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Abstract

In the paper, by using of the Limit Index, we prove a theorem applying to get multiple critical values of
some strongly indefinite nonsmooth functionals, and then we apply it to a system of equations involving the
p-Laplacian.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Limit Index; Indefinite functional; Nonsmooth; Multiple solutions; p-Laplacian

1. Introduction

In this paper, we study the existence of multiple critical points of strongly indefinite non-
smooth functionals. There are many indefinite functionals which correspond to some Hamil-
tonian systems, nonlinear wave equations coming from physical situations. Some of them have
symmetries with respect to the action of some Lie group, such as Z», S', and the corresponding
variational problems are expected to have multiple solutions. There are some papers concerned
with the topic. For example, see [1,6,10-12,15].

In [1], Benci assumed X is a Hilbert space, f satisfies (PS). and has the form

1
)= E(LM,W + @ (u),
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where L is bounded self-adjoint operator and @’ is compact. In [12], Li established a Limit Index
Theory, and applied it to estimate the number of solutions of the boundary value problem

div(IVu|P72Vu) = F,(x,u,v), in$2, ulse=0,

(1.1)
—div(|Vo[P2Vv) = Fy(x,u,v), inf2, vlye=0,

where u, v € Wol’p(Q), £2 is a bounded domain in RV, 1 < p < N.In [10], the authors applied

Limit Index Theory to get solutions of a strongly indefinite functional in R . However, in those

papers, functionals are of class C! at least. For the nonsmooth functionals, Chang [3] consid-

ered locally Lipschitz continuous functionals in Banach spaces, and it was done in some other

papers [5,7,8].

This paper is devoted to deal with the corresponding functional of (1.1) which may not locally
Lipschitz continuous in Banach spaces.

The paper is organized as follows.

In Section 2, we recall some facts concerning Limit Index. In Section 3, first we introduce
weak slope and the corresponding (PS). and (PS)}, then we prove a deformation lemma for
continuous functionals satisfying (PS). and (PS)?. In Section 4, we establish some abstract crit-
ical point theorems which are applied to continuous functionals. In Section 5, we get solutions
of (1.1). Although a similar result may be found in [12], the assumptions we put on F'(x,s, )
here are different.

Notation. 2 C RY is a bounded domain with smooth boundary. |-|z» is the usual norm in
LP(£2), LY(2) = LP(£2) x LP(£2) with the norm ||(u, v)||, := (|u|7, + [v]},)1/P. Weak (re-
spectively, strong) convergence is denoted by — (respectively, —). C will denote constant and C
may be different in different places.

2. Some facts concerning the Limit Index

Definition 2.1. (See [10, Definition 2.1].) Let G be a compact Lie group, X be a Banach space.
The action of a topological group G on a normed space X is a continuous map

GxX—X:[g,x]—~gx
such that
1-x=x, (gh)x=g(hx), x> gx islinearforeveryg,heG.
The action is isometric if
lgzll = lizll.
Denote the fixed point set of G by
FixG:={xe X; gx=x, Vg e G}.
A set A C X is invariant if gA = A for every g € G. A function ¢ : X — R is invariant if

o(g(x)) =p(x) forevery g€ G, x € X. Amap f: X — X is equivariant if f(g(x)) =g(f(x))
forevery g € G, x € X.
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Assume X is a G-Banach space, that is, there is an isometric action G on X. Let
Y ={ACX; Aisclosedand gA = A, Vg € G}
be the family of all G-invariant closed subsets of X. Let
I'={heC’X, X); h(gx)=g(h(x)), Vg € G}
be the class of all G-equivariant mappings of X.

Definition 2.2. (See [13, p. 207].) An index for (G, X, I') is a mapping i : ¥ — Z U {400}
(where Z is the set of all nonnegative integers), such that for all A, B € X', h € I" the following
conditions are satisfied:

(@) i(A)=0& A=0,

(b) (Monotonicity) AC B=i(A) <i(B),YA,Be X,

(¢) (Subadditivity) i(AU B) <i(A)+i(B),YA,Be X,

(d) (Supervariance) i(A) <i(h(A)),

(e) (Continuity) if A is compact and A NFix G =, then i (A) < 400 and there is a G-invariant
neighborhood N of A such that i(N) =i(A).

Definition 2.3. (See [1, Definition 2.1].) An index i is said to satisfy the d-dimension property if
there is a positive integer d such that

i(Vv*nsy) =k,

for all dk-dimensional subspaces vk ¢ 3 such that V¥ NFix G = {0} (recall that S is the unit
sphere in X).

Now we recall the Limit Index introduced in [12].

Assume U,V € X such that X = U @ V, where V is infinite-dimensional and V = Uc;o:l Vi,
where V; is a dn j-dimensional G-invariant subspace of V, j=1,2,...,and Vi C Vo C---.

