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1. Introduction

In nonequivariant algebraic topology, a fundamental tool to study singular homology is the abelianization functor
X+ X ®F Z, from topological spaces to topological abelian groups (X ® # Z is our notation for the free abelian on X
appropriately topologized; see Example 2.23). The classical Dold-Thom theorem [3] asserts a natural isomorphism

mi(X ®F Z) = Hi(X; Z),

when X is a CW complex. Applying (the reduced version of) this functor to spheres produces a geometric model for the
Eilenberg-Mac Lane spectrum HZ.

In this paper, we construct a functor that will play the role of the abelianization functor in the context of stable equiv-
ariant algebraic topology over a finite group G (which will be fixed throughout the paper).
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First we need to establish some notation. We denote by F, U, 7, and .Ab the categories of finite sets, unbased (com-
pactly generated) topological spaces, based (compactly generated) topological spaces, and abelian groups. The corresponding
categories of G-objects (given by a monoid homomorphism from G to the Hom monoid of the object) and equivariant mor-
phisms are denoted by GF, GU, G7 (where the base point is G-fixed), and G-Mod (G-modules). We will denote a Hom
space in a topological category C (such as U, GU, 7, GT) by Mapc.

One important distinction between the equivariant and nonequivariant settings is that in the former, coefficients are
more complicated objects, and differ for homology and cohomology. By definition, a covariant coefficient system k is a co-
variant functor k: GF — Ab that transforms disjoint unions into direct sums, and this is the coefficient system needed for
equivariant homology. The corresponding contravariant coefficient systems are needed for equivariant cohomology.

Another related notion is that of based G-space, i.e. a contravariant functor X' : GF°? — 7 transforming disjoint unions
into products. The functor category of based G-spaces is denoted by G7. Naturally, there is also the notion of (unbased)
G-space whose category we denote by GU.

Remark 1.1. Let G be the orbit category of G—the objects are orbits G/H and the morphisms are G-maps. There is a natural
inclusion functor G — GF, since G is finite. Furthermore, each finite G-set S can be uniquely written as a disjoint union of
G-orbits (hence G/H for some H after we choose one point in the orbit). Therefore a G-space X is completely determined
by its restriction

X:G% > T,

since X is required to transform disjoint unions to products. We will interchangeably use the two equivalent definitions
throughout the paper.

The importance of the category G7 stems from the fact that it is related to G7 by the functor of fixed points:
®:GT —>G7T; X ((S € GF) = Mapg(S, X) = Mapg7(S+, X)), (1.2)

where the equivariant mapping spaces are based by the constant map to the base point of X. (When S =G/H, ®X(G/H) =
Mapg;(G/H, X) = X! is the fixed point space.) If no risk of confusion arises, we will often abuse notation and write X for
@ X € G7. Similarly, there is an unbased version of the functor of fixed points also denoted @ : G — GU. We will also use
a variant of the coalescence functor ¥ : G/ — GU introduced by Elmendorf in [5]. Up to homotopy it is the right adjoint
of @, and allows us to work in the category Gi/, with its standard model structure [9, Chapter VI], and then translate results
back to GU.

The natural replacement for singular homology in the equivariant setting is Bredon homology [1]. In [10] the second
author constructed an equivariant abelianization functor (not stable yet). For each covariant coefficient system k and each
G-space X, he defined a topological abelian group X ®¢r k (the original notation was GX ®¢r k), by the following coend
construction

X®crk= | ] Mapgy(S.X) x k(S)/~. (1.3)
SeGF

where the equivalence relation is generated by

Mapgy (S, X) x k(S) 3 (¢ f*, k) ~ (¢, fik) € Mapgy (T, X) x k(T) (1.4)

foramap f:S— T in GF with ¢ f*=¢ o f and f, =k(f). In [10, Theorem 1], he showed that for a G-CW complex X,
there is a natural isomorphism

Ti(X ®cr k) = HE (X; k), (1.5)

where the right-hand side denotes the Bredon equivariant homology of X with coefficients in k.

Thus, for Bredon homology with a general covariant coefficient system, the question of finding an equivariant abelian-
ization functor is satisfactorily settled. However, for the important class of covariant coefficient systems which also have
suitably coupled contravariant functoriality to form some objects called Mackey functors (we will recall the definition in
Section 2), Bredon homology has a lot more structure since:

(i) it can be enhanced to a theory with values in the category of Mackey functors [11];
(ii) it can be enhanced to an RO(G)-graded theory [9].

From the viewpoint of stable equivariant homotopy theory, Mackey functors are the coefficient systems needed for
an ordinary stable equivariant cohomology theory [9]. Our goal in this paper is precisely to construct a version of the
abelianization functor adapted to the stable equivariant homotopy theory, which we call the stable equivariant abelianization
functor.

To this end, we start with a Mackey functor M and a G-space X and enhance the topological abelian group (1.3) to a
topological Mackey functor X ® M (see Definition 2.3). We achieve this by following closely the procedure used in [11] to
endow H,(X; M) with a canonical Mackey functor structure.
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We then proceed to verify expected properties, like the fact that for a point xy one gets xo ® M = M, and the existence
of a reduced version of the construction X ® M (Definition 2.18) satisfying

XQM=M®d XM,

for X based. In Example 2.23 we show that our construction generalizes that given in [4] where the special case of a Mackey
functor associated to a G-module was treated.

Being a topological Mackey functor, X ® M is in particular a based G-space (we consider a topological abelian group to be
based at 0). Thinking of G-spaces as generalizations of G-spaces, X ® M is a reasonable candidate for the stable equivariant
abelianization functor. In Section 3 we show that this is indeed the right candidate: for a based G-CW complex X,

(i) we introduce the notion of §2-G-spectrum (Definition 3.11) and prove in Theorem 3.15 that the correspondence
Vi (ZVX) ® M defines an $2-G-spectrum, denoted (X*®°X) @ M (here V ranges over finite dimensional G-
representations, S¥ := V U oo is the V-sphere, and XV X = SV A X is the corresponding suspension);

(ii) we establish the following RO(G)-graded version of the Dold-Thom theorem (Theorem 3.20)

Ty (X M) :=[0SY, X & M] 5 = Hf (X; M),

where the [—,—]g7 denotes based homotopy classes of based G-maps and the right-hand side denotes the RO(G)-
graded equivariant homology of X.

