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G-graphs

1. Introduction

G-graphs have been introduced to study the graph isomorphism problem (Bretto and Faisant,
2005). These ones are constructed from a group and like Cayley graphs, have nice and highly regular
properties; they may or may not be regular (Bretto et al., 2007, 2008). Most well-known graphs are
in fact G-graphs: Hamming graphs, meshes of d-ary trees MT (d, 1), and some star graphs, to name a
few. Moreover the algorithm to construct G-graphs is simple. A popular representation of groups by
graphs is the Cayley graph representation. These graphs were first used by A. CAYLEY in 1878 (Cayley,
1878, 1889) to construct pictorial representations of finite groups. To a group G and a set S C G of
generators a digraph called Cayley graph is associated. The set of vertices of this graph is the set of
elements of G and two vertices x, y are adjacent if and only if there exists s € S such that y = sx. If
S = S~ the graph is undirected. Cayley graphs are important in many areas of science, (for a survey,
see Cooperman et al. (1991)). G-graphs can be used in many areas of science as well: they are a good
tool in the construction of symmetric and semi-symmetric graphs, but also, they give a better upper
bound, (2p?) for the (p, 6)-cage problem than the Sauer bound which is equal to 4(p — 1)3.

This paper introduces a new application from G-graphs to the hamiltonicity of Cayley graphs.
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2. Basic definitions

In the sequel of this paper, groups will be finite. We shall denote the unit element by e. Let G be a

group, and let S = {sq, s, ..., Sy} be a non-empty subset of G. The set S is a set of generators of G if
any element 6 € G can be written as a product 6 = s;;s;,S;, . .. Si; Withiy, iy, ..., € {1,2,...,k}.We
say that G is generated by S = {s1, 52, ..., S¢} and we write G = (s1, S3, ..., Sk).

A group G acts in the left way on a space £2 when the following operation (a, x) — a.x from
G x £2 to £2 verifies:

e eX =X
e a.(b.x) = (a.b).x.,a,b € Gand x € £2.

Let H be a subgroup of G, we denote Hx instead of H{x}. The set Hx is called right coset of H in G. A
subset Ty of G is said to be a right transversal for H if {Hx, x € Ty}, is precisely the set of all cosets of H
inG.

An S-group is a couple (G, S) where G is a finite group and S is a subset of G. A S-group morphism
between (Gi, S1) and (G,, S,) is a morphism f from G; to G, such that f(5;) C S,.

Let (G, S) be a group, the automorphism set f of G such thatf (S) = S we will be denoted by Auts(G).
It is subgroup of Aut (G). A group G acts regularly on a finite set if for any couple (x, y) , x, y € X there
isa unique f € Aut(G) such that f(x) = y. In this case we have |G| = |X].

2.1. Graph definitions

We define a graph I' = (V; E; €) as follows:

e V is the set of vertices and E is the set of edges.
e c isamap from E to P,(V), where P,(V) is the set of subsets of V having 1 or 2 elements.

In this paper graphs are finite, i.e., sets V and E have finite cardinalities. For each edge a, we denote
€(a) = [x;y]ife(a) = {x,y} withx # yore(a) = {x}if x = y.In this case a is a loop. The
elements x, y are called extremities of g, and a is incident to x and y. The set {a € E, e(a) = [x; y]}
is called multi-edge or p-edge, where p is the cardinality of the set. We define the degree of x by
d(x) = card({a € E, x € €(a)}).

Givenagraph I = (V; E; €), achain is a non-empty graph P = (V, E, €) withV = {xo, X1, . . ., X}
and E = {ay, ay, . .., ax_1a;}, where x;, x;+1, (i mod k) are extremities of g;. The elements of E must
be distinct. The cardinality of E is the length of this chain. A graph is connected if, for all x, y € V, there
exists a chain from x to y.

I = (V';E'; €)isasubgraph of I' if it is a graph satisfying V' C V,E’ C E and € is the restriction
from e to E.1f V/ = V then I" is a spanning subgraph.

