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Abstract

A new fermionic formula for the unrestricted Kostka polynomials of type A;(1]—)1 is presented. This
formula is different from the one given by Hatayama et al. and is valid for all crystal paths based on
Kirillov—Reshetikhin modules, not just for the symmetric and antisymmetric case. The fermionic formula
can be interpreted in terms of a new set of unrestricted rigged configurations. For the proof a statistics pre-
serving bijection from this new set of unrestricted rigged configurations to the set of unrestricted crystal
paths is given which generalizes a bijection of Kirillov and Reshetikhin.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The Kostka numbers K}, indexed by the two partitions A and w, play an important role
in symmetric function theory, representation theory, combinatorics, invariant theory and mathe-
matical physics. The Kostka polynomials K3, (q) are g-analogs of the Kostka numbers. There
are several combinatorial representations of the Kostka polynomials. For example, Lascoux
and Schiitzenberger [17] proved that the Kostka polynomials are generating functions of semi-
standard tableaux of shape A and content p with charge statistic. In [19] the Kostka poly-
nomials are expressed as generating function over highest-weight crystal paths with energy
statistics. Crystal paths are elements in tensor products of finite-dimensional crystals. Dropping
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the highest-weight condition yields unrestricted Kostka polynomials [6—8,26]. In the Ail) set
ting, unrestricted Kostka polynomials or g-supernomial coefficients were introduced in [25] as
g-analogs of the coefficient of x¢ in the expansion of [—[?’:1 (14+x+x24+---+x/)Li. Anexplicit
formula for the A 51131 unrestricted Kostka polynomials for completely symmetric and completely
antisymmetric crystals was proved in [7,11]. This formula is called fermionic as it is a manifestly
positive expression.

In this paper we give a new explicit fermionic formula for the unrestricted Kostka polynomi-
als for all Kirillov—Reshetikhin crystals of type A( ) . This fermionic formula can be naturally
interpreted in terms of a new set of unrestricted rlgged configurations for type An |- Rigged
configurations are combinatorial objects originating from the Bethe Ansatz, that label solutions
of the Bethe equations. The simplest version of rigged configurations appeared in Bethe’s orig-
inal paper [3] and was later generalized by Kerov, Kirillov and Reshetikhin [12,13] to models
with GL(n) symmetry. Since the solutions of the Bethe equations label highest weight vectors,
one expects a bijection between rigged configurations and semi-standard Young tableaux in the
GL(n) case. Such a bijection was given in [13,14]. Here we extend this bijection to a bijection @
between the new set of unrestricted rigged configurations and unrestricted paths. The definition
of @ is given by an algorithm which recursively builds a path from a given rigged configuration
by extending the construction of [13,14]. In [22] the bijection is established in a different man-
ner by constructing a crystal structure on the set of rigged configurations. Using that a bijection
exists for highest weight elements by [13,14] the equivalent crystal structure forces the bijection
for all unrestricted elements. To prove that @ preserves the statistics, we use the analogous result
for highest weight vectors [14] and show that the crystal structures of [22] are compatible under
the algorithmically defined @.

Recently, fermionic expressions for generating functions of unrestricted paths for type A(l])
have also surfaced in connection with box-ball systems. Takagi [28] establishes a bijection be-
tween box-ball systems and a new set of rigged configurations to prove a fermionic formula for
the g-binomial coefficient. His set of rigged configurations coincides with our set in the type
Agl) case. There is a generalization of Takagi’s bijection to type Afll_)l case [16]. Hence this
generalization gives a box-ball interpretation of the unrestricted rigged configurations.

One of the motivations to seek an explicit expression for unrestricted Kostka polynomials is
their appearance in generalizations of the Bailey lemma [2]. Bailey’s lemma is a very powerful
method to prove Rogers—Ramanujan-type identities. In [26] a type A, generalization of Bailey’s
lemma was conjectured which was subsequently proven in [29]. A type A, Bailey chain, which
yields an infinite family of identities, was given in [1]. The new fermionic formulas of this paper
might trigger further progress towards generalizations of the Bailey lemma.

The bijection @ has been implemented as a C++ program [4] and has been incorporated into
the combinatorics package of MuPAD-Combinat by Francois Descouens [18].

This paper is structured as follows. In Section 2 we review crystals of type Ale_)l , unrestricted
paths and the definition of unrestricted Kostka polynomials as generating functions of unre-
stricted paths with energy statistics. In Section 3 we give our new definition of unrestricted rigged
configurations (see Definition 3.3) and derive from this a fermionic expression for the generating
function of unrestricted rigged configurations graded by cocharge (see Section 3.2). The statistic
preserving bijection between unrestricted paths and unrestricted rigged configurations is estab-
lished in Section 4 (see Definition 4.6 and Theorem 4.1). As a corollary this yields the equality of
the unrestricted Kostka polynomials and the fermionic formula of Section 3 (see Corollary 4.2).
The result that the crystal structures on paths and rigged configurations are compatible under @
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is stated in Theorem 4.13. Most of the technical proofs are relegated to three appendices. An
extended abstract of this paper can be found in [5].

2. Unrestricted paths and Kostka polynomials
2.1. Crystals B"™* of type Afll_)l

Kashiwara [9] introduced the notion of crystals and crystal graphs as a combinatorial means
to study representations of quantum algebras associated with any symmetrizable Kac—Moody
algebra. In this paper we only consider the Kirillov—Reshetikhin crystal B”* of type Afll_) | and
hence restrict to this case here.

As a set, the crystal B”* consists of all column-strict Young tableaux of shape (s”) over the
alphabet {1, 2, ..., n}. As a crystal associated to the underlying algebra of finite type A,,_1, B™*
is isomorphic to the highest weight crystal with highest weight (s”). We will define the classical
crystal operators explicitly here. The affine crystal operators eg and fj are given explicitly in [27].
Since we do not use these operators in this paper we will omit the details.

Let I ={1,2,...,n— 1} be the index set for the vertices of the Dynkin diagram of type A,,_1,
P the weight lattice, {A; € P | i € I} the fundamental roots, {o; € P | i € I} the simple roots,
and {h; € Homz(P,Z) | i € I} the simple coroots. As a type A, crystal, B = B"* is equipped
with maps ¢;, f; : B— B U {0} and wt: B — P for all i € [ satisfying

fihy=b' < e (B)=b ifb b cB,
wi(fi (b)) =wt(b) —a; if fi(b) € B,
(hi, wt(b)) = @i (b) — £; (),

where (-,-) is the natural pairing. The maps f;, e; are known as the Kashiwara operators. Here
for b € B,

g;(b) = max{k > 0| ef (b) # 0},
i (b) =max{k > 01 fF(b) #0}.

Note that for type A,—1, P =Z" and o; = ¢; — €;41 where {¢; | i € I} is the standard basis in P.
Here wt(b) = (i1, ..., 1) is the weight of b where ©; counts the number of letters i in b.

Following [10] let us give the action of ¢; and f; fori € I. Let b € B"® be a tableau of shape
(s"). The row word of b is defined by word(b) = w, - - - wow; where wy is the word obtained by
reading the kth row of b from left to right. To find f; (b) and ¢; (b) we only consider the subword
consisting of the letters i and i + 1 in the word of b. First view each i + 1 in the subword
as an opening bracket and each i as a closing bracket. Then we ignore each adjacent pair of
matched brackets successively. At the end of this process we are left with a subword of the form
i?(i + 1)4. If p > 0O (respectively g > 0) then f;(b) (respectively e; (b)) is obtained from b by
replacing the unmatched subword i” (i + 1)¢ by i?~1(i + 1)?*! (respectively i?+!1 (i + 1)271).
If p =0 (respectively ¢ = 0) then f; (b) (respectively e; (b)) is undefined and we write f; (b) =0
(respectively e; (b) = 0).

