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The Banach space valued inhomogeneous Cauchy problem

w{t)=Au(t)+ ()
u(0)=x
for a (non-densely defined) linear operator A4 is treated with the help of the theory

of integrated semigroups. New well-posedness results are obtained for differential
operators and in particular the Schrodinger operator i4.  © 1989 Academic Press, Inc.

INTRODUCTION

In this paper we shall be concerned with linear Cauchy problems
uw'(t) = Au(t)
u(0)=x

for functions ¢z — u(¢) with values in a Banach space E. Thereby we present
a concept introduced recently by W. Arendt [5]. His idea may be described
as follows: Let (T,),., be a Cy-semigroup on E. Then S, :=f{, T, ds defines
a family (S,),>, of bounded operators having the following three proper-
ties.

(a) SO = 0.
(b) r— S, is strongly continuous.
(€) S,S,={3(S,.,—S,)dr for s,t>0.

He called “integrated semigroup” an operator family satisfying (a)—(c). The
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first application of this concept was a result about resolvent positive
operators (see [3] and [5]).

The aim of this paper is twofold: We make some contributions to the
structure theory of integrated semigroups and characterize (non-densely
defined) operators satisfying the Hille~Yosida condition as generators of
locally Lipschitz continuous integrated semigroups. As an application we
give an easy proof of a theorem due to Da Prato and Sinestrari [10] on
the inhomogeneous Cauchy problem associated to such operators (Sec-
tion 2). In Section 3 we consider bounded perturbations of generators of
integrated semigroups.

The remaining section is devoted to applications. We mention a typical
result: Whereas the Schrodinger operator A given by Af=if" generates a
C,-semigroup on L?(R) only if p =2, it generates an integrated semigroup
on L?(R) for all 1 <p< 0.

1. INTEGRATED SEMIGROUPS AND THEIR GENERATORS

DerFiNTION 1.1, Let E be a Banach space. An integrated semigroup is a
family (S,),», of bounded linear operators S, on E with the following
properties:

(a) So=0.
(b) t— S, is strongly continuous.
(¢) S.S,=[5(S,,.—S,)dr for 5,120

Examples, Remarks
(1) Let (T,),50 be a Cy-semigroup on a Banach space E. Then
(S))is0 = (f& T,ds), 5, defines an integrated semigroup on E.

(2) Let again (T,),,, be a Cy-semigroup on a Banach space E. Then
(S)»0:=(J5 T*ds),,, (where T* is the adjoint of T,) is an integrated
semigroup on E'. In general (S,),, is not an integrated Cg-semigroup.

(3) Let (Cos(t)),cr be a cosine operator function on a Banach space
E (see, e.g., [11]). If we define Sin(z) := [ Cos(s) ds then by

Sin(z) fot Sin(s) ds
S, =
Cos(t)—1 Sin(¢)

an integrated semigroup (S,),» is given on Ex E.
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(4) A short calculation shows that the functional equation 1.1(c) can
also be written as

Sss,=f+'s,dr—jss,dr—j's,dr for s,1>0.

0 0 0

A consequence of this is §,5,=S,S5, for s, 1> 0.

(5) Let P be a bounded projection on a Banach space E. Then
(S,);0 for S,:=1tP is an integrated semigroup. If P # I then (S,),., is not
an integrated Cy-semigroup. Moreover (S,),., has a property that plays a
disturbing role: (S,),., vanishes on a nontrivial subspace. Later we will
call that property “degeneracy” and exclude these integrated semigroups
from further considerations.

From now on let E be a Banach space and (S,),., an integrated
semigroup on E.
Motivated from the Laplace transform theory we want to define the
generator of an integrated semigroup as
0

A:=A—R! where Rx=ij e ™S, dt.
The following example shows that this integral does not exist in general.

ExampLE 1.2. Let E=P S,:(x,) - (J§ expla,s) ds x,), where a,:=
n+2"ni. We show first that (S,), is an integrated semigroup.

(1) S,€L(E): | [} exp(a,s) ds|=|exp(a,t)—1|/|a,] < (" + 1)/e"°?

