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1. Introduction

Since our work may be of interest to audiences of varied background we will try to keep our
notation as elementary as possible and entirely self contained.
The problem in invariant theory that was the point of departure in our investigation is best stated

. . . . . . ap a b1 b
in its simplest and most elementary version. Given two matrices A = [a; GZ] and B = [b; b;j] of

determinants 1, or equivalently in SL[2] := SL(2, C), we recall that their tensor product may be written
in the block form
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We also recall that the action of a matrix M = [mij]?,jzl on a polynomial P(x) in R, :=
C[x1, X2, ..., X;] may be defined by setting

Ty P(x) = P(xM), (2)
where the symbol xM is to be interpreted as multiplication of a row n-vector by an n x n matrix. This

given, we denote by RflL[z]@SL[z] the ring of polynomials in R4 that are invariant under the action of
A ® B for all pairs A, B € SL[2]. In symbols

R} PSS — [P e Ryt TagpP(X) = P()). 3)

Since the action in (2) preserves degree and homogeneity, RSL[Z@SL[Z]

it decomposes into the direct sum

is graded, and as a vector space

SL[2]®SL[2] @ Hum 5L[2]®SL[2] )

m=0

where the mth direct summand here denotes the subspace consisting of the SL[2] ® SL[2]-invariants
that are homogeneous of degree m. The natural problem then arises to determine the Hilbert series

Wa(q) = Zq dim Hp ( SL[2]®5L[2])
m>=0

Now note that using (1) iteratively we can define the k-fold tensor product A1 ® A2 ® --- ® Ay, and
thus extend (3) to its general form

SL[2]®SL[2]®---®SL[2
RO, IO G2 — {p e Rye: Ty m@-0a, P () = P(x)}
and set

Wi(q) = Z qm dim Hp, (R§£[2]®SL[2]®'"®SL[2]).
m=>=0

Remarkably, to this date only the series W, (q), W3(q), W4(q), W5(q) are known explicitly. Moreover,
although the three series W, (q), W3(q), W4(q) may be hand computed, so far Ws(q) has only been
obtained by computer.

The third named author, using branching tables calculated in [9], was able to predict the explicit
form of Ws5(q) by computing a sufficient number of its coefficients. The computation of these tables
took approximately 50 hours using an array of 9 computers.

The series W4(q), Ws(q) first appeared in print in works of Luque and Thibon [5,6] which were
motivated by the same problem of quantum computing. We understand that their computation of
W5(q) was carried out by a brute force use of the partial fraction algorithm of the fourth named
author, and it required several hours with the computers of that time.

The present work was carried out whilst unaware of the work of Luque-Thibon. Our main goal is
to acquire a theoretical understanding of the combinatorics underlying such Hilbert series and give a
more direct construction of Ws(q) and perhaps bring Wg(q) within reach of present computers.

Fortunately, as is often the case with a difficult problem, the methods that are developed to solve
it may be more significant than the problem itself. This is no exception as we shall see.

Let us recall that the pointwise product of two characters x (1 and x @ of the symmetric group Sj
is also a character of Sy, and we shall denote it here by x ¥ © x®. This is usually called the Kronecker
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product of x and x®. An outstanding yet unsolved problem is to obtain a combinatorial rule for
the computation of the integer

A
G @ (4)

,,,,,

giving the multiplicity of x* in the Kronecker product ka 0] XA(Z) OO0 Xk(k). Here x* and

each XW are irreducible Young characters of S;,. Using the Frobenius map F that sends the irreducible
character x* onto the Schur function S,, we can define the Kronecker product of two homogeneous
symmetric functions of the same degree f and g by setting

fog=F(F'f)o(F'g)).

With this notation the coefficient in (4) may also be written in the form

A
C @ b = (30 OS2 OO Sm, i),

,,,,,

where (,) denotes the customary Hall scalar product of symmetric polynomials. The relevancy of all
this to the previous problem is a consequence of the following identity.

Theorem 1.1.

W@ =) q*s4.4050.4© O Sd.d- S2d) (5)
d>0

where, in each term, the Kronecker product has k factors.

For this reason, we will often refer to the task of constructing Wy (q) as the Sdd Problem. Using this
connection and some auxiliary results on the Kronecker product of symmetric functions we derived
in [3] that

1
1—¢»(1—q*2(1 —qb)°

1 1
Wa(g) = ﬁ, Ws(@) = W, Wa(q) = (6)

Although this approach is worth pursuing (see [3]), the present investigation led us to another sur-
prising facet of this problem.

Let us start with a special case. We are asked to place (nonnegative) integer weights on the ver-
tices of the unit square so that all the sides have equal weights. Denoting by Pgg, Po1, P19, P11 the
vertices (see figure) and by poo, poi, P10, p11 their corresponding weights, we are led to the following
Diophantine system:

Po1 P
S ’poo-i-Pm —piwo—pu=0
2! ,
Poo — Po1 + P10 —pnn =0
o0
Poo Pio

The general solution to this problem may be expressed as the formal series

1
F2(¥o00. Yo1, Y10, Y11) = Z Yo yht vyt = A= vy = yory10)”

peS,
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In particular, making the substitution ygo = Yo1 = Y10 = y11 = q we derive that the enumerator of
solutions by total weight is given by the generating function

G — 2 2d=—,
2q) ;m = e

with my(2) giving the number of solutions of total weight 2d.

This problem generalizes to arbitrary dimensions. That is we seek to enumerate the distinct ways
of placing weights on the vertices of the unit k-dimensional hypercube so that all hyperfaces have the
same weight. Denoting by pe,¢,...¢, the weight we place on the vertex of coordinates (€1, €3, ..., €)

we obtain a Diophantine system Sy of k equations in the 2k variables {Perere }ei=0,1-
The relevance of all this to the previous problem is a consequence of the following identity.

Theorem 1.2. Denoting by mq(k) the number of solutions of the system S, of total weight 2d and setting

Grl@) =y _ma(yg™, (7)

d>0

we have

Ge@ = _q*"(ha.q O hga © - O hgd. Saa).
>0

where, hq 4 denotes the homogeneous basis element indexed by the two part partition (d, d), and in each term,
the Kronecker product has k factors.

For this reason, we will refer to the task of constructing the series Gy(q) as the Hdd Problem.

Theorem 1.2 shows that the algorithmic machinery of Diophantine analysis may be used in the
construction of generating functions of Kronecker coefficients as well as Hilbert series of ring of
invariants. More precisely we are referring here to the constant term methods of MacMahon parti-
tion analysis which have been recently translated into computer software by Andrews et al. [1] and
Xin [10].

To see what this leads to, we start by noting that using MacMahon’s approach the solutions of S;
may be obtained by the following identity

— Poo ,,Pot1 ,,P10 ,,P11 ,P00+Po1 —P10—P11 ,Po0o—Po1+P10—P11
F2(¥00, Yo1, Y10, Y11) = Z Z Z Z Yoo Yo1 Y10 Y11 & a, ‘a?ag’
P0020 po1 20 p10=20 p11 20

where the symbol “| aad ” denotes the operator of taking the constant term in ai, a;. This identity may
also be written in the form

1
(1 = yooa1a2)(1 — yoai/az)(1 — y1oaz/a1)(1 — yn/ai1az)

F2(¥00, Yo1, Y10, Y11) =

aja
In particular the enumerator of the solutions of S, by total weight may be computed from the identity

1

Ga(q) =
(1 —gqa1a2)(1 —qaq/ax)(1 —qaz/a1)(1 — q/aiaz)

0 0'
103
More generally we have

1

G =
K@ [Tscr@ —alliesai/Iljgsap)

)
0,0...70
ayay--ay
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where we use (and will often use) [m, n] to denote the set {m,m+1,...,n}. Now, standard methods
of Invariant Theory yield that we also have

[T,(1—a?)

Wi(q) = .
! [Tscinn@ = allics ai/T1jgs®) lq9a9...a

(9)

A comparison of (8) and (9) strongly suggests that a close study of the combinatorics of Diophantine
systems such as Sy should yield a more revealing path to the construction of such Hilbert series. This
idea turned out to be fruitful, as we shall see, in that it permitted the solution of a variety of similar
problems (see [3,4]). In particular, we were eventually able to obtain that

N5
1-9)°%(1-¢»1 -¢*5(1 —qH3(1 -¢°)’

GV = (10)

with

Ns = g** + 7¢*3 4+ 220¢* + 2606¢*! + 24229¢*° + 169840¢>° + 951944¢°8
+4391259¢%7 + 171283604°° + 57582491¢% + 169556652¢°* + 442817680¢°>
+ 1036416952432 + 2192191607¢>" + 4219669696¢°C + 7433573145¢%° + 12041305271¢%8
+ 18003453305¢%7 + 24921751416¢°° + 320171133199 + 38243274851¢°* + 42524815013¢>
+ 44052440432q%% + 42524815013¢°" + 38243274851¢%° + 32017113319¢"° + 249217514164
+ 18003453305q"7 + 12041305271q® + 7433573145¢"> + 4219669696¢'* + 2192191607 "
+1036416952q "% + 442817680¢ " + 169556652¢'° + 57582491¢° + 17128360q® + 4391259q’
+951944q° + 169840¢° + 24229¢* + 2606¢> + 220¢°% + 7q + 1.