A crystal B can be viewed as a directed edge-colored graph whose vertices are the elements
of B, with a directed edge from b to b’ labeled i € I, if and only if f;(b) = b’. This directed
graph is known as the crystal graph.

Example 2.1. The crystal graph for B = B! is given in Fig. 1.
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1@2@3.”n-1

Fig. 1. Crystal B1-1.

Given two crystals B and B’, we can also define a new crystal by taking the tensor product
B ® B’. As a set B ® B’ is just the Cartesian product of the sets B and B’. The weight function
wtforb®b' € B® B’ is wt(b ® b') = wt(b) + wt(b') and the Kashiwara operators ¢;, f; are
defined as follows:
eib®b if i (b) > ¢i(b),
b®e;b’ otherwise,
fib®b" ifei(b) = pi(b),
b® f;b' otherwise.

ei(b®b') = {

fi(b®b')={

This action of f; and e; on the tensor product is compatible with the previously defined action
on word(b ® b’) = word(b)word(b'), but is different from Kashiwara’s convention [9].

Example 2.2. Let i =2 and

273
b=;§®34.
415

Then word(b) = 2312453423, the relevant subword is 23 — 2 — —3 — 23, and the unmatched
subwordis2 — — — — — — — — 3. Hence

112 213 172 212
fz(b)=33®34 and ez(b)=23®34
415 415

2.2. Unrestricted paths

Afl]_)l-unrestricted Kostka polynomials or supernomial coefficients were first introduced
in [26] as generating functions of unrestricted paths graded by an energy function. An unre-
stricted path is an element in the tensor product of crystals B = B'*% @ B"t-1-%k-1 & ... ® B1-51,

Let L = (A1, A2, ..., Ay) be an n-tuple of nonnegative integers. The set of unrestricted paths
is defined as

P(B, 1) ={be B|wt(b) =1}.

Example 2.3. For B = Bl @ B22® B3 of type Az and L = (2, 3, 1, 2) the path

—

3
b=®24®

isin P(B, A).
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There exists a crystal isomorphism R: B"* ® B"" — B @ B"S called the combinatorial
R-matrix. Combinatorially it is given as follows. Let b € B and b’ € B"". The product b - b’
of two tableaux is defined as the row Schensted insertion of " into b. Then R(b @ b) =b' ® b
is the unique pair of tableaux such that b - &' =5’ - b.

The local energy function H: B™* & B"%" — 7 is defined as follows. For b ® b’ € B™ ®
B"S', H(b ® ') is the number of boxes of the shape of b - b’ outside the shape obtained by

concatenating (s”) and (s ).

Example 2.4. For

F_[1]2
b®b =1 ®[3]

4

we have
1]1]3 1 31 - -
b-b =2 4:2.24:b’b
14 ] 4
so that
. - T3
RORV)=b®@b=[2]® .
2\4
4
Since the concatenation of and E is , the local energy function H(b ® b') = 0.

Now l(gt B =B"%% ®...® B""! be a k-fold tensor product of crystals. The tail energy
function D : B — 7 is given by

-~
D(b)y= > Hj1Rj2--Rij1Ri(b),
1<i<j<k

where H; (respectively R;) is the local energy function (respectively combinatorial R-matrix)
acting on the ith and (i + 1)th tensor factors of b € B.

Definition 2.5. The g-supernomial coefficient or the unrestricted Kostka polynomial is the gen-
erating function of unrestricted paths graded by the tail energy function

XB.y= Y PO
beP(B,)\)

3. Unrestricted rigged configurations and fermionic formula

Rigged configurations are combinatorial objects invented to label the solutions of the Bethe
equations, which give the eigenvalues of the Hamiltonian of the underlying physical model [3].
Motivated by the fact that representation theoretically the eigenvectors and eigenvalues can also
be labeled by Young tableaux, Kirillov and Reshetikhin [13] gave a bijection between tableaux
and rigged configurations. This result and generalizations thereof were proven in [14].
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In terms of crystal base theory, the bijection is between highest weight paths and rigged con-
figurations. The new result of this paper is an extension of this bijection to a bijection between
unrestricted paths and a new set of rigged configurations. The new set of unrestricted rigged con-
figurations is defined in this section, whereas the bijection is given in Section 4. In [22], a crystal
structure on the new set of unrestricted rigged configurations is given, which provides a different
description of the bijection.

3.1. Unrestricted rigged configurations

Let B = B/% ® ... ® B! and denote by L = (L | (a,i) € H) the multiplicity array
of B, where LI@ is the multiplicity of B%' in B.Here H=1 x Zsoand I ={1,2,...,n—1}
is the index set of the Dynkin diagram A,_;. The sequence of partitions v = {v¥ |a € [} is a
(L, A)-configuration if

S imPag= Y iL® A, -1, 3.1

(a,i)eH (a,i)eH

where m( ) is the number of parts of length i in partition v®. Note that we do not require A to

be a dommant weight here. The (quasi-)vacancy number of a configuration is defined as

(a) me(l ])L(“) Z (aalab)min(i,j)m;b).

jz1 (b.j))eH

Here (- | -) is the normalized invariant form on the weight lattice P such that (Ol, | oj) is the
Cartan matrix. Let C(L, 1) be the set of all (L, A)-configurations. We call p quaswacancy
number to indicate that they can actually be negative in our setting. For the rest of the paper we
will simply call them vacancy numbers.

When the dependence of m(a) and pl.(a) on the configuration v is crucial, we also write ml@ )

and pl.( )(v), respectively.

In the usual setting a rigged configuration (v, J) consists of a configuration v € C(L, A) to-
gether with a double sequence of partitions J = {J (@) | (a,i) € H} such that the partition J (*!)
is contained in a m(“) X p(a) rectangle. In particular this requires that p(a) > 0. For unrestricted
paths we need a bigger set, where the lower bound on the parts in J @ can be less than zero.

To define the lower bounds we need the following notation. Define the partition AP as APt —

(c1,¢2,...,¢n—1)" where cx = Agy1 +Aksa +---+ A, and ¢ denotes the transpose of the partition
(c1,¢2, ..., cn_1). We also set cg = c1. Let A(APY) be the set of tableaux of shape AP such that
the entries in column k are from the set {1,2, ..., cxk—1} and are strictly decreasing along each
column.

Example 3.1. Forn =4 and A = (0, 1, 1, 1), the set A(AP¥") consists of the following tableaux:

3[3]2]
2[2
1]

3[2] [3]2]2]
1 2[1
1]

3[1] [3[3]1] [3]2]1]
2 2[1 2[1] .
1] L1

[—=[o]w

|—=[ro]w

Note that each t € A(AP*) is weakly decreasing along each row. This is due to the fact that
tjx = ¢k — j + 1 since column k of height ¢y is strictly decreasing and ¢y — j + 1 > ¢} x4 since
the entries in column k + 1 are from the set {1, 2, ..., cx}.
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Given t € A(\P¥Y), we define the lower bound as

Ca Ca+1
MO0 ==Y XG>t + Y x> t5ar1).
j=1 j=1

where ¢; , denotes the entry in row j and column a of ¢, and x (§) = 1 if the statement S is true
and x (S) = 0 otherwise.