2 —_n 2
< 2em/en log2 _ 2ent n‘log?2 < 26" /4log2.

(2) t—S, is strongly continuous. Obviously ¢— S.e,, where
e,=(d,), is continuous. Since {e,:neN} is total in /> and (S,),5, is
uniformly bounded on compact i-intervals (see (1)) the strong continuity of
(S,); 5 follows.

(3) The functional equation is clearly fulfilled and S,=0.

Therefore (S,),5o is an integrated semigroup. But for all AeC the
Laplace integral does not even converge as a weak integral.

For given AeC ([2e %S, dtx,y) diverges (as « —» ) for x=(1/a,)
and v=(1/(a,—A)):

<j: e *S, dt x, y>

= i r e M jtexp(ans) ds dt/a,(a,— A))

n=1"0 o
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aw©

= Y, exp((a,— ) a)/(la,|la,—4])*~ i Y(la,lla,— 1)

n=1 n=1

-3 [fedia,” @)

n=1

The last two terms converge for a — oo, therefore we only consider the first
term. For a e N we obtain by the definition of a,

[e9)

Y. exp((a,—A)a)/(la,lla,— A1)

n=1

@
=e~i(lml)a Z e(n—Rel)m/(lanl |a,,——i|)2.

n=1

For a — oo every summand with index n> Re A diverges to infinity and
therefore the series diverges.

A similar estimate shows that this integrated semigroup is even
continuous with respect to the operator norm.

We introduce now the appropriate concept in order to obtain a neat
theory.

An integrated semigroup (S,), is called exponentially bounded, if there
exist constants M >0 and weR such that ||S, | < Me® for all t=0.
Moreover (S,),5, is called non-degenerate, if S,x=0 for all +>0 implies
x=0. (Compare Remark 5 after Definition 1.1).

Then the Laplace integral R, :=A ([P e *S, dr exists for all A with
Re 4 > w, but R, is injective if and only if (S,),, , is non-degenerate. In this
case there exists a unique operator A4 satisfying (w, ©0)cp(4) (the
resolvent set of 4), such that R, =(A—A4)~" for all 2> w. This operator is
called the generator of (S,),5,.

Usually the given object is the operator. An operator A is called
generator of an integrated semigroup, if there exists weR such that
{w, o)< p(4), and there exists a strongly continuous exponentially
bounded family (S,),,, of bounded operators such that S(0)=0 and
(A—A)'=Afre*S,dr.

The following proposition shows that in that case (S,),5o i
automatically an integrated semigroup.

ProposITION 1.3 (Arendt [4, Thm. 3.1]). Let (S,),5 0 be a strongly con-
tinuous family of bounded operators such that S(0)=0 and || S,| < Me®* for
all t20.

Then (S,), o is an integrated semigroup if and only if R, = A [& e~*'S, dt
is a pseudo-resolvent.

580/84/1-11
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Moreover, we will need the following relation between integrated
semigroups and their generators.

ProPosSITION 1.4 (Arendt [4, prop. 3.3]). Let A be the generator of an
integrated semigroup (S,),¢-
Then for all xe E and t =0

1 ']
j S.xdseD(A)  and S,x:Af s,x ds + 1.
0 0

The following theorem characterizes densely defined generators of
integrated semigroups.

THEOREM 1.5 (Arendt [4]; Neubrander [17]). Let A: D(A)— E be den-
sely defined. The following assertions are equivalent:

(a) A is the generator of an integrated semigroup.
(b) There are real constants M, ® such that (v, )< p(A) and

”(%)n (,1—A)1/,1)”<n!M/(/1—a))”+1 for neNuU{0} and i>w.

Remarks 1.6. (a) Condition (b) is necessary for 4 to be the generator
of an integrated semigroup even if 4 is not densely defined (Arendt [4]).
(b) We state explicitly two properties of R, which will be useful in
proving perturbation theorems: If 4 is the generator of an integrated
semigroup, then there exist constants C, C'>0 such that || R,[|<C and
IR < C/(A— o).