An induced subgraph generated by A, I'(A) = (A; U; €), withA C V and U C E is a subgraph such
asU={a€E,e(a =[x;y],x,y € A}

An induced subgraph such that any pair of vertices are adjacent is called a clique. Let I = (V; E; €)
be a graph, a component of I" is a maximal connected induced subgraph.

Let It = (V1; Eq; €1) and I, = (Vs E3; €;) be two graphs, a morphism from Iy = (Vq; Eq; €1) to
Iy = (Vy; Ey; €) is a couple (f, f*) wheref : V; — V,isamapandf¥: E; — E,isamap
such that:

if €1(a) = [x; y] then &, (f*(@)) = [f(x); FY)].
So (idy, idg) is a morphism from G = (V; E; €) to G.

The product of two morphisms (f, f*) and (g, g*) is defined by: (f, f*) o (g, g%) := (fog, f* o g¥).
(f, %) is an isomorphism if there exists a morphism (g, g*) from I, = (V,; E2; €) to I't = (Vy; Eq; €1)
such that (g, g) o (f, f*) = (idy,, id} ) and (f, f*) o (g, g*) = (idy,, id} ). In this case we will denote
(g,2") = (f,f* 1. So (f, f*) is an isomorphism if and only if f is a bijection and f* is a bijection. If
there exists an isomorphism between Iy and I, we will denote Iy >~ I and we will say that I is
isomorphic to I'5.
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3. Graph-group construction

Let (G, S) be a group with a set of generators S = {s1, S, S3... S}, k > 1.Foranys € S, we
consider the left action of the subgroup H = (s) on G. So we have a partition G = |_|, ... (s)x, where
T, is a right transversal of (s). The cardinality of (s) is o(s), the order of the element s.

Let us consider the cycles:

(5)x = (x, sx, $%, ..., "W 1x)
of the permutation g;: x —> sx of X;. Hence (s)x is the support of the cycle (s)x. Notice that just one

cycle of g; contains the unit element e, namely (s)e = (e, s, 52, . .. s°®~1). We define a graph denoted
by @ (G; S) = (V; E; €) in the following way:

e The vertices of @ (G; S) are the cycles of g, s € S, i.e., V = LsesVs with Vg = {(s)x, x € T}.
e For each (s)x, (t)y € V,if card({s)x N (t)y) = p,p > 1then {(s)x, (t)y} is a p-edge.

xeTs

Thus, @ (G; S) is a k-partite graph and any vertex has a o(s)-loop. We denote q~>(G; S) the graph
@ (G; S) without loop. By construction, one edge stands for one element of G. We can remark that one
element of G labels several edges. Both graphs @ (G; S) and @ (G; S) are called graphs from groups or
G-graphs and we can say that the graph is generated by the groups (G; S). If S = G, the G-graph is
called canonic graph.

3.1. Algorithmic procedure

The following algorithm constructs a G-graph from the list L of the cycles of a group:

Group_to_graph_G(L)
for all s in L
Add s to V
for all s’ in L
for all x in s
for all y in s’
if x=y then Add (s,s’) to E

For the construction of the cycles we use the following algorithm, written in the GAP programming
language (The GAP Team, 2002):

InstallGlobalFunction (
c_cycles, function(G, ga)
local 1s1,1s2,gs,k,x,0a,a,res,G2;
res:=[];
G2:=List(G);
for a in ga do
gs:=[1;
oa:=0rder(a)-1;
1s2:=Set ([1);
for x in G do
if not(x in 1s2) then
1s1:=[];
for k in [0..o0a] do;
Add(1s1, Position(G2, (a~k)*x));
AddSet (1s2, (a~k)*x);
od;
Add(gs, 1s1);
fi;
od;
Add(res, gs);
od;
return res; end);
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(e,b)

Fig. 1. The octahedral graph.
3.2. Complexity and examples

It is easy to see that the complexity of our implementation is O(n?> x k?) where n is the order of
the group G and k is the cardinal of the family S.

Let G be the KLEIN's group, the product of two cyclic groups of order 2. So G = {e, a, b, ab} with
o(a) = 2,0(b) = 2 and ab = ba. The set S = {a, b, ab} is a family of generators of G. Let us compute
the graph @ (G; S).