Definition 3.2. Let M, p, m € Z such thatm > 0. A (M, p, m)-quasipartition (. is a tuple of inte-
gers ;L= (W1, 42, ..., Um) such that M < pw, < -1 < --- < g < p. Each p; is called a part
of . Note that for M = 0 this would be a partition with at most m parts each not exceeding p.

Definition 3.3. An unrestricted rigged configuration (v, J) associated to a multiplicity array L
and weight A is a configuration v € C(L, 1) together with a sequence J = {J“) | (a,i) € H}
where J@ is a (Mi(“) ), pl.(a), ml(”))-quasipartition for some ¢ € A(AP&Y). Denote the set of all
unrestricted rigged configurations corresponding to (L, A) by RC(L, A).

Remark 3.4.

(1) Note that this definition is similar to the definition of level-restricted rigged configura-
tions [23, Definition 5.5]. Whereas for level-restricted rigged configurations the vacancy
number had to be modified according to tableaux in a certain set, here the lower bounds are
modified.

(2) For type A| we have A = (A1, Ap) so that A = {¢} contains just the single tableau

A2
A —1

1

In this case M;(t) = — Ziil x (i >1j1) = —i. This agrees with the findings of [28].

The quasipartition J () is called singular if it has a part of size pl.(a). It is often useful to
view an (unrestricted) rigged configuration (v, J) as a sequence of partitions v where the parts of
size i in v are labeled by the parts of J@? . The pair (i, x) where i is a part of v(*) and x is a
part of J (@1 is called a string of the ath rigged partition (v, J)@. The label x is called a rigging.

Example 3.5. Let n =4, ). = (2,2, 1, 1), L\" = 6 and all other L\ = 0. Then

o= 22 [0 [
is an unrestricted rigged configuration in RC(L, A), where we have written the parts of J (@.i)
next to the parts of length i in partition v@. For example, v(D) = (3, 1), v® = (2), v® = (1),
JED = (0), JBD = (=2), JZD = (0), and J 3D = (—1). To see that the riggings form quasi-
(a)

i

partitions, let us write the vacancy numbers p,"’ next to the parts of length i in partition v(@:

o [T [
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This shows that the labels are indeed all weakly below the vacancy numbers. For

414]1]
3 € A(AP)

3
2]
1]
we get the lower bounds

L2 ol

L1 —1

which are less or equal to the riggings in (v, J).

Let B = B"*% @ ... ®@ B! and L the corresponding multiplicity array. Let (v, J) €
RC(L, 1). Note that rewritting (3.1) we get

@[=> "1, —Zs,max(r, a,0). (3.2)

j>a

Hence for large i, by definition of vacancy numbers we have

p@ = D] =2 @] 4+ D] 13 mingi, HLW = hy — hat (33)
J
and
Ca+1
M@ (1) = Zx(z tia) T Y X > tar1) = —Ca + Capl = —hatl. (3.4)
Jj=1 j=1

For a given t € A(APY™) define
Ap{? (1) = pi — M{P ).
We write Api(a) for Api(a) (t) when there is no cause of confusion. For large i, Apl.(a)(t) = Ay

From the definition of p.(“) one may easily verify that

1 +1
pl(a)l_l_zp(ﬂ) p,(j-)l (‘1 ) Zm(a)—l-ml(a )_ (35)

Let t. , denote the ath column of ¢. Then it follows from the definition of Mi(“)(t) that

Mi(a)(l) = Mi(i)l ) —x@eta)+x €t at1).

Hence (3.5) can be rewritten as

—Ap{® +24p\” — ApD, — x(i € 1.0) + X (i € tat)

(a D (a)

+xi4+1ety)—xi+1€t agn)> —2m @ 4 m D, (3.6)

Lemma 3.6. Suppose that for some t € A(APYY), Api(a)(t) >0 forall a €I and i such that
m'® > 0. Then there exists a t' € AOP™) such that Aplga)(t/) >0foralliand a.

1
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Proof. By definition Ap(”)(t) =0 and Apl.(”)(t) = Ay = 0 for large i. By (3.6)

Ap@ (1) > { DO+ AP () + x i €t.0) — X € Lat)

—x<z+1eza>+x<z+1era+1)+m‘“ D m@*h) 3.7)

when m = 0. Hence Apl(a)(t) < 0 is only possible if m(a b m§a+l) =0, column a of ¢

contams i + 1 butno i, and column a + 1 of # contains i but no i + 1. Let k be minimal such that
Ap,(k) (t) < 0. Note that k > 1 since the first column of # contains all letters 1,2, ..., c;. Letk’ <k
be minimal such that Ap(a) (t) =0forall k¥’ < a < k. Then inductively fora =k—1,k—2,...,k
it follows from (3.7) that m(a D' — 0 and column a of 7 contains i + 1 but no i. Construct a new
¢’ from ¢ by replacing all letters i + 1 in columns k', k" + 1, ..., k by i. This accomplishes that
Ap(a)(t )>0forall jand 1 <a <k, Ap (') >0, and Ap@(ﬂ) > 0 for all @ > k such that

(“) > 0. Repeating the above construction, if necessary, eventually yields a new tableau ¢” such

that finally Apj.a)(t”) >0forall janda. O
3.2. Fermionic formula

The following statistics can be defined on the set of unrestricted rigged configurations. For
(v, J) e RC(L, 1) let

ccv,J)=cc(v) + Z ‘
(a,i)eH

where |J (@] is the sum of all parts of the quasipartition J @) and

1 .
cc(v) = > Z Z (otg | @p) min(j, k)m;a)m,((b).

a,bel jk>1
Definition 3.7. The RC polynomial is defined as

ML= Y geeD
(v,J)eRC(L,A)

The RC polynomial is in fact S, -symmetric in the weight A, that is, M(L,A) = M(L,o (1))
for o € §,, where o(A) = (As(1), 26(2), - - - » Ao (n)). This is not obvious from its definition as
both (3.1) and the lower bounds are not symmetric with respect to A, but follows from Corol-
lary 4.2 and the fact that X (B, A) is symmetric in A [7,26].

Let SA(APY) be the set of all nonempty subsets of A(APY!) and set

M@ (S) =max{M V()| 1€ S} for S e SAHPY).

By inclusion—exclusion arguments analogous to [23], the set of all allowed riggings for a given
veC(L,A)is

U (=D @D isa (Ml.(“)(S), pl.(a),mga))—quasipartition}.
SeSA(par)

The g-binomial coefficient [m;,t 4 ], defined as
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|:m + p] _ Dmp
m (Q)m(CI)p

where (¢), = (1 —q¢)(1 —g?)--- (1 —g™), is the generating function of partitions with at most
m parts each not exceeding p. Hence the polynomial M (L, ) may be rewritten as

M(L,A\) = Z (—1)ISI+1 Z qcc(v)+z(a1,-)€r){ml(“)Ml.(a)(S)
SeS APty veC(L,2)

m(a) I p(a) Mi(“) S)
x @
i

(a,i)eH |:

called fermionic formula. In [7,11] a fermionic formula for the same polynomial was given in the
special case when L is the multiplicity array of B= B! ®...@ Bt or B= B'*!®...Q B""!.
However, the form of the fermionic formulas are different and a direct link between the rigged
configurations of this paper and those of [20] is not yet known.

