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Abstract

The three-dimensional universal complex Clifford algebraC̄3,0 is used to represent relativistic vectors in terms of paravectors. In analo
the Hestenes spacetime approach spinors are introduced in an algebraic form. This removes the dependance on an explicit matrix re
of the algebra.
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1. Introduction

Over the last years there is growing interest in the Clifford
gebra approach to spacetime that has been initiated by Hes
[1–4]. The algebraic representation of geometry has in gen
advantages compared to the conventional description in t
of column vectors and matrices. An overview of application
given by Doran and Lasenby[5] and by Gull et al.[6].

Beside the approach to relativistic physics in terms of
R1 3, Dirac algebra, there is the less noticed approach of Ba
which is based onR3 0, paravectors[7]. Baylis derived a new
representation of electrodynamics[8] with these paravectors
This algebra has been introduced originally by Sobczyk in
spacetime vector analysis[9]. In a recent work[10] this al-
gebra is generalized to the universal complex Clifford alge
C̄3,0. The structural difference compared to Baylis appear
the shape of the hyperbolic unit, which plays an integral pa
the complex formalism.

For more details on the hyperbolic numbers and their p
erties it is referred to the references in[10]. However, it should
be mentioned that hyperbolic numbers are used also within
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eral relativity, where the hyperbolic numbers are also den
as paracomplex or split-complex numbers. Paracomplex
jective models and harmonic maps were investigated by Er
[11–13]. A survey on paracomplex geometry, para-Hermiti
and para-Kaehler manifolds has been given by Cruceanu
[14,15]. Solutions of Minkowskian sigma models generated
hyperbolic numbers were considered by Lambert et al.[16,17].
Zhong generated new solutions of the stationary axisymm
Einstein equations with hyperbolic numbers[18]. He investi-
gated hyperbolic complex linear symmetry groups and t
local gauge transformation actions[19]. Furthermore, the hy
perbolic complexification of Hopf algebras[20]. Moffat [21]
has interpretated the hyperbolic number as fermion num
This interpretation has led to fundamental explanation of
bility of fermionic matter.

As a supplement to the references in[10] it is mentioned
that introductions to hyperbolic numbers including further r
erences are given by Sobczyk[22], Borota and Osler[23]. Hy-
perbolic numbers are applied to integrable systems by Bra
and Hayes[24,25]. Linear and quasilinear complex equatio
are investigated by Wen based on hyperbolic numbers[26].
A slightly different structure than the algebra used in this w
have the so-called paraquaternions (or split-quaternions[27])
used, e.g., by Blažic´ [28].
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The hyperbolic numbers form, together with complex nu
bers and quaternions, the fundamental building blocks in
classification of Clifford algebras. Porteous[29] gives an
overview of real and complex Clifford algebras for geometr
with arbitrary signatures. Beside the real Clifford algebras th
exist four different types of complex algebras. Porteous der
explicit matrix representations for all algebras. Spinors are
ements of a minimal left ideal, which can be represented
column vectors corresponding to the matrix representatio
the algebra. Such a representation has been used in[10].

Though this conventional picture is familiar to physicis
Hestenes actually promoted the full algebraic representa
of vectors and spinors. The theory should be free of any
plicit matrix representations. Hestenes achieved this for n
relativistic and relativistic physics. It is the intention of th
work to apply these ideas explicitly to the three-dimensio
complex paravector algebra.

2. Hyperbolic algebra

Vector spaces can be defined over the commutative rin
hyperbolic numbersz ∈ H

(1)z = x + iy + jv + ijw, x, y, v,w ∈ R,

where the hyperbolic unitj has the propertyj2 = 1. In the ter-
minology of Clifford algebras the hyperbolic numbers defin
in this way are represented bȳC1,0, i.e., they correspond to th
universal one-dimensional complex Clifford algebra (see P
teous[29]).

Beside the grade involution, two anti-involutions play a m
jor role in the description of Clifford algebras and their stru
ture, conjugation and reversion. Conjugation changes the
of the complex and the hyperbolic unit

(2)z̄ = x − iy − jv + ijw.