The cycles of the permutation g, are (a)e = (e, ae) = (e, a); (a)b = (b, ab).

The cycles of the permutation g, are (b)e = (e, be) = (e, b); (b)a = (a, ba) = (a, ab). The cycles
of the permutation gg, are (ab)e = (e, abe) = (e, ab); (ab)a = (a, aba) = (a, b). The graph @(G; S) is
isomorphic to the octahedral graph (see Fig. 1). The octahedral graph is a 3-partite symmetric quartic
graph.

Let Z/27 x 7Z/27 x Z/2Z be a group generated by S = {(1, 0, 0); (0, 1, 0); (0, 0, 1)} . The graph
D(ZJ2Z.x7/2Z x Z./2Z; S = {(1, 0, 0); (0, 1, 0); (0, 0, 1)}) is isomorphic to the graph shown in the
figure below.

4. Basic properties of G-graphs

Proposition 1. Let @ (G; S) = (V; E; €) be a G-graph. Then the following properties are equivalent:

(i) @(G; S) has no multi-edges except loops.

(ii) foralls,t € S, (s > N(t >=e.

In particular it happens when for all s, t € S, gcd(o(s), o(t)) = 1.

Proof. (i) = (ii) is easy

(ii)= (i) :leta = ([{s > x; {t > yl,w) and b = ([(s > x; {t > y], v) be two edges with s # t. From
the construction of G-graphs there exist i, j, k, | € N such that s'x = t'y = u and skx = tly = v with
0<ik<o(s)and0 < j,I < o(t).Soyx! =s't7 = st and s* = ¢! € (s) N (t) = e. Hence
sk = ¢=! = ¢, which leads toi = kandj = I, consequentlyu = vanda=b. O

We will need the following result (Bretto et al., 2007).

Proposition 2. Let h be a morphism between (Gq, S1) and (G;, S,), then there exists a morphism, @ (h),
between ®(G1; S1) and @ (Gy; S»).



A. Bretto, A. Faisant / Journal of Symbolic Computation 46 (2011) 1403-1412 1407

In addition we have @ (hoh’) = @ (h)o®(h'),and @ (id¢s5)) = ide(c.s); henceif (Gy; S1) =~ (Ga; S2)
then @(G], 51) ~ @(Gz; 52)

As for the Cayley graph Cay(G; S) it is easy (see Bretto and Faisant (2005)) to prove that @ (G; S) is
connected iff (S) = G.

Let @(G; S) = (V; E, €) be a G-graph : for any g € G one can associate the map: §;-1 : V +— V,
defined by 8,1 ((5)x) = (s)xg~", and 87, : E —> E &, (([{s)x; {t)y], w) = (Is)xg ™5 (t)yg ™),
ug™h).

We have the following theorem.

Theorem 3. Let&;(G; S) = (V; E, €) be a G-graph, where |S| > 2.
(1) Forallg € G, (8;-1,8%,) € Alt, (D (G; S)).
(2) Themap § : G —> Aut, (5 (G; S)) defined by 8(g) = (851, 5:,1) is a morphism.
(3) 6(G) acts transitively on every Vs, s € S
Stabs ) ((s)) = 8({s)) is a cyclic subgroup of 6(G) with an order ds|o(s).
Stabs ) (($)x) = 8(x~(s)x) and the stabilizers of the vertices of a principal clique are pairwise distinct.
(4) Kers = (Nyes.pec X(S)x .
If there exists s, t € S such that (s) N (t) = {1} then § is injective.

B)IfS = {s1, sp,... sgyandif foralli € {1, 2, ...k} thereis o; € Aut%(G; S) such that
0i((s1)) = (siy+1), then @ (G; S) is vertex transitive.

1 = (s)yg~! then there

Proof. (1): We have §,-1(V;) C Vs) and §,-1]y, is a bijection since if (s)xg™
exists i such that xg~! = s'yg~" and (s)x = (s)y, moreover (s)x = 3g-1((s)xg).

