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In this paper a simplified network model for mechano-sorptive creep is presented, which is
a further development of an earlier paper [Strömbro, J., Gudmundson, P., 2008. Mechano-
sorptive creep under compressive loading – a micromechanical model. International Jour-
nal of Solids and Structures 45 (9), 2420–2450.]. It is assumed that the anisotropic hygro-
expansion of the fibres leads to large stresses at the fibre bonds when the moisture content
changes. The resulting stress state will accelerate creep if the fibre material obeys a consti-
tutive law that is non-linear. Fibre kinks are included in order to capture experimental
observations of larger mechano-sorptive effects in compression than in tension. Moisture
dependent material parameters and anisotropy in the fibre distribution have been intro-
duced. Theoretical predictions based on the model are compared to experimental results
for an anisotropic paper both under tensile and compressive loading at varying moisture
content and it is found that the important features in the experiments are captured by
the model. Different kinds of drying conditions have also been examined.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Paper and corrugated board packages are often loaded for long times, and therefore creep, i.e. time dependent deforma-
tion, is an important factor in package design. Boxes are in addition exposed to environmental cycling during their lifetime,
for example caused by weather and seasonal changes, but also as they are moved between different storages. Paper is sen-
sitive to moisture and creep of paper is affected by humidity conditions. The creep rate generally increases with increasing
humidity, i.e. increasing moisture content in the paper (Brezinski, 1956). High humidity is however not the worst possible
environment as creep is also accelerated by varying humidity. Creep during cycling between low and high humidity is likely
to exceed the creep at constant humidity even at the highest level, a phenomenon known as mechano-sorptive creep or
accelerated creep (Byrd, 1972a,b; Söremark and Fellers, 1993; Söremark et al., 1993; Haslach, 1994; Habeger and Coffin,
2000). Mechano-sorptive creep in paper has been known since 1972 (Byrd, 1972a,b), but was discovered first in wool (Mac-
kay and Downes, 1959; Nordon, 1962) and wood (Armstrong and Kingston, 1960; Armstrong and Christensen, 1961) in the
late 1950s and early 1960s. A similar behaviour has also been found in concrete (Pickett, 1942) and in the 1990s mechano-
sorptive creep was found in some synthetic fibres (Wang et al., 1990, 1992, 1993).
. All rights reserved.
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Even though mechano-sorptive creep was discovered several decades ago, there is still no generally accepted model for
the phenomenon. Several models and hypotheses about the physical mechanisms have been proposed. It has for example
been suggested that moisture content changes cause breaking of hydrogen bonds (Gibson, 1965) or that it generates free
volume in the material (Padanyi, 1991, 1993), both explanations would lead to an increase in creep compliance. The mec-
hano-sorptive effect has also been explained by dislocations, which are created and affected by stresses caused by moisture
content changes. Compressive loading would lead to an increased number of dislocations and more dislocations lead to a
higher hygroexpansion and lower stiffness (Hoffmeyer and Davidson, 1989; Hoffmeyer, 1993; Söremark and Fellers,
1993). A model combining the above mentioned mechanisms, has also been proposed (Haslach, 1994). By experiments using
IR-spectra it has been indicated that additional creep mechanisms on a molecular level are activated during moisture cycling
compared to constant moisture (Olsson and Salmén, 2001). Phenomenological models that do not take actual micro-mech-
anisms into account have also been presented (Ranta-Maunus, 1975; Mårtensson, 1994; Urbanik, 1995).

In some recent investigations (Habeger and Coffin, 2000; Alfthan et al., 2002; Alfthan, 2003, 2004; Alfthan and Gudmund-
son, 2005; Strömbro and Gudmundson, 2008) it has been suggested that mechano-sorptive creep in paper is an effect of non-
linear creep of the individual fibres in combination with large transient stresses created during moisture content changes
which give rise to redistribution of stresses. The stresses are created by inhomogeneous hygroexpansion in the material.
The inhomogeneous hygroexpansion can be caused by material heterogeneities, mainly that the fibre swelling and shrinkage
due to moisture content changes are much larger transverse to the fibre axis in comparison to the axial direction of the fibres
(Gallay, 1973). When moisture is changed, the fibres will expand (or shrink). At the bonds, the expansion is restricted by the
crossing fibres because of the anisotropic hygroexpansive properties. Instead large stresses are created. In resemblance with
the material heterogeneities, inhomogeneous hygroexpansive strains can also be caused by moisture gradients, which intro-
duce similar internal stresses because of the restriction by the surrounding material. The internal stresses will be added to
the stress state caused by external mechanical loads (van den Akker, 1962). If the creep depends non-linearly on the stress
this stress redistribution gives rise to an increased creep rate. The stress state produced by the change in moisture is tran-
sient and after a while a new change in moisture content is required to create a new redistribution of stresses and to further
accelerate the creep. The advantage of this kind of model compared to others is that accelerated creep turns out to be a nat-
ural consequence of regular creep, and no special mechanism must be introduced to explain mechano-sorptive creep. It has
been shown that accelerated creep is obtained by models based on this mechanism (Habeger and Coffin, 2000; Alfthan et al.,
2002; Alfthan, 2003, 2004; Alfthan and Gudmundson, 2005; Strömbro and Gudmundson, 2008).

Bonds are believed to be necessary for mechano-sorptive creep, but how they affect the mechano-sorptive creep has not
been examined to any great. Recently Demaio and Patterson with co-workers have examined how the bonding influences the
creep and mechano-sorptive creep behaviour in paper (DeMaio et al., 2006; DeMaio and Patterson, 2006, 2007, 2008). They
have performed experiments on paper with different bond strengths between the fibres. The results showed that, as long as
there is a sufficient bonding between the fibres, additional increase of the bonding strength does not influence constant
humidity creep or mechano-sorptive creep. They also found that bonding has no additional effect on mechano-sorptive creep
behaviour beyond the effect on the constant humidity creep behaviour. They concluded that their experimental results sup-
port the argument that the mechanisms behind constant humidity creep and accelerated creep are the same (DeMaio and
Patterson, 2008).

There are many experimental observations that indicate a different behaviour in compression in comparison to tension
(Armstrong and Kingston, 1962; Byrd, 1972a,b; Söremark and Fellers, 1993; Söremark et al., 1993). It has been shown that
the mechano-sorptive effects are larger in compression than in tension. In addition, the modulus of elasticity of paper is al-
tered by mechano-sorptive creep, it decreases under mechano-sorptive creep in compression and it increases in tension. In
Fig. 1 mechano-sorptive creep is shown from experiments on kraft paper produced at STFI-Packforsk which was dried under
restraint and had a grammage of 100 g/m2 and a thickness of 0.121 mm, in both tensile and compressive loading. It can be
observed that the paper creeps faster in compression, which leads to more deformation at a given time and stress level.

Since compression and bending are the most important load cases in packages, the additional accelerated creep in com-
pression compared to tension is important to examine. A model describing this difference should also be able to capture the
mechano-sorptive creep behaviour in bending, since bending induces compression and tensile strains in the paper (Söremark
and Fellers, 1993; Söremark et al., 1993).

The differences between tensile and compressive behaviour are probably an effect of the geometrical fibre properties, e.g.
fibre curl and kinks. As pointed out earlier in this section, the moisture expansion in the transverse direction of a fibre is
much larger than that in the longitudinal direction. If an initially curved fibre is considered, an increase in moisture content
will then decrease the curvature, and vice versa. The load also affects the curvature; a tensile load will decrease the curva-
ture, while the curvature will increase with increasing compressive load. As a consequence the stiffness will decrease with
increased compressive loading, and vice versa, since the fibre compliance increases with the curvature. A network model that
included the effects of fibre geometry such as curvature has been presented in an earlier work (Strömbro and Gudmundson,
2008). That model was able to capture mechano-sorptive creep both under tension and compression and the differences be-
tween these two load cases.

