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In this paper we define a class C of groupoids on S"(=8 X § X - x )
for arbitrary sets § and integers » > 2. For n a prime we give necessary and
sufficient conditions in order for the binary operation (-) of (8", ) in C to
generate each of the binary operations (x) for all (S*, %) in C.

1. INTRODUCTION

Let S be a non-empty set, n an integer >> 2, and j(1), j(2),..., j(n) a
sequence of (not-necessarily distinct) integers such that 1 < j(i) < n,
i = 1,...,n. A shuffling operation (s-operation), (*), on S(=S X S x =+ X S)
is defined as follows:

@y 5005 @) " (By 5oy b)) = (L) 5eees Pi(m)) (1.1)

for all (a,..., a,), (by,..., b,) in S*, where each i; is a fixed element
either equal to a;() or by, . The elements of S* are called points and the
groupoid (S*, -) is called a point algebra.

There are (2n)" s-operations on S™ if | S| > 1. An s-operation (') is
called a generating operation if for each other s-operation () on S$* there
is a polynomial § in (), (ay ,..., @), (B; ,-.., b,,) such that

(ay 5., @) % (by ..., by) = OC, (ay ..., ay), (By ..., b))

In this case we say () generates (x) (or that (x) is generated by ()).

In his studies of some properties of point algebras for n = 2 in [1],
Evans comments on generating operations [1, p. 364]. The main result
of this paper is thus to give, for n a prime, necessary and sufficient condi-
tions for an s-operation to be a generating operation. The conditions
provide a practical test for determining whether or not an s-operation
is a generating operation for a given prime #.
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The results of this paper are contained in the author’s doctoral disserta-
tion which was prepared at Emory University under the direction of
Professor Trevor Evans. The author acknowledges the assistance and
invaluable criticisms of Professor Evans.

2. MAIN RESULT

Before stating the main result we describe two sequences induced by an
s-operation. Any operation as described in (1.1) induces a (finite) sequence
of positive integers for each &k, 1 << k < n, defined as follows. The positive
integer j(k) is the subscript in the k-th place of (1;q) ,.-., #i(n))> J(j(k)) is the
subscript in the j(k)-th place and generally j(j(:-- (G(i(k)) =) G + 1j’s)
is the subscript in the j(j(--- (j(j(k))) ---))-th place (i j’s), for 0 <<i<<n — 1.
If we denote j(j(--- (j(k)) ---)) (¢j’s) by ji(k) the sequence induced is

J(K), j2(K),s.., j(K). @1

We note that 1 < ji(k) << n and that the sequence in (2.1) may or may
not be a permutation of 1, 2,..., n.
Another sequence induced by the point (1;q) 5..., Pi(n)) is

J(1), j(2;..., j(n). 22
The main result may now be stated.

THEOREM 2.1. Let n be a prime and let (*) be an s-operation defined as
in (1.1), where | S| > 1. Then the following three conditions are necessary
and sufficient for () to be a generating operation:

() For some j(@) and some j(k), i;) = ajy and ki) = by in
the point (L) 5---» Ni(n))-

(ii) For some k, 1 < k < n, the sequence in (2.1) is a permutation of
1,..., n

(ili) The sequence in (2.2) is a permutation of 1,..., n.

We prove in the next three lemmas, for any n > 2, that an operation (-}
fails to be a generating operation if any one of the conditions (i), (ii), (iii)
of Theorem 2.1 fails to hold. In each proof we produce an s-operation
which cannot be generated by ().

LEMMA 2.1. If condition (i) does not hold then () is not a generating
operation.



GENERATING OPERATIONS OF POINT ALGEBRAS 95

Proof. Suppose in the point (1,q) ,..., H;(w)) all the i) belong to exactly
one of the sets 4 = {a, ,..., a,} or B = {b,,..., b,}. Then any product of
(ay ,..., ay)’s or (by ,..., b,)’s will be a point containing all coordinates from
exactly one of the sets 4 or B. Thus no s-operation whose product involves
coordinates from both 4 and B can be generated by (+).

Before stating the next lemma we introduce some notations. The
symbol P[(iy, k1),..., (i, k,)], will denote any point containing the
element i; in the k;,-th place, j = 1,..., r, where the other coordinates,
if any, are not stipulated. The k; are not ordered in any particular way.
Also, in the sequel we will use capital letters, with or without subscripts,
to denote points.