Lete = {([{s)x; (t)y], )}, then 87, () = (L{s)xg™": (t)yg ™1, ug™") € E because u € (s)x N (r)y,
which implies that ug™" e (s)xg~! N (t)yg~". So 8;1 (e) is an edge between (s)xg~! = §,-1((5)x)
and (t)yg™' = 8,-1((t)y). The map 8:,1 |z is an injection because ([(s)xg~'; (t)yg '], ug™") =
(sWg™ "5 ()y'g '], u'g™"), we have u = o' and [(s)xg™"; (t)yg™"] = [(s)¥g™ " ()yg'].
Consequently ([(s)x; (t)yl,u) = ([(s)x’; (r')y'], u). Hence this map is a bijection and §,-1 €
Aut, (d~>(G; S)). (2): It is easy to show that §(g;.g2) = §(g1).6(g2); moreover the graph 5(0; S) =
(V; E) being simple § is injective.

(3): Let (s)x, (s)y € Vi, we have (s)y = (s)xx"ly = 8,-1,((s)x). So the action is transitive on V;.
Assume that there are two vertices, (s1)x, and (s;)x of a principal clique, (see Section 5) such that
8(x 1(s1)x) = 8(x~!(s,)x). Hence (s;) = (s). Contradiction

If §(g)((s))x) = (s)x then the cycles (s)xg~' and (s)x are the same (i.e. there is i > 0 such that
six = xg71), hence g = x~'s7ix e x7'(s)x. Conversely if g € x~1(s)x, there isi > 0 such that
g = x 's7ix, so xg~' = s'x. That leads to for all k > 0, such that skxg=' = s**ix, consequently
(s)xg~! = (s)x. We have §(g)((s))x) = (s)x.

Since for all s, 0 < i < o(s) 8(s') € 8((s)), Stab((s)) = 8((s)) is a cyclic subgroup of §(G) with an
order ds|o(s).

(4): If g € Ker$, then we have forallx € G, s € S, (s)xg~! = (s)x. So there exists i > 0 such that
g = x's7ix,soxg™! = six € x"1(s)x. Conversely x € G, s € S,we have g € x~1(s)x, hence there is
i > 0such that g = x~'s~'x. Following (3) we obtain Kerd = ("),_g.,cc X(s)x~'. From this result it is
easy to see that if there exists s, t € S such that (s) N (t) = e, we have Ker§ = {e}.

(5): Under these hypothesis and from (3) we have the result. O

5. Cayley graphs and G-graphs

Let @ ((G; S)) be a G-graph with (S) = G. Assume that @ ((G; S)) is simple. We call principal-clique
the clique Ky, x € G such that any edge of K, is labeled by x, ( K, is the set of vertices of @ (G; S) which
are extremities of edges of the form a = ([(s)y; (t)z], x)) . Hence the principal-clique number is equal
to |G| and |K,| = |S].
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The clique graph denoted by X ((G, S)) is the graph defined in the following way:

e the vertices of X ((G, S)) are the principal-cliques.
o u = {Ky, K} is an edge iff Ky N K, # @.

Because @ ((G; S)) is simple it is easy to see that |[K, N K,| < 1.
Let (G, S) be a group we denote S* = | J,s(s) \ e, (e denotes the neutral of G).

Theorem 4. The graph X ((G, S)) is isomorphic to Cay((G, S*)).

Proof. Define ¢ : KX ((G,S)) —— Cay((G, S*)) such that ¢(Ky) = x. It is easy to see that Ky = K,
imply thatx = y.
Assume that u = {K;, K, } is an edge. So there is (s).a vertex of K and there is (t).b vertex of K,
such thatx € (s).aandy e (t).b with (s).a = (t).b. Hence there is 1 < i < o(s) such that y = s'.x.
Conversely suppose that {x, y} is an edge of Cay((G, S*)), hence y = s'.x, 1 < i < o(s). Because
(s).x € Ky we have y € K;. Hence x, y € Ky N K, and {K;, K, } is an edge of X ((G, S)). O

The following theorem gives a sufficient condition to recognize when a G-graph is a Cayley graph.
Theorem 5.1. Let 5(6; S) be a G-graph where for alls € S o(s) = k > 0 and |G| = n. Assume that:

(i) There exists a subgroup A of Auts(G) which acts regularly on S.
(ii) There exists a subgroup K of G with |K| = %such that:

(a) Va € A, x(K) =K.