In the present work, the above mentioned network model is further developed. Anisotropy in the fibre distribution and
variations in the fibre kink are introduced in the model as well as moisture dependent material parameters. First the micro-
mechanical model with geometrical fibre effects included is presented. Then the experimental work is described. In order to
apply the model a number of material parameters is determined. Theoretical predictions based on the developed model can



Fig. 1. Results from mechano-sorptive creep experiments (done by STFI-Packforsk) on kraft paper which was dried under restraint and had a grammage of
100 g/m2 and a thickness of 0.121 mm in tension (a) and compression (b) at different specific stress levels. The relative humidity was cycled between 50%
RH and 90% RH.
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then be compared to experimental results for paper both under tensile and compressive loading at varying moisture content.
Different types of drying conditions are also examined and discussed. Finally, conclusions are drawn.

2. Micromechanical model

The network model presented here is a further development of the model described in an earlier work (Strömbro and
Gudmundson, 2008). The macroscopic paper properties were derived by a homogenization procedure. The model is based
on the work by Alfthan (2003), but with a more advanced fibre model, including kinked fibre segments to capture experi-
mental observations for paper loaded in both tension and compression. Alfthan’s network model is based on the same idea
as the network model by Cox from 1952, which was a first attempt to model the influence of fibres on sheet properties (Cox,
1952). Cox’s model only considered elastic behaviour while Alfthan’s model added hygroexpansion, creep, and the influence
of bonds. The model has now been further developed, anisotropy in the fibre distribution is introduced and also moisture
dependent material parameters. A description of the model is given below, however a more detailed description of some
parts of the model can be found in the earlier work (Strömbro and Gudmundson, 2008).

In a fibre network, each fibre is bonded to many other fibres and hence each fibre consists of free and bonded segments,
sections A and B, see Figs. 2 and 3. The free fibre segments between the fibre bonds are modelled using the fibre model de-
scribed in the paper by Strömbro and Gudmundson (2008). The model does not include any effects of the finite length of
fibres in real paper, i.e. the fibres are assumed to be long, well-bonded fibres. A fibre consists of fibre segments which in
its turn are divided into a free fibre segment and a bonded fibre segment. The length of the free fibre segment is denoted
Lf and the total length of the segment is denoted L (see Fig. 3). If the strain of the free segments of a fibre is eA and the strain



Fig. 2. The fibre-network where each fibre is bonded to many other fibres. For each fibre segment the fibre model is used. A, B and C denotes the different
fibre parts.

Fig. 3. The geometry of a fibre segment. The direction of the fibre is defined by the angle a measured from the 1-axis of the coordinate system.
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of the bonded length is eB, then the average strain of the fibre segment, which also corresponds to the average strain in a
fibre, will be
e ¼ keA þ ð1� kÞeB; ð1Þ
where k = Lf/L. It is assumed that the average normal strain e of each fibre is prescribed by the macroscopic strains �e11;�e22 and
�e12, where 1 and 2 denotes the coordinate direction in the plane of the paper and the bar indicates a macroscopic quantity.
The average strain of a fibre e is then given by
e ¼ �e11 cos2 aþ �e22 sin2 aþ 2�e12 cos a sin a; ð2Þ
where a is the angle of the fibre with respect to the 1-axis (see Fig. 3).
The bonded sections of a fibre are assumed to behave as a composite of the fibre itself and the crossing fibre. Since a per-

fect bonding is assumed, the transverse strain eC of the crossing fibres in the bonded area, section C in Fig. 2, will be the same
as the longitudinal strain eB of the bonded length of the fibre, section B in Fig. 2, i.e.
eC ¼ eB: ð3Þ
In the model, the fibres carry a load in the longitudinal direction only, i.e. only axial stresses appear in the free fibre
segments, while in the bonded areas a biaxial stress state is considered. It is also approximated that the stresses are
uniform at the bonds and shear stresses are not taken into account. To simplify, it is assumed that all fibre crossings
are perpendicular, even though this is not the case in a real paper. Although some simplifications have been made
the model should be able to capture the main features of the paper. If the load carrying area of a crossing fibre is equal
to the cross-sectional area of the fibre, the stress in the free segments of a fibre will be the sum of the stresses in the
fibres at the bonds,
rA ¼ rB þ rC; ð4Þ



Fig. 4. Definition of the stresses rA, rB and rC.
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where rA and rB are the stresses in the axial direction of the fibre in the free segments and at the bonds respectively, and rC

is the transverse stress in the crossing fibre, as shown in Fig. 4.
The macroscopic specific stresses in the paper, �rw

11; �rw
22 and �rw

12, i.e. the stresses divided by the paper density, are equal to
the volume average fibre stresses divided by paper density,
�rw
11 ¼

1
qf

Z p

0
rAf ðaÞ cos2 ada; ð5Þ

�rw
22 ¼

1
qf

Z p

0
rAf ðaÞ sin2 ada; ð6Þ

�rw
12 ¼

1
qf

Z p

0
rAf ðaÞ cos a sinada; ð7Þ
where qf is the fibre density and f(a) is the frequency function for the fibre angle distribution in the sheet. The frequency
function must fulfil the condition
Z p

0
f ðaÞda ¼ 1: ð8Þ
Here an inhomogeneous fibre distribution is used for modelling an anisotropic paper. It is assumed that the fibres are dis-
tributed according to the frequency function
f ðaÞ ¼ 1
p
ð1þ C1 cos 2aÞ; ð9Þ
where C1 is a constant defining the degree of anisotropy in the sheet. If C1 = 0 the fibres are uniformly distributed in all direc-
tions, i.e. f(a) = 1/p, corresponding to an isotropic behaviour. In the previous paper (Strömbro and Gudmundson, 2008) the
paper was modelled as isotropic, and therefore the frequency function was constant. As is shown later in this paper, the a-
dependence of the frequency function affects some of the fibre properties, for example the fibre segment length L and there-
fore also k depends on the fibre direction. These properties are also dependent on the degree of anisotropy, represented by C1.

In the paper by Strömbro and Gudmundson (2008) a model for the constitutive relationship of a free fibre segment was
derived. As an approximation, the free fibre segments between fibre-fibre bonds were modelled as two straight bars that
form an angle h, as shown in Fig. 5. Bending deformations in the bars and in the kink are approximately captured by a
non-linear torsional spring. The axial displacement of the free fibre segment consists of two parts, the elongation of the bars
and the displacement caused by changes in the kink angle h. It is assumed that the normal strain of the bars can be divided
into three parts, the elastic strain, the hygroexpansive strain and the creep strain. It is also assumed that the kink angle h
consist of corresponding parts, the initial angle, an elastic part, a hygroexpansive part and also a creep contribution. This
fibre model captures some important features, for example an increase in moisture content will cause the curvature of an
initially curved fibre to decrease. Also, the curvature of an initially curved fibre will increase with increasing compressive
Fig. 5. The fibre model.
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load and vice versa, the curvature will decrease for tensile loading. The constitutive law for the free fibre segment, section A,
see Fig. 2, is given by (Strömbro and Gudmundson, 2008)
eA ¼
rA