Surprisingly, the presence of the numerator factor in (9) absent in (8) does not increase the complexity
of the result, as we see by comparing (10) with the Luque-Thibon result

Ps
1-¢)*1-¢> (1 —g*5(1 — g3 (1 —q5)>°

Ws(/q) = (
with

Ps =q°* + ¢°% + 16¢°° + 9¢*° + 98¢*® + 154q*" + 465¢*® + 915¢* + 2042¢** + 3794¢* + 7263¢*
+12688¢%! + 21198¢%° + 34323¢°° + 52205¢°% + 77068¢>” + 108458¢°° + 147423¢%°
+191794¢%* + 2418633 + 292689q°% + 342207¢°! + 3869804%° + 421057¢2° + 443990¢°8
+ 45139847 + 443990q°° + 421057¢% + 386980q%* + 342207q> + 292689¢% + 241863¢°!
+191794¢%° + 147423q"° + 108458q'® + 77068q"7 + 52205q'® + 34323¢" + 21198¢™
+12688¢" + 7263¢" + 3794¢" +2042¢'° + 915¢° + 465¢® + 154q” + 984¢° + 9¢°
+16¢* +q* +1.

It should be apparent from the size of the numerators of W5(q) and Gs5(q) that the problem of com-
puting these rational functions explodes beyond k = 4. In fact it develops that all available computer
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packages (including Omega and Latte) fail to directly compute the constant terms in (8) for k = 5.
This notwithstanding, we were eventually able to get the partial fraction algorithm of Xin [10] to
deliver us Gs5(q).

This paper covers the variety of techniques we developed in our efforts to compute these remark-
able rational functions. Our efforts in obtaining Wg(q) and Gg(q) are still in progress, so far they only
resulted in reducing the computer time required to obtain Ws5(q) and Gs(q). Using combinatorial
ideas, group actions, in conjunction with the partial fraction algorithm of Xin, we developed three
essentially distinct algorithms for computing these rational functions as well as other closely related
families. Our most successful algorithm reduces the computation time for Ws(q) down to about five
minutes. The crucial feature of this algorithm is an inductive process for successively computing the
series Gr(q) and W(q), based on a surprising role of divided differences.

This paper is the shortened version of [2]. We organize the contents in 5 sections. Section 1 is this
introduction. In Section 2 we relate these Hilbert series to constant terms and derive a collection of
identities to be used in later sections. In Section 3 we develop the combinatorial model that reduces
the computation of our Kronecker products to solutions of Diophantine systems. In Section 4 we
develop the divided difference algorithm for the computation of the complete generating functions
yielding Wy (q) and Gg(q). In Section 5, after an illustration of what can be done with bare hands
we expand the combinatorial ideas acquired from this experimentation into our three algorithms that
yielded Gs5(q) and our fastest computation of W5(q).

The readers are referred to the papers of Luque and Thibon [5,6] and Wallach [8,9] for an un-
derstanding of how these Hilbert series are related to problem arising in the study of quantum
computing.

2. Hilbert series of invariants as constant terms

Let us recall that given two matrices A =[a;;]"._, and B = [b,~]']§”].:1 we use the notation A ® B to

i,j=1
denote the nm x nm block matrix A ® B = [a;;B] For instance, if m =n =2, then

m
ij=1-
apbnn  anbiz apbn  apbi2
anba1 anbzy apbyr apbxn
A®B=
anbi axbiz axbi  axbi
atba1 azibaz  axbar axnban

Here and in the following, we define T4 P(x) to be the action of an m x m matrix A = [a,,-]?"j:] on a
polynomial P(x) = P(x1,X2,...,Xm) in Ry :=C[x1, X2, ..., Xm] by

m m m
TaP(x1,X2, ..., Xm) = P(inam inaiZs--~sZXiaim)- (11)
i=1 iz1 iz1

In matrix notation (viewing x = (x1, X2, ..., Xn) as a row vector) we may simply rewrite this as
TaP(x) = P(xA).
Recall that if G is a group of m x m matrices we say that P is G-invariant if and only if
TAP(x) =P(x) VA€G.

The subspace of Ry of G-invariant polynomials is usually denoted Rﬁ,. Clearly, the action in (11)
preserves homogeneity and degree. Thus we have the direct sum decomposition

RS, = Ho(RG) ® Hi(RG) ® Ha(RG) & - @ Hy(RG) & - -
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where Hd(RT%) denotes the subspace of G-invariants that are homogeneous of degree d. The Hilbert
series of Rﬁ, is simply given by the formal power series

Fo(@) =Y q"dim(Hq(RG)).
d>0

This is a well-defined formal power series since dimHy(R$) < dim(Hg(Rm)) = (d;"jl).
When G is a finite group the Hilbert series F¢(q) is immediately obtained from Molien’s formula

1 1
Fe@) = 1G] 4 Z < det(I —qA)’

For an infinite group G which possesses a unit invariant measure w this identity becomes

1
Fe(g) = / mdal (12)
AeG

For the present developments we need to specialize all this to the case G = SL[2]®¥, that is the group
of 2K x 2% matrices obtained by tensoring a k-tuple of elements of SL[2]. More precisely

SL21®* ={A1 @ Ay ®--- ® Ay: AjeSLI21 Vi=1,2,... k}. (13)
Our first task in this section is to derive the identity in (9). That is

Theorem 2.1. Setting for k > 1

. ®k
Wi(q) = FSL[2]®I< (@)= Z qd dlm(Hd( Si[Z] )); (14)
d>0
we have
[T,(1—a?)
Wi(q) = = (1)
[Tscrin( = alTies @i/TTj¢sai) la0ag-. ak
We need the following result.

Proposition 2.2. If Q (a1, ay, ..., ax) is a Laurent polynomial in Clay, ap, ..., ax; 1/a1,1/az, ..., 1/ai] then

1 k g b
(E) [ / Qe e, ... &™) doy by - -dbk = Q (a1, 2. ... )| g0...0- (16)

-7 -7
Proof. By multilinearity, it suffices to consider Q(a1,az,...,a) = aj'a?---q¥, in which case (16)

obviously holds. O

Proof of Theorem 2.1. To keep our exposition within reasonable limits we will need to assume here
some well-known facts (see [9] for proofs). Since SL[2] has no finite measure the first step is to note
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that a polynomial P(x) € C[x1,x2,...,X5] is SL[2]®*-invariant if and only if it is SU[2]®*-invariant,
where SU[2] :=SU(2,C) and as in (13)

SURI® = {A1® A, ® - ® Ax: AjeSU[2]Vi=1,2,...,k}.

In particular we derive that Fg5ek(q) = Fgypajex (). This fact allows us to compute Fgj(5iex(q) using
Molien’s identity (12). Note however that if

A=A10A20 @A
and A; has eigenvalues t;, 1/t; then (using plethistic notation) we have

1

o —am = g hm[(t + 1/t 2 +1/82) - (6 + 1/80)].

m>=0
Denoting by dw; the invariant measure of the ith copy of SU[2] we see that (12) reduces to
P @= 20" [+ [ a0 @ 100 don +-dos, (17)
m20  sy;z)  sup2]
Now it is well know that if an integrand f(A) of SU[2] is invariant under conjugation then
1 F ([e? 0T\,
/ f(A)dw:—/f . sin“6.d6.
T 0 e
su[2] “n
This identity converts the right-hand side of (17) to

T T
Z qmlk / / hn[ (€™ +e7%) ... (e"% + e~ %)]sin? ; - - - sin® 6 dO; - - - d6. (18)
m2>0 T -n -7

The substitution

] _ eZin +e—2i8j
sin®9; = 2
2
reduces the coefficient of ¢™ to
T T k . .
1 . . ) ) @210 4 o—2i0;
T / / hm[(elel +e_191)"'(e19" +e_19")]1_[<1 - f) doy - - - dby. (19)
-7 - i=1

However the factor hp[(e't + e~1)... (¢! + e~%)] is invariant under any of the interchanges
e'% « e~ Thus the integral in (19) may be simplified to

T k

T
o [ [ il e (e e [0 dor -

T i=1
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Proposition 2.2 then yields that this integral may be computed as the constant term

k
h[ (@1 +1/a1)(@2 + 1/az) - @+ 1/a0] [ (1= af) o9, 0-
i=1

Using this in (18) we derive that

k
Fsupe @ = ) q"hn[(@1 +1/a1)(@ +1/a2) - @+ 1/a0) ] [ (1~ aF) ogo...o
m>0 i=1

1_[' a@ k
=quhm[ ) ﬁza; H(l—afz)\a?ag...ag

m>0 SC[1,k]
- < l_[ 1— nlesax )l_[ alaZ al?
SC[1,k] ql'[,g% i=1

This completes the proof of Theorem 2.1. O

Note that if we restrict our action of SU[2]® to the subgroup of matrices

th 0 t2 O ty 0 .
T®k — ) ® h ® ® Tt =ezér
2 { [ 0t ] 0 & 0 &l '

then a similar use of Molien’s formula yields the following result.