4. Bijection

In this section we define the bijection @ :P(B, 1) — RC(L, A) from paths to unrestricted
rigged configurations algorithmically. The algorithm generalizes the bijection of [14] to the un-
restricted case. The main result is summarized in the following theorem.

Theorem 4. 1 Let B = B"% @ -.- ® B""S1, L the corresponding multiplicity array and
A= (A1,...,Ay) a sequence of nonnegative zntegers There exists a bijection @ :P(B,\) —
RC(L,2) whtch preserves the statistics, that is, D(b) =cc(P (b)) forall b € P(B, 1).

A different proof of Theorem 4.1 is given in [22] by proving directly that the crystal structure
on rigged configurations and paths coincide. The results in [22] hold for all simply-laced types,
not just type A( ) . Hence Theorem 4.1 holds whenever there is a corresponding bijection for the
highest weight elements (for example, for type D( for symmetric powers [24] and antisymmet-
ric powers [21]). Using virtual crystals and the method of folding Dynkin diagrams, these results
can be extended to other affine root systems. In this paper we use the crystal structure to prove
that the statistics is preserved. It follows from Theorem 4.13 that the algorithmic definition for
@ of this paper and the definition of [22] agree.

An immediate corollary of Theorem 4.1 is the relation between the fermionic formula for the
RC polynomial of Section 3 and the unrestricted Kostka polynomials of Section 2.

Corollary 4.2. With the same assumptions as in Theorem 4.1, X (B, A) = M (L, A).
4.1. Operations on crystals

To define @ we first need to introduce certain maps on paths and rigged configurations. These
maps correspond to the following operations on crystals:

(1) If B= B! ® B, let In(B) = B’. This operation is called left-hat.

(2) If B= B @ B’ withs > 2, letls(B) = B! ® B"*~! ® B’. This operation is called left-split.

(3) If B=B"!'® B’ with r > 2, let Ib(B) = B! ® B"~'1 ® B’. This operation is called box-
split.
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In analogy we define lh(L) (respectively 1s(L), Ib(L)) to be the multiplicity array of 1h(B) (re-
spectively 1s(B), 1b(B)), if L is the multiplicity array of B. The corresponding maps on crystal
elements are given by:

(1) Letb=c®b' € B"' ® B’. Then lh(b) =b'.

2) Letb=c®b' € B** ® B, where c = cic> - - - ¢ and ¢; denotes the ith column of ¢. Then
Isb)=c1Qcr---cs QD'

() Let

where b1 < --- < b,. Then
by

b)) =[b|®| : |®V.

br—1

In the next subsection we define the corresponding maps on rigged configurations, and give
the bijection in Section 4.3.

4.2. Operations on rigged configurations

Suppose Lgl) > (. The main algorithm on rigged configurations as defined in [13,14] for
admissible rigged configurations can be extended to our setting. For a tuple of nonnegative
integers A = (A1,...,A,), let A~ be the set of all nonnegative tuples u = (i1, ..., 4,) such
that A — u = ¢, for some 1 < r < n where ¢, is the canonical rth unit vector in Z". Define
§:RC(L, L) — U/tek— RC(lh(L), ) by the following algorithm. Let (v, J) € RC(L, 1). Set
@ =1and repeat the following process fora = 1,2, ...,n — 1 or until stopped. Find the small-
est index i > £@~D guch that J@9 s singular. If no such i exists, set tk(v, J) = a and stop.
Otherwise set £(4) =i and continue with a + 1. Set all undefined £ to oo.

The new rigged configuration (, J) =8(v, J) is obtained by removing a box from the se-
lected strings and making the new strings singular again. Explicitly

1 ifi=0@—1,
m@ @) =m@ W)+ 1 ifi =@,
0 otherwise.
The partition J(@? is obtained from J@? by removing a part of size pl.(a)(v) for i = 0@,
adding a part of size pi(“)(f)) for i = £@ — 1, and leaving it unchanged otherwise. Then
8(v, J) e RC(Ih(L), ) where p =X — €, J)-
Proposition 4.3. § is well defined.

The proof is given in Appendix A.
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Example 4.4. Let L be the multiplicity array of B= B! @ B> @ B>3 and A = (2,2,2,1, 1, 1).
Then

M,
o=t O [T (11 [J-yered.n.
— L —1

Writing the vacancy numbers next to each part instead of the riggings we get

1,
- T T o O

L 10 L]

Hence £ = ¢@ =1 and all other £ = oo, so that

so,n=[T1_, —LJo [TT7¢ [CT1-1 -1

Also cc(v, J) =2.

The inverse algorithm of § denoted by 8! is defined as follows. Let LEI) = Egl) + 1,
Lfk) = l_llgk) for all i,k # 1. Let X be a weight and A = X + ¢, for some 1 < r < n. Define
8§~ 1:RC(L, x) = RC(L, 1) by the following algorithm. Let (v, J) € RC(L, A). Let s = oo.
For k =r — 1 down to 1, select the longest singular string in (9, J)® of length s (possibly
of zero length) such that s© < s*+D_With the convention s©@ = 0 we have s©@ < s as well.
8§~ Y@, J) = (v, J) is obtained from (v, J) by adding a box to each of the selected strings, and re-
setting their labels to make them singular with respect to the new vacancy number for RC(L, A),
and leaving all other strings unchanged.

Proposition 4.5. 5! is well defined.

This proposition will also be proved in Appendix A.

Let s > 2. Suppose B = B ® B’ and L the corresponding multiplicity array. Note that
C(L, 1) C C(s(L), A). Under this inclusion map, the vacancy number pl.(”) for v increases by
8a,rx (i <s). Hence there is a well-defined injective map Is,.: RC(L, 1) — RC(Is(L), A) given
by the identity map Is,.(v, J) = (v, J).

Suppose r > 2 and B = B! @ B’ with multiplicity array L. Then there is an injection
b, :RC(L, A) — RC(Ib(L), A) defined by adding singular strings of length 1 to (v, J)@ for
1 < a < r. Note that the vacancy numbers remain unchanged under Ib, ..

4.3. Bijection
The map @ :P(B, L) — RC(L, 1) is defined recursively by various commutative diagrams.
Note that it is possible to go from B = B @ B"*-1-5%-1 @ ... ® B"! to the empty crystal via

successive application of 1h, Is and Ib.

Definition 4.6. Define that map @ : P(B, 1) — RC(L, A) such that the empty path maps to the
empty rigged configuration and such that the following conditions hold:
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(1) Suppose B = B! @ B’. Then the following diagram commutes:

P(B,2) LN RC(L, 1)

lhl la
U Pan). ) —— [ RCAN(L), )

HELT HELT

(2) Suppose B = B"* ® B’ with s > 2. Then the following diagram commutes:

P(B,%) —2— RC(L,A)

lsl Jvlsrc

P(s(B). %) ——— RC(S(L). 1)

(3) Suppose B = B"! ® B’ with r > 2. Then the following diagram commutes:

P(B,A) —F— RC(L,N)

lbl llbrc

P(Ib(B). ) —— RC(Ib(L), })

Proposition 4.7. The map @ of Definition 4.6 is a well-defined bijection.
The proof is given in Appendix B.