LetX;=U@VjandVAe X, let A; =ANX;.

Definition 2.4. (See [12, Definition 2.4].) Let i be an index satisfying the d-dimension property.
A limit index with respect to (X ;) induced by 7 is a mapping

i®: X — ZU{—o00, +00)

given by i°(A) =limsup(i(A;) —n;).

j—o00
i® has the following properties:
Proposition 2.5. (See [12, Proposition 2.5].) Let A, B € X, then i satisfies

(A A=0=i®(A) = —o0,
(b) (Monotonicity) if A C B, then i®®(A) < i*®(B),
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(¢) (Subadditivity) i®°(A U B) <i*®®(A) +i(B),

(d) if VNFix G = {0}, then i*°(S, N V) =0, where S, = {x € X; ||x|| = p},

(e) if Yo and f’o are G-invariant closed subspaces of V such that V =Yy & ?0, 170 C Vi, for
some jo and dim Yy = dm, then i®(Yy N Sp) = —m.

3. Deformation properties for continuous functionals

X is a Banach space, which has the decomposition X = Uzozl X, where X1 C Xp C---, and
X, (n=1,2,...) are closed subspaces of X. So X,, (n =1,2,...) is also Banach space. || - || is
denoted the norm of X.

Set D(f)={ueX; f(u) <4oo}. Let f, = flx,.

In the following, we recall from [5,7] some basic facts concerning the notion of the weak
slope and the deformation properties for continuous functionals.

Definition 3.1. (See [5, Definition 2.1].) Let f : X — R be a continuous function and u € X.

We denote by |df|(u) the supremum of the o’s in [0, +00] such that there exist § > 0 and
H : Bs(u) x [0, 8] — X continuous with

Yv e Bs(u), V1 €[0,8]: |H(,t)—v| <1, 3.1)
Yv € Bs(u), Vt €10, 6]: f(H(v, t)) < f(v) —ot. (3.2)
The extended real number |df|(u) is called the weak slope of f at u.

Remark 3.2. When we replace Bs(u) in Definition 3.1 by Bs(u) N X,, and replace X by X;,, we
can get the weak slope of f; at u € X,,, denoted by |df,|(u).

Definition 3.3. (See [8, Definition 2.1].) We say that u € D(f) is a critical point of f, if
|df|(u) =0. We say that ¢ € R is a critical value of f, if there exists a critical point u € D(f)
of f with f(u)=c.
Then we let
Ke={ueD(f): fw) =c, ldfw)=0},
K" = {u € D(f) N Xns fuw) =c, ldfulw) =0}.

Definition 3.4. (See [7, Definition 2.2].) Let f : X — R U {+o00} be a lower semicontinuous
function. We define the function

Gruepi(f) —> R
putting

epi(f) ={@,&) e X xR: f(u) <&} and Gr(u,&)=¢.
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In the following epi( f) will be endowed with the metric

1/2

d((u, &), (0. ) = (Il = vl* + ¢ — w?)
From [7, p. 75] we can see epi(f) is closed in X x R and § s is Lipschitz continuous with

constant 1, [d§ s |(u, &) < 1 for every (u, &) € epi(f).
Then we present the relationship between |df| and |d§ r|.

Proposition 3.5. (See [7, Proposition 2.3].) Let f : X — R be a continuous function and let
(u, &) € epi(f). Then

ldGrl(u, &) = «/%’ if f(u)=§ and |df|(u) < +o0,
b if f ) <€ or ldf1 () = +oo.

Definition 3.6. (See [8, Definition 2.3].) The functional f € C(X,R) is said to satisfy the
Palais—Smale condition at level ¢ € R ((PS). for short) if every sequence {u,} C X, satisfying
fun) — c, |df|(u,) - 0, n — oo, possesses a subsequence which converges in X.

Definition 3.7. The functional f € C (X, R) is said to satisfy Palais—Smale condition with respect
to (X,) at level ¢ € R ((PS)} with respect to X,,) if every sequence {u,, } satisfying u,, € X,,,
fQup) — ¢, ldfn, |(un,) — 0 and ny — 0o as k — oo possesses a subsequence which converges
in X to a critical point of f.

A condition similar to (PS)} above may be found in [4,9], in fact, it is a particular case of [4].
Next we recall some properties of the weak slope.

Proposition 3.8. (See [7, Proposition 2.6].) Let f : X — R U {+00} be a lower semicontinuous
function. Then, for every sequence {u, } in D(f) converging to u with f(u,) converging to f(u),
we have |df|(u) < liminf, |df|(uy,).

If f satisfies (PS). and f is continuous, then we can see K, are compact. In fact, for any
{un} C K, f(uy) =c,|df|(u,) =0. Since f satisfies (PS)., {u,} has a subsequence converging
in X. Let u,, — u after passing to a subsequence, so by f is continuous we have f(u,) — f(u)
and f(u) = c. Then by Proposition 3.8, |df|(u) < liminf, |df|(u,) — 0. So u € K, and K, is
compact.

