0, α �= δ) and henceRA is spanned bySα for a α ∈ Φ, α �= δ.
SettingPA = NA(RA), it follows that PA is a minimal parabolic subgroup ofA, with
O2(PA)=RA.

Now (PAQ/R)(∞) � (PA/RA)
(∞) is a simple subgroup ofN◦(R)/R containing

the Sylow◦ 2-subgroupS/R, and by Lemma 1 we getP (∞)
A R � N◦(R). Looking in

N◦(R)/R at the images ofP (∞)
A andP (∞)

1 , we see thatP (∞)
1 � PAR. ThusP∞

1 � N(A),
proving (†). ✷
Proposition 2. LetG be a connected simpleK∗-group of finite Morley rank, and of eve
type, andP a proper parabolic subgroup. ThenP is a 2-local◦ subgroup ofG.

Proof. By Fact 2,O2(P ) is connected. IfO2(P ) = 1 then by Fact 4,P = E(P) ∗ O(P).
As E(P) = 1, this yieldsP =O(P), a contradiction.

Let Q = O2(P ). ThenP is contained in the 2-local◦ subgroupH = N◦(Q), and
we claim P = H . Easily Q = O2(H). Hence working inH = H/Q we haveP =
E(P ) ∗ O(P) andH = E(H) ∗ O(H) by Fact 4. LetH1, H2 be the preimages inH
of E(H), O(�H), respectively. By Lemma 1E(P ) � �H and henceE(H) = E(P ), and
H1 � P . If S � P is a Sylow◦ 2-subgroup withN◦(S) � P , we haveH2 � N◦(S) and
thusH2 � P . HenceH =H1H2 � P , andH = P . ✷

5. Elimination of O2′

Notation.

1. A group without involutions is called a2⊥-group.
2. O2′ denotes the maximal normal definable2⊥-subgroup ofG, if it exists.

Lemma 2. LetG be a group of finite Morley rank and of even type. Then there is a un
maximal normal definable2⊥-subgroup ofG.
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Proof. We may suppose thatO(G) = 1. Then every definable normal 2⊥-subgroup of
G is finite and we need only bound its order. We may suppose thatG is connected. The
O2′(Z(G)) exists, as that group is abelian and of even type, andO2′(G) =O2′(Z(G)). ✷
Proposition 3. LetG be a connected simpleK∗-group of finite Morley rank, and of eve
type, andP a parabolic subgroup. ThenO2′(P ) = 1.

Proof. We haveP = N◦(Q) with Q a nontrivial definable 2-subgroup ofG. We suppose
thatP contains a Borel subgroupB of G and we setS = O2(B), which is connected b
Fact 2. LetA =O2′(P ).

By Fact 8 we haveO(P) = 1. ThusA is finite and central inP . In particular[A,S] = 1.
We claim thatC(G,S) � C(A). Then by theC(G,T )-theorem (Fact 16) and inspection
SL2(F ), we haveA = 1, as claimed.

Accordingly, letX � S beB-invariant, definable, and connected, and setH = N◦(X).
Our claim is that[H,A] = 1. By inspection ofP/O2(P ) (Fact 4) we find thatA � B,
henceA � H . ThusA is a 2′-group with[A,S] = 1, andS is a Sylow◦ 2-subgroup ofH .
By Fact 5, we findA � σ(H).

As H/σ ◦(H) is a central product of algebraic groups of characteristic 2,
σ(H)/σ ◦(H) is central inH/σ ◦(H), it follows thatσ(H)/σ ◦(H) has odd order. The
by the Corollary to Fact 7,σ(H)/O2(H) is a 2⊥-group. By Fact 9,Cσ(H)(O2(H)) splits
asZ(O2(H)) × O2′(Cσ(H)(O2(H))), and henceA � O2′(Cσ(H)(O2(H)) � O2′(H). By
Fact 8,O(H)= 1, soO2′(H) is a finite normal subgroup ofH , andO2′(H)�Z(H). Thus
[H,A] = 1, as claimed. ✷

Propositions 1 and 3 yield the theorem stated at the outset.
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