Generators of integrated semigroups are of interest since the Cauchy
problem associated with them has a unique solution for a large class of
initial values. More precisely the following holds.

Let A be the generator of an integrated semigroup (S,),>, on E and

b>0. Further let f: [0, 5] - E be a continuous function. By a solution of
w' ()= Au(t) +f(2), te [0, 5]
(CP)
u(0)=x

we understand a function ue C([0, 4], E), such that u(¢) e D(A) and (CP)
holds for all te [0, b].
Consider the function ve C([0, b1, E) given by

o(t)= S, x+ f S,_, f(s) ds.

Using this notation the following holds.



INTEGRATED SEMIGROUPS 165

THEOREM 1.7 (Arendt [4, Thm. 5.2]). Ifve C*([0, b], E), then u:=v' is
the unique solution of (CP).

In particular, if f=0, the theorem implies that there is a unique solution
of (CP) whenever x € D(A4%).

2. LocALLY LirscHITZ CONTINUOUS INTEGRATED SEMIGROUPS

In this section we present a direct proof of a well-posedness result due to
Da Prato and Sinestrari [10] for Cauchy problems with non-densely
defined operators.

DerNITION 2.1. An integrated semigroup (S,),., is called locally
Lipschitz continuous if for all >0 there exists a constant L, such that
IS, —S,|I<Ljt—s]|foralls, te[0,b].

The following proposition shows that locally Lipschitz continuous
integrated semigroups have an exponentially bounded Lipschitz constant.

PROPOSITION 2.2. Suppose that (S,),., Iis a non-degenerate locally
Lipschitz continuous integrated semigroup. Then

im [|S,,,—S/l/h<Me®  for 120
h—0

for suitable constants M and w.

Proof. Let E,:={x€eE:t- S,x is continuously differentiable on
[0, c0)}. Then E, is a closed subspace of E. In fact, let &> 0. Observe that
the space C}:={feC'[0,b], f(0)=0} is closed in the Banach space
Lip, := { fe Lip[0, b], f(0)=0} equipped with the Lipschitz norm. Now,
if x=1im x, in E, where x,€ E, then the functions f,e C} defined by
1.(t) ;= 8,x, converge to fe Lip, given by f(z)=S,x.

Let x € E,. Differentiating

S8, x= LH t S, x dr— LS S, x dr— fot S, x dr

one sees that (d/dt)S,S,x=S8,,,x—S,x—S,x(s,t20). In particular
S; x := (d/dt) S,x defines a bounded operator on E; such that

S.8x=8,,.,x—Sx (xe E,).
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Differentiating again, one obtains
S.S, =S, (,s20)

and S,S,x=S,x (s=0), which implies S;=17on E,.
Thus (S}),0 is a strongly continuous semigroup on E,. So there exist
M>=0, weR, such that

1(S;—S2) x| < Me® | x]|.

Let 0<h<b and let L be the Lipschitz constant for the interval [0, b].
Then this implies that

ISivn—SN=1S,Spll <Me“'Lh. 1|

COROLLARY 2.3. Every locally Lipschitz continuous integrated semigroup
is exponentially bounded.

Together with [4, Theorem 4.1] this shows that the Hille-Yosida con-
dition (without the assumption of a dense domain) characterizes generators
of locally Lipschitz continuous integrated semigroups. More precisely, the
following holds:

THEOREM 2.4. The following assertions are equivalent:

(a) A is the generator of a locally Lipschitz continuous integrated
semigroup.
(b) There exist real constants M, o such that (w, o)< p(A4) and

HA—A4) "|<M/(A—w)* for neN and i>o.

With the help of Theorem 2.4, we obtain an easy proof of a theorem due
to Da Prato and Sinestrari [10] on the inhomogeneous Cauchy Problem
associated with a (non-densely defined) operator satisfying the Hill-Yosida
condition.

THEOREM 2.5 (Da Prato and Sinestrari [10]). Let A:D(A)—E be a
linear operator, f-[0,1] — E, and x € D(A) such that

(a) there exist real constants M,  such that (w, co) < p(A) and
l(A—A)""I| < M/(A— w)" for neN and i>o.