Lemma 3.9. (See [7, Theorem 2.11].) Let f : X — R be a continuous function, M a closed
subset of X and §, o > 0 such that

dist(u, M) <§ = |df|(u) >o.

Then there exists a continuous map 1 : X x [0, 8] — X such that

[, 1) —u| <1,
f(n@,n) < fQ@),
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dist(u, M) =26 = n(u,t)=u,
ueM = f(n(u,t))éf(u)—at.

Proposition 3.10. Let f : X — R be a continuous function, and let ¢ € R. Assume f satisfies
(PS)} and (PS)¢. Then, given € > 0, N a neighborhood of K. and » > 0, there exist €y > 0,
ng > 0andn, : X, x[0,1] = X, for any 0 < € < €9, n > nog, n, continuous having properties

(@) lnn(u, 1) —ull < A,

) fu(n(u, 1)) < fu(u),

©) fuw) ¢lc—€ ct+el=nu,t)=u,
(@ ma(f7FE\N, D C fie.

Proof. First, we suppose that f is Lipschitz continuous with constant 1.

Since f satisfies (PS)., K. is compact, so we can find § > 0 and Nys = {u € X,
dist(x, K.) < 26} such that Nps C N.

Let Uy , ={u € Xp; | fu(u) —c| <20, |dfy|(u) <o} Itis clear that K. C Uy .

There exist 0 < op < €/2 and ngp > 0 such that whenever n > ng, then U,f’ﬂo C Ns. In fact, if
this does not hold, then for every k > O there exists ny > k and

Ung € Uy 1jps Ung & No. (3.3)

It follows that f(u,,) — c and |df,, |(u,,) — 0 as k — co. By (PS)}, after passing to a subse-
quence, we have

un, — u € Ke.

This contradicts (3.3). Choose g = min{oyg, 6}, such that there exists m > 1, még = &, therefore,
U,f’ao C Npsy -
In the following we assume n > ng.

Let
M, = {MEXW, ¢—o00 < fu(u) < c+ oo, M¢N26}«

It is easy to see that M,, is the closed subsequence of X,.
Since f is Lipschitz continuous with constant 1, we have

dist(u, My) <380 = |dful(u) = o0o.
Let ), : X, x [0, 80] = X, be a continuous map as in Lemma 3.9. We can assume, without loss
of generality, A < 8o and define 7, : X, x [0, 1] > X, by 0, (u, t) = n),(u, 11).
Properties (a) and (b) are obvious. Because f is Lipschitz with constant 1, Vu € X,,, f,(u) ¢

[c — €, ¢ + €] implies dist(u, M) > &9, hence n, (4, t) = u. Finally, set €9 = min{ogA/2, oy},
whenever, 0 < € < ¢, ifu € f,f+€ \ N and f,(u) > c — € > c — oy, it follows u € M,,, hence

fn(nn(“s 1)) = fn(??ﬁ,(ua )\)) < fu(u) —opr < c+e€ —oph <c—e.

ue and f,(u) < ¢ — €, we deduce from that f,, (n, (u, <c—e.
Ifue f7¥\ N and f,(u) deduce from (b) that f,, (1 (u, 1))
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Now let us consider the general case. Being closed in X, X R, epi(f,) is complete. Let us de-
note by K the set of critical points of §  at level c. By Proposition 3.5, the function § 7 satisfies

(PS). and (PS); with respect to (epi( f,)). Moreover, (N x R) Nepi(f) is a neighborhood of IZC
and § 7 is Lipschitz continuous with constant 1.

By the previous step, we can find €g > 0, ng > 0, when 0 < € < €y and n > ng, there exist
continuous maps

fin = (75", 7$2) s epi( ) x [0, 11— epi(fy)

such that

d(7in ((u, €), 1), (u, &) < At
a8 (. §),1) <,
E¢lc—éc+el = f(Wé),1)=wéb),
E<c+e, u¢N = ~(2)((uf;') 1)<c—e.

Let us define n,, : X, x [0, 1] = X,, by n,(u, t) = ﬁ,gl)((u, fa(w)), t). Since 7, takes its values
in epi( f,,), we have

L@ (s fu@0)), 1)) <A (s fu@)), 1).
Then (a), (b), (c) and (d) easily follow. O

Now we define a group action of G = {1, 11} = Z; by setting 71 (4, v) = (—u, —v). Then we
have the following deformation property.