Example 4.8. Let B= B! ® B>! ® B>3 and A = (2,2,2, 1, 1, 1). Then

_ 11213
b—®® 15T €PB.Y

and @ (b) is the rigged configuration (v, J) of Example 4.4. We have ﬁ(b) =cc(v,J)=2.

1447

Example 4.9. Let n =4, B = B%2® B%! and A = (2,2, 1,1). Then the multiplicity array is
L(12) =1, Léz) =1 and Ll@ = 0 for all other (a,i). There are 7 possible unrestricted paths in
‘P(B, A). For each path b € P(B, ) the corresponding rigged configuration (v, J) = @ (b) to-

gether with the tail energy and cocharge is summarized below:

b= @% wn=lo — =1 Do D&)=0=ccv.),
b:éi@% wh=[]_4 Eg (1o D) =1=cc(v, ),
b:é §®£ wNH=[1o Eg []_{ D)=1=cc@. ),
b:éi@% wN=[1o E(il (1o D) =1=cc(v, ),
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1[3]_[1] -
b:24®z w.NH=[ 1o Hg [ Jo Db)=2=cc,J),
b=He2l o= [[1o []-1 D&)=0=ccv. ),
bz; i®% wh=[]_1 [[]1 []_1 D®y=1=ccv, ).

The unrestricted Kostka polynomial in this case is M (L, 1) =2+ 4q +g> = X (B, 1).
4.4. Crystal operators on unrestricted rigged configurations

Let B=B"% @ ... ® B! and L be the multiplicity array of B. Let P(B) = J, P(B, 1)
and RC(L) = |J, RC(L, ). Note that the bijection @ of Definition 4.6 extends to a bijection
from P(B) to RC(L). Let f, and ¢, for 1 < a < n be the crystal operators acting on the paths
in P(B). In [22] analogous operators f, and &, for 1 < a < n acting on rigged configurations in
RC(L) were defined.

Definition 4.10. (See [22, Definition 3.3].)

(1) Define e, (v, J) by removing a box from a string of length k in (v, J )@ leaving all colabels
fixed and increasing the new label by one. Here £ is the length of the string with the smallest
negative rigging of smallest length. If no such string exists, e, (v, J) is undefined.

(2) Define fa(v, J) by adding a box to a string of length k in (v, J) leaving all colabels fixed
and decreasing the new label by one. Here k is the length of the string with the smallest
nonpositive rigging of largest length. If no such string exists, add a new string of length
one and label —1. If the result is not a valid unrestricted rigged configuration f,(v, J) is
undefined.

Example 4.11. Let L be the multiplicity array of B = B3 @ B>? ® B>! and let

W, J)= — 1 |—3 1‘ |O L 1—1 €RC(L).

Then

f3(v,J):~H|_3 ||1 7‘|—2
L1 —1 L1 Ll —1

and

53(])’]):_||‘—3 7|‘—1 I:E\I

L1 -1 L 10

Define ¢, (v, J) = max{k >0 | fa(v, J)#0} and &,(v, J) = max{k > 0] e, (v, J) # 0}. The
following lemma is proven in [22].

Lemma 4.12. (See [22, Lemma 3.6].) Let (v, J) € RC(L). For fixed a € {1,2,...,n — 1}, let
p= pl.(a) be the vacancy number for large i and let s < 0 be the smallest nonpositive label in
v, 1D if no such label exists set s = 0. Then §, (v, J) = p — s.
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Theorem 4.13. Let B = B ®---® B""*! and L the multiplicity array of B. Then the following
diagrams commute:

P(B) —2— RC(L) P(B) —2— RC(L)

fal lﬁ, eaJ' léa 4.1

P(B) T) RC(L) P(B) T) RC(L).

The proof of Theorem 4.13 is given in Appendix C. Note that Proposition 4.7 and Theo-
rem 4.13 imply that the operators f4, €, give a crystal structure on RC(L). In [22] it is shown
directly that f, and e, define a crystal structure on RC(L).

4.5. Proof of Theorem 4.1

By Proposition 4.7 @ is a bijection which proves the first part of Theorem 4.1. By The-
orem 4.13 the operators fa and &, give a crystal structure on RC(L) induced by the crystal
structure on P(B) under @. The highest weight elements are given by the usual rigged configu-
rations and highest weight paths, respectively, for which Theorem 4.1 is known to hold by [14].
The energy function D is constant on classical components. By [22, Theorem 3.9] the statistics
cc on rigged configurations is also constant on classical components. Hence @ preserves the
statistic.

4.6. Implementation

The bijection @ and its inverse have been implemented as a C++ program. The code is avail-
able in [4]. In early stages of this project these programs have been invaluable to produce data
and check conjectures regarding the unrestricted rigged configurations. The programs have also
been incorporated into MuPAD-Combinat as a dynamic module by Francois Descouens [18]. For
example, the command

riggedConfigurations: :RcPathsEnergy: :
fromOnebPath ([[[31],[[2],[11],[[4,5,6]1,[1,2,3111)

calculates @ (b) with b as in Example 4.8.
Appendix A. Proof of Propositions 4.3 and 4.5

Propositions 4.3 and 4.5 state that § is a well-defined bijection. Since the proofs are similar we
only give the proof of Proposition 4.3. The proof of Proposition 4.5 is available in the electronic
version of this paper math.CO/0509194 or Chapter 2 of [4]. o B

To prove that § is well defined it needs to be shown that (v, J) =6&(v, J) € RC(L, 1). Here L
is given by Zﬁl) = Lgl) -1, I:l@ = Lfa) for all other i, a, and A = A — €, where r = rk(v, J).

Let us first show that A indeed has nonnegative entries. Assume the contrary that A, < 0.
This can happen only if A, = 0. Suppose ¢ € A(AP¥) is such that Mj(.k) (1) < pﬁk)(v) for all
j.k. By (3.3), pi(r)(v) = —),41 for large i. Let £ be the size of the largest part in v, so that
mg.r)(v) =0 for j > £. By definition of vacancy numbers, pl.(r)(v) > py)(v) fori > j > €. Also



1450 L. Deka, A. Schilling / Journal of Combinatorial Theory, Series A 113 (2006) 1435-1461

we have Mj(r)(t) > —A,q41 for all j. Hence, —A, 41 < Mj(.r)(t) < pj.r)(v) < pl.(r)(v) = —Arq1
implies

YN DO PR (o' L
MP @) =M ()= p ) =p”(v) forall £ < j<i. (A1)

This means that the string of length £ in (v, J) is singular and Apy) (t)y=0forall j >¢. We
claim that m " () = 0 for j > £. By (3.6) we get

S==xGet)+x(et 4y +x(G+1et,)—x(G+1et 41)
> m&r—l)(v)+m§r+l)(v)

for j > £. Clearly, m(jr_l)(v) =Ounless 1 <SK2. If S=2wehave j+ 1€t ,and jet 4
which implies M](.r) (1) = M;Ql(t) + 1, a contradiction to (A.1). Hence § = 2 is not possible.
Similarly, we can show that § = 1 is not possible. This proves that m;r_l) (v) =0 for j > ¢.

Hence £~ < £ which contradicts the assumption that r = rk(v, J) since (v, J ) has a singular
string of length £. Therefore A, > 0.