{(b) f()=,(0)+ f() g(s) ds for some Bochner-integrable function g.
(c) Ax+f(0)e D(A4).
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Then there exists a unique function ue C'([0, 1], E), such that u(t)e D(A)
and

u(t)=Au(t)+f(1), t€[0,1]
u(0)=x.
Proof. Assumption (a) means by Theorem 2.4 that A4 generates a

locally Lipschitz continuous integrated semigroup (S,),o.
By Theorem 1.7, it suffices to show that the function v given by

u(z)=s,x+f S, f(t—s) ds
0
is twice continuously differentiable. Using (b) one obtains
t t t—s
o()=Sx+[ S.f0)ds+ [ S| glr) drds
[¢] 0 0
Since x € D(A), by Proposition 1.4
t
v(1)=x+S,Ax + S,f(0)+J‘ S, g(t—s) ds.
0
The function ¢ — S,y is differentiable for all ye D(A4) (by Proposition 1.4)
and hence for all yeD(A) because of the local Lipschitz continuity
(cf. the proof of Proposition 2.2). Since Ax+f(0)e D(A4), it remains to
show that w(t)=[4S,g(t—s)ds=[4S(1—s)g(s)ds is C'. The function

s — S,_, g(s) is Bochner integrable.
Let L be the Lipschitz constant of (S,)o<,<;- Then

Iwllip= sup  llw(e)—w(r)l [t—r]~"
t,re[0,1], r#1¢

= sup
Lre[0,1],r##1t

[t—r|~!

['s. .atyds+[ (S,_.—S, )gls)ds

r

< sup  (Lit=rlliglu+Lit—rilglmlt—rl""

t,re[0, 11, r+#¢

=2L1lglp.

Further let (g,) be a sequence of C'-functions converging to g with
respect to the L'-norm. For ne N and 1€ [0, 1] define

wa(t) :=j0' S, guls) ds.
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Then w, is continuously differentiable and

”wn_wm“LipszL | &n—&mll it (n,meN).

Since C' is a closed subspace of Lip, it follows that we C'. |

3. PERTURBATIONS

In this section we shall be concerned with additive perturbations of
generators.

The new and surprising resuit, compared to C,-semigroups and cosine
functions, is that even bounded perturbations may fail to preserve the
property “generator” (see Example 3.7). Nevertheless we will establish
some positive perturbation results.

ProrosITION 3.1 (Commuting Perturbations). Letr A: D(A)— E be the
generator of an integrated semigroup (S,),s .. Further let Be L(D(A)) be

such that B(1— A) ' =(A—A)""' B for all large A.
Then A + B is the generator of the integrated semigroup (SE), o, given by
s7=eS,~ B[ ¢S, ds
0
Proof. For certain constants M, o we have | S, <Me® and also
| SB|l < Me® for t20. Let, for A>w, R¥:=1[{P e *SPdt and R, :=
(A—A)"1.

We show that R® = R,(I— BR;)~! for large A. But I— BR, is invertible
for large A since

(BRI = B*R3| < B*| ¢/(A—w)  (Remark 1.6(b)).
Therefore we obtain

Ri(l—‘BR;.)_l_—’ Z BiRi+1
i=0
d i
B-1Y5(5) &

B‘(—l)"l(;y(,{j e ™S dt)
1 fd\ e,
,l(d)) f S, dt

i : d e — At
+ZB(—1)-1(‘M) JO e M S di

%
—
I
_
o

I
ng iMs 1D
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— - il @ i, —At
_AEBEL te™ ™S, dt

1
(i—1)

i=0
x : «© . A
-y B f t'-le S, dt
i=1 0

=1 r} e *e'®S, dr — jw e *Be'®S, dt
0 0

=1 jooo e MBS, dt — A Lm e "B L, e*5S ds dt
=R2.

A short calculation now shows that R? is the resolvent of 4 + B. Together
with Proposition 1.3 this implies that (S?),., is an integrated semigroup
and A4 + B is its generator.