Proposition 3.11. Suppose that all the assumptions of Proposition 3.10 hold, f is G-invariant
and |df,|(0) = 0. Then, given € > 0, N a neighborhood of K. and ) > 0, there exist €y > 0,
ng >0, n, : X, x [0, 1] = X, continuous, such that whenever 0 < € < €y and n > ngo, having
properties (a) to (d) of Proposition 3.10 and

©) nu(-, 1) : X, = X, is G-equivariant for each t € [0, 1].
Proof. Since f is G-invariant, f;, is also G-invariant. So |df,,|(—u) = |df,|(u), for all u € X,,.
For any n e N, if |df,|(u) > o, let 6, > 0 and H, : Bs, (1) x [0, 8,] — X, be a continuous
map satisfying (3.1) and (3.2). Since |df,|(0) = 0, we can suppose 8, < |lu]|.
Then
H, : ((Bs, ) N X,) U (Bs,(—u) N X)) x [0, 8,1 — Xy,
defined by

i = | H@0, if v e Bs, (u) N Xy,
nU D= _H(—v,1), ifveBs, (—u)NX,,

is continuous, G-invariant with respect to the first variable and satisfies (3.1) and (3.2).
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Then, all the constructions of Theorem 2.8 in [7], Lemma 3.9 and Proposition 3.10 can be
repeated in a symmetric way, yielding the result. O

Proposition 3.12. Let X and X, (n = 1,2,...) be G-spaces. Suppose f € C(X,R), satisfies
(PS); and (PS)} with respect to (X,) and |df,|(0) = 0. Assume that f is G-invariant and N is
a G-invariant closed neighborhood of K. Then there exists €y > 0 such that for any € € (0, €),

oo(chre) < ioo(fcfe) + l(N)

Proof. From Proposition 3.11, 3¢9 > 0, dng > 0, for Ve € (0, €9) and Vn > ng, there exist 7,
satisfying

M (fETE\N, 1) C £ and  7,(-, 1) is G-equivariant.

By Definition 2.2(b), (d), we have

F(STON) il (FTOND) <i(£79).

Therefore, by the definition of the Limit Index, we get

ioo( nc+e \N) <i (fc e)
According to the subadditivity of the Limit Index,

ioo(fc+e) <i°°(f"_€)+i(N). O
4. Abstract critical point theorem

In this section, by using the Limit Index, we present critical point theorems. First we make
the following assumptions, where (f2)—(f4) and (fg)—(fg) appeared in [12]:

(f1) f e C(X,R)is G-invariant,

(f2) there are G-invariant closed subspaces U and V such that V is infinite-dimensional and
X=U®YV,

(f3) there is a sequence of G-invariant finite-dimensional subspaces Vi C Vo, C---CV; C---,
dimV; =dnj, such that V = Uj‘;l Vi,

(f4) there is an index i on X satisfying the d-dimension property,

(fs) let X, =U @ Vi, fn = flx,, such that |df,|(0) =0,

(fs) there are G-invariant subspaces Yy, 170, Y| of V such that V =Yy @ 170, Yy, f’o C Vj, for
some jo and md = dim 170 < kd =dimYy,

(f7) there are & and &, & < & such that f satisfies (PS). and (PS)} with respect to (X,),

Ve € [§1, 81, . .
(@) FixGCcU@®Y;or FixGNV ={0},

(fg) (b) there is p > O such that f(x) > &1, Vx e Yo N S,
©) f(x)<&, VxeUBY.
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Then we have the following abstract critical point theorems, which are similar with Theorems 4.1
and 4.2 in [12].

Theorem 4.1. Assume (f1)—(f5), let i® be a Limit Index corresponding to i. Set

cy = inf sup f(x),
i“(A)>ker/z

where A € X. Suppose [ satisfies (PS)* with respect to (X,,) and (PS)¢. If ¢ = ¢ is finite, it is a
critical value of f. Moreover, if c = ¢y = -+ - = Ciq-p, for some p 20, then i (K;) = p + 1.

The proof is similar to that of Theorem 4.1 in [12]. So we omit it.
Theorem 4.2. Assume (f1)—(f3). If i® is a limit index corresponding to i, then the numbers

ci= inf sup f(x), —k+1<j<—m,
I= etz S0k SIS

are critical values of f and &) < c_x41 < -+ < c—py < &. Moreover, if c =c¢; = -+ = Cl4r,
r>=0, theni(K.) > p+ 1.