. ) ) L Tk
Theorem 2.3. The Hilbert series of the ring of invariants Rz,f is given by the constant term

1
[scrm@ —allics al/ﬂ,¢saj)

(1(12 ak

Proof. The integrand 1/det(1 — gA) is the same as in the previous proof and only the Haar measure
changes. In this case we must take dw = d6;d6; - - -d@k/(27r)k in (12), and Molien’s formula gives

1 1
Fooe(@) = — ..
T§®’ (@ (271)]('{ ‘Z Hsg[l,k](l —qnies ti/Hj¢Stj)

d6:1d6 - - - db.

Thus (20) follows from Proposition 2.2. O
Remark 2.4. There is another path leading to the same result that is worth mentioning here since it

gives a direct way of connecting Invariants to Diophantine systems. For notational simplicity we will
deal with the case k = 3. Note that the element

t1 O tp O t3 0
R N ] D O
0 t 0 t 0 ft3

is none other than the 8 x 8 diagonal matrix

A(t1, ta, t3) = diag(t1tat3, t1tz/t3, t1t3/ta, t /tot3, tat3 /L1, ta /thts, t3/t1t2, 1/E162L3).
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This gives that for any monomial xP = x{'x5? ... xb® we have

A(t1, b2, t3)xP = tfl+P2+P3+P4—P5—P6—P7—Pst51+P2—P3—P4+P5+P6—P7—Pst§71—P2+P3—P4+P5—P6+P7—Ps % xP

Thus all the monomials are eigenvectors and a polynomial P(x{, X2, ...,xg) will be invariant if and
only if all its monomials are eigenvectors of eigenvalue 1. It then follows that the Hilbert series

Fre3(q) of C[xl,xz,...,x8]T§®3 is obtained by g-counting these monomials by total degree. That is
2

g-counting by the statistic p1 + p> + p3s + pa + ps + ps + p7 + ps the solutions of the Diophantine
system

p1+p2+p3s+ps—ps—ps—p7—ps=0
S3=|p1+p2—pP3—Dpa+ps+ps—p7—ps=0 (21)
pP1—D2+pP3—PpPa+ps—ps+p7—ps=0

and MacMahon partition analysis gives

1 1 1 1 1
1 —qaiazas 1 —qaiaz/as 1 —qajas/az 1 —qay/azas 1 —qazas/a;
1 1 1
X
1—qaz/ara3 1 —qaz/araz 1 —qa/a1a203 [,0949

Fros(@ =

This gives another proof of the case k =3 of (20). It is also clear that the same argument can be used
for all k > 3 as well.

Remark 2.5. Full information about the solutions of our systems is given by the complete generating
function

P
Fr(x1, %2, ..., Xp0) = folxgz X (22)
peSk

Using the notation adopted for S3 in (21), our system S, may be written in vector form
p]V] +p2V2+"'+p2kV2k =0,

where Vq, V3, ..., Vy are the k-vectors (£1, £1,...,+£1) yielding the vertices of the hypercube of
semiside 1 centered at the origin. In this notation, MacMahon partition analysis gives that the rational
function in (22) is obtained by taking the constant term

2k

1
Fr(1, X2, ... %) = [ | ———
,1_! 1= %Al ggag. o
with the A; Laurent monomials in ai, ap, ..., a, which may be written in the form

k

1-2¢;
Ai= Hai €

i=1

where €€, - - - €, are the binary digits of i — 1.
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In the same vein the companion rational function W (x1, X2, ..., X5r) associated to the Sdd problem
is obtained by taking the constant term

K 2 k
: 1

Wk(xlvx27--~,x2k):1—[(1—Cl)l_ll A
— A

j=1 i=1

0
ﬂ a ﬂk
Of course we have

Gr(q) = Fr(x1,X2, ..., Xpk) |x;=q and Wi(q) = Wi(x1,x2, ..., Xok) |xi=q

In Section 4 we will show that, at least in principle, these rational functions could be constructed by
a succession of elementary steps interspersed by single constant term extractions.

3. Diophantine systems, Constant terms and Kronecker products

We have seen, by MacMahon partition analysis, that the generating function Gi(q) defined in (7),
which counts solutions of the Diophantine system &y, is given by the constant term identity in (8):

1

Gr(@) =
K@ [Tscrn@ —alliesai/Ilj¢sap)

(23)

alaZ a

In the last section we proved (in Theorem 2.1) that the Hilbert series Wy (q) of invariants in (14) is
given by the constant term

(1—a})

W =
K@ Hsg[l,k](l ql_[,esa/]_[]¢sa])

(24)

ﬂlﬂ2 ﬂk

A comparison of (23) and (24) clearly suggests that these two results must be connected. This con-
nection has a beautiful combinatorial underpinning which leads to another interpretation of these
remarkable constant terms. The idea is best explained in the simplest case k = 2. Then (24) reduces
to

1—a2 —a? +d3d’
(1 —qaa2)(1 —qay/az)(1 — qaz/a1) (1 — q/a1a2) |00’

Wa(@) =

Expanding the inner rational function as product of four formal power series in g we get

+Dpo1+P10+ Poo+Po1—P10—P11 ,Poo—Po1+P10—P11
Wa(q) = Z Z Z Z gPootPoitpio Pnal ab |a?ag

P00=>0 po120 p10=20 p11 20

+Po1—P10—P11+2, Poo—Po1+P10—
- Z Z Z Z qPoo+Por-+PiotPn qPooHPoI=P10=P11 2 Po0—portPio =P }a?ag

P00=0 po120 p10>0 p11 20

+po1—p10— —Ppo1+p10—P11+2
_ Z Z Z Z qpog+po1+pm+pnafoo Po1—P10 P11a§700 pPo1+pP10—pP11 }a?ag

p0o0=0po1 20 p10=0 p11 20

+po1—Pro—P1+2, Poo—Po1 +P10—P11+2
+ Z Z Z Z qP00+P01+P10+p“a€700 Po1—P10—Pn agoo Po1+pi0—pn |a?ag’ (25)
P00=>0 po1 =0 p10=>0 p11 20
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Now by MacMahon partition analysis, the ith term counts solutions of the Diophantine system

Poo + Po1 — P10 — P11 =¢Cj

, (26)
Poo — Po1 + P10 — P11 =d;

%%

where (c;, d;) equals (0, 0), (=2, 0), (0, —2), (—2,—-2) for i =1, 2, 3, 4, respectively. Note that the first
term of (25) is none other than (23) for k = 2.

Applying the same decomposition in the general case we see that the series Wy (q) may be viewed
as the end product of an inclusion exclusion process applied to a family of Diophantine systems. To
derive some further consequences of this fact, it is more convenient to use another combinatorial
model for these systems. In this alternate model our family of objects consists of the collection F,; of
d-subsets of the 2d-element set

2,0=1{1,2,3,...,2d}.
For a given A={1<i1 <ip <---<ig<2d} € F4 and o in the symmetric group Syq we set
oA ={0i,,0iy,...,0i}.
This clearly defines an action of Sp4 on F4 as well as on the k-fold cartesian product
FK=Fyx Fgx Fax - x Fy

Theorem 3.1. The number my (k) of solutions of the Diophantine system Sy, is equal to the number of orbits in
the action of Syq on ]—'5.

Proof. It will be sufficient to see this for k = 2. Then leaving d generic we can visualize an element of
Fa x Fy by the Ven diagram of Fig. 1. There we have depicted the pair (A1, A2) as it lies in £254. Using
these two sets we can decompose £2,4 into 4 parts labeled by Ago, Ao1, A10, A11. More precisely “Agg”
labels the set A1 N Ay, “Ao1” labels the set A; N Ay, “Aqg” labels the set ‘A1 N A and “Aq1;” labels
the set A1 N€A,. Here we use “CA;” to denote the complement of A; in £2,4. This given, if we let
Poo, Po1, P10, P11 denote the respective cardinalities of these sets, the condition that the pair (A1, Az)
belongs to Fy4 x Fy yields that we must have

Poo + Po1 + P10 + P11 =2d,
Poo + po1 = A1l =d,
Poo + P10 =|A2] =d.