Our strategy to prove these results is to use a structure theorem for Mackey functors of Greenlees and May [7] to reduce
to the case of a Mackey functor obtained from a G-module (see Example 2.23), which was treated in [4].

In Section 4 we show that applying a variant of Elmendorf's coalescence functor ¥ [5] to the £2-G-spectrum (£®°X) ® M
gives an §2-G-spectrum. In particular, taking X = S® we get a new model for the equivariant Eilenberg-Mac Lane spec-
trum HM. This model differs from the previously known models [2] in that it does not require any stabilization with respect
to the representation spheres.

2. Construction and examples

In this section, we associate a topological Mackey functor X ® M to each pair (X, M), where X is a G-space and M is
Mackey functor M. We also introduce a reduced version of this construction for a based G-space X, denoted X @ M. We
study the properties of the bifunctors (X, M) — X ® M and (X, M) — X ® M, and we discuss some examples.

Let us start by recalling the definition of a Mackey functor.

Definition 2.1. A Mackey functor M consists of a pair (M*, M,) of functors M*:GF°’ — Ab and M, :GF — Ab with the
same values on objects, which we denote by M, such that

(1) M transforms disjoint unions into direct sums;
(2) for each pullback diagram
f

P .

B
lh
k D

>

g

-

PR N

a

in GF, there is a commutative diagram in .Ab

M(A) YL v(B)
M*(g) M*(h) (2.2)

M) A% M(D).

We denote the category of Mackey functors by Mk. This is an abelian category, with kernels and cokernels defined using
the abelian structure of Ab.

A topological Mackey functor is defined similarly with .Ab replaced by the category 7 .4b of topological abelian groups.
We denote the category of topological Mackey functors by 7 Mk.

Now we introduce our candidate for the abelianization functor for unbased G-spaces.

Definition 2.3. For a G-space X and a Mackey functor M = (M,, M*), we define a topological Mackey functor X ® M as
follows.



982 PF. dos Santos, Z. Nie / Topology and its Applications 156 (2009) 979-996

On the object level, for a finite G-set S € GF, we define
(XQ@M)(S):= (X x S) ®cr My =: (X x S) ®cr M (2.4)

as in (1.3).
For a morphism f:S — T in GF, we write f, = (X ® M).(f) and f* = (X ® M)*(f) for simplicity and define them as
follows.
d d
Foi(X@M)(S) = (X x S) ®@cr M ID2A - (x Ty @cr M = (X @ M)(T)

is defined by the covariant functoriality of the coend construction — ®c+ M [10, (2.4)].
We now define

[P X@M)(T) = (X xT)®cr M — (X x 5) @cr M= (X®M)(S).

By (1.3), an element on the left is represented by (y, c) € Mapgy(C, X x T) x M(C) for some C € GF. We form the following
pullback diagram in the category GU

B—L~Xxs
ip \Lidxf (2.5)
C—=XxT.
Note that B € GF. Define
FrX@MY(T) — (X@M)(S); [(r,0] [(8: M*(F)(©)], (2.6)
where (8, M*(F)(c)) € Mapg (B, X x S) x M(B). (Here and after, we denote the equivalence class of an element by [—].)

In Lemma 2.8 below we show that f* is well defined, and that X ® M is a topological Mackey functor.

Remark 2.7. In Definition 2.3 it would perhaps be more precise to denote the resulting topological Mackey functor by
®X ® M, because it is the G-space ®X that is used to define the values of X ® M. Indeed, we have (X ® M)(S) =
(@X x @S) ®c+ M. In a similar fashion we could define X ® M, for any G-space X. However, in what follows, we will
only be interested in applying this construction to the case where X = @ X, for some G-space X, and therefore we chose to
simplify the notation by dropping the &.

Lemma 2.8. With Definition 2.3, X ® M becomes a topological Mackey functor.

Proof. We first prove that f* in (2.6) is well defined, i.e., the definition is independent of the choice of the representative
(¥,c) € Mapgy(C,X x T) x M(C). Choose another representative (y’,c’) € Mapgy(C', X x T) x M(C’). Without loss of
generality, by (1.4), we assume that there is a G-map h:C — C’, such that the following diagram

C%XXT

N

commutes, i.e., Y =y  oh=y’h*, and
¢ =M, (h)(©). (2.10)
Consider the following diagram

B

—>XxS

B
aH %
F B’ idx f
F/
c_Y
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where the bottom is diagram (2.9), the back and the right front faces are pullback diagrams of the form (2.5). Then by the
universality of B’, there exists a unique H: B — B’ to make the left front face and the top commute. One can easily see that
the left front face is also Cartesian since both the fibers of F and F’ are the same as the fibers of id x f.

Then by definition (2.6), we need to show

(B, M*(F)(c)) € Mapgy (B, X x S) x M(B)
and

(B', M*(F')(c)) € Map¢y, (B, X x S) x M(B")
are equivalent. Since the top is commutative, 8 = 8’ o H = B’H*. In view of (1.4), we only need to show that
M, (H)(M*(F)(c)) and M*(F")(c") = M*(F")(M,(h)(c)) by (2.10) are equal. This follows from the left front face being Carte-
sian and the property (2.2) of the Mackey functor M.

It can be checked that f* is a continuous homomorphism, and that X ® M satisfies the conditions for a Mackey functor

in Definition 2.1. O
Proposition 2.11 (Functoriality). The construction introduced in Definition 2.3 gives a bifunctor

®:GU x Mk - TMk; (X, M) XQM,
such that X ® — is also exact: For an exact sequence of Mackey functors

0—-M—->N-—P—0, (212)
there is an exact sequence of topological Mackey functors

0> X®M—>X®N—>X®P—0. (2.13)
Proof. The functoriality in both GU/ and Mk is easy to see from the definition.