The proof is the same as [12, Theorem 4.2] and we omit it.
5. An application

Let Z = WO1 P2), p > 1, the usual Sobolev space (of real-valued functions) with the norm
lull = ([ Vul? dx)!/P.
In this section we consider the system of equations

s Apu=Fy(x,u,v) inf2, ulpe=0,
) Y —Apu=FGu v inQ, ve=0

(where F = F(x,s,t), F,=0F/0s, F; =0F/0t, Apu = div(|Vu|?~2Vu)). Assume

(F)) FeC(£2 x R2, R), F;, F; exist, Fy(x, s, t) is continuous with respect to (s, t), Fy(x, s, 1)
is continuous with respect to ¢,

(F2) F(x,s,t) is convex with respect to (s, t),

(F3) there exist aj, ap € RT, such that

|Fs(X,s,t)| + ‘Ft(x,s, t)| < a1(|s|’ + |t|r) +ap,

where 1 <r < Np/(2(N — p)) if N > p, 1 <r < oo, otherwise.
(F4) 3M > 0 and p > p such that

0<uF(x,s,1) <sFs(x,s,t) +tFi(x,s,1), V(x,s,1) €82 x R? with 52 + ¢2 > M2,

Fs5) F(x,—s,—t)=F(x,s,1).
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Observe that (F4) implies that [14, p. 88]
F(x,s,0) = bi(Is|" + [t|*) — b, (5.1)

where b; > 0. And from (F3)—(F4) we can get when s2+ 12 > M2, without loss of generality, we
can assume |s| > 1, |t| > 1,

—_

F(x,s,t) < —(sFy +tFy)

"

1

< —(Isl + 1) (Fy + F)

o

1

— + |t + |t
u a(lsI” +121") (Is| + 1¢1)

C(|s|r+l + |t|r+l)
When s2 + 12 < M2, because F(x,s,t) is continuous, we have
Fx,s,t)<C

In a word, for all (s, t), there exists C > 0, such that

Fl,s,t) <C(sI™ + 1™ + 1), (5.2)
Define
1 1
Tu,v)=—— | |Vu|Pdx+— | |Vv|P?dx — | F(x,u,v)dx
p.(z p.(z 2
=1i(u,v)+ Lu,v),
where

1 1
Il(u,v):——/|Vu|pdx+—f|Vv|de,
p p

2 2

L(u,v)=— / F(x,u,v)dx.

2

From (F3) we can see [ is convex with respect to (u, v).

Lemma 5.1. Assume that 1 < m,n < oo, f € C(2 x R?) and f(x,u,v) < C(lu|™" +
[v|"™/™ 4 1). Then, for every (u,v) € L3 (82) the operator T : (u,v) = f(x,u,v) is continu-
ous from L5 (82) to L5(£2).

The proof is similar to [17, Theorem A.2]. We omit it.
According to Lemma 5.1 and (5.2), we can see that I (u, v) € C(Z x Z,R).
Now we recall some definitions and their properties.
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Definition 5.2. (See [2, Definition 2.26].) Let f : X — R U {400} be a convex function, Yug €
int(D(f)), a € X* is called a subgradient of f at ug if

fuo) + (o, u —up) < f(u), VuelX.
The set of all subgradients at u is called the subdifferential of f at uo and is denoted by df (ug).

Proposition 5.3. (See [8, Proposition 3.1].) Let fi : X — R U {+00} be a convex and lower
semicontinuous function, f>: X — R a function of class C' and let f = fi + f». Then for every
ue D),

_ [minlll 7+ FI: feafiw), i afiw #0,
i = { R RO if i) =

Proposition 5.4. (See [2, pp. 84-85].)

(1) Ifug € int(D(f)), then of (ug) % 9.

Q) If f: X —> RU {400} is convex and is G-differentiable at a point ug € int(D(f)), then
df (o) is a single point o satisfying (o, h) = df (ug, h).

Then we have the following proposition.

Proposition 5.5. Assume F satisfies (F1)—(Fs). Set D(I) = {(u,v) € E; I (u,v) < 4+00}. Then
forV(u,v) € int(DI)), Y(it,v) € Zx Z, |dI|(u, v) = lla(u, v)|| = [[1{(u, v) +az(u, v)||, where
(2 (u,v), (i1, 0)) = — [o Fs(x,u,v)idx — [ F;(x,u,v)vdx.

Proof. I{(u, v) is Fréchet differentiable at (u, v) and for any u, v € Z,

<Il/(u,v),(ﬁ,ﬁ)):—/quV"ZVuVﬁdx+/IVUIP_ZVva)dx.
2 2

From [18, Proposition 26.12] we have { (u, v) is continuous.
(1) First we want to prove that the Gateaux differential of 7> (u, v) at (i, v) exists:

L(u+ A, v+ Av) — I (u, v)
m

db((u,v), (@,7)) =

A—0 A
i JolF(x,u~+ xit,v+A0) — F(x,u,v)]dx
= im —
A—0 A
61.6,€0.1)

A1111%[/(1%@, u+ A01it, v+ A0)i + Fy(x, u, v+ 1620)0) dx].
—
2

If X is small enough, from (F3) we have
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| Fy(x, u+ ABii, v 4+ A0)ii + Fy(x, u, v + Ar0) 7|
al(jul + 1&1)" + (Jv] +181)"]l&] + a[lul” + (ol + [81) ]151 + €
< Cilulli] + Calil™! + C3lvl" il + Caldl || + Cslul"[3]
+ Colvl"[9] + C75]" ! + Cs.