(b) Vs € S,K N (s) = {e}.

Under these conditions H = §(K) x A < Autq§(6 S) acts regularly on the set of vertices V(q§ (G; S)) and
cD(G S) is a Cayley graph Cay(H; T). Moreover ifa € A—> ay = idy then the product is direct.

Proof. The proof is constructed as follows:

(1) Weshow thatVs € S, G=| |, (s).k
(2) we show (§(K), A) = §(K) x A;
(3) finally we prove that H = §(K) xA < Aut(D(G S) acts regularly on the set of vertices V(Q>(G S)).

Show that:

Vses. G=| |tk (1)
keK
Assume that (s).k N (s).I # @, k,1 € K. There are i;j € N such that s’k = s'l. So kI"' = ¢

Consequently kI~! € (s), it leads to kI~' € (s) N K thus kl ' = 1and k = I. Moreover | ||, (s).k| =
[(s)].|K], (from ii)b)) =0(s).; =n=[G|.S0G = | ik (s
Show that:(§(K),A) = &§(K) x A. (§(K),A) = 6(1().A, indeed: for k € K, 8 o a((s)x) =
S((a(s))a(x) = (a(s))a(x)k™!. There is u™' € K such that (a(s))a(X)k™! = (x(s))a®)a™") =
a(()xu™) = a 0 8,((s)x). So §(K).A C A.8(K), in the same way one can show that A.§(K) C §(K).A
and 6(K).A = A.§(K), hence A.5(K) is a subgroup of G and we have (§(K), A) = 6(K).A.

8(K) < (8(K),A):Leta € Aandk € K, then o™ ! o 8 o a((s)x) = a~ ! o &((a(s))a(x)) =
o (a(Na@k™ '] = $)xa (k™) = (s)xar(k) = 8,14, (()x). Because there is u € K such that
o~ '(k) = u, we have 8,1, € 8(K).

8(K) N A = {e}: Assume that §(K) N A # {1}. Let @« € §(K) N A, then @ # 1. There exists
k € K such that « = §. Because A acts regularly on S we have |A| = |S|. There are s, s’ € S such
that a(s) = s'. Consequently a((s)x) = (s)a(x). 8k ((s)x) = (s)xk~!, hence (s)xk~! = (s)a(x) and
(5) = Na(X)kx1.50 8,41 ((sHar (x)) = (5), ‘which is in contradiction from the cleflmtlon 0f6

Now we prove that H = §(K) x A < Aut<1>(G S) acts regularly on the set of vertices V(<1>(G S).

Let v € V;and w € Vy be two vertices. We have v = (x, sx, s’x, ...). There is k € K, (from
Eq. (1)) such that x = s'k, i € N, hence v = (s'k, sk, ...) = (k, sk szk ..); in the same way
w=(5s15s2%...).

From (i) there is « € A such that a(s) = s/, we have : a(v) = (a(k), sa(k), s?a(k), ...). From
Eq. (1) we have a(k) € (s').m, m € K, thus a(k) = s'm,j € N. Consider z = I"'t (k) =
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I"'m. We have 8,(a(v)) = (x(s)a(k)z™! = (a(k)z™ !, salk)z™!, s?alk)z!,...), but a(k)z™! =
a()a™1(k)sil = s9l. So 8,((v)) = s, s, ..) = (I,s],s?1,...) = (s)] = w. Consequently
S, 0o € §(K) x Amaps v on w.

Assume now that there are z/ € K and o’ € A such that §, o &/(v) = w. One has §, o &'(v) =
@ @)1t ()27, 2’ ()27, ) = (a(k)z™!, Sa(k)z™!, s%a(k)z™!, .. ). Itimplies that s’ = t,
so a’(s) = «(s), hence o’ = «, from (i). @' (k)2 = a(k)z™' = ¥, s0z = I7's“a(k), but
a(k) = sm, hencez’ = I"1s97"m, then lzZm~!' = """ € K N (s) = {1},s0z. = "'m = z.