It remains to show that (v, J ) is admissible, which means that the parts of J lie between the
corresponding lower bound for some 7 € A(AP*) and the vacancy number. To prove this we need
the following preliminary results.

Remark A.1. Let (v, J) be admissible with respect to ¢ € A(APY). Suppose that Apl.(li)1 @ +

Api(i)l (t) > 1 and Apl.(k) () = mfk) (v) = 0. Then by (3.6) there are five choices for the letters i
and i + 1 in columns k and k + 1 of ¢:

(1) i +1in column k;

(2) i +1incolumn k and k + 1, in column k + 1;
(3) i incolumn k + 1;

(4) i incolumn k and k + 1, + 1 in column k;

(5) i+ 1in column k, i in column k + 1.

In cases (1) and (2) we have ml(k_l)(v) = (. Changing letter i 4+ 1 to i in column k to form a

new tableau ¢ has the effect Mty = M® (1) — 1, M* Pty = M* V(1) + 1 and all other
(k+1)

i W)

i toi+ 1in column k 4+ 1 to form a new tableau ¢’ has the effect Mi(k) ) = Ml.(k) @ -1,

Ml.(kH)(t/ ) = Mi(kH)(I) + 1 and all other lower bounds remain unchanged. Finally in case (5)

either m}k_l)(v) =0or mEkH)(v) = 0. Changing i 4+ 1 to i in column k (respectively i to i + 1

in column k + 1) has the same effect as in case (1) (respectively case (3)).
This shows that under the replacement 7 > ¢’ we have A pi(k) (t') > 0 and by Lemma 3.6 (v, J)
is admissible with respect to some tableau ¢”.

lower bounds remain unchanged. In cases (3) and (4) we have m = 0. Changing letter

Let A be a weight such that A, > 0 for a given 1 < r < n. Set A = A — €. Recall that =
Mi+1 + Ak42 + -+ + Ay is the height of the kth column of 7 € A(APY), Let us define the map
D, : AP — A(APY™) with 7 = D, (¢) as follows. If 71 , < ¢, then
_ {Z‘H_]’k forl<k<r—1land1<i <cy,

fik = .\ (A2)
Lik forr <k<nand1<i <.
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If #1,, = ¢, then there exists 1 < j < ¢, suchthat#;, =1, —1for2<i<jandtjy1, <
tjr — 1if j <c,. In this case
tivlk forl<k<r—1land1<i <cy,
_ tir—1 fork=rand1<i<},
ik = tir fork=rand j <i <c, (A-3)
tik forr <k<mand1<i<c.

Note that by definition the entries of D, (¢) are strictly decreasing along columns. Let ¢ =
Mgl 4 -+ Ay. Then we have ¢ = c¢; — 1 for 1 <k <r — 1 and & = ¢ for r <k < n. Again
by definition 7; 1 € {1,2,...,¢1} forall 1 < j <crandfj €{1,2,..., 1} forall 2 < j < ¢k
and 1 < k < n. Therefore, D, (t) € A(APAY).

3[2]

2[1]1]

Example A.2. Lett = and r = 3. Then D, (¢t) =

’»—t\)w
—_

We will use the following lemma and remark in the proofs.

Lemma AJ3. Let B =B @ --- ® B with r; =1 =s;. Let (v,J) =8(v,J) and let
tk(v,J)=r. For 1 <k <r leti =1t . Then one of the following conditions hold:

1) mP )y =0, or

2) mgk)(v) =1, in which case § selects the part of length i in p®,

Proof. Note thati =1#; x > cx. By (3.2) we have |v(k)| < ¢k, so that either mgk)(u) =0ori=cg

and v® consists of just one part of size i. In this case mgk)(v) =1 and § has to select this single
part. O

Remark A.4. By (3.2) we have
WO =D =2+ six i =),
i>1
WD = D] = = A +2) six i =) = > i
i>1 i>1
Note that for a > 0
> min(a. DL =Y six(si <@+ Y ax(si > @)
i>1 i>1 i>1
Then if V"~V | = ¢,_; — k for some k > 0 it follows that

2|+ [+ “min(a, )L = —20r 41 — gt +h— Y max(s; —a, 08, .
i>1 i>1

Now we are ready to show that (v, J ) is admissible, vghich means that the parts of J lie
between the corresponding lower bound for some 7 € A(AP*™) and the vacancy number. Let
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t € A(AP¥) be such that (v, J) is admissible with respect to ¢. By the same arguments as in the
proof of Proposition 3.12 of [14] the only problematic case is when

m® () =0, P 1)=0, %D < ¢and ¢ finite, (A4)

where ¢ = ¢®),
Assume that Ap'”, (1) + Ap{"(t) > 1 and (A.4) holds. By Remark A.1 with i = £ — 1, there

exists a new tableau ¢’ such that Ap(k) (t") > 0 so that the problematic case is avoided.

Hence assume that A p(k) (t)+ Ap (k) (t) =0 and (A.4) holds. Let £’ < £ be maximal such that
ml,)(v) > 0. If no such £ exists, set £’ = 0.

Suppose that there exists £ < j < £ such that Apﬁ-k,)l (t) > 0. Let i be the maximal such j.

Then by Remark A.1 we can find a new tableau ¢’ such that Ap.(k) (#') > 0 and (v, J) is admis-

(®) (") > 0 for some new

sible with respect to . Repeating the argument we can achieve Ap,”
tableau ¢, so that the problematic case does not occur.

Hence we are left to consider the case Ap( )(t) =0forall ¢/ <i <L If m(k 1)(v) 0 for all
¢/ <i < ¢, then by the same arguments as in the proof of Proposition 3.12 of [14] we arrive at a
contradiction since £%~1 < ¢/, but the string of length ¢’ in (v, J)® is singular which implies
that £®) < ¢’ < ¢. Hence there must exist £ < i < £ such that mgkfl)(v) > 0and ¢%-D =, By
(3.6) the same five cases as in Remark A.l occur as possibilities for the letters i and i 4+ 1 in
columns k and k + 1 of 7. In cases (3), (4) and case (5) if mgk_l) (v) =2, we have mka)(v) =0
Replace i in column k + 1 by i + 1 in  to get a new tableau . In all other cases ml('kfl)(v) =1
replace the letter i + 1 in column k by i to obtain #’. The replacement ¢ > ¢’ yields Api(k) #)>0
in all cases. The change of lower bound M(kfl) )= M(kfl)(t) + 1 incases (1), (2) and (5) when

m(k b (v) # 2 will not cause any problems since m - (v) =1 so that after the application of §
there is no part of length i in the (k — 1)th rigged part1t10n. Then again repeated application of
Remark A.1 achieves Ap(k) (t") > 0 for some tableau ¢, so that the problematic case does not
occur.

Let ¢” be the tableau we constructed so far. Note that in all constructions above, either a letter
i + 1 in column k is changed to i, or a letter i in column k& + 1 is changed to i + 1. In the latter
case i + 1 <€ < [v®| < ¢r. Hence ¢” satisfies the constraint that ti’fk e{l,2,...,ck_1} for all
i k.

Now let 7 = D, (t"). We know 7 € A(AP¥). We will show that the parts of J lie between the
corresponding lower bound with respect to 7 € A(AP2) and the vacancy number.

If 1}/, < ¢,y then by Lemma A.3 M (7) < M{*(¢") for all k and i such that m" (¥) > 0.
Hence by Lemma 3.6 we have that (v, J) is admissible with respect to 7.