EL
þ bLDmþ ec

A þ
1
8
ðh2

0 � h2Þ; ð10Þ
where EL is the modulus of elasticity in the axial direction of the fibre, bL is the hygroexpansion coefficient along the fibre and
Dm is the moisture content change relative a reference level and the creep strain ec

A is given by the creep law (Strömbro and
Gudmundson, 2008)
_ec
A ¼ aL sinhðbLðrA � Ec

Le
c
AÞÞ; ð11Þ
where aL, bL and Ec
L are material parameters in the longitudinal direction of the fibre. Written in a slightly different form, this

kind of creep law has been used to model creep of single fibres (Sedlachek, 1995). The kink angle h is given by (Strömbro and
Gudmundson, 2008)
h ¼ h0 �
Al
2k

rAh� ðbT � bLÞðh0 þ hcÞDmþ hc; ð12Þ

_hc ¼ �K1 sinh K2
Al
2

rAhþ K3hc

� �� �
; ð13Þ
where h0 is the initial kink angle, A is the fibre cross section area, l is the length of a bar, i.e. Lf/2, bL and bT are the hygroex-
pansion coefficients along and transverse to the fibre and K1, K2 and K3 are material parameters. The torsional spring constant
k was estimated by Strömbro and Gudmundson (2008) as
k ¼ qk
ELI
l
; ð14Þ
where qk is a non-dimensional constant and I is the moment of inertia of the fibre cross section. Strömbro and Gudmundson
(2008) estimated the constants K1, K2, K3 as
K1 ¼ k1
aLl
H
; ð15Þ

K2 ¼ k2
bL

BH2 ; ð16Þ

K3 ¼ k3
Ec

LBH3

l
; ð17Þ
where k1, k2, k3 are non-dimensional constants. It is assumed that the fibres have a rectangular cross section with the width B
and the height H.

In accordance with the constitutive law for the free fibre segment, the strain in the bonded segments, sections B and C, are
assumed to be the sum of elastic, hygroexpansive and creep strains. As in the free fibre segment, the elastic and hygroexpan-
sive strains are assumed to be linear functions of stresses and moisture content, respectively. The strain in section B and C
then becomes
eB ¼
rB

EL
þ bLDmþ ec

B; ð18Þ

eC ¼
rC

ET
þ bTDmþ ec

C; ð19Þ
where EL and ET are the moduli of elasticity along and transverse to the fibre, bL and bT are the hygroexpansion coefficients
along and transverse to the fibre and Dm is the moisture content change relative a reference level. The creep strains in the
sections B and C, ec

B and ec
C, are given by the creep laws (Strömbro and Gudmundson, 2008)
_ec
B ¼ aL sinhðbLðrB � Ec

Le
c
BÞÞ; ð20Þ

_ec
C ¼ aT sinhðbTðrC � Ec

Te
c
CÞÞ; ð21Þ
where aL, bL and Ec
L are material parameters in the longitudinal direction of the fibre and aT, bT and Ec

T are material parameters
transverse to the fibre.

When the moisture content in the sheet is changed, the hygroexpansive strains at the bonds of two crossing fibres will be
different, i.e. in section B and C, see Fig. 2, as the hygroexpansion coefficients along and transverse fibres are different. How-
ever, since a perfect bonding is assumed, the strains are constrained according to Eq. (3), and the mismatch in hygroexpan-
sive strains must therefore be compensated by elastic strains and creep strains, according to Eqs. (18) and (19). Elastic strains
are generated immediately in the fibre bonds, producing large stresses, which are added to the stresses produced by the
external loads on the paper. This gives a stress state where the absolute values of the stresses are higher than before in some
of the bonded fibre sections, and in other bonded sections the absolute values of the stresses are lower than before. As the
creep laws, Eqs. (11), (20), and (21), are non-linear in stress, i.e. an increase in stress leads to an increase in creep strain rate
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that is higher than proportional to the stress increase, the increase in creep rate in the bonded parts with high stresses is
larger than the decrease in the bonded parts with low stresses. This will lead to an increased mean strain rate, i.e. an accel-
eration of creep. The stresses relax, even out, as creep takes place and gradually the creep decreases by the stress relaxation
as a consequence of the non-linear creep law, thus cyclic moisture content is needed to maintain the accelerated creep over a
long time.

The developed fibre-network model implicitly defines a constitutive relation between specific stresses �rw
ij and strains �eij

on the paper (network) level, where i and j takes the values 1 and 2 denoting coordinate directions in the plane of the paper.
In order to evaluate the relation all internal stress and strain variables must be eliminated. It is not possible to solve the non-
linear (algebraic-differential) equations analytically, it is therefore necessary to numerically solve the problem. In this work
iterative methods in MATLAB (2007) using standard routines for solving differential equations and non-linear equations are
used. A detailed explanation of the numerical process can be found in Appendix A and in Strömbro and Gudmundson (2008).
3. Experimental procedures

The paper material used in this study was produced and tested by STFI-Packforsk. A description about the material and
experiments are given below and more details about the experimental procedures can be found in Strömbro and Gudmund-
son (2008).

3.1. Material

The raw material for producing the paper material was a flash-dried unbleached kraft pulp with a Kappa number of 35.
The slushed pulp was refined to 21.1� SR (WRV 1.55). The paper was produced in the EuroFEX pilot paper machine at STFI-
Packforsk, using a roll former headbox, a lip opening of 13 mm, a forming concentration of 8.2 g/l, a machine speed of 400 m/
min, and a jet-wire speed difference of 20 m/min. Standard fabrics and felts were used. The wet pressing was performed in
three nips; a first double-felted roll press nip with a line load of 60 kN/m followed by two single-felted shoe presses with line
loads 900 kN/m and 1000 kN/m, respectively. A dryness of 44.6% was reached after the last press. The paper web was wound
up after wet pressing and was dried off-line under in-plane biaxial constraint in STFI-Packforsk’s one-cylinder dryer. The
dried paper samples were relaxed by exposing them to a climate of 23 �C and a cyclic relative humidity (RH) ranging be-
tween 50% and 90% before material testing was performed. The produced paper had a grammage of 100 g/m2 and a structural
thickness of 0.121 mm.

3.2. Testing

The hygroexpansivity tests were performed at STFI-Packforsk using a recently developed custom made apparatus that
allows for measurement of the in-plane dimensions of paper test specimens in a controlled climate environment. The test
specimens were 15 mm wide and a clamping length of 100 mm was used. A test piece was placed on a horizontal test table
with hydrophobic surface and was clamped between two grips. One of the grips was rigidly mounted on the test table, while
the other grip was mounted on a smoth-running sled. The moisture-induced changes in length of the test piece were mea-
sured by recording the movement of the sled. The in-plane dimensions of the test specimens were measured at 23 �C and at
four different ambient relative humidities in the range from 50% RH to 90% RH. The measurements were performed in MD
after that the tests specimens had reached moisture equilibrium.

The tensile testing of the studied paper material was performed at STFI-Packforsk in a climate room using a L&W Tensile
Tester. The tensile testing was performed in both the machine direction (MD) and cross-machine direction (CD) following
ISO 1924-3. Furthermore, the testing was performed for conditioned paper specimens in 23 �C and 50% RH as well as in
23 �C and 90% RH. The test pieces used were 15 mm wide and the clamping length was 100 mm. A constant strain rate of
1.67%/s was used.