Remark 3.2. A consequence of this theorem is as follows: If 4 is the
generator of the integrated semigroup (S,), then for any ueC A+ pu is
the generator of the integrated semigroup (S*),., given by

St=e"S,—u f e*S. ds.
0

PROPOSITION 3.3. Let A be the generator of a locally Lipschitz con-
tinuous integrated semigroup and Be L(DA), E).

Then A+ B is the generator of a locally Lipschitz continuous integrated
semigroup.

Proof. By Theorem 2.4 there exist constants M >0 and @ € R such that
[(A—w)' (A-A4)""I<M

for all A>w and neN. By rescaling, we may suppose without loss of
generality that @ = 0. Further, according to the standard renorming lemma
[18, Ch. I, Lemma 5.1], there exists an equivalent norm |-||z on E such
that

IAR(4, Az < L.

Note that (A—(4+ B))=(I—BR(4, A))(A— A). Since | BR(4, A)|r<
| B z/4, the operator I— BR(A, A) is invertible for large A and

|(—BRO, ) e (A= 4) " Ia< (1= Blg A~ 2!
=(A=11Bllx) "
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Therefore |AR(A, A+ B— | Bliz)llx<1l. Now Theorem 2.4 together with
Remark 3.2 implies the assertion. |

Proposition 3.3 is closely related to the following fact, which can be
proved by similar methods (see [14]).

PROPOSITION 3.4. Let A be the generator of an integrated semigroup and
Be L(E, D(A4)) (where D(A) is equipped with the graph norm).
Then A + B generates an integrated semigroup.

As an application we consider generators of cosine functions (see [11],
[12] for details). An operator A4 is the generator of a cosine function, if
(a, ©)=p(A) for some a=0 and there exists a strongly continuous
exponentially bounded function C: [0, cv) —» L(E) such that

AR(2 A) = jw e~ #C(1) dt
0

for all sufficiently large A. In that case, C is the cosine function generated
by A.

THEOREM 3.5. Let A:D(A)- E be a linear operator. The following
assertions are equivalent:

(1) A is the generator of a cosine function.

(i) o :=(Y () generates an integrated semigroup on the Banach space
ExE.

Proof. (i)= (ii) Let (Cos(f)),.r be the cosine function corresponding
to the operator 4 and further let Sin(r) := |} Cos(s) ds. Then the family
(8/):>0, given by

Sin(t) | Sin(s) ds
S, =
Cos(t)—1 Sin(z)

satisfies || S,| < M'e®" for t=0 (M’ and o' suitable). After a short
calculation one obtains

© A1
— At 2 —1 4
AJ; e S,dt-( ,1)('1 — A) for i>w'.

The term on the right-hand side is just (A —.o/)~". Therefore (S,),5 is an
integrated semigroup and .o its generator.
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(it)= (i) Suppose that ./ generates an integrated semigroup. Then
A=A '(A—)" "' is a Laplace transform. It is not hard to see that the
entry in the lower left-hand corner is A~ '4(A>— 4) ' Hence A(A*— A4) !
is a Laplace transform as well, J

COROLLARY 3.6. If A is the generator of a cosine function, then A+ B
generates a cosine function for every Be L(E).

Proof. The operator-matrix associated with 4 + B on E x E is given by

0 I 0 I 0 0
M+£,—(A+B 0) where d=(A 0) and %-—(B 0)

with domains D(s/)=D(A)x E and D(#)=ExE. Since #e L(ExE,
D(44)), the assertion follows from Proposition 3.4. |

ExaMpLE 3.7. If an operator A generates a cosine function, then (§ ()
generates an integrated semigroup on Ex E (Theorem 3.5). The bounded
perturbation (§ —§) leads to (4 ) =: /. But this operator never generates
an integrated semigroup if 4 is unbounded, since p(of) = .