Note that this system of equations is equivalent to the system

Poo + Po1 + P10+ P11 =2d,
Poo + po1 — p1o—Pn =0,

Poo — Po1 + p1o — p11 =0.

It is easily seen that for any solution (poo, po1, P10, P11) of this system, we can immediately con-
struct a pair of subsets (A1, Ay) € F4 x Fy4 by simply filling the sets Agg, Ao1, A0, A11 in the diagram
of Fig. 1 with poo, po1, P10, P11 respective elements from the set §2,4. Moreover, any two such fillings
can be seen to be images of each other under suitable permutations of S,4. In other words by this
construction we obtain a bijection between the orbits of F; x F4 under S»g and the solutions of
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All

Fig. 1. The Ven diagram for F2.

the system S; we have previously encountered. This proves the theorem for k = 2. The general case
follows by an entirely analogous argument. O

Now we are ready to prove Theorem 1.2 and then Theorem 1.1.

Proof of Theorem 1.2. We are to show that

m(d) = (hga © hg g © -+ © hg,g, S24)- (27)

It is well known that a transitive action of a group G on a set £2 is equivalent to the action of G on
the left G-cosets of the stabilizer of any element of £2. In our case, pick the subset [1, d] of §£254. Then
the stabilizer is the Young subgroup Si1,4j X S{g+1,24) of Szq4 and thus the Frobenius characteristic of
this action is the homogeneous basis element hy g = hghy. It follows then that the Frobenius charac-
teristic of the action of So4 on the k-tuples (A1, Ay, ..., Ay) of d-subsets of 2,4 is given by the k-fold
Kronecker product hg g © hgq © --- © hg 4. Therefore the scalar product

(hg.q©Ohgg®---O©hgg,S2)

yields the multiplicity of the trivial under this action. But it is well known, and easy to see that
this multiplicity is also equal to the number of orbits under this action. Thus (27) follows by Theo-
rem 3.1. O

Proof of Theorem 1.1. Again we will only need to do it for k = 2. To this end note that by Theorem 1.2
the number of solutions of the system S; in (26) is given by the scalar product

(hg,ad © hg g, S2q)- (28)

In the same vein we see that the number of solutions to the system 822 in (26) may be viewed as
the number of orbits in the action of S,; on the pairs of subsets (A1, Ay) of £2o4 where |Az| = |A3|
and |Aq| =|“A1| + 2. We have seen that the Frobenius characteristic of the action of S,4 on subsets
of cardinality d is hg 4. On the other hand the action of Sy on sets of cardinality d + 1 is equivalent
to the action of Sy4 on left cosets of Sij 441 X Sig+2,24) yielding that the Frobenius characteristic for
this action is hg41hg—1. Thus the Frobenius characteristic of the action of Sy4 on such pairs must be
the Kronecker product

hay1hg—1 © hghy.

It then follows that the number of solutions of the system 822 is given by the scalar product

(hg41hg—1 © hghg, S2q4)- (29)
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The same reasoning gives that the number of solutions of the systems S;' and S;‘ in (26) are given
by the scalar products

(hghg © hgy1hg—1,524) and (hgi1hg—1 © hay1hg—1,52q)- (30)

It follows then that the coefficient of g2? in the alternating sum of formal power series in (25) is none
other than the following alternating sum of the scalar products in (28), (29) and (30):

Wa(@)lg2a = (hghg © hahg, s2¢) — (hat1ha—1 © haha, S2a)
— (hghg © hay1ha—1, s24) + (ha+1ha—1 © hay1ha—1, S2q)
= ((hghg — ha11ha—1) © (hghg — ha1ha—1), S2d) = (Sa.a © Sa.d. S2d)-

Summing over d gives

Wa(q) =Y a*(sa.d © Sa.d» S24)-
d>0

An entirely analogous argument proves the general identity in (5). O
4. Enter divided difference operators
There is a truly remarkable approach to the solutions of a variety of constant term problems which

exhibit the same types of symmetries of the Hdd and Sdd problems. We will introduce the approach
in some simple cases first. We define the double of the Diophantine system

pP1+p2—p3—ps=0

32:’
P1—p2+p3—ps=0

to be the system

p1+Dp2—p3s—pa+ps+pe—p7—ps=0

SSzz‘ .
p1—Dp2+p3s—pa+ps—pe+p7—ps=0

As we can easily see we have simply repeated twice each linear form and appropriately increased the
indices of the variables. Now suppose that we are in possession of the complete generating function
of Sy, that is

Fs,(X1,X2,X3,X4) = pr‘xpzx"3xp4
peS,

We claim that the complete generating function of SS; is simply given by

Fss,(x1,X2,...,X8) = 81,582,683,784,8F 5, (X1, X2, X3, Xa), (31)

where for any pair of indices (i, j) we let §; j denote the divided difference operator defined for any
function f(x) by

F@)— f(X)|x1-:xj,xj:x,-

Xi — Xj

8iif)=
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Proof of (31). By MacMahon partition analysis we have

1 1 1 1
Fs,(X1,X2,X3,X4) = . (32)
52 (I =x1a1a2) (1 —x2a1/a2) (1 —x302/a1) (1 —X4/a102) |94
Now note that since
5 1 ( 1 1 ) 1 ajap
1.5 = - = ,
(1 —=x1a1az) (1 —=x1a1a2) (1 —xsa1az) /) x1 —x5 (1 —x1a1a2)(1 — xsa1az)
we obtain similarly
5 1 a/a;
2.6 = ,
(1 —xa1/a2) (1 —x2a1/a2)(1 —xpa1/az)
5 1 (12/Cl1
3, = ,
T(1—x3a2/a1) (1 -x302/a1)(1 — X70/a1)
1 1/a1a2
4.8 = .
(1 —Xx4/a1a2) (1 —x4/a1a2)(1 —xg/a1az)
Thus applying the operator 81 582 683,784,8 to both sides of (32) gives
81,582.603.704.8Fs, (X1, X2, X3, X4) L
1,562,663,784,8F s, (X1, X2, X3, X4) =
> (1 —x1a1a2) (1 — x2a1 /az)(1 — x3a2/a1)(1 — x4/a1az)
X .
(1 =x5a1a2) (1 — X601/a2) (1 — X702/a1)(1 — X /a102) |04
(33)

Now we can easily recognize that (33) is precisely the constant term that MacMahon partition analysis
would yield for the system SS,. This proves (31). O

Note that to obtain the equality in (33) we have used the simple fact that the divided difference
operator and the constant term operator do commute. This is the fundamental property which is at
the root of the present algorithm. This example should make it evident to have the following more
general result (with double modified).

Theorem 4.1. If Fs(x1, X2, . .., Xn) is the complete generating function of the Diophantine system
biw b1z --- bin P1 c1
s=Il: i =]
bri bra -+ bm Pn Cr

then the complete generating function of the doubling of S defined by
by b1z -+ b |bn bz .-+ b P1 c1—bit —bip —---—bin
S = : oL : oL S :
b b2 -+ bm [b b -+ bm Dan ¢t —br1 —bra — -+ — b
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is given by the rational function

Fss(x1,X2,...,Xm) =81 n4182n42 - - - On,2n Fs (X1, X2, ..., Xn).

This result combined with the next simple observation yields a powerful algorithm for computing
a variety of complete generating functions.

Theorem 4.2. Let F5(X1, X2, ..., Xn) be the complete generating function of a Diophantine system S. Then the
complete generating function Fsg (x1, X2, ..., Xn) of the system S& obtained by adding the equation

=|rp1+r2p2+---+Tmpn=s
to S is obtained by taking the constant term
FseX1.%2,....xn) =a*Fs(a"x1,a”xa,....d"xq)| o

Proof. By assumption

Fs(X1, X, ..., %) = ) xy'xb2 oo xfm,

peS
Now we have
a—sFS (ahX],aerz, B a Xn o= me P2 Xﬁnar1p1+r2p2+u.+rnp,,—s o
peS
_ pP1,,P2 DPn
= Z X1'X5% - Xp
peSE

=Fse(X1,X2, ..., Xn). O

These two results provide us with algorithms for (at least in principle) computing all the Hdd
series Gi(q) as well as the Sdd series W(q).