The compressive tests, creep tests and mechano-sorptive creep tests were performed at STFI-Packforsk in a climate room
using a custom made material testing equipment. The equipment is designed to prohibit out-of-plane buckling of thin sheet
structures during in-plane loading in compression by provide lateral support of the test specimen without introducing in-
plane loading (see Fig. 6). The width of the test pieces was 25 mm and the clamping length was 55 mm. The applied load
was recorded by a load cell and the deformation of the test piece was measured using two LVDT’s, each one connected to
a surface-contacting needle that monitored displacement of the test specimen. During the compressive tests the strain rate
was kept constant by using a lever and a soft spring and manually controlling the strain rate, by changing the load, until
ultimate failure was detected. The target strain rate of 0.2%/s was applied. The compressive testing was performed for con-
ditioned paper specimens in 23 �C and 50% RH as well as in 23 �C and 90% RH, in both the MD and CD.

The creep tests and the mechano-sorptive creep tests were performed under various different constant load levels in ten-
sion as well as under compression. The loading was applied by the use of a lever and a dead-weight, i.e. the load was kept
constant during a test. The creep tests were performed for conditioned paper specimens in 23 �C and 50% RH as well as in
23 �C and 90% RH. The creep tests and the mechano-sorptive creep tests were performed in the MD. In the mechano-sorptive
creep tests the loading was applied to the test piece at 50% RH and the test piece was then subjected to three 7 h cycles be-



Fig. 6. An illustration of the equipment used for the compressive tests, creep tests and mechano-sorptive creep tests with lateral support of the test
specimen.
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tween 50% RH and 90% RH. The RH-cycle was designed so that the climate was kept constant for approximately three hours
at each of the limiting relative humidities (50% and 90% RH), while the climate was ramped as rapid as possible in between
these limiting relative humidities.

4. Network parameters

The number of parameters that have been introduced is quite large. They were estimated from experiments or literature
data. The parameters are listed in Table 1. As the fibres should be anisotropic several material parameters are assumed to
have different values along and transverse to the fibre axis. Both the elastic behaviour of the paper and the creep behaviour
should be anisotropic, here this is represented by the parameters EL, ET, aL, aT, Ec

L; E
c
T. The parameters bL and bT are assumed to

be the same since the anisotropy in the dashpot of the creep law already is included in aLand aT. It is assumed that the anisot-
ropy, i.e. the difference in material parameters along and transverse to the fibre, can be described by a single constant g > 0,
such that
EL

ET
¼ Ec

L

Ec
T
¼ aL

aT

� ��1

¼ g: ð22Þ
This constant is assumed to be the same for creep parameters and elastic parameters. Values for the elastic ratio can be found
in the literature (Schulgasser and Page, 1988; Bergander and Salmén, 2002; Salmén, 2004; Neagu, 2006).

Many of the parameters generally depend on the moisture content (Brezinski, 1956; Sedlachek, 1995). Both the elastic
and creep behaviour of paper are moisture dependent. In the current creep laws it is assumed that both the springs and
the dashpot have a moisture dependency. To sum up, the parameters EL, ET, aL, aT, Ec

L; E
c
T are moisture dependent. For simplic-

ity, it is here assumed that the stiffness and creep parameters k, K1, K2, K3 for the torsional springs are moisture independent.
In the equations for the parameters k, K1, K3 for the torsional spring, see Eqs. (14), (15), and (17), parameter values for the
lower moisture content m1 was used, i.e. EL(m1), aL (m1), Ec

Lðm1Þ. The moisture dependent parameters are assumed to depend
linearly on the moisture content according to
xðmÞ ¼ xðm1Þ
m2 �m
m2 �m1

þ xðm2Þ
m�m1

m2 �m1
; ð23Þ
where x(m) is one of the parameters mentioned above, m is the moisture content, x(m1) and x(m2) are the values of the
parameter at moisture contents m1 and m2 respectively. The moisture content m1 corresponds to the low humidity used
in experiments and the moisture content m2 corresponds to the high humidity used in experiments. It is assumed that
the ratio between the parameters at moisture contents m1 and m2 is the same for all above mentioned parameters, i.e.



Table 1
Parameters used in the network model

Parameter Value/definition Comment

Ltot 3.5 mm Length of fibres (Niskanen, 1998)
B 35 lm Width of the bars/fibres (Niskanen, 1998)
H 5 lm Height of the bars/fibres (Niskanen, 1998)
qf 1500 kg/m3 Fibre density (Niskanen, 1998)
qp 826 kg/m3 Paper density, from experiments
Vf qp/qf � 0.55 Volume fraction of fibres
C1 0.7 Constant in the frequency function for the fibre distribution, see Eq. (9). Estimated from experimental stress–

strain curves in CD and MD loaded in tension
h�0 6.5� Initial average kink angle, see Eq. (29). Estimated from the method described in Section 4
C2 0.09 Constant in the distribution function for the kink angle, see Eq. (29). Estimated from the method described in

Section 4
L(a) Ltot

nðaÞ�1 Total length of fibre segment. The number of fibre bonds, n(a), is given by Eq. (25)

k(a) Lf ðaÞ
LðaÞ ¼

LðaÞ�B
LðaÞ Length of free fibre segment divided by total length of fibre segment

Lf(a) k(a)L(a) Length of free fibre segment
l(a) Lf(a)/2 Length of one bar
A BH � 1.75 � 10�10 m2 Fibre cross section area, here a rectangular cross section has been assumed

I BH3

12 � 3:65 � 10�22 m4 Moment of inertia, here a rectangular cross section has been assumed

g 6 Anisotropy constant (Schulgasser and Page, 1988; Bergander and Salmén, 2002; Salmén, 2004; Neagu, 2006)
l 1.3 Constant defining the moisture dependency of the parameters (Kersavage, 1973)
m1 = mref 0.07 Minimum moisture content, which is equal to the starting moisture content in this study. Estimated from the

experimental value 50% RH (Byrd, 1972a; Gellerstedt, 2004)
m2 0.15 Maximum moisture content. Estimated from the experimental value 92% RH (Byrd, 1972a; Gellerstedt, 2004)
EL(m1) 37 GPa Modulus of elasticity along the fibre at moisture level m1, estimated from experimental stress–strain curves in

tension and creep curves at t = 0
ET(m1) EL(m1)/g � 6.17 GPa Modulus of elasticity transverse to the fibre at moisture level m1, calculated from Eq. (22)
EL(m2) EL(m1)/l � 28.5 GPa Modulus of elasticity along the fibre at moisture level m2, calculated from Eq. (24)
ET(m2) ELðm2Þ

g ¼ ET ðm1Þ
l � 4:74 GPa Modulus of elasticity transverse to the fibre at moisture level m1, calculated from Eq. (22) or Eq. (24)

bL 0.013 Hygroexpansion coefficient along the fibre, estimated from experimental hygroexpansion data
bT 20bL = 0.26 Hygroexpansion coefficient transverse to the fibre (Niskanen, 1998)
aL(m1) 1 � 10�9 s�1 Constant in the creep law along the fibre at moisture level m1, see Eqs. (11) and (20), estimated from regular creep

curves in tension
aT(m1) gaL(m1) = 6 � 10�9 s�1 Constant in the creep law transverse to the fibre at moisture level m1, see Eq. (21), calculated from Eq. (22)
aL(m2) laL(m1) � 1.3 � 10�9 s�1 Constant in the creep law along the fibre at moisture level m2, calculated from Eq. (24)
aT(m2) gaL(m2) = laT (m1)

� 7.8 � 10�9 s�1
Constant in the creep law transverse to the fibre at moisture level m2, calculated from Eq. (22) or Eq. (24)

bL 2 � 10�7 Pa�1 Constant in the creep law along the fibre, see Eqs. (11) and (20), estimated from regular creep curves in tension
bT bL = 2 � 10�7 Pa�1 Constant in the creep law transverse to the fibre, see Eq. (21)
Ec