Since r < 2(11\>]—fp)’ by Holder’s inequality, the right-hand side above is of class L', so it follows
from Lebesgue dominated convergence theorem that

dh((u,v), (i, 0)) = — /[Fs(x, u, V)i + Fy(x,u,v)0]dx

2

Then by Proposition 5.4,

A (u,v) = {o(u, v)},

where (o) (u, v), (i, v)) ——f_Q [Fy(x,u,v)u + F;(x,u,v)v]dx.
(2) Because I, is a convex continuous function and I is of class C!, from Proposition 5.5,
VY(u,v) €int(D(1)),

|d1|(u, v) =min{| 1], v) + o2, v)|: a2(u,v) € 32 (u, v)}
= | I{ (u, v) + a2 (u, v)|. O

Now in order to prove that [ satisfies (PS)} and (PS)., we recall some properties of the Banach
space Z. According to [16, Section 4.9.4] there exists a Schauder basis {e,,}OO . Denote

Z, = span{eq, ..., en}, Z,f:span{enH,...}.

Let P, : Z — Z, be the projector corresponding to the decomposition Z = Z,, ® an. Then we
St E=Z X Z,En=2 % Zp,.

Note that E,, is a closed subspace of E, so E, (n=1,2,...) is a Banach space. Set D (I,) =
{(u,v) e E,; I(u, v) < +o0}. Then it is easy to see that for every (u, v) € D(I,), |[dI,|(u,v) =
ot G, )| = 110 @, v) + o2 (u, v)|l, where I8 (u, v) = — 1 L fo IVulPdx + % [ Vol dx

and (&2 (u, v), (@I, D)) )=— [ Fs(x,u,v)idx — [ Fi(x,u, v)vdx where (ii, V) € E,.
Let X ={ACE; Aisclosed and (u,v) € A = (—u, —v) € A}.
Define an index y on X by:

min{n € Zy; 3h € C(A,R"\ {0}) such that h(—u, —v) = h(u, v)},
y(A)=10, ifA=0,
0o, if such & does not exist.

The index y satisfies the one-dimension property. y°° is well defined with respect to E,
from y [10, Remark 3.7].
Next we will prove I (u, v) satisfies (PS). and (PS)7.
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Proposition 5.6. Assume that F satisfies (F1)—(F4) with uw =r + 1. For every (u,,v,) € E, if
I(uy,vy) — ¢, |dI(un, vy) = 0, n — oo, then {(uy, v,)} has a convergence subsequence.

Proof. First we shall prove {(u,, v,)} is bounded in E.

Because 1 (u,, v,) — ¢, without loss of generality, we can assume (u,, v,) € int(D(1)).

By |d1|(un, vy) — Oand |d1|(un, vy) = lla(uy, va)ll = ||11/(Ltn, V) + a2 (up, vy) ||, we can see
a(un, vy) = I{(”ns V) + a2 (up, vy) — 0.

(F3)—(F4) imply that

1
C + lunll + Nvpll 2 I (un, vy) — ;((x(una V), (Un, vn))

1 1
Z_/Fv(x»”na vn)undx'F_/Ft(x’una V)V dx
p p

1
— —/F(x,un,vn)dx
p
2

> <E - 1>/F(x,u,,,v,,)dx
p
2

(ﬁ — 1>b1 /(mnw + o) dx + C

( 9

WV
<

SEES

- 1>b1(llunllfﬂ + llvallfn) + C. (5.3)
On the other hand,

lunll = <_05(uns Vn), (n, O)) = |lun |I” + / Fy(x, up, vp)up dx,
2

lonll ><a(un’ vy), (0, Un))z v ll? —/F,(x, Up, Up)Up dX.
2

Using (F3), we obtain

lunll? + v l1? < f(_EY(X,”na vp)un + Fr (x, up, Un)vn)dx + llunll + llvnll
2

< /(|un|’+‘ T o™ Y dx o+l ll + ol + C
2

= Ci(lun 75+ lunll ) + lunll + oall + C2
C

(R oY) + llan Dl + vall + Coa (5.4
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From (5.3), (5.4), we can get
lunll” 4+ vall? < Cr(lluall + vall) + Ca.

And so {|lu, || + ||v, |} is bounded because p > 1.

2517

L . 1,
Going if necessary to a subsequence, we can assume u, — u, v, — v in W, P(£2). Then we

need to prove u,, — u, v, — v in Wol’p(.Q).
According to Sobolev embedding theorem, we have

up, —u, inL1($2),

v, > v, inL9(82), 1<qg<Np/(N-p).

From (F3), | Fy(x, u, v)| <ai(|ul” + [v]") + a2 = ay (ul*/? + [v*?) + aa.
Since 1 <r < Np/(2(N — p)), by Lemma 5.1, we can see

Fy (X, iy, v2) = Fy(x,u,v)  in L3(£2).