Algorithm 4.3 (Hdd Case).

b1) Initially compute the complete generating function for the Hdd problem for k = 1. That is, com-
pute the constant term

1

Fi(x1,0) = ———————| .
) = = 12/ |

ag) With Fy_q1(xq, ..., Xy-1) from step bx_1), compute by divided difference

FFroq(X1, ... Xok) = 81 qq9k-1 -+ Ogk—1 ok Fr—1(X1, ..., Xpk1).

bi) With FFi_1(X1,...,Xy-1) from step ag), compute the complete generating function for the Sdd
problem for k by the following constant term:

Fr(x1,X2, ..., %k) = FFr_q(ax1,axa, ..., aXpk-1, xqu“/a, e Xk /@) | go.
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Algorithm 4.4 (Sdd Case).

bq) Initially compute the complete generating function for the Sdd problem for k = 1. That is, com-
pute the constant term

W1 (x1. %2) 1-a
1X1,%)= ———————| -
(1 =x10)(1 —x2/a) |y

ag) With Wy_i(x1, ..., xx-1) from step bx_4), compute by divided difference

WWi_1(X1, ..., Xpk) = 87 1491 -+ gkt kW1 (X1, ..., Xgk—1).

by) With WW,_1(x1, ..., X5-1) from step ag), compute the complete generating function for the Sdd
problem for k by the following constant term:

2
Wi(X1, X2, ... X)) = W W1 (aX1, aXa, . .. X1, Xg1 41/ - Xor /) (1 — @) -

Since the two algorithms are similar, we only explain here in detail the Sdd case. For the Hdd case,
see [2]. Note that the sequence of steps in Algorithm 4.4 can be terminated by replacing step by) by

b{() To obtain the generating function Wy(q) compute the constant term

Wi(q) = WW;_1(aq.aq. ....aq.q/a. ....q/a)(1 —a?)| o.

Only steps b1) and az) can be carried out by hand. Though steps 3 and 4 are routine they are
too messy to do by hand. But step 5 again needs further tricks to be carried out by computer. Step 6
appears beyond reach at the moment.

It will be instructive to see what some of these steps give.

by)
1-x5
Wilx1,%2) = —=.
1—Xx1x2
az)

1— X5 — XoX4 — X5 + X1X3X4 -+ X3X3X4 — X1X2X3X4 + X1X2X5 + X2X3X5 — X1X3X3X]

(1 —x1x2)(1 — x3x2) (1 — X1X4) (1 — X3X4)

WWix1,...,x4) =

bz)

2
1 —X2X4 — X3X4 + X5

Wa(x1,X2,X3,X4) = .
(1 —x1x4)(1 — X2X3)

This gives

WZ(Q) = 1 _qz'
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az)

_ (large numerator)
(1 — x1X4) (1 — x1x8) (1 — x2x3) (1 — x2%7) (1 — X3%6) (1 — X4X5) (1 — x5x3) (1 — XgX7) '

WWj(x1,...,X3)

b3)

B (large numerator)
(1 —x1x8)(1 — X2%7) (1 — X3X6) (1 — X4X5) (1 — X1 X4X6X7) (1 — X2X3X5Xg)

Ws3(X1,...,Xs)

b3) Notwithstanding the complexity of the previous results it turns out that to obtain W3(q) we need
only compute the constant term

1—a?
X .
) (1—¢q%a*)(1—q?/a?) |

1
W@ == (34)

To this end we start by determining the coefficients A and B in the partial fraction decomposition

(1 —a®)a? _1+ A N B
(1-g’a®)@ —-gq*) ¢> 1-gq%?®  a*>—¢?

obtaining
(1—a*)a? (1-1/¢*/q* 1
A=—5—"5 = 2_ 2y 2 2y’
(@ —q%) |—1ypz  (1/9° —q*%) q°(1+q°)
_(1—d)a? _(-¢H¢ 7
(A=) e (—-qH  (A+¢)

(the exact value of B is not needed) and we can write

1—a? 1 1 1 N 1 q?/a?
= — — X X .
(1-q?a®)(1-¢*/a®) ¢ ¢(+q¢*) (1-a2¢®) (1+¢) 1-¢*/a®

Thus taking constant terms gives

1—a? 1 1 Lo 1
(1—q?a® (1 -q*/a®) | ¢ ¢*(A+g¢%) — 1+¢*

Using this in (34) we finally obtain

1
Ws(@) = W.

ag)

WWy(xq, X2, ...,X%16) = (too large for typesetting)
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b)) Notwithstanding the complexity of the previous result it turns out that to obtain W4(q) we need
only compute the constant term

(1+4gH01 +4% o 1-a
(1-gH(1—gH? A -a2qH(1—q*/a®) (1 —a*q")(1 —q*/a*) |0

Wa(q) =

To illustrate the power and flexibility of the partial fraction algorithm we will carry this out by
hand. The reader is referred to [3] for a brief tutorial on the use of this algorithm. In the next few
lines we will strictly adhere to the notation and terminology given in [3].

To begin we note that we need only calculate the constant term

= 1 —ax)(1 —X/al)(la—aZX)(l —x/a?) |’ (35)
since we can write
Watg) = JFDALE) gy, (36)
1-g9)(1—-q%
Now we have
1 a? 1 1 1 x/a?
A—0(d-nd) (-@n@-n 1-21-x 1-21-xa’
Thus (35) may be rewritten in the form
CO=1"% ((1 - éjc)aai x/a) 1 —]azx o s 51)(_1(11 x/a) 1 i/zjaZ a0>’ 37

Note that in the first constant term we have only one dually contributing term and on the second we
have only one contributing term. This gives

1—a) 1 _(-a 1 _-x 1 (38)
A—a)(1—x/a)1—ax|p (A—ax)1—ax|,_, (1—-x)1-x"

1—a) x/a? _ (-o x/d? _—(1-x x? (39)
(1—a)(1—x/a)1—x/a? |0 (1—x/@) 1=x/a® |y, (1—x2) 1—x>

Using (38) and (39) in (37) we get

Coo — 1 1-x 1 (1-x x* \ _ 1—x
(X)_l—x2<(1—x2)1—x3_(1—x2)1—x3)_(1—x2)(1—x3)'

Together with (36), we get

_ (+gHa+4° 1-¢* 1

7% = .
@ -0 -2 A-1-¢?)  1-¢)1-¢H21 -

We will see in Section 5 what needs to be done to carry out step bg) on the computer.

The identities for W (q), W3(q), W4(q) in (6) have also been derived in [3] by symmetric function
methods from the relation (5). In fact, all three results in (6) are immediate consequences of the
following deeper symmetric function identity. (For a proof see [3, Section 2].)
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Theorem 4.5.

Sd,d O Sd,d = Z S, X (A € EOg)
A2d

where EOy4 denotes the set of partitions of length 4 whose parts are > 0 and all even or all odd.
5. Solving the Hdd problem for k =5

This section is divided into three parts. In the first subsection we start with our computer findings
and end by giving a combinatorial decomposition that works nicely to obtain F3(x). In the second
subsection, this decomposition is described algebraically and, together with group actions, turned
into manipulatory gyrations that will be used to extract G5(q) and Ws(q) out of our computers. In
the final subsection, by combining the idea of decomposition and the method of divided difference in
Section 4, we give our best way that reduce the computation time for G5(q) and W5(q) down to a
few minutes.

5.1. A combinatorial decomposition for F3(x)

Our initial efforts at solving the Hdd an Sdd problems were entirely carried out by computer
experimentation. After obtaining quite easily the series G2(q), G3(q), Ga(q) and W (q), W3(q), W4(q),
all the computer packages available to us failed to directly deliver Gs(q) and W5(q).

The computer data obtained for the Hdd problem for k = 2,3 were combinatorially so revealing
that we have been left with a strong impression that this problem should have a very beautiful
combinatorial general solution. Only time will tell if this will ever be the case. To stimulate further
research we will begin by reviewing our initial computer and manual combinatorial findings.

Recall that we denoted by Fy the collection of all d-subsets of the 2d element set £2,4. We also
showed (in Theorem 3.1) that the coefficient my(k) in the series Gg(q) = ngo q*mgy(k) counts the
number of orbits under the action of the symmetric group Sy4 on the k-fold cartesian product Fy x
Fgq X -+-- x Fq. Denoting by (A1, Az, ..., Ay) a generic element of this cartesian product, then each
orbit is uniquely determined by the 2¥ cardinalities

€ € €,
Pererne = |AT NAZEN - N A

where for each 1 <i <k we set

A =

1

A; if€=0,
(here A= .QZd/A,').

CA; ife=1.

,,,,,

together with the condition |$2,4| = 2d, that is Z;:o 212:0 e Zlk:O Perer,....q = 2d.