LemMa 2.2. If condition (ii) does not hold then (%) is not a generating
operation.

Proof. Suppose for no &, 1 < k < n, is the sequence in (2.1), j(k),...,
Jj™(k), a permutation of 1,..., n. Since, in particular, j(1),..., j*(1) is not a
permutation of 1,..., n, some one of 1,..., n is not a term of this sequence.
Let ¢ be such an integer and consider any s-operation () on S* defined by:

(al FARRE] an) * (bl 3000 bn) = P[(at 9.](1))]

We show (x) cannot be generated by (). Since j(1),..., j*(1) has n terms

each of which is a member of the set {l,..., n} — {¢t} then for some s,

m > 0, j*+™(1) = j¥(1) where s + m < n. However, noting that
Pl(a;,j(1))] = A, - B;, where 4, or B,isa P(a;,j*1))],
Pl(a;,j*(1))] = Ay - By, where A, or Byisa Pl(a,,j3(1))],

Pi(a; ,j*()] = A4, - B,, whe;e A, or Bis a Pl(a,, j**(1))],

Pl(a;, j*t™ Y (IN] = Agpm-a * Boym-i»
where A, .,y OF Boyy is a Pl(a;, j5(1))),

P[(at st(l))] = As+m ’ Bs+m s
where 4, or B, is a P[(a,, j*(1))], etc.,

and that ¢ 5= j%(1) for all g, the conclusion follows.

LemMA 2.3, If condition (iii) does not hold then () is not a generating
operation.

Proof. Suppose the sequence in (2.2) is not a permutation of 1,..., n.
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Then let k be an integer, 1 < k < n, not included in the sequence in (2.2)
Then, for example, the s-operation (%) defined by

((l1 srees d,,) * (bl geeey bn) = (a;c sesey ak)

cannot be generated by (-) since any product of (a, ,..., @,)’s or (by ,..., b,)’s
under (*) omits a .

Thus we have proved the necessity of the three conditions of Theorem
2.1. We note that the necessity proof did not require that » be prime.
In order to prove sufficiency of the three conditions we first prove
Lemmas 2.4 through 2.9. For these lemmas we assume that the three
conditions of the theorem hold for the s-operation (), where # is a prime
and | S| > 1, even though we restate that » is prime in lemmas where
this fact is used.

LemMma 24, Let jk),...j™k) be a permutation of 1,..,n. Then
jik) = k.

Proof. Suppose j*(k) * k. Then ji(k) = k for some s < n since k
is one of 1,..., n. Hence j**'(k) = j(k) where s + | < n. This is false
since the ji(k), i = 1,..., n are distinct.

LemMa 2.5. Let j(k),...,j™k) be a permutation of 1,..., n. Then j(i),...,
Jj™i) is a cyclic permutation of j(k),..., j™ (k) for eachi = 1,..., n.

Proof. Since j(k),..., j*(k) is a permutation of 1,..., n, j(i) = ji(k) for
some positive integer s. Hence j%(i) = j+i(k), etc. Generally, j*—*(i) =
JrMK), Jr@) = jrR(=K), P = j),... j() = joUK).

LeMMA 2.6. Let n be a prime and let 1 <k < n. Then the terms of the
Jfollowing sequence are distinct:
kmodn, 2k — 1)mod n,..., (tk — (i — 1)) mod n,..., (k. — (n — 1)) mod n

Proof. Suppose mk — (m — 1) = rk — (r — 1) mod n, where 0 < m,
r <n Then (m — r)k — 1) = 0mod n. Thus n| (m — r)(k — 1). Since
0 <k —1 < nand #is prime then n{m — r. However, |m —r| <n.
Thus |m —r| =0and m = r.