Lðm1Þ 2.5 GPa Constant in the creep law along the fibre at moisture level m1, see Eqs. (11) and (20), estimated from regular creep
curves in tension

Ec
Tðm1Þ Ec

Lðm1Þ
g � 0:417 GPa Constant in the creep law transverse to the fibre at moisture level m1, see Eq. (21), calculated from Eq. (22)

Ec
Lðm2Þ Ec

Lðm1Þ
l � 1:92 GPa Constant in the creep law along the fibre at moisture level m2, calculated from Eq. (24)

Ec
Tðm2Þ Ec

Lðm2Þ
g ¼ Ec

T ðm1Þ
l � 0:321 GPa Constant in the creep law transverse to the fibre at moisture level m2, calculated from Eq. (22) or Eq. (24)

qk 0.11 Constant in the equation for the torsional spring constant, Eq. (14), estimated from experimental stress–strain
curve in compression and creep curves at t = 0

k1 170 Constant in the creep law for the spring, see Eqs. (15) and (13), estimated from regular creep curves in
compression

k2 8 Constant in the creep law for the spring, see Eqs. (16) and (13), estimated from regular creep curves in
compression

k3 0.025 Constant in the creep law for the spring, see Eqs. (17) and (13), estimated from regular creep curves in
compression

�r rw 0 0½ �T kNm=kg Macroscopic specific stresses in the paper, for stress levels see the individual plots
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xðm2Þ
xðm1Þ

¼ 1=ELðm2Þ
1=ELðm1Þ

¼ aLðm2Þ
aLðm1Þ

¼ 1=Ec
Lðm2Þ

1=Ec
Lðm1Þ

¼ l; ð24Þ
where l is a constant. The same moisture dependence is found for 1/ET, aT, 1=Ec
T according to Eq. (22).

It is assumed that the fibres in the paper are made of softwood. The length, Ltot, and width, B, of the fibres are chosen
according to typical data for softwood (Niskanen, 1998). The number of fibre bonds can then be approximated as (Komori
and Makishima, 1977)
nð/; nÞ ¼ 2V f Ltot

B
Jð/; nÞ; ð25Þ
where
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Jð/; nÞ ¼
Z p

0

Z p

0
Xð/0; n0Þ sin vð/; n;/0; n0Þ sin /0dn0d/0 ð26Þ
for a general three dimensional problem. Here a rectangular cross section has been assumed instead of the circular cross sec-
tion that was used in the reference article. It is assumed that the fibre of interest has orientation (/,n), where / is the angle
between the z-axis and the axis of a fibre and n is the angle between the x-axis and the normal projection of the fibre axis
onto the xy-plane. The function X(/

0
,n
0
) is a frequency function for the fibre angle distribution that shall satisfy
Z p

0

Z p

0
Xð/; nÞ sin /dnd/ ¼ 1 ð27Þ
and v is the angle between the fibre given by the direction (/,n) and a fibre given by the direction (/
0
,n
0
). When all fibres are

laying in the xy-plane, / = p/2, n = a, sinv = jsin(a � a
0
)j, X(/

0
,n
0
) = f(a)/2 where f(a) is given by Eq. (9). This inserted into Eq.

(26) gives
JðaÞ ¼ 1
p

Z p

0
j sinða� a0Þjda0 ¼ 2

p
1þ C1

3
� 2C1

3
cos2 a

� �
: ð28Þ
If this value of J is used in Eq. (25), the number of fibre bonds n, and thereby also the number of fibre segments n � 1, can be
approximated. The fibre segment length L can then be estimated from the total fibre length Ltot, as L = Ltot/(n � 1) and
k = Lf/L = (L � B)/L. It should be noted that the fibre segment length and therefore also k depends on the fibre direction.

From experiments, by a method described in Strömbro and Gudmundson (2008), it can be estimated that there is in aver-
age one kink per fibre in a paper, and the average kink angle is approximated to be about 55�. In the paper machine, but also
as a consequence of the drying conditions, the kink angle can vary between the machine direction (MD) and the cross-ma-
chine direction (CD). Because of the draw in the machine direction during manufacturing, fibres in MD are straighter than
those in CD. As shown by the work of Edge (1948) the tensile stress in the machine is important. By experimental work Edge
concluded that anisotropic behaviour of machine made paper under a load is not primarily a consequence of the inhomoge-
neous fibre distribution with more fibres in MD, but is rather due to the tensile stress in MD during manufacturing. The dry-
ing conditions are also of importance, larger kink angles are expected for freely dried paper in comparison to a paper dried
under constraint. If a paper is dried under restraint in for example MD the kink angle should be larger in CD than in MD. The
paper used in the present experiments was dried under restraint, with restraints in both MD and CD. The fibres become
straighter under these drying conditions, but some differences in kink angles are assumed in MD compared to CD caused
by the manufacturing process in the paper machine. No data about the variation of kink angle are however available from
experiments, nor could it be found in the literature, but the kink angle in CD is set to be 1.5 times the kink angle in MD and
the average kink angle should be 55� as described above, i.e. the kink angle in CD is 66� and MD 44�.

In the network model it is assumed that all free fibre segments have a kink, not only one kink per fibre. A suitable average
kink angle per free fibre segment h�0 has to be found that gives a similar response as a fibre with only one large kink. The fibre
model described in Section 2 was applied, but only elastic deformation was considered. The number of fibre segments is esti-
mated by use of Eqs. (25) and (28), which gives the average number of fibre segments in fibre. The stress–strain curve for a
fibre with one fibre segment with a large kink, and the other fibre segments straight, was compared to the stress–strain curve
for a fibre where all free fibre segments had the same small kink angle. The kink angle in the last model, was changed until a
good agreement between the two curves was found. It was not possible to get a perfect agreement for the entire interval, so
special consideration to the agreement for small loads was taken, i.e. the kink angle was chosen to get the best agreement for
small loads. This was done for a fibre in MD (a = 0�) and a fibre in CD (a = 90�). Then the following distribution was used,
h0 ¼ h�0ð1� C2 cosð2aÞÞ; ð29Þ
where the constant C2 and the average initial kink angle h�0 was determined from the kink angles in MD, h0(a = 0�), and CD,
h0(a = 90�), that was determined as described above. The constant C2 and the average initial kink angle h�0 can be changed to
model different kinds of drying conditions.

The values of the parameters in the fibre-network model were estimated from experiments or literature data, see Table 1.
The parameters C1, EL, qk, bL, aL, bL, Ec

L, k1, k2, k3, were fitted to experimental data. The experimental data used were provided
by STFI-Packforsk and all tests were performed on the same type of kraft paper produced at STFI-Packforsk, see Section 3 for
details about the material and experiments. In the mechano-sorptive creep experiments the relative humidity was varied
between 50% and 92%. This corresponds approximately to moisture contents of 7% at 50% RH and 15% at 92% RH respectively
(Byrd, 1972a; Gellerstedt, 2004), the data is taken from experiments on kraft paper handsheets made of southern pine pulp
fibres and an unspecified paper. In the mechano-sorptive creep tests the macroscopic specific stress is prescribed along the
1-axis, �rw

11 ¼ rw, where rw is the value used in the experiment of current interest. When all parameters have been deter-
mined and the stress and the moisture history are set, the strains can be calculated.