Let ti’ » = cr—1. Then there exists j as in the definition of D,. We claim that

) m}r_l)(v) Ofori>c,_; —jand m(r Ill/(v)

(ii) ifmgjl‘ij(v) =1, then £V =¢,_; — j.

Note that M~ = M V") + 1 for ¢,y — j <i < ¢,—1 and MP @) < M® (1) for

all other k and i such that mgk)(f}) > 0. Hence if the claim is true using Lemma A.3 we have
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Ml.(k) @) < Ml.(k) (t") for all k and i such that mgk) (V) > 0. Therefore by Lemma 3.6 we have that
(v, J) is admissible with respect to 7.

It remains to prove the claim. Note that if [v"~D| < ¢,_; — j then our claim is trivially true.
Let |v(’_1)| =cr—1 — k for some 0 < k < j. If all parts of =D are strictly less than ¢, — j,
again our claim is trivially true. Let the largest part in v~V be ¢,_; — p > ¢,_1 — j for some
k < p < j.Leta be the largest part in @),

First suppose @ > ¢,—1 — panda =c¢, —q forsome 0 < g <c¢,. Thena =c¢,—1 — (Ar + q)
which implies that

MW" = —(cr = A — @) + (erg1 — @) = hr — A1

This means p(r)(v) (r)(t”) since p(r)(v) r)(v) for all b > a and p}(f) = Ar — Apyq for
large b. If p{”(v) < M ("), it contradicts that p{” (v) > M ). 1f p” (v) = M @7, it
contradicts the fact that » = rk(v, J) since we get a singular part of length a in v which is
larger than the largest part in v ~1_ Therefore a > ¢,_| — p is not possible.

Hence a < ¢,—1 — p. Using Remark A.4 we get,

P W) = Qa(v V) =2 @] + 0 (v D) + > min(a, i) L)

i>1
<a+p—k=2pO+ vV 43 min(a, )L
i>1
=a+p—2h 41— Crp1 — Y _max(s; —a,0)8, . (A.5)
i>1
(r) ) oo
Since pg '(v) = M, ' (t") = —Xr41 we get

Cr — <p - Zmax(si —a, O)Sri,r> <a<ecr.
i>1
Hencea=c¢, —qfor0< g < p— Zi>1 max(s; — a, 0)é,, . Then from (A.5) witha =c¢, — ¢
we get

PO W< p—q =1 — Y max(si —a, 008, <Ar — Ary1, (A.6)
i1

where we used that 0 < p — g < A, which follows froma =¢, — g <c¢,—1 — p.
Ifa>c,—1—j,asinthe case a > ¢,_; — p we have

MO ") = —(cr — A — @)+ (Crp1 — @) = A — dp1 = p ().

Hence we get a contradiction unless p, )(v) M (r)(t’ "). By (A.6) and the fact that 0 < p — g <
A we know p, )(v) = A, — A,41 happens only when p —g = X, and Zl>1 max(s; —a, 0)8,, , =
0. This means the largest part in v~ is of length ¢, | — p = ¢, — ¢ = a. Since we have a
singular string of length a in v") this contradicts the fact that r = rk(v, J).

Ifa<c_1—jthen MY (t") > —(cr — j) + (era1 — @) = j — q — hri1 = p3 (v) because
of (A.6) and the fact that j > p. Again we get a contradiction unless pf,r)(v) = Mc(lr)(t/ ). But
this happens only when p{”(v) = j — g — Ar41 which gives p = j because p\” (v) attains the
right-hand side of (A.6). This means the largest part in v* =1 is ¢,_; — j. Furthermore, for large
i we have pl.(r) =M —A412]—q—Iy1+ (cr—1 — j —a) = A — Ar41 Which shows that
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besides ¢,_1 — j all parts in v”~1 have to be less than or equal to a. But the part of length a in
v ig singular, so we have to have ¢,_1 — j > a and AGl V- Jj else it will contradict the
fact that r = rk(v, J). This proves our claim.

Hence (v, J) is admissible with respectto f € A(AP2™) and therefore § is well defined.

Example A.5. Let L be the multiplicity array of B = (B1'1)® and A = (0, 1,0, 1, 2). Let

W, J)= — [ ] -1 o L1 [ 1] _{eRCL,A).
) 1o L] -1
Let
414[3]3
. —13]2]2]2
2[1]1
1]

be the corresponding lower bound tableau. Then

sv.n=[ 1111 [[Jo LLI-1 L]t

Note that in this example £ = @ =2 and it satisfies (A.4) with k = 4. Also Apgi)z(t) +

ApSP (1) = 0 with Ap™® (1) = 0 for all 0 < i < ¢. Since m\¥(v) = 1 and 2 € 1 4 this is an ex-
ample where we get the new tableau ¢’ by replacing the 2 € 7, 4 by 1 and then the corresponding
lower bound tableau for 6 (v, J) is

/ 3[2]2]1]
Dsith)y=[2]1]|1] .
1

Appendix B. Proof of Proposition 4.7

In this section a proof of Proposition 4.7 is given stating that the map @ of Definition 4.6 is a
well-defined bijection.

The proof proceeds by induction on B using the fact that it is possible to go from B = B'*% ®
B-1Sk-1 @ ... @ B"1>S1 to the empty crystal via successive application of 1h, Is and 1b. Suppose
that B is the empty crystal. Then both sets P(B, 1) and RC(L, A) are empty unless A is the
empty partition, in which case P(B, A) consists of the empty partition and RC(L, A) consists
of the empty rigged configuration. In this case @ is the unique bijection mapping the empty
partition to the empty rigged configuration.

Consider the commutative diagram (4.6) of Definition 4.6. By induction

@: | ) P(InB). n) > | J RC(Ih(L), )

JLEAT JLEAT

is a bijection. By Propositions 4.3 and 4.5 § is a bijection, and by definition it is clear that lh is a
bijection as well. Hence @ = §~! o @ o lh is a well-defined bijection.

Suppose that B = B”»! @ B’ with r > 2. By induction & is a bijection for Ib(B) = B"! ®
B"~1'1 @ B’. Hence to prove that (4.6) uniquely determines @ for B it suffices to show that
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@ restricts to a bijection between the image of 1b: P(B,A) — P(Ib(B), 1) and the image of
b, :RC(L, 1) - RC(Ib(L), A). Let

b
b=[b]® : |®b eP(Ib(B),1r)
by
with b,_1 < by. Let (v, J) = & (b) which is in RC(Ib(L), 1). We will show that (v, J)©@ has a

singular string of length one for 1 <a <r — L.
By induction we know for (v, J) = @ (b) where

by
b=[b,_1|®| : |®b elb(B" "' ®B')
by
with b, _» < b,_1, (v, D@ has a singular string of length one for 1 <a <r — 2. Let
b
b= : |®b and (V,J)=d®.
br—1

This “unsplitting” on the rigged configuration side removes the singular string of length one from
¥, @ for 1 <a <r—2yielding (v, J).

Let 5@ be the length of the selected strings by 8! associated with b,_;. Note that 5@ =0
for 1 < a <r—2.Now let s be the selected strings by ! associated with b,. Since b,_| < b,
we have by construction that s@th < 5@ [n particular s <502 = 0 and therefore,
sU=D = 0. This implies that s¥ =0 for 1 <a <r — 1. Hence (v, J)¥ has a singular string
of length one for 1 <a <r —1.