We conclude that H = §(K) x A acts regularly on V(@ (G; S)) and that @ (G; S) is a Cayley graph

Cay(H; T).
Assume now that ax = idg. v = (k,sk,s’k,...) € Vsandk € K.Foru € K, 8, o a(v) =
(lu! a)a@u, a@)?alul,...) = (ku ', al)ku™!, a(s)’ku=!,...). In the same way

a(v)od,(v) = (ku™', a(s)ku™', a(s)%ku~", ...).Consequently §, 00 = a(v)08,.S0H = §(K) xA. O
6. Hypergraph, Cayley graphs and G-graphs

In this section we deal with groups generated by involutions, Example 3.2 is a group generated by
involutions. Recall that a cycle is Hamiltonian if it goes through any vertex exactly once.

A hypergraph H on a finite set S is a family (E;);e;, [ = {1,2,...,n} n € N of non-empty subsets
of S called hyperedges with:

JE=s.
iel

Denote a hypergraph by: H = (S; (E))ic).

Ahypergraph is simple if E; = E; = i = j, i.e. there is no repeated hyperedge in H.

For x € S, a star of H — with x as a center - is the set of hyperedges which contains x, and is called
J€(x). The degree of x is the cardinality of the star #(x). We will denote it by deg (x).

A hypergraph is said k-uniform if |E;| = k for alli € I.

A chain of length k in a hypergraph J is a sequence x1E1x,E; . .. Xy ExXx+1 where E; are distinct
hyperedges and the x; are vertices such that for 1 <i < kx;, xi11 € E;. If X; = x;41 the chain is called
cycle.

A hypergraph is connected if any two vertices are joined by a chain.

The representative graph (or line-graph but also intersection graph) of a hypergraph # is the graph
L(#¢) such that the vertices are the hyperedges of # and two distinct vertices x, y form an edge of
L(#) if the hyperedges standing for x and y have a non-empty intersection.

Ahypergraph is linear if |[E; N Ej| < 1fori # j.

The dual of a hypergraph # = (E1, E;, ..., Ey) onS is a hypergraph H* = (X1, X5, ..., X;;) whose
vertices ey, e, . . ., ey, correspond to the hyperedges of #¢, and with hyperedges such that

Xi = {ej, x; € Ej}
In an equivalent way: H* = (E, (H(X))xes
Remark 5. We have H** = H.

The 2-section of a hypergraph # is the graph denoted by [#], such that the vertices of this graph
are the vertices of # and two vertices form an edge if and only if they are in the same hyperedge of
H.

Remark 6. It is well known (Berge, 1989; Bretto, 2004) that the 2-section of a hypergraph H is
isomorphic to the line graph of H*.

Indeed, the set of vertices of L(H) is E and the set of vertices of [#*], is also E. Take the identity on E
as a bijection on vertices of L(H) to the vertices of [#¢*].

If {e;, e;} is an edge of L(H) that is equivalent to say that E; N E; # @ that is equivalent to say that
there is x € E; N E; that is equivalent to say X > e;, e; that is equivalent to say that {e;, e;} is an edge of
[#*]5.

Sometimes we will denote the set of vertices of H by V (H) and the set of hyperedges by E(H).
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Lemma 7. Let H = (S; (Ej)ic1) be a hypergraph. The dual of H, H* = (E, (H(X))xes is a graph if and only
if no vertex lies in more than two hyperedges.

Proof. Assume that the dual of H is a graph. The hyperedge of H* being the stars of H, these ones have
a cardinality equal to two at most. Consequently any vertex of H has a degree equal to either 1 or 2.

Conversely, assume that no vertex lies in more than two hyperedges. For allx € S |[HX)| < 2.
Hence H* is a graph. O

The graphs below could have some multi-edges and some loops; for simple graphs we have the
following.

Proposition 8. Let H = (S; (E;)ic;) be a hypergraph. Suppose that H* = (E, (H(X))xes is a graph. H* is
simple if and only if H is linear and any vertex of H belong to exactly two hyperedges.

Proof. Under the hypothesis below and from Lemma 7 H* is a graph. If H is not linear there are two
hyperedges E; and E; which contains two x;, x; at least. These two vertices become two hyperedges in
H*. These two hyperedges contain both e; and e; as vertices. Because H* is a graph {e;; e;} give rise to
a multi-edge. Hence H* is not simple.