4. HIGHER ORDER DIFFERENTIAL OPERATORS

The third derivative (d/dx)* is a generator on L?(R) but not on the other
L*-spaces. The same holds for the Schrédinger operator i(d/dx)* (see [13,
Theorem 1.14]). But together with a large class of higher order differential
operators (d/dx)* and i(d/dx)* generate integrated semigroups on these and
other function spaces. This is what we shall show in this section.

In the following we use extensively the Fourier transformation and
denote it by ~ ie.,

J»=n/2m [ fixeds.

Its inverse will be denoted by ~.
We shall consider differential operators of the form Y.¥_ a;(d/dx)’ on the
function spaces

Co(R), C4(R), UCHR), L7(R) for 1 <p < 0. (L)

(UC,(R) is the space of uniformly continuous and bounded functions.)
More precisely we make the following assumptions: Let a,, ..., 2, € C and
let E be one of the spaces in (L). Then we consider the operator
A: D(A) — E, where
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k
D(A) = {fe E: Y aD'feE distributionally}

ji=0
k .
Af=Y aD’f.
j=0

A key role will be played by the polynomial 3%, a(ix)’
(i =imaginary unit). It will be abbreviated by p(x).
With this notation the following theorem holds.

THEOREM 4.1. Let aq, .., a,€C such that sup,..g Re(p(x)) < oco. Then

A: D(A) - E generates a norm continuous integrated semigroup on all spaces
E listed under (L).

Remark 4.2. It should be noted that A is not densely defined on the
spaces C,(R), and L*(R).

We first illustrate this result by an example.

ExampLE. Consider the following partial differential equation
U+ U =0, 120, xeR
u(0, x) = ¢(x).

It is not difficult to see that the distributional domain of the third
derivative in LP(R) (1<p< o0) coincides with the third Sobolev space
W?#. Hence, for each ¢ € W®” there exists a unique solution

(*)

ue C([0, o), W*?)n C([0, v), L")
of ().

We now prove Theorem 4.1 in a series of four lemmas. Subsequently we
exclude the trivial case “k =0” and assume k > 1 and a, #0. Further we use
the abbreviation

w :=max(0, sup Re(p(x))).

xeR
Two operator families will be considered:

(1) (S,)i»0, Where S,f:=(1//2n) ¢, *f with ¢,(x):={5e”™* ds.
(This will be the integrated semigroup.)

(2) (R))i>w. Where R, f:=(1/y/2m) 7, » f with r,(x) :=1/(A—p(x))
(its resolvent).

First we have a closer look at the convolution kernels ¢, and 7.
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LeEmMMA 4.3, For 120 and A > w the following holds.
(@) ¢, rieH'(R),
(b) t— ¢, is continuous with respect to || ||,
©) ¢ dm<s(ctct)e™
Proof. The assumption k > 1 implies that there is some L, > 0 such that
| p(x)| = | @, x¥|/2 for | x| = L.

(a) One verifies that ¢,, (d/dx)¢@,, r;, (d/dx)r, are bounded as
functions in x and further that

(£)rio

This implies the assertion.
(b) Let0<s<y,

1g.—a.l3=["

[$Ax)], -

<c/| x| (for suitable ¢).

¢ 2
fe”"‘”dr dx

s

—L
= [ lerr—err i3] plx))? d
L
+ L

+| T e o312 pix)2dx for L> L,
L

2
dx

!
J eP(X)' dr
s

—L
sj 162*/| a,x* | dx + 2Le™" | 1 — s

fe o)
+J 16¢>*'/| a, x*|? dx.
L

If L is large the first and third term get small. By choosing |t — 5| small one
can make the second term small, too. In a similar calculation one obtains

(&)e-(&)e

2 -L
<ctle™ J‘ [x|~2dx
2

— 0

+2Lr%e™"(sup | p'(x)|)*| 1~ s/

IxI<sL

+ ct?e™ f x|~ 2% dx.
L

Choose again first L large and then |7 —s| small.
(c) can be obtained by choosing L= L, and s=0. |
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LEMMA 44. Let fe H'. Then fe LY(R) and there is a constant ¢ >0 such
that

I7h<el flla,  for feH.