And therefore,

'/ Fo(x,uy, vy)(u, —u)dx
2

NV 1/2
< (/(Ev(x’”n, Un)) dx) (/ |ttn _M|2dx) — 0,
2

2

'/ Fi(x,upy, vy)(v, —v)dx
Q

12 12
< (/(Fs(x,un, Un))zdx> (/ lv, — v|2dx> — 0.
2

Q
Note that
<_a(unv vn), (un —Uu, 0)> = / |Vun|p_2Vun(Vun — Vl/l) dx
2
+/Fs(x,un, vp) (g —u)dx
Q
= o(1).
So

(=Apup, uy —u) = —/Fs(x, Up, V) WUy, —u)dx +o(l) - 0.

2

(5.5)
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Let p(u) =L [0 |VulP dx, u e W,'?(£2). Observe that
@' (Un) = —Apu, € WHP(2).
¢ (u) being convex on Wol’p(Q), we have
Q) — @un) = (@' ), tt — tp) = (= A pit, u — uy).
Combining this inequality and (5.5), one refers
liminf(e (1) — ¢ (un)) > 0. (5.6)
On the other hand, the convexity of ¢ and u, — u imply
liminfg(uy) > o). (5.7)

Then (5.6), (5.7) force (1) = lim,— 0 @ (uy), asitis, |Vu,|pr — |Vu|rr.

Finally, since the norm on Wol’p (£2) is uniformly convex, we deduce from u, — u in
Wy P(2) and |V |r — |Vulpp that u, — u in Wy P (£2).

The same argument can be took to show v, — v in WOl P(2). O
Proposition 5.7. Assume that F satisfies (F1)—(Fa4) with u =r + 1. For every (uy,, vn,) € Ey, if
I(upy, vp) = ¢, |d Ly |(Uny, V) — 0, ng — 00 as k — oo, then {(up, , vy, )} has a convergence

subsequence.

Proof. From the same way as Proposition 5.6, we can get {(uy,, v,,)} is bounded in E. Then

I . 1,
going if necessary to a subsequence, we can assume u,, — u, vy, — v in W, P(£2).
Note that

(ank (unkv Unk)v (0, Uny — U)) = (ank (unks Unk)s O, Unp — Pnk U))

+ (etng g V) (0, Pypv — )

and P, v — v as ny — oo.
Since oy, (Up, , Uy, ) = 0, {0y, (Up, , vy, )} is a bounded set. And so

(etng (g, vy, (0, Pypv — )} = 0.

Finally, we can obtain u,, — u, v, — v in W(}’p (£2) by the same argument as Proposi-
tion 5.6. O

The main result of this section is the following.

Theorem 5.8. Suppose that F satisfies (F1)—(Fa) with w =r + 1, then the equations (S) possess
an unbounded (in E and L*°(§2) x L*°(8§2)) sequence of weak solutions.
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Proof. We shall verify that I satisfies the hypotheses of Theorem 4.2.
(f1) It is obviously that [ is invariant with respect to the action of G.
(fp) Set

E=U®V, U=Xx{0}, V={0xX,

U and V are G-invariant closed subspaces.

) Z=2 Zn, V=2, ({0} x Zy), {0} X Z, (n=1,2,...) is G-invariant closed sub-
spaces.

(f4) y satisfies one-dimension property.

(fs) The weak slope of I|g, at (0,0) is O, that is, |d1,|(0,0) =0.

(fe) Set

Yo ={0} x Z;-, Y1 = {0} x Z,

where m and k are to be determined. It is clear that Yy, Y| are G-invariant and codimy Yy = m,
dimY; =k.

(f7) According to Propositions 5.6 and 5.7, we can see I satisfies (PS). and (PS)} with respect
to (Ey).

(fg) (a) Fix G = {0}, FixG NV = {0}.

(b) Note that

1
1<u,0>=——||u||f’—/F<x,u,0)dx
p
2

1
<——I|u||p—b1/|u|“dx+C from (Fy).
p
2

Therefore, sup, ., I (4, 0) < +00. Choose & such that &; > sup,., I (u, 0).
If (0,0) € Yo N S, (where p is to be determined), then

1
1(u,0)=—||v||p—/F(x,O,v)dx
p
2

! p
=—p— | F(x,0,v)dx
p
1
> —pp—C1f|v|r+1dx+C2. (5.8)
p
2

For each p fixed, Y(0,v) € S, NV we have (id — P,,)v — 0, as m — oo by the properties of
Schauder bases.

Since the embedding Z — L™*+! is compact, S, NV is a compact set in the L™t -topology
and |(id — Py,)v|pr+1 — O uniformly inv e S, NV.
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Hence Ve > 0, 3mg > 0 such that whenever m > mg, we have

|Gid — Py)v

Lr+l < €.