Reversion, denoted asz†, changes only the sign of the compl
unit. Anti-involutions reverse the ordering in the multiplic
tion, e.g.,(ab)† = b†a†. This becomes important when no
commuting elements of an algebra are considered. With res
to conjugation the square of the hyperbolic number,

(3)|z|2 = zz̄,

can be calculated as

(4)zz̄ = x2 + y2 − v2 − w2 + 2ij (xw − yv).

The hyperbolic numbers form the basis of the hyperb
paravector algebra. A Minkowski vectorxµ = (x0, xi) ∈ R 3,1

is represented in terms of the hyperbolic algebra as

(5)x = xµeµ.

The basis elementseµ = (e0, ei) include the unity and the Pau
algebra multiplied by the hyperbolic unitj

(6)eµ = (1, jσi).

The algebra can be complexified with either the hyperboli
the complex unit. The full structure is equivalent to the univ
sal three-dimensional complex Clifford algebraC̄3,0.
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The scalar product of two vectors is defined as

(7)x · y = 1

2
(xȳ + yx̄) = 〈xȳ〉+.

The wedge product is given as

(8)x ∧ y = 1

2
(xȳ − yx̄) = 〈xȳ〉−.

The wedge product corresponds to a so-called biparave
which can be used for the description of the electromagn
field or the relativistic angular momentum (see also Baylis[8]).
A special notation has been introduced indicating the symm
ric and anti-symmetric contributions of a geometric product

(9)xȳ = 〈xȳ〉+ + 〈xȳ〉−.

The basis elements of thēC3,0 paravector algebra can b
considered as the basis vectors of the relativistic vector sp
These basis elements form a non-Cartesian orthogonal
with respect to the scalar product defined in Eq.(7)

(10)eµ · eν = gµν,

wheregµν is the metric tensor of the Minkowski space.
The groupSU(2,H ) corresponds to the spin group of t

hyperbolic algebra and its elements can be used to express
tions and boosts of the paravectors. The rotation of a parav
can be expressed as

(11)x → x′ = Rx R†.

For the boosts one finds the transformation rule

(12)x → x′ = BxB†.

Rotations and boosts are given as

(13)R = exp
(−iθ iσi/2

)
, B = exp

(
jξ iσi/2

)
.

The infinitesimal generators of a Lorentz transformation ca
identified as

(14)Ji = σi/2, Ki = ijσi/2.

The generators satisfy the Lie algebra of the Lorentz group
Boosts are invariant under reversionB† = B, whereas the

conjugated boost corresponds to the inverseB̄ = B−1. For ro-
tations reversion and conjugation correspond both to the inv
R† = R̄ = R−1. The effect of conjugation, reversion, and gra
uation on the used hypercomplex units is displayed inTable 1.
Note, that graduation is an involution, which does not reve
the ordering in a product, i.e.,̂ab = âb̂. Conjugation, reversion
and graduation are related byā = â†.

This was a brief summary of the most important facts
more detailed representation of the hyperbolic algebra ca
found in[10].

Table 1
Effect of conjugation, reversion, and graduation on the used hypercomplex

a ā a† â

e0 + + +
ei − + −
σi + + +
i − − +
j − + −
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3. Spinors in the hyperbolic algebra

The relationship between relativistic spinors and vectors
be derived in the same way as in non-relativistic physics. S
ing from a parameterization of a normalized Minkowski vec
in terms of spherical coordinates, which can be generated
a standard vector by a vector transformation, the equiva
object in spinor space is derived from the corresponding
transformation. A normalized spacelike vectorxµ can be repre
sented as

(15)xµ =


x0

x1

x2

x3

 =


sinhξ

coshξ sinθ cosφ
coshξ sinθ sinφ

coshξ cosθ

 .

In the limit of ξ → 0 the vector reduces to a non-relativistic ve
tor in spherical coordinates. The vector can be obtained fro
standard vectorxµ = (0,0,0,1) with a Lorentz transformation
of the form

(16)L = e−iφJ3e−iθJ2e−iξK3.

With the generators of Eq.(14)the corresponding spin transfo
mation can be written as

(17)S = e−iφσ3/2e−iθσ2/2ejξσ3/2.