There are several algorithms available to solve such a system. See for instance [7, Chapter 4.6]. The
algorithm we used for our computer experimentations is the MacMahon algorithm which has been
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recently implemented in MATHEMATICA by Andrews, Paule and Riese and in MAPLE by Xin using the
partial fraction method of computing constant terms.

The former can be downloaded from the web site http://www.risc.uni-linz.ac.at/research/combinat/
software/Omega/ and the latter from the web site http://www.combinatorics.net.cn/homepage/xin/
maple/ell2.rar. For computer implementation we found it more convenient to use the alternate nota-
tion adopted in Remark 2.5. That is

Sk=Ip1V1i+paVa+---+ py Vo =0. (40)

These algorithms may yield quite a bit more than the number of solutions of such a system. For
instance, in our case the “Omega package” of Andrews, Paule and Riese should, in principle, yield the
formal power series

p1,,D2 Pk
Fr(1, %2, ..., %) = Z x1'%; -»-xzk2 .
(P1.P2;--: Pk )ESK

It follows from the general theory of Diophantine systems that Fy(x1, X2, ..., X,«) is always the Taylor
series of a rational function.
Now for S; and &3 the Omega package gives

1
(1 —x1X2)(1 — x2X3) "

Fa(x1,%2,X3,X4) = (41)

1-— X2X3X5X8X1X4X6X7

. (42
(1T —x1x8) (1 — x2X7) (1 — X3X6) (1 — X4%5) (1 — X2X3X5X8) (1 — X1X4X6X7) (42)

F3(x1,X2,...,X3) =

But this is as far as this package went in our computers. However we could go further by giving up
full information about the solutions and only ask for the series

Gr(q) = Fr(x1, X2, ..., X50) lxi=q>

which can be computed from its constant term representation in (8). For example, the program Latte
by De Loera, Hemmecke, Tauzer, Yoshida, which is available at http://www.math.ucdavis.edu/~latte/
computed the G4(q) series in approximately 30 seconds. However, this is as far as Latte went on our
machines. We should also mention that all the series Gx(q) and Wy (q) for k < 4 can be obtained in
only a few seconds, from the software of Xin by computing the corresponding constant terms in (8)
and (9).

To get our computers to deliver G5(q) and Ws5(q) in a matter of minutes a divide and conquer
strategy had to be adopted. More precisely, these rational functions were obtained by decomposing
the constant terms (8) and (9) as sums of constant terms. This decomposition had its origin from
an effort to find a human proof of the identities in (41) and (42). More importantly, the surprising
simplicity of (41) and (42) required a combinatorial explanation. Our findings there provided the
combinatorial tools that were used in our early computations of Gs(q) and Ws(q). This given, before
describing our work on these series, we will show how to obtain (41) and (42) entirely by hand.

Let us start by sketching the idea for k = 2. Beginning with

p1+p2—p3—ps=0

52=’
p1—p2+p3—ps=0

we immediately notice that (1,0,0,1) and (0,1,1,0) are solutions. Set a = min(p1, p4) and b =
min(py, p3). It is clear that the following difference must also be a solution.

(91,92,93,94) = (P1. P2, P3, p4) — (a,b,b,a) = (p1 —a, p2 — b, p3 — b, ps —a).


http://www.risc.uni-linz.ac.at/research/combinat/software/Omega/
http://www.combinatorics.net.cn/homepage/xin/maple/ell2.rar.
http://www.math.ucdavis.edu/~latte/
http://www.risc.uni-linz.ac.at/research/combinat/software/Omega/
http://www.combinatorics.net.cn/homepage/xin/maple/ell2.rar.
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Now ¢1q4 =0 and g2q3 = 0. This gives us four possibilities for (q1, g2, q3,q4):

0,0,x,y), (0,x,0,y), (x0,y,0), (x,¥,0,0),

for some nonnegative integers x, y. It is easy to show that we must always have x =0, y =0 and
therefore the general solution of Sy is of the form (a, b, b, a). See [2] for details. We thus reobtain the
full generating function (41) of solutions of S;:

1
—x1%4)(1 — X2x3)

Fa(X1,X2,X3,X4) = xIxbxbxd =
> >t -
a>0b>0

It turns out that we can deal with S3 in a similar manner. Again we begin by noticing the four
symmetric solutions

(1,0,0,0,0,0,0,1, (,1,0,0,0,0,1,0), (0,0,1,0,0,1,0,0), (0,0,0,1,1,0,0,0).
Next we set

a=min(p1, pg), b=min(pz, p7), c=min(p3, ps), d=min(py,ps),

and by subtraction we get a solution

(91, 92,93, 94,45, 96, q7.98) = (P1, P2, P3, P4, Ps, P6, P7, p8) — (@, b, c,d,d,c,b,a) (43)

with the property gqiqg—; =0 for 1 <i < 4. It will be good here and after to call the set
{iel1,n]: pi>1}

the support of the composition (p1, p2, ..., Pn). This given, we derive that the resulting composition
in (43) will necessarily have its support contained in at least one of the following 16 patterns:

(0,0,0,0, %, %, %, %), (0,0,0,%,0,%,%,%), (0,0,%,0,%,0,%,x%), (0,0,x,x%,0,0,x*,x%),
(0,%,0,0,%,%,0,%), (0,%,0,%,0,%,0,%), (0,%%,0,%0,0,%), (0,%,%,%,0,0,0,%),
(+,0,0,0, %, %,%,0), (%,0,0,%,0,%,%,0), (%0,%0,%0,x%0), (x0,x%x%0,0,%,0),

(*,%,0,0,%,%,0,0), (*%,0,%0,%0,0), (%,%0,%0,0,0), (%% %%00,00). (44)

Unlike the case k =2 not all of these patterns force a trivial solution. To find out which it is helpful
to resort to a Venn diagram imagery. To this end recall that a solution of S3 gives the cardinalities of
the 8 regions of the Venn diagram of three d-subsets A, Az, A3 of §2,4 (see Fig. 2).

In Fig. 3, each pattern is represented by a Venn diagram where in each region A}' N A5? N A3’
that corresponds to a * in the pattern we placed a black dot. That means that only the regions with
a dot may have > 0 cardinality. The miracle is that all but the two patterns (0, *, %, 0, %, 0,0, %) and
(%,0,0,%,0,%,%,0) can be quickly excluded by a reasoning that only uses the positions of the dots
in the Venn diagram. In fact, in each of the excluded cases, we show that it is impossible to replace
the dots by > 0 integers in such a manner that the three sets A, A2, A3 and their complements “Aq,
€Ay, Az end up having the same cardinality (except for all empty sets).

The reasoning is so cute that we are compelled to present it here in full. In what follows the jth
diagram in the ith row will be referred to as “D;;":
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P8

Ay A Az
o

Az

Fig. 2. The Ven diagram for Ss.

&) &
&) &
&) &
&) &
& &

&) &
¢

Fig. 3. The 16 support patterns for Ss.

(1) D11, D14, D16, D23, Das, and Dyg can be immediately excluded because one of Ay, Aa, As, Aﬁ,
A§ or A§ would be empty.

(2) In D5 the dot next to 8 should give the cardinality of A§ (say d) and then the dot next to
the 2 should also give d. But that forces the dots next to 5 and 6 to be 0, leaving A3 empty,
a contradiction. The same reasoning applies to D1, D13, D1, D21, D24, D2g, and Dy7.

That leaves only the two diagrams Di7; and Dy; which clearly correspond to the two above men-
tioned patterns. Now we see that for Dy we must have the equalities p1 +ps=p1+ps=p1+p7=
Pe + p7. This forces p1 = ps = pg = p7. In summary this pattern can only support the compo-
sition (u,0,0,u,0,u,u,0). The same reasoning yields that the diagram Di; can only support the
composition (0,v,v,0,v,0,0,v). It follows that the general solution of S3 must be of the form
(a,b,c,d,d,c,b,a)+ (u,v,v,u,v,u,u,v).

Now recall that after the subtraction of a symmetric solution we are left with an asymmetric
solution. Thus to avoid over counting we must impose the condition uv = 0. This leaves only three
possibilities u=v=0,u>0,v=0 or u=0, v > 0. Thus

F300 =" ") "> (xix8)" (x2x7)" (X3x6)" (XaX5)" (1 + ) (xixaxexn)" + Z(X2X3X5X8)V>

a>0b>0c>0d>0 u>1 v>1

_ 1 ( X1X4X6X7 X2X3X5Xg )
(1 —x1x8)(1 — x2X7) (1 — X3X6) (1 — X4X5) 1—x1XaX6X7 1 —XoX3xX5x3 )’

which is only another way of writing (42).
5.2. Algebraic decompositions and group actions

It is easy to see that the decomposition of a solution into a sum of a symmetric plus an asymmetric
solution can be carried out for general k. In fact, note that if 0 <i < 2% —1 has binary digits 1€, - - - €
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then the binary digits of 2K — 1 —i are &,&; - - - & (with € =1—¢). Thus we see from (40) that in each
equation p; and py;_; appear with opposite signs. This shows that for each k > 2 the system S
has 2k=1 symmetric solutions, which may be symbolically represented by the monomials x;x; for
i=1,...,2¢1 where we use (and will often use) i’ to denote 2¥ + 1 — i when k is fixed.