In the same way if H* is not a simple graph one can deduce that H is not linear.

It is easy to prove that the graph H* has no loop, it is equivalent to say that any vertex of H belong
to exactly two hyperedges. O

A graph I = (V; E) is k-connected, (k € N)if [V| > kand V \ X is connected for every X € V with
|X| < k.

One define the k-edge connectivity in the same way.

In Godsil and Gordon (2001), p. 38 we have the following result.

Lemma 9. If I" is a connected vertex transitive graph, then its edge connectivity is equal to its valence.
The following result can be found in Chartrand and Stewart (1969).

Theorem 10. Let I” be a k-edge connected graph, then the line graph L(I") is k-connected and 2k — 2-edge
connected.

We will also need the following.
Theorem 11. Every line graph of a 4-edge connected graph is Hamiltonian.

The proof of this theorem can be found in Zhan (1986).
Now from these considerations we are able to prove the following theorem:

Theorem 12. LetG be a group and S be set of generators of G such that |S| ## 3 and foralls € S, o(s) = 2.
The G-graph @ ((G; S)) = (V; E) is Hamiltonian.

Proof. Because for all s € S, o(s) = 2, any vertex of the principal clique hypergraph-i.e. the
hypergraph having as vertex set the vertex set of @((G;S)) and the hyperedge set the set of
principal clique - has a degree equal to 2, moreover this hypergraph is linear; so from Lemma 7 and
Proposition 8 the dual of H is a simple graph.

This graph is the Cayley graph Cay((G; S): the line graph of the principal clique hypergraph is the
graph X ((G, S)) and from Theorem 4 it is isomorphic to Cay((G, S*)) = Cay((G; S), (because for all
s €S, o(s) =2).

From Remark 6 we have L(Cay((G; S))) = ®((G; S)).

If |S| = 1,2, Cay((G; S)) is a cycle so it is Hamiltonian, hence L(Cay((G; S))) = ®((G;S)) is
Hamiltonian.

Suppose now that |[S| = k > 3. Hence the valence of Cay((G;S)) is k > 4 and this graph
is vertex transitive, from Lemma 9 it is k-edge connected, k > 4 consequently from Theorem 10,
L(Cay((G; S))) = @((G;S)) is k-connected, k > 4 and 2k — 2-edge connected. From Theorem 11
@((G; S)) is hamiltonian. O
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7. Application

We are now using the results above for the hamiltonicity of Cayley graphs.

yA
7.1. The group (53)"

Let G = (%)I, t > 2 be a group with the generator set S = {e;;1 < i < t} withe; =
(070"' 50’07170705"' 7070)v|5| :t24'0(ei):2‘

—————
i—1

Define now «(e;) = e;; 11 mod t and x = 215:‘5[ Aié;.

The map a(x) = leist Aieir1, i mod t is a bijection, moreover we have a(x + y) =
(D jcicq M€+ i) = D oo M€it1 + D<oy Mi€ip1, | mod £ = a(xX) + a(y). So « is an
automorphism.

The group (@), [{)| = t acts transitively on S: fore;, e;;1 € S,i < jandj =i+k, mod t we have
ok (e) = e;.

By the orbit stabilizer theorem we have |{x)x| = |S| = "&"))X“ = t, consequently |{«)x] = 1. Hence
(o) acts regularly on S.

Let K be the set {x € G,x = D> _;_;, Aei, suchthat ) ,_;,_, A; = 0}.Itis easy to show thatK is a
subgroup of G. T T

We have K N (e;) = {0}, 1 < i < t,becauseifx = ,_,_ Aie; = €, D, A = 1; contradiction.

a(K) C K because forx € K a(x) = >, Me(ei) = ) i Aeiprand ), A = 0.

We can now conclude the following.

Theorem 13. The G-graph 5((%)% S) is a Cayley graph : Cay(§(K) x {«); T) and this one is hamiltonian.