To prove the exactness of (2.13), we need to show that for any S € GF, the following sequence of topological abelian
groups

0> XXS)QcFrM—>(XxS)Q®crN—>(XxS)QcrP—>0 (2.14)

is exact. For an element in (X x S) ®:c# M, one can choose a representative (8,b) € Mapgy/(B, X x S) x M(B) with 8
injective. (Otherwise, one can replace g with the inclusion i:Im(8) < X x S and apply the equivalence relation (1.4).) For
an injective 8 with B # ¢,

[B.D)]=0e(XxS)®rM < b=0ecM(B). (2.15)

The exactness of (2.14) then easily follows from this observation and (2.12). O

Example 2.16. Applying our construction to the space xo of one point, one canonically recovers M, i.e.,
Xo® M= M.
This fact is rather straightforward, and we leave the details to the reader.
We will now give a reduced version of the functor X ® M, defined for a based space (X, xp). Recall that the base point xg
is G-fixed. Consider the natural maps
X0 LING'SLIN X0
Example 2.16 shows that xo ® M = M. Since p oi = id, it follows by functoriality (Proposition 2.11) that one has natural maps
M=x0@M-5 XM xo@ M =M,
such that
P ol =id. (2.17)
Definition 2.18. For a based G-space X with base point xo and a Mackey functor M, define the reduced topological Mackey
functor
X @ M = coker(iy :xg @ M — X @ M).
The functor
®:GT x Mk— TMk; (X,M)>X®M

is our stable equivariant abelianization functor.
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By the splitting (2.17), one naturally has a direct sum decomposition of Mackey functors

X@M=Ma XS M. (2.19)

Proposition 2.20. A cofibration sequence of G-spaces
Y x L x/y
gives rises to a short exact sequence of topological Mackey functors

0-YOME XML (X/)Y)&M—o. (2.21)

Proof. In view of (2.15), we see that i, is injective since i is a closed inclusion, g is surjective since q is, and the sequence
is exact in the middle since the inverse image of the base point under q: X — X/Y is Y. O

One can write out the above definition of X ® M in terms of its components as follows. For a (general) based space X,
first define the reduced topological abelian group

X ®cr M = coker(iy, : xg @cr M — X @cr M).
One then has for a finite G-set S,
(XQM)(S)Z (XASL) R¢cr M. (2.22)

We now give two important examples of X ® M and X ® M in the case where M belongs to two special classes of
Mackey functors. These examples will be used extensively in Section 3.

Example 2.23. A G-module A determines a Mackey functor RA whose value on a finite G-set S is the abelian group
RA(S) =Homg (S, A), where the abelian group structure comes from the target A. For a G-map f:S — T, the restriction
and transfer maps are given by

RA*(f):RA(T) — RA(S); ¢+ ¢of,
RAL(f): RA(S) — RA(T); w.—><r.—> > vf(s)>.
sef 70

Given a G-space X, it is natural to consider the G-module &5, ., A generated by X with coefficients in A. It has a natural
structure of topological G-module, which can be seen most clearly from its description as the coend X ® = A. Here F denotes
the category of finite sets, X denotes the contravariant functor F°° — GU : S — Mapy,(S, X), and A denotes the covariant
functor 7 — GU : S — Hom(S, A) with

A.(f:S— T):Hom(S, A) — Hom(T, A); 11u—>(tr—> Z 1//(5)).
sef-10)

See [10] for more details.
For a based G-space (X, xp), there is a reduced version of this construction, given by

X®r A:=coker(A=xQr A— XQFr A).
Then similar to (2.19), one has the following direct sum decomposition
X®FA=A®X®FA. (2.24)
The functor X — X ® 7 A has a natural structure of functor with smash products (FSP) given by
Lyx:YAX®rA) = YAX)BrA; (.0 (fy ®Fida)c) (2.25)

where f,:X — Y A X denotes the function x — y A x. This FSP is studied in [4] (where it is denoted X — A ® X). In
particular, it is shown there that the corresponding G-prespectrum {SY ® = A}y is an Eilenberg-Mac Lane §2-spectrum for
the Mackey functor RA.

Applying the functor R to the topological G-module X ® r A, we obtain a topological Mackey functor R(X ® r A). (If
we only consider the contravariant functoriality, then R is the same as the @ in (1.2).) R(X ® £ A) is closely related to the
topological Mackey functor X ® RA defined in Definition 2.3. Indeed, for a finite G-set S, the forgetful functor GF — F
induces a natural map

(X®@RA)(S)= (X xS) ®crRA— (X x S)®F A,
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and it is shown in [10, Proposition 2] that this map is an isomorphism onto the fixed point set
(X x ) ®cr RA > (X x S) @5 A)°. (2.26)

There is a natural G-homeomorphism (see [4] for more details)

Mapy(S. X ®F A) => (X x $)®F A1 fr> Y Ls, x, (5. f(5)).

seS

where the left is the mapping space with the G-action of conjugation whose fixed point set consists of equivariant maps,
and the L on the right is as in (2.25). Therefore on the level of fixed point sets, we have a homeomorphism

(X x S) @5 A)° > Mapey (S, X @5 A) = R(X @5 A)(S). (2.27)
It can be checked that the above defines a natural isomorphism of topological Mackey functors
0:X®RA— R(XQFr A). (2.28)

The class of Mackey functors considered in the previous example is very restrictive but it admits an important general-
ization introduced in [7], which we discuss now.

Example 2.29. Given a subgroup H < G, let WH = NH/H be its Weyl group. There is a functor

‘R : WH-Mod — Mk,
such that, for a WH-module A and a finite G-set S, one has

RA(S) = Homwy (S, A). (2:30)
For a G-map f:S — T, we consider the restriction f":SH — TH which is a WH-map. Then

RA*(f):RA(T) — RA(S): ¢ o fr,

RA(f):RAS) —> RA(T); v+ <t|—> Z Ws)).

se(fHH=1(®

Whenever it is necessary to make the pair (G, H) explicit we write Rf, instead of R. In particular, if H={1} and A is a
G-module then ’REIA coincides with the Mackey functor RA defined in Example 2.23.