The modulus of elasticity along the fibre, EL, affects the elastic behaviour of the paper. To find a suitable value of the mod-
ulus of elasticity along the fibre at moisture contents m1, EL(m1), the model, but only with elastic terms, was fitted to data at
both 50% and 90% RH in the region of 0–15 kNm/kg from the stress–strain curves in MD (see Fig. 7a). The initial response, at
t = 0, in the tensile creep curves shown in Fig. 8 were also used when determining EL(m1).



Fig. 7. Stress–strain curve composed of data from fast tension and compression tests in (a) MD and (b) CD at 50 and 90% RH, i.e. the paper should behave
elastically. The curves are mean values from approximately 10 tests in tension and 10 tests in compression.
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The constant qk in the equation for the elastic torsional spring constant affects the elastic response of the kink angle, i.e. it
influences mostly the elastic behaviour of the paper under compression, and can approximately be seen as the difference
between the initial strain in compression and tension. To estimate qk, data from both 50% and 90% RH stress–strain curves
in MD in the region of negative stress level down to around �7 kNm/kg was used (see Fig. 7a). Only elastic terms in the mod-
el were used, i.e. no moisture variations or creep. The initial response, at t = 0, in the compressive creep curves shown in
Fig. 9 were also used when determining qk.

The constant C1 in the fibre distribution frequency function affects the anisotropy in the paper and can be seen as the differ-
ence in MD and CD results, for example in the stress–strain curves shown in Fig. 7. To estimate C1 the model, but only with elastic
terms, was fitted to data from the stress–strain curves in CD, shown in Fig. 7b, for positive strains up to around 0.2%.

The hygroexpansion coefficient along the fibre, bL, affects the response of the paper when the moisture content is chan-
ged. To find a suitable value of bL, the model, but only with hygroexpansive strains, i.e. no applied load, was fitted to the
hygroexpansion data, shown in Fig. 10. The moisture content was estimated from the relative humidity using the relation-
ship given above.

After the constants that affect the elastic and hygroexpansive behaviour of the creep curve have been estimated, the
constants affecting the creep behaviour of the paper can be approximated, starting with the constants in the creep law
along the fibre, aL, bL, Ec

L. To find a suitable value of the creep constants at moisture contents m1, aL(m1), bL(m1), Ec
Lðm1Þ,

the model, with constant moisture content, was fitted to the creep curves at different tensile loads and relative humid-
ities of 50% RH and 90% RH (see Fig. 8). As described above, aL, Ec

L are moisture dependent, while bL is not. This had to be
taken into consideration when determining the parameters. If a change is made in aL(m1) or Ec

Lðm1Þ, a larger effect can be
seen in the creep curve at 90% RH than at 50% RH. If aL and bL are increased the creep is increased, while if Ec

L is in-
creased the creep decreases. It should be noted that the time scale used in the regular creep tests (�0–300 s) are unfor-
tunately not the same as the one used for mechano-sorptive creep tests (�0–70,000 s), which makes the fitting much
more difficult.



Fig. 8. Experimental creep curves with different tensile specific stresses at 50% RH (a) and 90% RH (b).
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The constants k1, k2, k3, that appear in the creep law for the spring, affect the creep response of the kink angle, i.e. they
influence mostly the creep behaviour of the paper under compression. The model was fitted to the creep curves at different
compressive loads and relative humidities of 50% RH and 90% RH (see Fig. 9). Again it should be noted that the time scale
used in the regular creep tests are not the same as the one used for mechano-sorptive creep tests.

After suitable values of the constants were found the entire fitting process had to be iterated a couple of times, since
changing some constants affects the results from earlier fittings, for example changing qk changes the elastic behaviour in
compression, but also gives small changes in the elastic behaviour in tension, so small changes in the modulus of elasticity
had to be made.

5. Results and discussion

5.1. Comparison with experimental results

In Fig. 11 experimental mechano-sorptive creep curves under both tensile and compressive loading are presented. It can
be observed that the paper creeps much faster in compression, which leads to more deformation at a given time and stress
level. Mechano-sorptive creep curves determined from the present model are shown in Fig. 12. In Fig. 11(a) it is shown how
the relative humidity was varied during the experiments, and in Fig. 12(a) it can be seen how the moisture content was var-
ied in the model. If the results from the model are compared with the experimental results it can be seen that the model can
capture the mechano-sorptive creep effect both under tension and compression, as well as the differences between these
two load cases. As mentioned earlier, the network model presented here is a further development of the model described
in an earlier work (Strömbro and Gudmundson, 2008). Mainly, moisture dependent material properties and anisotropy have



Fig. 9. Experimental creep curves with different compressive specific stresses at 50% RH (a) and 90% RH (b).

Fig. 10. Hygroexpansive strains in MD vs. relative moisture content changes. The stars represent experimentally determined strains, were each star is a
mean value from around 10 test specimens. The relative humidity was varied between 50% and 84%. The line is the model fit.
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Fig. 11. Experimental mechano-sorptive creep curves where the relative humidity was varied as shown in (a). Tests were performed both with tensile (b)
and compressive specific stresses applied (c).
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been introduced. In Fig. 13 the results from the model presented here is compared to results from the earlier model (Ström-
bro and Gudmundson, 2008). It can be noted that the new development of the model has improved the results, compared to
the experimental curves in Fig. 11. Especially, the mechano-sorptive creep in compression and the difference between mec-



Fig. 12. Mechano-sorptive creep curves from the model where the moisture content was varied as shown in (a). Results from simulations with both tensile
(b) and compressive specific stresses applied (c).
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hano-sorptive creep in tension and compression is larger, which is an improvement since it agrees better with the experi-
mental results. Another important improvement is that in the earlier model most of the creep acceleration appeared during
the first moisture cycle, but now the creep is accelerated during the following cycles also. Other improvements are that the
slope of the curves when the moisture is constant is larger and the different in strain between when the moisture is high and
low is smaller, both changes is in agreement with the experimental results (see Figs. 11, 13, and 14).



Fig. 13. Mechano-sorptive creep curves in tension (b) and compression (c) from the model presented here (—) and the model presented in Strömbro and
Gudmundson (2008) (� � �), where the moisture content was varied as shown in (a).
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By comparing the curves from the two models presented in Fig. 13(a) it can be noted that the curve that determines how
the moisture content was varied in the model has been slightly changed. That is because moisture equilibrium can not be



Fig. 14. Mechano-sorptive creep curves from experiments (� � �) and the model (—), where the same stress has been used in tension and compression,
4.7 kNm/kg.
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obtained instantaneously in the paper. This change smoothens the curves somewhat but does not affect the results from the
model. The shape of the mechano-sorptive curve follows the shape of the moisture curve, but the strain after each cycle is the
same.

In Fig. 14 the mechano-sorptive creep curves from experiments and the model are compared for a specific stress level,
both under tensile loading and compressive loading. Because the experiments under tension were not performed at the same
stress levels as under compression, interpolation has been used between two curves (3.2 and 5.6 kNm/kg) to receive the
curve in tension. This gives an approximate curve that is useful for comparison, although the strain is not linearly dependent
on the stress. If the experimental curves and the curves from the model are compared some observations can be made. It can
be noted that the predicted hygroexpansion is larger than the experimental one, at least in tension. It can also be seen that
the predicted creep in compression is somewhat smaller than the experimental creep. The experimental creep curves show
smoother transitions between small and large moisture contents compared to the predicted creep curves, especially in ten-
sion. This might be explained by the applied moisture content profile in Fig. 12(a) that perhaps should be even smoother. The
largest difference between the experimental curves and the curves from the model can be seen in the first part of the curves,
around the first moisture change. To some extent, this might be because of the applied creep law, which might not be perfect
for the fibres.