7.2. The group S,

Let G be the group S, with the generator set S = {(i,i+ 1), 1 <i < n},n > 4. Let p be the cycle
(1,2,3,...,n).Settle &« = ¢, : ¢,((i,i + 1)) = p(i,i + 1)p~'. We have p(i,i + Dp ' (p@i) =
pl,i+ D@ =pi+1) =i+2.Nowp@,i+ Dp Hpli+1) =pGi+D)i+1) =p@i=i+1.
Hence p(i,i+ 1p ' = ({+1,i+2).

The group («) acts transitively onS: o = ¢2 = ¢p,00, = ¢, (0, i+1)p~") = ¢, ((i+1,i+2)) =
pi+1,i+2)p~! = (i+2,i+ 3), by induction ¢, ((i + k, i+ k+ 1)) = p(i + k, i+ k+ 1)p~ T =
(i4+k+1,i+ k+ 2). Consequently for (u, v) (w, z) € S there is t such that qﬁf,((u, v)) = (w, z) and
(o) acts transitively on S.

The («) acts regularly on S: like above by applying the orbit stabilizer theorem.

Let K be the alternating group, i.e. K = A,. For any transposition t the signature of itise(t) = —1;
the group A, is the kernel of the epimorphisme : S, —> {—1, 1},soforall p € A, we have e(p) = 1;
from this: A, N () = {1}.

a(K) C K because forx € K, e(x) = 1and a(x) = pxp~! has the same parity of x, i.e.
€(pxp~1) = 1 We can now conclude the following.

Theorem 14. The G-graph 5(5,1; S) is a Cayley graph : Cay(§(K) x (a); T) and this one is hamiltonian.
Remark. The results above give us a new method to produce some new classes of hamiltonian Cayley
graphs.

References

Berge, C., 1989. Hypergraphs. North Holland.

Bretto, A., 2004. Introduction to Hypergraph Theory and their Use in Engineering and Image Processing. In: Advances in Imaging
and Electron Physics (Monographic Series), vol. 131. Academic Press, Mars.

Bretto, A., Faisant, A., 2005. Another way for associating a graph to a group. Math. Slovaca 55 (1), 1-8.



1412 A. Bretto, A. Faisant / Journal of Symbolic Computation 46 (2011) 1403-1412

Bretto, A., Jaulin, C,, Gillibert, L., Laget, B., 2008. A new property of hamming graphs and mesh of d-ary trees. In: Computer
Mathematics. 8th Asian Symposium, ASCM 2007, Singapore, December 15-17, 2007. In: Lecture Notes in Computer Science,
vol. 5081. Springer, ISBN: 978-3-540-87826-1, pp. 139-150.

Bretto, A., Faisant, A, Gillibert, L., 2007. G-graphs: a new graphical representation of groups. J. Symbolic Comput. 42 (5), 549-560.

Cayley, A., 1889. On the theory of groups. Amer. J. Math 11, 139-157.

Cayley, A., 1878. The theory of groups: graphical representations. Amer. J. Math. 1, 174-176.

Chartrand, G., Stewart, M.J., 1969. The connectivity of line-graphs. J. Math. Ann. 182, 170-174.

Cooperman, G., Finkelstein, L., Sarawagi, N., 1991. Applications of cayley graphs. In: Appl. Algebra and Error-Correcting Codes.
In: Lecture Notes in Computer Sciences, vol. 508. Springer Verlag, pp. 367-378.

Godsil, C., Gordon, G., 2001. Algebraic Graph Theory. In: Graduate Texts in Mathematics, vol. 207. Springer.

The GAP Team, (06 May 2002), GAP - Reference Manual, Release 4.3, http://www.gap-system.org.

Zhan, S., 1986. Hamiltonian connectedness of line graphs. Ars Combin. 22, 89-95.


http://www.gap-system.org

	Cayley graphs and  G -graphs: Some applications
	Introduction
	Basic definitions
	Graph definitions

	Graph-group construction
	Algorithmic procedure
	Complexity and examples

	Basic properties of G-graphs
	Cayley graphs and G-graphs
	Hypergraph, Cayley graphs and G-graphs
	Application
	The group (Z 2Z)t
	The group Sn

	References