Proof. Let fe H“2. Then (f+ (d/dx)f)~ e L% This implies that the
function y — (14 iy) f(y) is in L% Using the Cauchy-Schwarz inequality
we obtain

(" 1) =(" i+ m7iar)

<" e ‘<f+<d%)f>

This shows that fe L'(R) and that the estimate holds with c=./2n. |

2
dy.

LEMMA 4.5. Let E be one of the spaces listed under (L). Then the family
(8)i50. S,f=(1//21) §, % f is an integrated semigroup on E continuous
with respect to the operator norm. Further:

(@) 18l ¢ < (a+bt)e™ (with suitable constants a, b > 0).
(b) For A>w the pseudo-resolvent of (S,),»0 is given by

R, f=(1//2m)F, + f.

Proof. Lemmas 4.3 and 4.4 imply

(1) @,eL! for t=0.
(2) 11— @, is continuous with respect to || ;.
(3) 118,11, <(a+bt)e* for suitable a, b>0.

By (1) the convolution operators S, are bounded operators on all listed
spaces.
By the Young inequality

lgxfl,<lghlifl, for geL'feL’, 1<p<o.

Statement (2) implies the norm continuity and (3) implies (i). To show that
(S,): o fulfills the functional equation observe that ¢.¢, = V6 (@, 4, —¢,) dr.
Therefore

(N F 2 d=[ @G-8 ar

Since the convolution is associative the functional equation follows.
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(b) By (a) |4, < Me® (and therefore | S, || < Me®) for any w > w
(with suitably chosen M). Thus the Laplace integral exists for 1 >w. We
show first (by means of distributions)

/1J.Ooe—“$,dt=7,l for A>w.
0
Let ¥ be a function of rapid decrease. Then
fw sz e 43 (x) dt ¥(x) dx
—oC 0
=[” F e~ 43 (x) ¥(x) dx dt
0 —C
—j j e ,(x) (x) dx dt
=j°° /1f°° e #4,(x) dt P(x) dx
— 0 0
=foo ri(x) ®(x)dx

=J‘OO Fi(x) ¥(x) dx.

This shows the assertion.
For the time being let fe L*(R). Then for ze R we have

A", faz)=A[" e (112G w ) de

=) A" e z=y)f () dy d
The integrand is in L'(R, x R). Therefore one obtains by Fubini’s theorem
=W [ A] e Fz=p dif(y) dy

And from what we just showed we deduce

= (1//27) F, = f(z) = R, [ (2).

From this (b) follows for L*, C,, UC,, and C,. Since the functions of
rapid decrease are in L™ and dense in all other L’-spaces the rest follows
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by the boundedness of R, (this is obtained from Lemma 4.3(a)) in com-
bination with Lemma 4.4). ||

The proof of Theorem 4.1 is completed by

LemMMa 4.6. A:D(A)— E is the generator of (S,),so for all spaces E
listed under (L).

Proof. The assertion is shown by distribution techniques. Let fe E and
let ¥ be a function of rapid decrease. In the following ¥_ denotes the
function given by ¥ _(x):= ¥(—x). Then we have

(e

=]7 an/ame e e - 3 4~ 1) PU() ) dv

0

RCNCE O T S
— (/30 +f) + (wf_ 9 )0)
~f+ (/)7 (w W))(O)

=fx(ry(A-p(-)¥_)")~ (0)
—fx w_(0)=f f(x) P(x) dx

This implies the distributional equation
k

Z aijR/lf= (AR, f=f).

j=0
The distribution on the right-hand side is in E. Therefore
R, fe D(A) and (A—AR)R, f=f.

In a similar argument one shows R,(1— A4)f=f for fe D(4). This com-
pletes the proof. |

Remark 47. The natural question that arises here is whether
Theorem 4.1 can be generalized for the case of R If we try to use the
preceding proof for R” an obstacle comes up: Polynomials in R” need not
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grow as fast as it is needed in the proof. And even if we require strong
enough growth of p we only obtain a weaker result:
Consider

A=Y a,D% wherea:=(a,,..a,)eNg,

el <k

n .. a -3} a [
lcxl.—j;1 ®; and D _<a:> "'(ax,,> . Define

p(x):= Y a,i'*x3...x%and

el <k

ord(p) :=max {|o| :a,#0}.