To see how much the creep is accelerated by the moisture cycling, creep curves at constant high moisture content, i.e.
m = 0.15, and mechano-sorptive creep curves are plotted in Fig. 15(b). For the mechano-sorptive creep curve the moisture
was cycled according to Fig. 15(a), where the reference moisture level is m = 0.15, i.e. the moisture cycling begins at the high
moisture level, in distinction from the moisture variation used before where the moisture reference level was the low mois-
ture content. This enables comparisons with creep at constant moisture level. The applied load in Fig. 15(b) was 4.7 kNm/kg
in tension and compression. It can be seen that the creep is accelerated both in tension and compression, but also that a lar-
ger acceleration is obtained in compression. The larger mechano-sorptive creep in compression is an effect of the extra
hygroexpansion, elastic deformation and creep in compression compared to tension, that depends on the fibre model. If
the fibres are modelled as straight, the paper properties become the same in compression and tension. The kinks affect
the deformation under tension, but much more under compression, which leads to a more compliant behaviour in
compression.

From mechano-sorptive creep curves at different stress levels, isocyclic stress–strain curves can be plotted by register the
strain after a certain number of moisture cycles (here three) as a function of stress (see Fig. 16). There is a good agreement
between experimental data and the isocyclic curve from the model. Both experiments and theory show a more compliant
behaviour in compression compared to tension.

5.2. Drying conditions

As mentioned earlier, by changing the initial kink angle, i.e. by changing the constant C2 and the average initial kink angle
h�0 in Eq. (29), different kinds of drying conditions can be modelled. The parameters given in Table 1 were for a paper dried
under biaxial constrains, i.e. h�0r ¼ 6:5	 and C2r = 0.09. For a freely dried paper the fibre should have larger kink angles in all
directions, so as an example h�0f is set to be 1.5 times the initial average kink angle for the restraint paper, h�0f ¼ 1:5h�0r, and the
C2 value is kept, C2f = C2r. For a paper that is restraint dried in MD and freely dried in CD, it is here assumed that the initial
kink angle h0 is the same as the initial kink angle in the paper dried under biaxial constrains in MD and as the freely dried



Fig. 16. Isocyclic data from experiments (�) and from the model (—) after 3 cycles (7.2 � 104 s).

Fig. 15. Creep curves at constant high moisture content, and mechano-sorptive creep curves (b), where the moisture content was varied as shown in (a).
The applied load was 4.7 kNm/kg in tension and compression.
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Fig. 17. Mechano-sorptive creep curves in both tension and compression where the applied load was 3 kNm/kg (a) and isocyclic curves after 3 cycles (b).
The different drying conditions illustrated are, biaxial constraint (—), restraint in MD (–––) and freely dried (� � �).

J. Strömbro, P. Gudmundson / International Journal of Solids and Structures 45 (2008) 5765–5787 5783
paper in CD. Eq. (29) gives h�0rMD ¼ 1:25h�0r and C2rMD = 0.2. In Fig. 17 (a) mechano-sorptive creep curves are shown and in
Fig. 17 (b) isocyclic curves are shown, for the three different drying conditions in both tension and compression for this
example. The paper dried freely exhibit most mechano-sorptive creep, while the paper dried under biaxial constraints ex-
hibit the least mechano-sorptive creep, and the paper dried under restraint in MD is in between those two. The same behav-
iour is shown in both tension and compression. Söremark et al. (1993) found similar mechano-sorptive creep results when
they experimentally compared freely dried paper with paper dried under restraint in compression. They found that a freely
dried sheet had a lower compression creep stiffness index, Ew,cr(t) = rw/e(t), than the sheet dried under restraint. It can be
noted that the curves for the paper dried under restraint in MD are closest to the curves for the paper dried under biaxial
constrains so it seems that the initial fibre kink in MD is more important than the initial fibre kink in CD, at least if the load
is applied in MD. In an experimental study by Fellers et al. (1999) it has been shown that straighter fibres increase the com-
pression creep stiffness in mechano-sorptive creep, which is also in agreement with the results presented here.

6. Conclusions

In this paper a network model for mechano-sorptive creep described in an earlier work (Strömbro and Gudmundson,
2008) has been further developed. The mechano-sorptive creep effect, i.e. the creep is accelerated by moisture changes,
is in the model caused by anisotropic hygroexpansion of the fibres combined with a non-linear creep law. The aniso-
tropic hygroexpansion of the fibres produces large stresses at the fibre–fibre bonds when moisture changes. The result-
ing stress state will accelerate creep if the material obeys laws that are non-linear in stress. During creep the stresses
created at the bonds relax, and the moisture content has to change again to maintain the accelerated creep. Fibre kinks
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are included in the model in order to capture experimental observations of the differences between paper loaded in ten-
sion and compression. The further development in this paper has mainly been that moisture dependent material prop-
erties and anisotropy have been introduced. Many of the material parameters in the micromechanical model are
estimated from experimental results, such as stress–strain curves, hygroexpansion curves and regular creep curves. The-
oretical predictions based on the developed model are compared to experimental mechano-sorptive creep curves for an
anisotropic paper both under tensile and compressive loading at varying moisture content. By introducing the anisotropy
and the moisture dependent material properties the model has been improved and there are only small differences in
the curves from experiments and the model. The most important experimental features are captured by the model, i.e.
the creep predicted by the model is accelerated by the moisture cycling and the mechano-sorptive effect is larger in
compression than in tension.

Different kinds of drying conditions have as well been examined, which showed that a freely dried paper exhibit more
mechano-sorptive creep than a paper dried under restraint both in tension and compression. The model indicates that if
the paper should be loaded in MD it is most important to have a restraint in the MD when the paper is dried, if low mec-
hano-sorptive creep is desired.

The model can be improved in different ways. Certain effects like microcompressions, variations in bond angles and an
improved creep law could have been considered. The uncertainty in the introduced parameters and the geometrical simpli-
fications that are introduced in the present model would however overshadow smaller improvements in the formulation.
The main features that control mechano-sorptive creep in tension and compression are included and the model is believed
to be sufficiently precise to capture the main phenomena connected to mechanical loading under varying moisture
conditions.

Acknowledgements

The authors are grateful to Tech. Lic. Petri Mäkelä and the Paper Mechanics cluster at STFI-Packforsk for providing exper-
imental results.
Appendix A. Numerical solution to the network problem

Since it is not possible to solve the non-linear (differential) equations analytically, the problem is discretised and solved
for a finite number of fibre angles
an ¼
ðn� 1Þ

N
p; n ¼ 1;2; . . . ; N; ðA1Þ
where N is a sufficiently large number, here N = 18 is used. The internal variables that depend on the fibre angle a are dis-
cretised in the same way, i.e. en, eAn, eBn, eCn, ec

An, ec
Bn; e

c
Cn, rAn, rBn, rCn, hn, hc

n. Furthermore, the macroscopic strains and stresses,
�eij and �rw

ij , constitute six additional variables. The network is thereby described by 12N + 6 variables. For an anisotropic prob-
lem the fibres are not uniformly distributed, which also makes k dependent on the fibre angle. For a general problem the
initial kink angle h0 is also dependent on the fibre direction. The previously derived equations define, for each angle a, alge-
braic and differential equations for the different variables. Since many of the equations are linear, this feature can be utilized
in order to eliminate certain variables. Even though many equations are linear, not all are, for example the differential equa-
tions (11), (20), and (21).