The importance of the images of the functors Rg (for all H < G) as a class of Mackey functors comes from a result
of [7], which states that this class generates all Mackey functors in a precise sense that we recall in Section 3.

The functor R has a left adjoint [7]

£: Mk — WH-Mod; M > M(G/H),

where one notes that M(G/H) is a WH-module since Hom¢ #(G/H, G/H) = WH acts on it.
This adjunction has an obvious topological analogue:

R
topological WH-modules ? topological Mackey functors.

Now, associated to a G-space X and a WH-module A, we have two topological Mackey functors: X ® RA and
R(X" @ A), where X" ® r A is a topological WH-module defined in Example 2.23 (with G = WH). The next propo-
sition shows that there is a natural isomorphism between these two functors, generalizing the isomorphism o (2.28) in
Example 2.23.

Proposition 2.31. For a WH-module A and a G-space X, one has a natural isomorphism of topological Mackey functors
0:XORAS R(XM®F A).

For a based X, taking off from both sides the trivial factor RA in view of (2.19) and (2.24), one also has an isomorphism for the
reduced version:

0:X®RAS R(X"&F A).

For the proof, we need the following lemma.
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Lemma 2.32. Let G be a finite group, H a subgroup of G, and WH the Weyl group of H in G. Then one has the following two adjoint
functors:
R:GU — WHU; X XM,
and
L:WHU— GU; Y+ G/HxwpY,
such that

Mapgy (LY, X) = Mapyyy (Y, RX).

Proof. The counit is

€:LRX=G/H xwy X" > X; (gH,x) — gx, (2.33)
and the unit is

n:Y > RLY = (G/H xwu )!';  y— (eH, y). (2.34)

One can easily see that the following composition

RX 225 RLRX R&5 RX
XH = (G/H sy XxH)! = xH.
x+— (eH,x) — x (2.35)
is the identity. Similar composition for LY is also the identity. O
Proof of Proposition 2.31. We only prove the unreduced version, and the reduced version clearly follows by (2.19)

and (2.24).
First note that, for a finite G-set S, we have

R(XH ®F A)(S) (230) MaPWHZ,{(SH~ xH QF A)
C2 (%" x MY @x A)" A2 (XH x S7) @ RINA
1] Mapwme (U, X" x $") x Homwr(U, A)/~. (236)
UeWHF

For a finite G-set S, we define a morphism ¢:X ® RA — R(XH ® » A) as the following composition:

(X®RAS) = (XxS)QcrRA
= | ] Mapgy(T. X x S) x Homwn (T", A) /~
TeGF
Rxid [] Mapwuy(RT.RX x RS) x Homwy (T, A)/~
RTEWHF
2.36
@3, (%" x ") @ RITA=R(X! @ A)(S). (2.37)

Also define a morphism ¢ : R(XH ® 7 A) - X ® RA by

2.36
R(XF@rA)S) %7 (X7 x sH) @wnr RIA
= ]_[ Mapyyp¢ (U, R(X x S)) x Homyy (U, A)/~
UeWHF
2%, ] Mapeu(LU. LR(X x S)) x Homws(RLU, A)/~
LUeGF
(e, ] Mapeu(LU. X x S) x Homyy(RLU, A)/~
LUeGF

- (X xS)®crRA=(X®RA)S).

Here the maps R, L, n and ¢ are as in Lemma 2.32, and the map
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1 : Homwg (U, A) — Homyy(RLU, A); a|—><(u’eRLU)r—> > a(u))
uen~l@)cU

is the “transfer” map for n:U — RLU (2.34).
Lemma 2.38. Both o and ¢ are well defined, and are natural transformations of topological Mackey functors.

Proof. After unraveling all the definitions, the well-definedness and the naturality with respect to covariancy of the Mackey
functors are easy to check. The naturality with respect to the contravariancy of Mackey functors (see Definition 2.3) is more
involved, and uses the fact that the R in Lemma 2.32, being a right adjoint, preserves Cartesian diagrams. We leave the
details to the interested reader. O

Let us now show that both the compositions ¢ o ¢ and g o ¢ are the identity. Fix a finite G-set S.
First we check the equality ¢ o o =1id. Pick
(o, @) € Mapgy (T, X x S) x Homwy (T, A).
Then
o(a,a) = (R, a) € Mapypy¢ (RT, R(X x S)) x Homuy (T", A),
and
(@',d) = (g oQ)(@,a) = (¢ o LRa, n,a) € Mapgy,(LRT, X x S) x Homyy (RLRT, A).
One has the following commutative diagram

LRT —ER% [R(X x §)

.
T——=XxS$S
by the naturality of & (2.33). Therefore o’ =& o LR = & 0 € = xe™. By (1.4), one has
(o, d) = (xe*, d)~ (a, ,a).
To illustrate the situation, we draw the following diagram (which we do not claim to be commutative):
RT
lm\
RLRT —2=10 = 5
Re
RT
Then it is easy to see that
£:a = &,m4a=a,

by (2.35).
Finally we check the equality o o ¢ =id. Pick

(B,b) e Mapypy (U, RX x RS) x Homwy (U, A).
Then
c(B,b) = (e oLB, nib) e Map; (LU, X x S) x Homwy(RLU, A),

and
(B',b)=(005)(B,b)=(R(g o LB), nb) € Mapyy(RLU, RX x RS) x Homwp (RLU, A).

One has the following commutative diagram

U—" ~RXxRS

n nR

RLU —~ RL(RX x RS)



988 PF. dos Santos, Z. Nie / Topology and its Applications 156 (2009) 979-996

by the naturality of 1 (2.34). Therefore nR o 8 = RLB o 1. Composing both sides with Re from the left, one sees in view
of (2.35) that

B=ReoRLBon=R(colB)on=p on=pn"
Therefore by (1.4), one has

B.b)=Bn".by~ (', nb)y=(p.,b). O
The following result will be used throughout, which is a generalization of both [7, Proposition 7] and [9, Lemma V.3.1].