>l = ord(p) o) ¥ x3* -+ - x2n is called the principal part of p(x).

The growth condition on p that we need is equivalent to “ellipticity”: A
polynomial p(x) is called elliptic if its principal part vanishes only when
x=0.

LemMa 4.8. Equivalent are:
(a) p(x) is elliptic.

(b) There are constants Ly, ¢ >0 such that

| p) Zclx|™?  for |x|> L.

Proof. We denote the principal part of p(x) by g(x) and abbreviate
m :=ord(p). The key property is g(Ax)=A"q(x) for xe R", leR.

(a)=(b) By continuity and compactness reasons we have
|g(¥)| =¢>0 for | y| =1. This implies by the above property for arbitrary

xeR”
x 1 \"
cs{q<—->‘=<—) [q(x).
=) U
1 \" 1\ 1\
(BT) | p(x)l—(m> |q(x)|—<m) | p(x)—g(x)

>c—§ for |x|=2L,

Therefore

if L, is chosen large enough (since ord(p —gq) <m).
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(b)=(a) Let (b) hold and let g(x)=0 for some xeR" Then
q(Ax)=A"q(x) =0 for arbitrary A> 0. This implies

¢ |Ax|"< | p(Ax)| =] p(Ax) — q(Ax)|.

Therefore
¢ |x|™ <[ p(Ax) —q(Ax)|/A™.

Since ord(p —¢q) = m the right-hand term goes to zero as 1 — co. Thus
x=0 1

The following theorem replaces Theorem 4.1 in the case of R™

THEOREM 4.9. Let p(x):=Y . <k @y, i"*'x%---x%  be an elliptic
polynomial with ord(p)>n/2 and sup,.p-Rep(x)<oco. Then A is the
generator of an [n/2] + 2-times integrated semigroup on the spaces

(L") Co(R"), Co(R"), UC,(R"), L*(R"), 1< p < c0.

For the definition of k-times integrated semigroups see Arendt [4].
We only sketch the proof. Define m :=[n/2]+ 2 and show that

1 n/2
Slf:= (T) 5! *.f’
T
where

. ]' ! m—1 ,p(x)s
¢, —W———l)'.[O (I—S) e ds

m—1

l . 4
=" plx)" = § 5 )

j=0

defines an integrated semigroup with pseudo-resolvent (R;)g. ;- .. Here
R, f:i=(12n)"? ¥, % f, ry(x):=1/(A—p(x)), and R, :=(A—A)" L To this
end one verifies by induction that (for any polynomial p(x)) the following
hold.

(1) D*(eP'/p*)=e"q/p’, where reN and g is some polynomial of
ord(g)<rm—(k—|a|)m—|al.

(2) D*(1/p/y=¢q/p’, where reN and ¢ is some polynomial of
ord(g) <rm—jm—|a].
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Using this one shows

Lemma 4.10. Let p(x) fulfill the assumptions of Theorem 4.9. Then there
are constants Ly, ¢ >0 such that

| D*¢(x)] < cf| x|, | Dory(x)| < ¢f| x|
for | x| =Ly and o} <[n/2]+ 1.
LeMMA 4.11. Let p(x) fulfill the assumtions of Theorem4.9. Then for
t20 and A > w the following hold
(a) ¢t’ rAEHle’
(b) t— @, is continuous with respect to || || ym-1,
(©) N llum i< (c+ctm)en
The proof of Theorem 4.1 can now be copied if we replace Lemma 4.4 by
LEMMA 4.12. For k> n/2 the inverse Fourier transform maps H* (R")
boundedly into L'\(R") (e, | Tl a<c || Sl g)

The proof is similar to the proof of Lemma 4.4 and therefore is omitted.
A consequence of Theorem 4.9 is

For n<3 the Schrodinger operator i4 generates a three-times
integrated semigroup on all spaces listed under (L").
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