LemMma 2.7, Letnbeaprimeandletl <i <nandl <k < n. Then
the terms of the following sequence are distinct:

jkmod ’n(l‘)’j(2k-—1) mod n(i),. . _] (tk—(t—1)) mod n(l‘),‘“’j(ftkw(n_l)) mod "(l). (2.3)

Proof. From Lemma 2.6 the superscripts of the terms of the sequence
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in (2.3) are distinct and if @ # b, 0 < a, b < n — 1 then jo@) # j(),
from condition (ii) and Lemma 2.5. We note that in the sequence in (2.3)
one of the superscripts is 0. In this case and in the sequel, j%k) =

k(= j»(k)).
If a point Pl(x, i), (v, )] of S is such that there is a polynomial ¥ in -,
{ay ey Qn)s by 5e., by) Where

P[(xa i), (y’.])] = l}l(’ (al seees An)s (b1 505 bn))

and such that the x and y of the i-th and j-th places of P[(x, i), (», /)],
respectively, originate from a pair of different points on the right side of
the above equation, then we say x and y split.

LEMMA 2.8. Let n be a prime and let P{(x, i), (y,j)] be a point of S™.
Then x and y split.
Proof. Assume x and y do not split. Then for i + k,

P(x, i), (», )] is P(x, (D)), (3, jGk))] - V1 or Wy - Pl(x, j(@), (¥, jk))],
P06 J @), (7, (kDY is P[(x,j20)), (3,73KkN] - Vg 0r Wy - Pl(x, %), (3,/%(k))]

P(x, j71@)), (3, "2 kN] is PlCx, j"0)), (3, j (kD] - V.,
or Wy« Pl(x, j"(@), (¥, j"kDL

that is,
P(x, j»74@), (v, J" 1 KkD] is Pl(x, ), (¥, k)] - Vi, or Wy« Pl(x, i), (¥, K)].
Referring to the definition of (*),
(al erey an) ' (bl 3eees bn) = (17'(1) PR na’(n)):

and to the sets 4 = {a, ,..., a,} and B = {b, ,..., b,,}, we note (using in the
remainder of the proof of this lemma the symbol ¢{;¥(k)} to denote c;:(y) ,
for t = 1,..., n and similarly for ¢;.):

c{j(k)} and ¢{j(i)} are both in 4 or both in B,
c{j2(k)} and ¢{j%(i)} are both in A or both in B, 2.9

c{j™k)} and c{j?(i)} are both in A or both in B,

where, from Lemma 2.5, j(i),..., j"(i) is a cyclic permutation of j(k),..., j*(k).
Thus (since i ¢ k) thereis ans, 1 < s < n, such that

J@) = joR)sens jr ) = jHUN(= K)oy j7(0) = o). (2.5)

582a/11/1-7
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We note in (2.5) that for each r, 1 < r < n, j7(i) = jls+ttr-Dimodn(f),
From Lemma 2.7 the terms of the sequence

j(k)’jsmodn(k),jms—l)mod n(k),m,j[(n—l)s—(n-Z)]modn(k) (2_6)

are distinct, noting that j(k) = jirs—(n-Limodn(k) in the sequence (2.3).
Using (2.5) and (2.6) we may restate (2.4) (with the » statements in a
possibly different order) as:

c{j(k)} and c{j*modn(k)} are both in A or both in B,
c{j*modn(k)} and cf j@s 1) medn(k)} are both in A4 or both in B, (2.7)

c{jlin-Vs—n=2)mod=n(f)) and c¢{j(k)} are both in A or both in B.
Thus from (2.7) we deduce that
c{j(k)}, e{jomean(k)}, of jRsmvmodn(f)},..., cf jln-De-(n-2modn(j)}

are all in 4 or all in B, that is, ¢{j(k)},..., c{j*(k)} are all in 4 or all in B.

Since {j(k),..., j*(k)} = {j(1),..., j(n)} this means c{j(1)},..., c{j(n)} are all
in 4 or all in B. This contradicts condition (i) of Theorem 2.1. Hence x
and y split.

LEMMA 2.9. Let n be a prime and let i, k, be integers such that 1 < i,
k < n. Then if x = (a ,..., a,) there is a polynomial 0(-, x) such that

6(, x) = P[(a;, k)] forsome Pl(a;,k)].