Proposition 2.39. Let H < G be a subgroup. There are two adjoint functors

L£:GT - WHT; X X(G/H),

R:WHT — GT; Y+ (S Mapyy7(SE.Y))
such that

Mapyy 7 (LX,Y) =Mapgr (X, RY).
Proof. The proof is similar to those for the above-mentioned results. In particular, the counit LRY — Y is the identity, and
the map

Mapg7 (X, RY) — Mapyy 7(LX, Y) (2.40)

is obtained by applying £, which is taking the (G/H) component. 0O
3. 2-G-spectra and equivariant homology

It is well known that many of the concepts of equivariant homotopy theory can be carried over to the context of G-
spaces. We start this section by introducing the notions of G-prespectrum and $2-G-spectrum, as generalizations of the
more classical notions of G-prespectrum and $2-G-spectrum (see the fundamental work [8] about these more classical
objects). Then we use the construction of the topological Mackey functor X ® M (for a based G-space X and a Mackey
functor M) to define a G-prespectrum (X*°X) ® M. In Theorem 3.15 we show that (¥°X) @ M is an §2-G-spectrum
when X is a based G-CW complex.

We start by defining some basic structures of G7 in order to formulate our results.

Definition 3.1. Smash products in the category G7 are defined, in view of Remark 1.1, by
(X AY)(G/H) :=X(G/H) A Y(G/H).
Internal Hom’s in G7 are defined by
Hom(X, Y)(S) :=Mapgr (X A P(54),)) (32)

for S € GF. (We will often abuse notation by omitting @.)
Proposition 3.3. One has the following adjunction

Mapg7 (X A Y, Z) =Mapg7 (X, Hom(Y, 2)). (3.4)
Proof. For an orbit G/H, define the unit to be

n:X(G/H)=Mapgr(®(G/Hy), X) (Yoneda lemma)
— Hom(Y, X AV)(G/H) =Mapgr (®(G/H) AV, X AY); [ f Aid;
and the counit to be
w:(Hom(Y, Z) A Y)(G/H) =Mapgr (Y A P(G/H), Z) AV(G/H) — Z(G/H); h Ay heu(y Ald). (3.5)

Then one can check the usual conditions for adjunction. O
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Lemma 3.6. The functor & (1.2) preserves smash products

DXAY)=DXADY, (3.7)
and internal Hom’s

@Mapy(X,Y) =Hom(®X, DY), (3.8)

where Map denotes the internal Hom for G-spaces with conjugate G-action.

Proof. (3.7) follows from
XA =xHAYH,

There is a functor [9, Lemma V.3.1]

©:G7 - GT, X — X(G/e), (3.9)
which is left adjoint to @ in (1.2). Clearly ® ® X = X. Therefore
Mapg 7 (@ X, @Y) =Mapsr(OPX,Y) =Mapgr (X, Y). (3.10)

On a finite G-set S, (3.8) is defined by

1.2
dMapz (X, Y)(S) ‘22 Mapg 7 (S4, Map7 (X, Y))

= Maper (X A S1.Y) ®2) Mapg (@ (X A S4), dY)

2 Mapg 7 (@X A @(51), #Y) E Hom(@ X, 2Y)(S),

where the second equality is by an obvious adjunction in G7. O

Moreover, G7 has a model category structure in which the weak equivalences and fibrations are defined component-
wise [9, Chapter VI]. Therefore @ preserves the model structures by definition.

Definition 3.11. Fix a complete G-universe U and a cofinal set .A of indexing spaces, which are defined to be finite dimen-
sional sub G-spaces of U (see [9, Chapter XII]). Define a G-prespectrum to be a collection of G-spaces {Xy}yc4 such that
for W € A, one has the following structure map

oy.w . (PSW A Xy — XV+W (3.]2)

as a map of G-spaces. The structure maps ¢ are required to satisfy oy g =id and the expected transitivity condition:

idAao
¢SU A (DSW A XV ﬂ(bS” AXV+W

l(3.7) lﬁww.u

oV .U+w
PSUtW A Xy ———— Aviwqu.

For a G-space X, we call 2W X := Hom(®SW, X') the Wth loop space of X as a G-space. We call the G-prespectrum
{Xv}vea an £2-G-spectrum if the adjoint map

Ay — 2V Ay w
associated to (3.12) by (3.4) is a G-weak equivalence.
Let X be a based G-space, and M a Mackey functor. We consider the following natural G-prespectrum (X*°X) & M

with its Vth space as the topological Mackey functor (X" X) ® M, which is thus a G-space. Understanding X generally (i.e.,
sometimes as X'V X), there is the natural structure map

oSV AXB®M) - (ZWX) M,
which is defined as follows. For an orbit G/H, in view of (2.22), we define
ve/m :Mapgr(G/Hy, SY) A (X AG/HY) &cr M) — (EWX AG/H,) Bcr M;
a AE > (((@opra) Ald) ®cr id)(€) (3.13)
by the functoriality of our coend construction, where
(@opra) Aid:XAG/H, — SWXAG/H,

is the G-map defined by x At +— a(t) AXAL.
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Since we are interested in the adjoint of ¥ under the adjunction (3.4):

P:XOM— 2V ((2VX)®M), (3.14)
we now write it out in detail. Given a finite G-set T, the value of ¢ at T is a map

¢1: (X @ M)(T) — 2 ((ZV X) & M)(T),
which is natural in T. By the Yoneda lemma and the definition of internal Hom (3.2), ¢ can be described as a map

¢1 :Mapg 7 (@(T1), X ® M) — Mapg7 (2SY A @(T4), (Y X) ® M),
such that the image of 8 € Mapg (T4, X ® M) is the following composition:

oW A DT L oW A (xEM) L (57 X) & M.

The following result describes one of the most important properties of our stable equivariant abelianization functor.

Theorem 3.15. For a based G-CW complex X, the G-prespectrum (£°X) @ M is an $2-G-spectrum, i.e., the adjoint map (3.14) is
a G-weak equivalence.