Thus we can choose first p and then m such that fQ lv|"*!dx in (5.8) is small enough and

Ilyyns, = &1-
(c) Foreach (u,v) e U & Y1,

1 1
) <l + ol = by f(|u|“ T o) dx +C
22

1
<—||v||1’—b1/|v|“dx+c.
p
2

Since all norms are equivalent in the finite-dimensional space Y, we obtain
1
I(u,v) < —|lv||” = Ci|lv]|* + C2, where C; > 0.
p

Since u > p, we have sup I|ygy, < +00. Thus we can choose k > m and & > &; such that
fluey, <&. According to Theorem 4.2, set

ci= inf sup I(u,v), —k+1<j<—m,
YA 2] (u,v)eA

and &) < ¢; < &2, we obtain a critical value ¢; > &.
Because &; can be chosen arbitrarily large, / has a sequence of critical values ¢, — oo. Fi-
nally, let (u,, v,) be a critical point corresponding to c,, then

1
cn =1 (up, vn) — ;(a(un’ Un), (Un, Un))-

Furthermore, it follows from (5.2) that F' is bounded below, so we have

1
n < 5 /(Fs(x, Uny Vn)ttn 4 Fy (X, ttn, va)vp) dx + C
2

<c f(mr“ ol ) dx + Gy
2

=C1(lun "t + loal'F) + Co, where €1 > 0.

L+ Lr+l

Therefore, {(u,,, v,)} is unbounded in E and in L*°(£2) x L%°(£2). Since each of the critical
points of [ is a weak solution of (S), the conclusion follows. O



S.T. Cai, Y.Q. Li/ J. Differential Equations 245 (2008) 2504-2521 2521

Acknowledgments

The authors would like to thank the referee for bringing us the two references [4] and [9] and
thank Prof. M. Frigon for sending us the reference [9].

References

[1] V. Benci, On critical point theory for indefinite functionals in presence of symmetries, Trans. Amer. Math. Soc. 274
(1982) 533-572.

[2] K.C. Chang, Methods in Nonlinear Analysis, Springer, Berlin, 2005.

[3] K.C. Chang, Variational methods for non-differentiable functionals and their applications to partial differential
equations, J. Math. Anal. Appl. 80 (1981) 102-129.

[4] J.-N. Corvellec, On critical point theory with the (PS)* condition, in: Calculus of Variations and Differential Equa-
tions, Haifa, 1998, in: Chapman & Hall/CRC Res. Notes Math., vol. 410, Chapman & Hall/CRC, Boca Raton, FL,
2000, pp. 65-81.

[5] J.-N. Corvellec, M. Degiovanni, M. Marzocchi, Deformation properties for continuous functionals and critical point
theory, Topol. Methods Nonlinear Anal. 1 (1993) 151-171.

[6] D.G. Costa, Multiple solutions for a class of strongly indefinite problems, Mat. Contemp. 15 (1998) 87-103.

[7] M. Degiovanni, M. Marzocchi, A critical point theory for nonsmooth functionals, Ann. Mat. Pura Appl. 167 (1994)
73-100.

[8] M. Degiovanni, F. Schuricht, Buckling of nonlinearly elastic rods in the presence of obstacles treated by nonsmooth
critical point theory, Math. Ann. 311 (1998) 675-728.

[9] M. Frigon, Remarques sur I’enlacement en theorie des points critiques pour des fonctionnelles continues, Canad.
Math. Bull. 47 (4) (2004) 515-529.

[10] D.W. Huang, Y.Q. Li, Multiplicity of solutions for a noncooperative p-Laplacian elliptic system in RY, J. Differ-
ential Equations 215 (2005) 206-223.

[11] W. Kryszewski, A. Szulkin, An infinite dimensional Morse theory with applications, Trans. Amer. Math. Soc. 349
(1997) 3181-3234.

[12] Y.Q. Li, A limit index theory and its applications, Nonlinear Anal. TMA 25 (1995) 1371-1389.

[13] M. Struwe, Variational Methods, Springer, Berlin, 1990.

[14] A. Szulkin, Critical point theory of Ljusternik—Schnirelmann type and applications to partial differential equations,
in: Séminaire de mathématiques supérieures, vol. 107, Les Presses de I'Université de Montréal, 1989, pp. 35-96.

[15] A. Szulkin, Index theories for indefinite functionals and applications, in: P. Drabek (Ed.), Topological and Varia-
tional Methods for Nonlinear Boundary Value Problems, in: Pitman Res. Notes Math. Ser., vol. 365, Harlow, Essex,
1997, pp. 89-121.

[16] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-Holland, Amsterdam, 1978.

[17] M. Willem, Minimax Theorems, Birkhiuser, Boston, 1996.

[18] E. Zeidler, Nonlinear Functional Analysis and Its Applications 1I/B, Spinger, Berlin, 1990.