The spinor, corresponding to the above vector, is obta
in the conventional picture from a multiplication of the tw
component standard spinorχi = (1,0) by the above spin trans
formation

(18)ψi = Sχi.

The elements of the Pauli algebra are represented here as× 2

matrices. The hyperbolic spinor has two componentsψi ∈ H̄
2
.

The bar symbol indicates that the correlation, which maps
elements of the spinor to its dual space, is defined with co
gation as given in Eq.(2). With the relationS̄ = S−1 it is easy
to show that the spinor is normalized

(19)ψ̄iψ
i = 1.

This representation provides a consistent framework for
ativistic calculations[10]. However, this picture requires a
explicit matrix representation of the algebra. Hestenes[1] sug-
gested to identify the spinor directly with the spinor transf
mation itself to obtain a spinor in a pure algebraic form. T
concept can be adopted also in the current context. The Cli
algebraic spinor is therefore defined as

(20)ψ = S.

The spinor can be expanded into a component structure
an even number of basis vectors

(21)ψ = ψ0 + ψµν

2! 〈eµēν〉− + ψµνσρ

4! 〈eµēνeσ ēρ〉−,

where only the antisymmetric contributions of the algebra pr
ucts are considered. Note, that this structure is not an ele
of the even Clifford algebra. It is a mixture of even and odd e
ments with respect to the grade involution. The reason lies in
n
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paravector algebra and the elemente0 = 1, which is invariant
under the grade involution. Baylis[8] introduces the terminol
ogy of a paravector grade. However, it is shown below th
spinor cannot be identified uniquely as an element of even
avector grade.

The factors in Eq.(21) are introduced by convention. The
indicate that not all elements in this expansion are linear in
pendent. The spinor consists of a scalar part, six indepen
components of a biparavector, and one pseudoscalar con
tion. The last term could therefore be expressed also in
simplified form

(22)ijη = ψµνσρ

4! 〈eµēνeσ ēρ〉−,

with the pseudoscalarijη. The explicit form of the spino
components for the parametrization of Eq.(17) is given in
Appendix A. The eight independent components are inclu
also in the two-component spinor of Eq.(18). Explicitly one
finds

(23)ψi =
(

ψ0 + iψ21 + jψ30 + ijψ0123

ψ31 + iψ32 + jψ10 + ijψ20

)
.

The only non-trivial operators that can be generated by
basis elements of the hyperbolic algebra areij , iσi , andjσi .
Together with the unity they form the subalgebraR3,0, which
will be denoted here as spinor algebra. The effect of these o
ators on the spinor has to be investigated to proof the one to
relationship between the spinors given in Eqs.(18) and (20). For
the two-component structure the elements of the Pauli alg
have to be replaced by their explicit 2×2 matrix representation
If the algebraic spinor is represented in the form

ψ = ψ0 + ψ32iσ1 + ψ13iσ2 + ψ21iσ3

(24)+ ψ10jσ1 + ψ20jσ2 + ψ30jσ3 + ijψ0123,

the proof of this one to one correspondence is straightforwa
From Eq.(24) it is obvious that the spinor can be expand

also into an odd number of basis vectors

(25)ψ = ψµeµ + ψµνσ

3! 〈eµēνeσ 〉−,

which simply leads to a relabelling of the spinor compone
This spinor is formed by a paravector and a triparavector.
triparavector is calculated as[8]

〈eµēνeσ 〉− = 1

3! (eµēνeσ + eν ēσ eµ + eσ ēµeν

(26)− eν ēµeσ − eµēσ eν − eσ ēνeµ).

The divisor in Eq.(25) indicates again that not all elemen
of the triparavector are linear independent. In fact, there
only four independent components. One could therefore
write the last term in the simplified form

(27)ijηµeµ = ψµνσ

3! 〈eµēνeσ 〉−,

where ijηµ has the structure of a pseudovector. Though
representation looks like a sum of a vector and a pseudove
keep in mind that in the terminology of Clifford algebras t
spinor is considered as an element of a minimal left ideal.
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only multiplied from the left with other elements of the algeb
whereas a vector transforms according to Eqs.(11) and (12).