Proof. The strategy of the proof is to use a structure theorem for Mackey functors by Greenlees and May [7] to reduce to
the case that M = RA, where A is a WH-module, as in Example 2.29. Using Propositions 2.31 and 2.39, we will further
reduce this to the case handled in [4] and recalled in Example 2.23 with the group replaced by WH. The case of a general
Mackey functor M is then completed by an application of the 5-lemma.

Let M =RA be as in Example 2.29. Since G-weak equivalences are defined component-wise, we need to show that, for
each finite G-set T, the map ¢7 in the top row of the following commutative diagram is a weak equivalence of spaces (for
notational simplicity, we will omit the @’s in this proof):

Mapg7 (T4, X & RA) — = Mapg7(S¥ ATy, (ZWX) & RA)

l2.31 l2.31

Mapg7 (T4, R(X" & 7 A)) ——=Mapgr(SW AT, R(ZW" XH) & £ A)) (3.16)

l2.39 l2.39

Mapyyy 7 (TH. X" &5 A) ——> Mapyyy 7 (SW"' ATH, SW' XH & 1 A).

The vertical arrows in the above diagram are homeomorphisms for a general space X given by Propositions 2.31 and 2.39,
and the maps tr and xr are completely determined by the commutativity of the diagram.

For each y € Mapg7 (T, R(XH @£ A)), the commutativity of diagram (3.16) implies that the value t7(y) is a composite
of the form

SWAT, A% sW AR(XH &5 A) L R((ZW X7) & A), (3.17)
where v is determined by the commutativity of the following diagram:

SWAXBRA) — L = (ZVX)BRA

\LidA@’ l’é
SWARXH @7 A)—=R(Z"" X" & £ A).
Recall that ¢ is the isomorphism defined in Proposition 2.31. On an orbit G/K, this reads

Mape7(G/Ki, SWYA (X AG/Ky) ®cr RA) N S (EWXAG/K,) ®crRA

id/\EG/K lac/’(
Mape7(G/K ¢, SW) AMapyy 7 (G/K)H, XM &7 A) — = Mapyy 7 (G/KH, (W' XH) & £ A).

Unraveling the definitions of ¢ in (3.13) and ¢ in (2.37), it is easy to see that for o € MapGT(G/I<+,SW),
& e Mapyy 7 ((G/KOH X" &7 A) and u € (G/K)!, we have

V(e AE) W) = (faw) ®F ida) (EW)). (3.18)

where fyq): X" — WP XH is the map x> a(u) A X.
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Next we compute the map xr in diagram (3.16). Denoting by § = lad(y) € Mapyy 7 (TH, X & 7 A) the left adjunct of
y € MapgT(T+,R(XH ®£ A)) under the adjunction £+ R in Proposition 2.39, we have x7(8) = xr(lad(y)) = lad(z1(y)),
by the required commutativity of diagram (3.16). Since the counit of the adjunction is the identity (2.40), we have

(3.17)

lad(zr(y)) = L(tr(p)) L) o LAA A Y).

Therefore, x7(§) is given by
SWHATH 00, gW 1 (xH & A) U (sWT A XH) &5 A

Applying the formula (3.18), we obtain £(V)(s A &) = (fs ® 7 ida) (&), where f; denotes the map X" — SW" A XH given by
X+> SAX.
We conclude that yr is composition with the adjoint map

xH&rA— V" (2" xH) &5 A)

of the WH-prespectrum {V — XV XH & r A}. Since it is shown in [4] that this is an §2-WH-spectrum for a G-CW complex X,
it follows xr is a weak equivalence for each T. Therefore ¢ (3.14) is G-weak equivalence.

Now for the general case of M, we use the structure theorem for Mackey functors of [7]. This result states that the class
of Mackey functors containing the functors {RA}, for all subgroups H < G and all WH-modules A, and satisfying the 2 out
of 3 property for short exact sequences contains all Mackey functors. Since we have shown that the class of Mackey functors
for which (3.14) is a G-weak equivalence contains Mackey functors of the form RA, it suffices now to show that this class
satisfies the 2 out of 3 property for short exact sequences.

Let

O M—->N—->P—0

be a short exact sequence of Mackey functors. First we show that, for a G-CW complex X, one gets a fibration sequence of
G-spaces

XQOM—-X®N—- X®P.
This means that, for each finite G-set T, the resulting sequence of topological abelian groups (see (2.22))
(XAT) &r M — (XAT) & N— (X ATy) &gr P

is a fibration sequence of topological spaces. To prove this, we use the following detour into simplicial sets and the realiza-
tion functor. Let X1 denote X A T, and SXt denote the total singular simplicial set of Xr. Then one has an exact sequence
of simplicial abelian groups

0—>8XT@G]:M%SXTécj:N—)SXT@‘)G]:P—)O.

(This is a simplicial version of Proposition 2.11.) By basic simplicial homotopy theory [6, 111.2.10], this is then a fibration
sequence. Since geometric realization is a Quillen equivalence between the categories of simplicial sets and topological
spaces [6], we have the following diagram

ISXT ®cF M| —=|SX1 ®cr N|—|SX1 ®cF P|
(3.19)
X1 ®cFr M——— X1 ®cr N—— X1 ®cr P,

where the first row is a fibration sequence. For a G-CW complex X, the vertical maps are G-homotopy equivalences [10].
Therefore the second row is also a fibration sequence.
Since internal Hom’s clearly preserve fibration sequences, we have the following diagram of fibration sequences

XQGrFM———XQGr N———XQcr P
I & :
Y (EYX) M) —=2W(EVX) N) —= W (ZVX)® P).

If two out of the three vertical maps are weak equivalences, it follows by the 5-lemma that so is the third. This concludes
the proof of the theorem. 0O

We can now prove the following RO(G)-graded version of the classical Dold-Thom theorem, as an application of our
stable equivariant abelianization functor.
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Theorem 3.20. Let X be a based G-CW complex. There is a natural isomorphism

rd(X@M) = [0SV, X & M]gr = HG(X: M),
where the [—,—]g7 denotes based homotopy classes of G-maps, and the right-hand side is the RO(G)-graded equivariant homology

of X with coefficients in M.