Proof. Since j(k),...,j"(k)(= k) is a permutation of 1,..., n there is an
integer s, I <5 < nsuch that i = j*(k). Let x be denoted by P{(a; , /)] =
P[(a; , j*(k))]. Then

x2 = P[(a; , j* (k)] = A, for some P[(a; , j*(k))], either x - 4; or 4; - x
is Pl(a; , j*~2(k))] = A, for some Pl(a; , j*~%(k))],
either x - A, ; or 4,; - x is P[(c;i , k)] = A, for some P[(a;, k)]
Thus A, is a product of x’s. Let 8(-, x) = A, . Hence
0(-, x) = Pl(a;, k)] for some Pl(a;,k)].
Proof of Theorem 2.1 (sufficiency). Let () be an s-operation defined by
(@1 5euer Gy) ¥ (by 50, b)) = (dy 5ee0n dy)) = D
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for all (ay ,..., ay), (b ,..., by) in S™. In particular each d; is in {a, ,..., a,}
or {b,..., b,}. By a simple induction argument, applying Lemma 2.8,
we see D can be written as a product (under (*)) of points Py[(d; , k7)];...,
P.[(d., k)], Ppiys..., P, with the following properties: for i = 1,..., n,
P,[(d;, k;)] is a point containing d; in its k;-th place and such that, after
carrying out the multiplication of these points, the d; in the i-th place of D
originated from the k-th place of P;. (The other places of P;[(d;, k)]
are of course arbitrary.) If there are any other points P, ,..., P; in this
product they are arbitrary and hence we let each of these be (q, ,..., a,)-
Since in each P;[(d;, k)], i == 1,..., n, the other n — 1 places are arbitrary,
we see from Lemma 2.9 there are polynomials 0,(-, x) (where x is (¢, ,-.., a,)
or (b ,..., b,)) such that

0., x) = P[(d;, k)] for some P[(d;, k;)].

Thus we conclude there is a polynomial 6(-, (q, ,..., a,), (b; ,..., b,)) such
that

(dl geeey dn) = 9(, (al ooy an)7 (bl seeey bn))'

This concludes the proof of Theorem 2.1.

3. A ReLATED RESULT

THEOREM 3.1. Let n > | and not a prime. There is an s-operation, (),
satisfying conditions (i), (ii), and (iii) of Theorem 2.1 and such that (-) is
not a generating operation.

Proof. Letn = xy, x,yintegersand x > 2andy > 2. Letk = x + 1.
Consider the n-termed sequence

(k + 1) mod n, 2k mod n,..., (¢k — (g — 2)) mod n,...,
(nk — (n — 2)) mod n (= 2). (3.1)

The terms of the sequence in (3.1) are not distinct. In particular,
(y+ Dk —(y— 1) =(k+ 1)modn,
where clearly y 4 1 < n. We construct an s-operation, (°), as follows:
(@1 500 @n) * (By 5eesy B) = (Ca Cg yurey €y 5 €1,

where ¢; = a; for each i in the sequence of (3.1) and ¢; = b, for each j
not a member of the sequence. Clearly (¢, , ¢; ,..., ¢, , ¢;) contains both a;
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and b; terms. It is easily seen that the s-operation, (*), satisfies conditions
(i), (ii), and (iii) of Theorem 2.1. We now show that no point, P[(a, , 2),
(b, k + D}, will split under (-). This is seen easily since by construction
of (+), if i and j occur in the same column of the array
2 3., Leon—k+1, n—k+2,..,1
k+1 k+2,,k+G—1D,..,n, 1,..., k,

then either ¢; = a; and ¢; = a; or ¢; = b; and ¢; = b;. That is, the
following situation occurs (where k& + i below means (k + i) mod n):

Pl(@,,2), (b1, k + D]is Vy - Pl(ay, 3), (b, k + 2)} or
Plas, 3), (brs k + 2] - ¥y,

Pl(ay, 3),(by, k + 2)]is V- Pl(ay ,4), (by, k + 3)] or
P[(ala4)a(b1’k+3)] . VZ’

Play, 1), (s, K)] s V- Pl(@s . 2), (by  k + D] or
P[(al’2)’(b19k+ 1)] ’ V-n-

Hence it follows that (-) is not a generating operation since, in particular,
no operation (x) defined by

(ay e @) * (byyens by} = Pl(ay, 2), (b1, & + 1)]

can be generated by ().

REFERENCE

1. T. Evans, Product of points—some simple algebras and their identities, Amer.
Math. Monthly 74 (1967), 362-372.