4. Spinor product

In the conventional picture the scalar product of two spin
is based on the correlation, which maps the elements o
spinor space to their dual space. If the spinor correspond
a two-component column vector the correlation is represe
with transposition and conjugation. One can therefore write

(28)ϕ ◦ ψ = ϕ̄iψ
i,

with ϕ,ψ ∈ H̄
2
. The Hermitian product will be denoted in th

following as spinor product.
Based on Eq.(7) the spinor product of two algebraic spino

can be defined as

(29)ϕ ◦ ψ = ϕ · ψ + jϕ · ψe3.

The second term corresponds to a projection in the direc
of the z-axis. An explicit calculation using Eqs.(23) and (24)
shows that the above spinor products for the column spinor
the algebraic spinor are equivalent. The square of the sp
product can be calculated in terms of relative coordinates a

(30)|ϕ ◦ ψ |2 = cos2(θ/2)(1+ ij sinhξ sinφ),

whereψ has been chosen to be in its standard frame. Note,
the same expression can be derived also in momentum sp

This square appears in physics in the calculation of c
sections, for example in the scattering of polarized elect
by a spinless nucleus like oxygen16O (see, e.g., Perkins[30]).
The spinorψ can be chosen to represent the spin structur
the incoming electron beam with momentum and polariza
(ms = +1/2) aligned in the direction of thez-axis. The scat-
tered electron beam, still polarized in ams = +1/2 state, corre-
sponds toϕ. In the case of elastic scattering Eq.(30) reduces to
the factor cos2(θ/2), which is equal to the contribution of th
electron spin to the Mott formula in the conventional mat
matical formulation of the problem. For inelastic scattering
second term in Eq.(30) appears, which is proportional to th
pseudoscalarij of the hyperbolic algebra.

The square of the spinor product is a factor in the cross
tion of the process, i.e., the number of electrons counted w
certain direction, energy, and momentum is directly relate
Eq. (30). Since this number is clearly a real number, one m
ask whether the hyperbolic complex part of Eq.(30) is of phys-
ical relevance.

5. Summary

Spinors can be represented in an algebraic form within
three-dimensional complex Clifford algebraC̄3,0. The conven-
tional two-component hyperbolic spinor is equivalent to an
pansion of even and odd elements of the Clifford algebra.
is in contrast to the common understanding of a spinor as a
ement of the even Clifford algebra. The reason for this is gi
by the fact that a paravector algebra is used instead of a v
algebra.
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The algebraic spinor must not be multiplied from the rig
by an element of the Pauli algebra, if the mass operator[10],
which can be represented in terms of the spinor algebraR3,0, is
acting on it. This is required in theR1,3 algebra in order to kee
the spinor within the even algebra, when it is multiplied by
odd grade Dirac operator.

The scalar product of the Clifford algebra can be used
define a spinor product, which is equivalent to the conventio
scalar product of a column spinor.

Appendix A. Algebraic spinors

The components of the Clifford algebraic spinor are lis
below. They correspond to the parametrization given in Eq.(17)

ψ0 = cosφ/2 cosθ/2coshξ/2,

ψ10 = cosφ/2 sinθ/2 sinhξ/2,

ψ20 = sinφ/2 sinθ/2sinhξ/2,

ψ30 = cosφ/2 cosθ/2 sinhξ/2,

ψ12 = sinφ/2 cosθ/2 coshξ/2,

ψ31 = cosφ/2 sinθ/2 coshξ/2,

ψ32 = sinφ/2 sinθ/2coshξ/2,

(A.1)ψ3210= sinφ/2 cosθ/2 sinhξ/2.

Note, that the components of the spinor are antisymmetric
respect to their indices. The ordering in the indices has b
chosen to give positive values for all components. The elem
appear partly with reversed indices in the explicit form of
spinors in Eqs.(23) and (24).

It is an interesting point that in the non-relativistic limitξ →
0 a vector can be formed that corresponds to a parametriz
of a rotation with a 4π symmetry

(A.2)xi =
(

ψ32

ψ13

ψ21

)
=

( sinφ/2 sinθ/2
−cosφ/2 sinθ/2
−sinφ/2 cosθ/2

)
.
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