Proof. For a G-CW pair (X, Y), consider the functors

hS (X, Y: M) = ng((X/Y) M) =[osV, (X/V)® M]gT.
Now we verify that the ﬁf satisfy the axioms for an RO(G)-graded theory with coefficients in M.
The G-homotopy axiom and the excision axiom are easy to check (cf. [4, Corollary 2.7]). For a cofibration sequence

y L x5 Xy,
one has a fibration sequence of topological Mackey functors
YEM s XM 2 (X)) @M.

The proof again uses a detour into the simplicial category through geometric realization and the simplicial version of Propo-
sition 2.20 (cf. the end of the proof of Theorem 3.15). Hence one has the associated long exact sequence in the h¢ theory.
The dimension axiom follows from Example 2.16.
The only new RO(G)-graded suspension axiom now follows from Theorem 3.15. O

4. Equivariant Eilenberg-Mac Lane spectra

The categories of G-spaces and G-spaces are related by the fixed point functor @ : GU — GU (cf. (1.2)). The coalescence
functor ¥ : GU — GU defined by Elmendorf [5] shows that, up to weak equivalence, every G-space is the fixed point system
of a G-space. In this section we define a variant of Elmendorfs functor for both the unbased and the based situations, and
study the relation of ¥ with smash products and internal Hom’s. Application of ¥ turns an §2-G-spectrum, for example
the (£*°X) ® M defined in Section 3, to an £2-G-spectrum. In the particular case that X = S°, we get a model for the
equivariant Eilenberg-Mac Lane spectrum HM.

First we introduce a variant of Elmendorf's construction using the category GJF of finite G-sets instead of the orbit
category G, for the benefit of the existence of finite products (see Proposition 4.5 below).

Definition 4.1. (Cf. [5, proof of Theorem 1].) Let J: GF — GU be the inclusion functor. For X € GU, ¥ X is a G-space defined
by

WX :=B(X,GF,])=|Bs(X,GF, ]|
where B,(—, —,—) denotes the triple bar construction: B4(X, GF, J) is a simplicial G-space whose space of n-simplices is

{x, f.a) |xe X(So): f=So Jig L I o € Sy},
where the f; are G-maps, with the usual face (by composition or functoriality of X and J) and degeneracy (by insertion of
identity) maps. The G-action on B, (X, G, J) is induced from the one on the images of J.

The following proposition shows that a G-space X is, up to weak equivalence, the fixed point system of the G-space ¥ X.

Proposition 4.2. (Cf. [5, Theorem 1].) There is a natural transformation &:®W¥ — id such that for each X € GU the map
ex PP X — X is a weak equivalence. In particular ¥ preserves weak equivalences.

Proof. For an orbit G/H, the natural transformation ¢ has value

ex(G/H): ®W X (G/H) =Mapgy (G/H, B(X,GF, ])) = B(X, GF,Hom¢ £(G/H, —)) — X (G/H), (43)

which is defined by pullback for each simplex. Here the second equality follows from the fact that the G-action on
B(X,GF, ]) is induced from the one on the images of J, and that G/H is an orbit. It is standard [9, §V.2] that ex (G/H) is
a strong deformation retract.

For the second statement, assume that f: X — ) is a weak equivalence of G-spaces. We now prove that ¥ f : X — ¥}
is a weak equivalence of G-spaces. By definition, we need to show that Q¥ f: QWX — @W¥) is a weak equivalence of
G-spaces. This follows from the commutativity of the following diagram,
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owx 2 puy

lsx f l

X——=Y

5

by the naturality of ¢, and the fact that £y, £y and f are weak equivalences. O

Remark 4.4. It can be checked that our variant in Definition 4.1 is the same as Elmendorfs construction in [5] up to
homotopy.

Our variant enables us to show the following relation between ¥ and products.

Proposition 4.5. For X', Y € GU, there is a homotopy equivalence of G-spaces

W VX XxPVY > P(X %)), (4.6)
with a homotopy inverse

AV(AXXx)Y) > VX XxPY
defined in (4.7) below.

Proof. Define @ as the geometric realization of

Bo(X.GF,]) x Bo(V.GF, ]) > Bo(X x V,GF, ]):
((XSo) 2% f1,.... fa. € Sn), (V(To) 2 y.81.....&n. B € Tn))
> ((X x Y)(So x To) 3 (X (p1)(X), Y(p2)()). f1 X &1+, fn X &n. (@, B) € Sy x Ty),

where pq:Sp x To — Sp and p2:So x To — T denote the projections.
Define

A=Y (pr) X ¥ (pr) W (X x)Y) > VX x¥)

by the functoriality of ¥ for the obvious projections. More concretely, A is the geometric realization of
Bo(X xV,GF,])—> Bo(X,GF,]) x Bo(Y,GF, ]):
(®y) € (X xV)(S0). f1.---s fon ) = ((x€ X(S0). f1..-.. fa. ), (¥ € V(S0). fr. ... far @)). (4.7)

It can be checked that o and A are homotopy inverses of each other by constructing homotopies on the simplicial space
level using projections and diagonals at appropriate places. O

We now define a version of the coalescence functor for based G-spaces, still denoted ¥ :G7 — G7.

Definition 4.8. For X' € G7, the based G-space ¥ X is defined to be the geometric realization of a based G-simplicial space,
as follows:

WX =B(X,GF,]):=|Bs(X,GF, ])|.
where B,(X,GF, J) is the based simplicial G-space defined by
Bu(X,GF, ]) =Bn(X,GF, ])/Bn(x,GF, ]),

where x denotes the base point of X.
We have the following relations of the functor ¥ with smash products and internal Hom’s.