Proceeding as we did for S; and S3 we arrive at a unique decomposition of each solution of Sy
into

(D1, P25 -.., Por) = (U1, U2, ..., U2, U1) +(q1, G2, .- -, Gok)

with the first summand symmetric and the second asymmetric, that is u; = uy and gjqy = 0 for
1<i <21, and thereby obtain a factorization of Fj(x) in the form

2k—1
1
Fr(x) = (1'[ 1_—W>F,§‘(x) (45)

i=1

with F lf (x) denoting the complete generating function of the asymmetric solutions.
This given it is tempting to try to apply, in the general case, the same process we used for k =3
and obtain the rational function F,f (x) by selecting the patterns that do contain the support of an

asymmetric solution. Note that the total number of asymmetric patterns to be examined is 22!

which is already 256 for k = 4. For k =5 the number grows to 65,536 and doing this by hand is
out of the question. Moreover, it is easy to see, by going through a few cases, that even for k =4
the geometry of the Venn Diagrams is so intricate that the only way that we can find out if a given
pattern contains the support of a solution is to solve the corresponding reduced system.

Nevertheless, using some inherent symmetries of the problem, the complexity of the task can be
substantially reduced to permit the construction of Gs(q) by computer. To describe how this was
done we need some notation. We will start with the complete generating function of the system S;
as given in Remark 2.5, that is

2k
1
Fexi, 22, ....%0) = | | 7—— ,
il:! 1—xA; 03--a?
where A;j = ]_[i-‘:1 al.l_ze", with €1€; - - - €, being the binary digits of i — 1. Note that since (as we pre-

viously observed) the binary digits of 2¥ — 1 — i are €&, --- &, we have Ay = 1/A;. It then follows
that

1 — xixy _ ( 1 Xi /A )

(1 —=xA)(1 —xyAy) 1-xA;i  1—xi/Ai)

Thus combining the factors containing A; and Ay we may rewrite (45) in the form
2k—1 2k—1

1 1 X,‘//Ai
Fr(X1,X2, ..., Xk) = ( + )
»=1li7 11 (A —xiA)  (1—xi/A)

i=1

(46)

0,00
a7ay-ay

Comparing with (45) we derive that the complete generating function of the asymmetric solutions is
given by the following sum:

FRoo= Y  Fsw, (47)

SCl1,2k-1]
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where

(48)

B 1 Xi//Aj
Fs(0) = (]_[ m) X (1_[ m)

. , 040...q0
i¢S ieS ayay--ay

In this way we have described our decomposition algebraically. Using notation as of (40), we can see
that Fs(x) is none other than the complete generating function of the reduced system

ZPiVi + ZP;"VW =0
i¢s ies

with the added condition that py > 1 forallie S.

Note that for k =3 the summands in (47) correspond precisely to the 16 patterns in (44) with the
added condition that the “x” in position i > 5 should represent p; > 1 in the corresponding solution
vector. This extra condition is precisely what is needed to eliminate overcounting.

Perhaps all this is best understood with an example. For instance for k = 3 the patterns

(%,0,0,%,0,%,%,0) and (0, *,x%,0,%,0,0, %)

were the only ones that supported an asymmetric solution. They represent the two reduced systems

p1+ps—ps—p7=0 p2+p3—ps—pg=0
Sy4y = |P1 — P4+ ps —p7=0, Sp23)=|[p2 —Pp3 +DP5s—pg=0
p1—Pps—ps+p7=0 —p2+p3+ps—ps=0

and correspond to the following two summands of (47) for k =3,

Fiy a0 1 1 Xe02/0103 X703/010; X1X4X6X7 (49)
1,4} (%) = — .
{14} 1 —x1a1aa3 1 — x4aq/aza3 1 — xgaz/aras 1 — x7as/aa; a9l 1 — X1X4X6X7
Frya () 1 1 X50203 /a1 Xg/010203 X2X3X5X8 (50)
2,3}(X) = _ )
2.3} 1 —xpa1ay/a3 1 —x3aias/ay 1 —xsaasz/a; 1 —xg/ajaas ®adal 1 — X2X3X5Xg

A close look at these two expressions should reveal the key ingredient that needs to be added
to our algorithms that will permit reaching k =5 in the Hdd and Sdd problems. Indeed we see that

F{1,4)(x) goes onto Fyp 3)(x) if we act on the vector (x1,Xxz, ..., xg) by the permutation
1 2 3 456 7 8
o= (51)
34127 856

and on the triple (ay,az,as) by the operation a; — a2’1. In fact, o is none other than an image of
the map (€1, €2, €3) — (€1, €2, €3) on the binary digits of 0,1,...,7, as we can easily see when we
replace each i in (51) by the binary digits of i — 1

_(000 001 010 011 100 101 110 111)
~\010 011 000 001 110 111 100 101/

What goes on is quite simple. Recall that solutions p of our system Si can also be viewed as
assignments of weights to the vertices of the k-hypercube giving all hyperfaces equal weight. Then
clearly any rotation or reflection of the hypercube will carry this assignment onto an assignment with
the same property. Thus the Hyperoctahedral group B, will act on all the constructs we used to
solve S.
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To make precise the action of By on [1, 2¥] we need some conventions.

(1) We will view the elements of By as pairs («, ) with a permutation o = (1, @2, ..., ) € Sk and
a binary vector n= (1, 12, ..., Nk)-
(2) Next, for any binary vector € = (€1, €2, ..., €) let us set
(o, )€ = (€ay + N1, €ay + 112, - - - € + 1) (52)

with “mod 2 " addition.
(3) This given, to each element g = («, ) € By there corresponds a permutation o (g) by setting

1 2 ... 2k
o(g)= ,
01 02 -+ Oy

where o; = j if and only if the k-vector € = (€1, €3, ..., €) giving the binary digits of i — 1 is sent
by (52) onto the k-vector giving the binary digits of j — 1. In particular we will set

g(x1’xz’-~"x2")=(XU]3XO'2’-~-’X(72]()' (53)
(4) In the same vein we will make B act on the k-tuple (aq,as,...,ax) by setting, again for g =
(cr, ),
1-2 1-2 1-2
2@1, a2, ... q) = (Gg, " lay Uy ). (54)

With these conventions we can easily derive that gx;A; = X5; Ag;. Thus

k k
2 1 z
& 1_[ A - 1 A = 1 A ’
— XiAj afad 1 — Xo; No; a%ad-a 3 — XiAj a%a3--a?
from which we again derive the By invariance of the complete generating function Fy(x1, X2, ..., Xpk).
If we let By_; not only act on the indices 1,2,...,2%1, but also on 1/,2’,. 2"‘1’ by oi =0

Then By_; permutes the summands in (47) as well as the factors in the product 1_[, 1 T xx, Note
further that if we only want the g-series Gr(q) we can reduce (47) to

Gi@= Y. Gs@, (55)
SC[1,2k1]
where Gs(q) = Fs(X)|y—q. But if for some g e By_; we have Fg, (xgl,x(,z,...,xgzk) = Fs,(x), then

replacing each x; by q converts this to the equality Gs, (q) = Gs,(q). That means that we need only
compute the constant terms in (55) for orbit representatives, then replace (55) by a sum over orbit
representatives multiplied by orbit sizes. More precisely we get

Gi(@ =)_miGs,(q), (56)

where the sum ranges over all orbits and m; denotes the cardinality of the orbit of the representa-
tive Fs;(x). In the computer implementation we obtain orbit representatives as well as orbit sizes, by
acting with Bi_; on the monomials Ms = [;cs ;.

For detailed work along this line for k = 3,4, 5, we refer the reader to [2]. Here, for brevity, we
only report that we can produce Gs(q) in about 15 minutes using this decomposition.
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The decomposition in (55) is only By_; invariant, and it is natural from the geometry of the
hypercube labelings, to ask of a 3 invariant decomposition. To obtain such a decomposition of Fj(x)
we will pair off the factors containing A; and Ay by means of the more symmetric identity

1— XiXpk 1 B (1 XiAj X Ay )
(] —XiAi)(l —X2k+1_,'A2k+l_i) 1 _XiAi 1 —X,'/Aj/

and derive that

F= Y Fsr(,

SUTC[1,2k-1]

where S and T are disjoint and

k /
XiAi Xi/ Ai
Fsr® = (H m)(nm)

ieS ieT

Note that every pair (S, T) should be identified with the set SU {i’: i € T} € [1,2¥] when applying
the action of By.