To simplify the solution, step vector notation is introduced after the discretisation. The fibre angles, which are given by
Eq. (A1), can be expressed in vector notation as a N � 1 vector,
a ¼ 0 p
N

2p
N � � � ðN�1Þp

N

h iT
: ðA2Þ
The variables that depend on the fibre angle a are also expressed in vector notation, for example the average strain of the
fibres can be expressed as
e ¼ e1 e2 � � � eN½ �T: ðA3Þ
In the same way can the strains and stresses in the different fibre sections, eA, eB, eC, ec
A, ec

B; e
c
C, rA, rB, rC, together with the kink

angles h, h0, hc, be expressed in vector notation, i.e. as N � 1 vectors. The macroscopic stresses and strains are also expressed
in vector notation, i.e.
�e ¼ �e1 �e2 �c12½ �T; ðA4Þ
�r ¼ �rw

1 �rw
2 �sw

12½ �T: ðA5Þ
The equations that control the network are given by the linear Eqs. (1)–(7), (18), and (19) and the non-linear Eqs. (10) and
(12). Eqs. (1), (3), (4), (18), and (19) expressed in vector notation become
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e ¼ keA þ ðI� kÞeB; ðA6Þ
eC ¼ eB; ðA7Þ
rA ¼ rB þ rC; ðA8Þ

eB ¼
rB

EL
þ ec

B þ bLDmE; ðA9Þ

eC ¼
rC

ET
þ ec

C þ bTDmE; ðA10Þ
where I is the N � N unit matrix, k is a N � N matrix with the k values on the diagonal, i.e.
k ¼

k1 0 � � � 0
0 k2 � � � 0

..

. ..
. . .

.
0

0 0 0 kN

2
66664

3
77775 ðA11Þ
and E is a N � 1 vector with ones, i.e.
E ¼ 1 1 1 � � �½ �T: ðA12Þ
The linear Eq. (2) can be expressed as
e ¼ W�e; ðA13Þ
where W is a N � 3 matrix dependent on the fibre angles,
W ¼

cos2 a1 sin2 a1 cos a1 sin a1

cos2 a2 sin2 a2 cos a2 sin a2

..

. ..
. ..

.

cos2 aN sin2 aN cos aN sin aN

2
666664

3
777775
: ðA14Þ
The linear Eqs. (5)–(7) can be expressed as
�r ¼ qrA; ðA15Þ
where q is a 3 � N matrix dependent on the fibre angles, the number of fibres, the fibre density and the frequency function.
For the frequency function in Eq. (9), q reads
q ¼ 1
Nqf

ð1þ C1 cos 2a1Þ cos2 a1 ð1þ C1 cos 2a2Þ cos2 a2 � � � ð1þ C1 cos 2aNÞ cos2 aN

ð1þ C1 cos 2a1Þ sin2 a1 ð1þ C1 cos 2a2Þ sin2 a2 � � � ð1þ C1 cos 2aNÞ sin2 aN

ð1þ C1 cos 2a1Þ cos a1 sina1 ð1þ C1 cos 2a2Þ cos a2 sina2 � � � ð1þ C1 cos 2aNÞ cos aN sin aN

2
64

3
75: ðA16Þ
The non-linear Eqs. (10) and (12) expressed in vector notation become
eA ¼
rA

EL
þ bLDmEþ ec

A þ
1
8
ðh0sq � hsqÞ; ðA17Þ

h ¼ h0 �
Al2

2qkELI
D� ðbT � bLÞ � ðh0 þ hcÞDmþ hc; ðA18Þ
where Eq. (14) has been used. The vectors h0sq, hsq and D are defined as
h0sq ¼ h2
01 h2

02 � � � h2
0N

� �T
; ðA19Þ

hsq ¼ h2
1 h2

2 � � � h2
N

� �T
; ðA20Þ

D ¼ rA1h1 rA2h2 � � � rANhN½ �T: ðA21Þ
Eqs. (A6)–(A10), (A13), (A17), and (A18), define 8N equations and Eq. (A15) defines three more equations. The creep laws for
the kink angle and the different fibre sections, Eqs. (11), (13), (20), and (21), are valid for each fibre, for example
_ec

A1 ¼ aL sinhðbLðrA1 � Ec
Le

c
A1ÞÞ. This gives 4N additional equations. Now all equations that control the network are known.

If, for example, the macroscopic specific stresses in the paper �r together with the moisture variations Dm are known, then
the macroscopic strains of the paper �e and all internal variables can be determined.

If �r is prescribed, Eqs. (A6)–(A10), (A13), and (A15) can be used to express �e as
�e ¼ 1
EL þ ET

S�rþ SqðI� kÞ�1
keA þ

EL

EL þ ET
Sqðec

B þ bLDmEÞ þ ET

EL þ ET
Sqðec

C þ bTDmEÞ; ðA22Þ
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where
S ¼ ½qðI� kÞ�1W��1
: ðA23Þ
Solving Eqs. (A6)–(A10), (A13), (A15), and (A17) for the stress rA leads to the following equation,
rA ¼ Q I� 1
EL

Q
� ��1 1

EL
R þ ec

A þ bLDmEþ 1
8
ðh0sq � hsqÞ

� �
þ R; ðA24Þ
where
Q ¼ ðEL þ ETÞ ðI� kÞ�1ðWSqðI� kÞ�1 � IÞ k; ðA25Þ
R ¼ ðI� kÞ�1WS�rþ ½ðI� kÞ�1WSq� I� ½ELðec

B þ bLDmEÞ þ ETðec
C þ bTDmEÞ�: ðA26Þ
The stresses in the other parts of the fibres, rB and rC, can be expressed in terms of rA by using Eqs. (A7)–(A10)
rB ¼
1

1=EL þ 1=ET

1
ET

rA þ ec
C � ec

B þ ðbT � bLÞDmE
� �

; ðA27Þ

rC ¼
1

1=EL þ 1=ET

1
EL

rA þ ec
B � ec

C þ ðbL � bTÞDmE
� �

: ðA28Þ
To determine the macroscopic strains of the paper �e, the stresses according to Eqs. (A24), (A27), and (A28) are substi-
tuted into the creep laws, Eqs. (11), (13), (20), and (21) and into the non-linear equation for the kink angle, Eq. (A18).
Then Eqs. (11), (13), (20), and (21) define a system of first order ordinary differential equations that must be solved
simultaneously as the non-linear equation for the kink angle, h, Eq. (A18). The initial conditions for all creep strains
and for the creep part of the kink angle is that they are zero. When the system of equations has been solved the strains
ec

A, ec
B; e

c
C and the angles hc, h are known. The stresses in the different parts of the fibres, rA, rB and rC, can then be cal-

culated using Eqs. (A24), (A27), and (A28). After that, the strains in the different parts of the fibres, eA, eB and eC, can be
determined using Eqs. (A9), (A10), and (A17). Finally, the macroscopic strain �e can be calculated by using Eq. (A22). The
introduced variables and constants K1, K2, K3, k, E, W, q, h0sq, hsq, D, S, Q and R are given by Eqs. (15)–(17), (A11), (A12),
(A14), (A16), (A19)–(A21), (A23), (A25), and (A26), respectively.

If macroscopic strains �e are prescribed instead of stresses it is possible to obtain the macroscopic stresses �r in a
similar way as described above. The same system of equations are obtained, the only difference is Q and R, which
changes to
Q ¼ �ðEL þ ETÞ ðI� kÞ�1
k; ðA29Þ

R ¼ ðEL þ ETÞðI� kÞ�1W�e� ½ELðec
B þ bLDmEÞ þ ETðec

C þ bTDmEÞ�: ðA30Þ
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