Lemma 4.9. For X', ) € G7, there is a based version of the construction in Proposition 4.5
W VXAVY > WU (X AY),

which is a weak equivalence of G-spaces.
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Proof. Consider the natural composition
X XxPY Zs (X x)) > U(XAY),
which is the geometric realization of
Be(X,GF,]) x Be(V,GF,]) = Be(X X V,GF, ]) > Be(X ANY,GF, ).
It is clear that
Be(X,GF,]) x Be(x,GF, J) = Be(X x %,GF, ]) = Be(x,GF, ])

under the above composition, and similarly for B,(x, GF, J) X Be(Y, GF, ]).
Then we define the based @ to be the following composition

VX AYY = [Bo(X,GF, D| A |Be(YV,GF, )| = |Be(X,GF, ]) ABo(V,GF, J)|
= |(Bo(X.GF. ]) x Be(¥.GF, ))/((Bo(X,GF, J) x Bo(*,GF, ])) U (Ba(x,GF, ]) x Bo(X,GF, ]))]|
— [Be(X AV, GF, ])/Be(x,GF, | = |Be(X AV, CF, D| =W (X AY).
By definition, to show that the based @ is a weak equivalence, we need to show that

P VX AIYY L DX AWY) > dU(X AY)

is a weak equivalence of G-spaces. This follows from the commutativity of the following diagram

PUX ADYY Kdal PU(X AY)
ExNEX
\ % (4.10)
XAY,

and the fact that ex,y and ex A €y are weak equivalences. Recall that £ (G/H) (4.3) is a based deformation retract, so is
€y (G/H). Therefore ¢ x A &y is a weak equivalence. O

Proposition 4.11. For X’ a based G-CW complex and ) a based G-space, one has a weak equivalence of G-spaces

W Hom(X,Y) = Mapr (WX, ¥)). (4.12)

Proof. Define ¢ to be the adjoint of the composition
W Hom(X, V) AW X T W (Hom(X, V) A X) ~25 v, (4.13)
where @ is as in Lemma 4.9 and wu is the counit map in (3.5).
By definition, to show that ¢ is a weak equivalence, we need to show that

@7 DY Hom(X,Y) — dMaps (WX, wY) 2 Hom(ow X, oW )
is a weak equivalence of G-spaces.
This follows from the following commutative diagram

DY Hom(X,Y) —25 = Hom(@Ww X, dW )

\LF Hom(id,ey)
Hom(e x ,id)

Hom(X,)Y) —————=Hom(®¥ X, ))),
where all the other maps are weak equivalences. Recall that we assume that X is a G-CW complex, so ®¥ X has
the homotopy type of a G-CW complex. Therefore €y : ®¥ X — X is a homotopy equivalence by the Whitehead theo-
rem [9, Theorem VIL.3.5], which implies that Hom(e x,id) is a homotopy equivalence. That Hom(id, £y) is a weak equiva-
lence follows from the fact that ¢y, is a weak equivalence and that ¥ X’ has the homotopy type of a G-CW complex by
the Whitehead theorem [9, Theorem VI.3.4]. O

Now we apply the functor ¥ to a G-prespectrum to get a G-prespectrum. However, for a representation V and the
corresponding representation sphere SV, we only have a natural G-map
Ogy :wdSY > sV, (4.14)

which is a weak equivalence of G-spaces. Here @ is defined in (3.9) (see the proof of Theorem V.3.2 in [9]). To get a
G-prespectrum in the sense of [9], we need to fix the following choices.
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Lemma 4.15. There is a family of G-maps By : SV — ¥ @SV, V € A, such that

(i) Bv is a homotopy inverse to @gy : ¥ dSY — SV;
(ii) foreach V, W € A the following diagram commutes

By AB
SYASW S g asY AwasW

2l lw (4.16)

SV+w W— w¢5V+W’

where @ is defined as in Lemma 4.9.
Proof. Recall that G is finite. Choose a representation V; in each of the finitely many isomorphism classes of irreducible
ones. Since SVi is a G-CW complex, ¥ ®S"i has the homotopy type of a G-CW complex. By the Whitehead theorem,

Oc¢y, in (4.14) is a G-homotopy equivalence. Choose and fix an inverse B;. A general representation V € A has a fixed
decomposition into the irreducible ones {V;}. Without loss of generality, assume that V = V; + V5. Then we define

By ABv,
R

By:SV =51 As"2 voSi awepsV2 Z, ypsY.

The general commutativity in diagram (4.16) then follows by construction. O

Definition 4.17. Given a G-prespectrum X = {Xy }yc4 with structure map

o:dSY Ay > Xyow, (4.18)
define ¥ X' to be the G-prespectrum whose value on a representation V € A is

WXy =¥y,
and whose structure map for W € A is the composition

Bw Aid
—_—

c:SWAWX)Y wosY Awxy Zs w(oSY Ay) LD Xy iw = W X)viw. (4.19)

Lemma 4.20. Together the family {& Xy } and the structure maps ¢ define a G-prespectrum.

Proof. This is a check of compatibility, which follows from our choices in Lemma 4.15 and the natural associativity of @ in
Lemma 4.9. We omit the details. O

Theorem 4.21. If X is an £2-G-spectrum then ¥ X is an $2-G-spectrum.

Proof. By Definition 3.11, the adjoint map
T: Xy — Hom(®SY, Xyyw)

associated to the structure map (4.18) is assumed to be a weak equivalence of G-spaces. Therefore the composition

£:w Xy L5 wHom(@SY, Xy w) <> Mapr (W @SV, w Xy w) LR Map7(SY, ¥ Xy 1w)

is a weak equivalence of G-spaces, by Propositions 4.2, 4.11 and Lemma 4.15. It can be checked that & is the adjoint of the
structure map ¢ in (4.19) for the prespectrum ¥ /X, in view of the definition of ¢ as the adjoint of A in (4.13). Therefore
VX is an £2-G-spectrum. 0O

Combining Theorems 3.15 and 4.21, we get the following final result, as another application of our stable equivariant
abelianization functor.

Theorem 4.22. For a based G-CW complex X, the equivariant prespectrum ¥ ((X°X) & M) is an §2-G-spectrum satisfying
TGW((Z®X) & M) = HS (X; M).

In particular, ¥ ((X*°S% ® M) is an equivariant Eilenberg-Mac Lane spectrum HM, and for each finite dimensional
G-representation V, the G-space ¥ (S¥ & M) is an equivariant Eilenberg—Mac Lane space K (M, V).
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