Example 5.1. For k =3 we have 3% = 81 summands with 9 orbits but only 2 orbits do contribute
to F3A. The two orbits corresponds to the monomials 1 and x1x4xgx7 with respective orbit sizes 1

and 2. The orbit representative that corresponds to 1 is simply the case Fg ¢ = 1|agagagag =1 and that

corresponds to X1X4XgX7 is

X1A1 X4A4 X6A6 X7A7 X1X4X6X7
Faa,2.3() = 1 =

— X1A1 1 —X4A4 1 —X5A6 1 —X7A7 all)agagag 1-— X1X4X6X7

Example 5.2. For k = 4 we have 3% = 6561 summands with 62 orbits but only 10 orbits do contribute
to F j‘. We obtain the following complete generating functions for the 10 orbit representatives:

(1 1
X1X15X4X14

24y ———
1 — X1X15X4X14

X16X7(X9)?X6X4

(15) ST e
1 — X16X7X9~XX4

X15X3%7 (X12)? (x9)? (x6)>

(96) 5
(1 — X12%7X9%6) (1 — X15X3X12X9X6~)

X16X14X5X7 (X11)? (X2)?
(1 — x2x7X11X14) (1 — X16X5X2X11)
X9X10X1 (x4)4 (x15)3 (x5)2 (x14)
(1 — x1X15X4X14) (1 — X15X5X10X4) (1 — X15X5X9X42X14)
X6X16X4(x3)% (X5)% (X15)2 (X10)*
(1 — X15x5%10X4) (1 — X16X5%3X10) (1 — X15X3X10X6)
X3X7X4(X6)°X1 (X9)3 (x12)3 (x15)°
(1 — x1x15X12%6) (1 — X12X7X9X6) (1 — X15X9X6X4) (1 — X15X3X12X9X6%)

(96)

(192)

(64)

(64)
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(x13)3 (%12)3x1X3%2%6X7x3 (1 — X1 X2X3X8X123X7X133 X6)
(1 — x1x3x12X13) (1 — X2%12X7%13) (1 — X3X12X13X6) (1 — X1X122%7X13%X6) (1 — X2X3XgX12X13%)
2, 2,22, 2,222
X4X5X3X6X9X10X15X16 (1 — 2X15X16X5X3X10X9X6X4 + X15“X16°X5°X3°X10“ X9 X6 X4~)

(1 — x16X3X9X6) (1 — X16X5X9X4) (1 — X15X9X6X4) (1 — X15X5X10X4) (1 — X16X5X3X10) (1 — X15X3X10X6)

(32)

®)

Here the numbers in parentheses give the respective orbit sizes.
Replacing all the x; by g and summing as in (56), we obtain

c (q) 14+ q2 4 21q4 4 36(]6 4 74q8 4 86q]0 4 74q12 4 36q14 4 21q16 +q18 4 q20

4(q) = .
(1-¢)7(1—qH*(1 —q%

We should mention that the partial fraction algorithm delivers this rational function in less than a

second by directly computing the constant term in (8) for k = 4. We computed the above representa-

tives because it contains more information and can be used for an alternate path to Gs(q).

Computing the orbit representatives for k = 5 requires the construction of the 2> x 5! = 3840
elements of Bs and examining their action on the 36 = 43046721 symmetric supports. This took a
few hours on our computers. We found in this manner that the 43046721 summands in (55) break
up into 15418 orbits and of these 6341 contribute to the sum. Most of the orbits have denominators
of less than 16 factors. It also took about 15 minutes to persuade MAPLE to deliver G5(q) in the form
displayed in the introduction.

It turns out that the same orbit reduction idea can also be used to compute Ws(q), but with a
little more efforts. Detailed work can be found in [2].

Remark 5.3. It is interesting to point out that computing complete generating functions for orbit
representatives of summands in (47) yielded as a byproduct orbit representatives of the extreme rays
of our Diophantine cone for k =4 and k = 5. Note that for k = 3 the representatives can be directly
derived from our hand computation: there are only two and the corresponding Venn Diagrams are

and

Here the regions without numbers are empty. The number 1 indicates that the region has only one
element. For k =4 we found that there are only three orbits, containing 24,8 and 16 elements re-
spectively. The corresponding diagrams are depicted below:

Ay

cAq

Ay

A,

A;

Ay

Ag

Az

Ag

Ag

Az

Az

Ag

Az

1

Ag

Ag

Az

Ag

Ag

Az

Ag

Ag

Az

1

Ag

Note, for k =4 each Venn diagram is depicted as a pair of Venn diagrams of k = 3. The first
member of the pair renders the Venn diagram of A1 N Ay, A1 N A3, A1 N A4 and the second member
renders the Venn diagram of ‘A1 N Ay, A1 N A3, A1 N Ag.

For k =5 we found that there are 2712 extreme rays which break up into 9 orbits. We give in Fig. 4
a set of representatives depicted as assignments of weights to the vertices of the 5-dimensional hyper-
cube. We imagine that the vertices of this hypercube are indexed by the binary digits of 0,1, 2, ...,31
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Fig. 4. Representatives of extreme rays for k = 5.

320 160
2

Fig. 5. Representatives for minimal solutions but not extreme rays.

with 00000 the vertex at the origin and 11111 the opposite vertex of the origin. In Fig. 4 each hyper-
cube is represented by two rows of two cubes. The cubes in the first row, from left to right, have the
vertices labeled with the binary digits of 1 to 16 (minus 1) and the cubes in the second row have the
vertices labeled with the binary digits of 17 to 32 (minus 1). The vertices here have possible weights
0,1, 2,3 and, correspondingly, are surrounded by 0, 1,2, 3 concentric circles. The integer on the top
of each diagram gives the size of the corresponding orbit.

Each of the corresponding solutions of our system Ss is minimal, that is, it cannot be decomposed
into a nontrivial sum of solutions. But we found that there are also 480 minimal solutions that do not
come from extreme rays. The latter break up into two orbits, with representatives depicted in Fig. 5.

5.3. Our fastest way for Gs(q) and Ws(q)

With the notations in the previous subsection and Section 4 handy, we can describe our best way
to obtain Gs5(q) and W5(q).

Let us explain the idea for k = 5. In Example 5.2 we have obtained for Ff(x) 10 orbit representa-
tives with corresponding orbit sizes. Denote them by R(x) the representatives and m, the orbit sizes
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for £=1,...,10. From this we can give explicit formula of Ff(x) and hence of F4(x) with the help
of B4 action as follows:

10

FA(x) me Ry
Fa(x) = — 4 - —_— g— (57)
8 (1 —xixi7_i) ; | Bal g§4 T, (1 — xixi7-0)

Applying Algorithm 4.3 as), bs) to (57), we can obtain Fs(x) by multilinearity:

10 m, R, j=1,2,..,16
F5(x) = — <g81,17 e 516,32—) , (58)
; |Bal g§3:4 1_[15;1 (1 —xix17-¢) Xj=Xja,X164j=X16+j/ala’
where we have used the straightforwardly checked fact: for any rational function R(xq,...,x1s) and
g € By, it holds that
81,17 -+ - 816,328 R (X1, ..., X16) = €31,17 - - - 816,32 R (X1, . . ., X16),
where g is extended to permute also indices 16 + j by g(16 + j) =16 + g(j) for j=1,...,16.
Substituting x; = q for all j into (58) gives
10 R, j=1,2...,16
Gs(@) =) my (51,17 -+ 016,32 s—) . (59)
Hi:l (1 —Xxix17-4) Xj=Xja,X164j=X16.j/a 0"

=1

That is to say, we only need representatives of F,_1(x) together with orbit sizes to compute Fj(x),
and this clearly extends for general k. Using (59), we can persuade Maple to deliver G5(q) as in (10)
in about 12 minutes.

The idea for W5(q) is similar but much more complicated. In order to use a similar decomposition
as for F4(x), we construct a B4-invariant constant term to replace the constant term in (15). But the
new problem is that we do not have simple orbit representatives as in Example 5.2. We use (again)
group action to give new representatives (together with orbit sizes) of reasonable sizes. Now we can
apply a similar formula as (59), but (inspired by our computation of W3(q) and Wy4(q)) this time
we combine the summands before taking “|;,0.” Using this approach Maple can deliver W5(q) in only
about 5 minutes in total which is the shortest time we have been able to compute this series. See [2]
for detailed work.

Finally we mention that the extended version [2] of this paper also includes our first way to obtain
Gs(q) and W5(q) by another trick of divide and conquer.
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