Conversely, let (v, J) € 1b,(RC(L, 1)), that is, (v, J )@ has singular string of length one for
1<a<r—1.Let

b
b=07'(v,))=[b]®| : |®@b eP(Ib(B),A).
b1

We want to show that b, < b,. Let (v, J) = 8(v, J) and £ be the length of the selected string
in (v, J_)(“) by é. Then 0@ =1for1 <a<r—1andthe change of vacancy numbers from (v, J)
to (v, J) is given by

P @) = p W) — x (€D <i < @) 4 5 (6@ <i < £@tD), (B.1)

This implies that (v, /)"~ has no singular string of length less than £ since £~V = 1. Let
(', J") =1b,.(v, J). Denote by £(@ the length of the singular string selected by & in (v', J/)@.
Then by induction £ =1 for 1 <a < r — 2 and by (B.1) we get £ > ¢@*D for g > r — 1.
Therefore £@ > ¢@+D for all 1 < a < n. Hence by_1 < by. This proves that @ in (3) is uniquely
determined.

Let us now consider the case B = B ® B’ where s > 2. Any map & satisfying (2) is in-
jective by definition and unique by induction. To prove the existence and surjectivity it suffices
to prove that the bijection @ maps the image of 1s: P(B, 1) — P(Is(B), A) to the image of
Is;c :RC(L, A) — RC(s(L), 1). This can be done by similar arguments as in [14]. Details are
available in the electronic version of this paper math.CO/0509194 or Chapter 2 of [4].
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Appendix C. Proof of Theorem 4.13

In this section we prove that the crystal operators on paths and rigged configurations commute
with the bijection @.

The following lemma is a result of [14, Lemma 3.11] about the convexity of the vacancy
numbers.

Lemma C.1 (Convexity). Let (v, J) € RC(L):

(1) Foralli,k>1wehave —p\"” 1(u)+2p<’)(v) Pl ) = m{ ™ ) —2mP ) +m{ D ).

) Letm’(v) =0 fora <k <b. Then p\” (v) > mm(pf;)(u) p‘”(v))

3) Let m(’)(v) Ofora<k<b. pr(')(v) = L(l'J)rl(v) and pflﬁl(v) )(v) then paH(v)
p,E’)(v)for alla <k <b.

@) Letm’(v)=0fora <k <b. If p’ () = p\”, (v) and p () < p{’ (v) then pP | (v) =

p,({i)(v) foralla <k <b.

Proof. The proof of (1) is given in [15, Appendix] (see also (3.5)), (2) follows from repeated use
of (1), and the proof of (3) and (4) follow from (1) and (2). O

Lemma C.2. Let B = B"! ® B’ and let L and L' be the multiplicity arrays of B and B'. For
1 <i < n the following diagrams commute if f; is always defined:

RC(L) —>— RC(L) RC(L) —>— RC(L)

fl lf é,i léi (C.1)

RC(L) —— RC(L’)  RC(L) — RC(L))

Proof. We prove (C.1) for f; here; the proof for &; is similar. Let us introduce some notation.
Let (v, J) € RC(L) and let £ be the length of the singular string selected by § in (v, J)@
for1 <a<n.Let (p,J)=38(v,J)and (¥, J) = f,-(v, J). Let £ be the length of the singular
string selected by 8 in (¥, J)@ for 1 <a < n and £ (respectively £) be the length of the string
selected by f; in (v, J)®@ (respectively in (b, J)@). A string of length & and label x; in (v, J)@
is denoted by (k, xx).

Using the definition of f; it is easy to see that the diagram (C.1) commutes trivially except
when £6G—D — 1 < ¢ < ¢W, We list the nontrivial cases as follows:

(@) 07D < 00,09 =00, 0 +1 =007,
(b) €0 <00, €0 <o +1<e®,
(c) £© < oo and £V =¢.

Note that since f; fixes all the colabels, the singular strings (except the new string of length £+ 1)
remain singular under the action of f, Let (£, x¢) be the str1ng selected by f, in (v, J)®. The
new string of length ¢ + 1 can be singular in (¥, HO only if perl (v) = x¢ + 1. Also note that

by the definition of f, if m(’)(v) > 0 and (k, xy) is a string in (v, J)D then
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PP, ifk>e,
(), ifk<e. (C.2)

Xp < xXp <
Xe S Xk S

Let us now consider all the nontrivial cases.

Case (a): If the new string of length ¢ 4+ 1 in (v, J Y s nonsingular, then (C.1) commutes
trivially. Let us consider the case when the new string of length £ + 1 in (¥, J)® is singular.
We have p“l(v) =xy + 1 and since £¢~D < 00, £® = co we have p(l)(v) (’)(v) 1 for
j = €Y=V In particular le(v) le(v) — 1 = x;. The labels in (v, J)® are the same as
in (v, J)®. Hence £ = ¢, but the result is not a valid rigged configuration since pl +1 ) —
x¢ — 1. So, f; (9, J) is undefined, which contradicts the assumptions of Lemma C.2.

Cases (b) and (c) can be proved in a similar fashion to [22, Lemma 4.10]. Details are available
in the electronic version of this paper math.CO/0509194 or Chapter 2 of [4]. O

Lemma C.3. Let B = B"' ® B, r > 2, and let L be the multiplicity array of B. For 1 <i <n
the following diagrams commute:

RC(L) —= RC(b(L))  RC(L) —=< RC(b(L))

il I a| la (€3)

RC(L) ——> RC(Ib(L))  RC(L) —— RC(b(L))

rc rc

Proof. Note thatif i > r — 1 then the proof of (C.3) is trivial. Suppose 1 <i <r — 1. The proof
for ¢; is very similar to the proof for f,, so here we only prove (C.3) for f;.Let (v, J) e RC(L).
Let (¢, x¢) be the string selected by f, in (v, HND. Let (1, J) = Ibye(v, J). By definition of Ib,.
we get (v, J)® by adding a singular string of length one to (v, J)® for 1 <k <r — 1. Hence to
show that the diagram (C.3) commutes it suffices to show that the label for the new singular string
of length one in (v, D)@ satisfies p( )(v) > x¢. Note that p(')(v) = p(l)(v) forall 1 <i<<r—1.

1f m{” () > 0 then x”’ > x; by (C.2). So, p{(®) = pP () > §’) > xp. If mgﬂ(v) =0 let
J be smallest such that m(')(v) > 0 and (j, x;) be a string in (v, D, By Lemma C.1(2) we
get p, Dy > mm(p(l)(v) p(’)(v)) Recall that p(l)(v) 0 and x; < 0 by the definition of f;.
So, if p(.')(v) > 0 then p(')(v) ()(v) >0>xp If pj)(v) < 0 then pi')(v) > py)(v). But
p;i)(v) xj 2 x¢. Hence p; )(v) gi)(v) > pﬁ.i)(v) > x¢ and we are done. 0O

Lemma C4. Let B= B @ B/, r > 1,5 > 2, and let L be the multiplicity array of B. For
I1<i<n thefollowing diagrams commute:

RC(L) —¥°, RC(Us(L))  RC(L) —<s RC(s(L))

il 17 | la €4

RC(L) ——> RC(Is(L))  RC(L) —— RC(s(L))

Sre Src

Proof. Let (v, J) € RC(L). By definition Is,. only changes the vacancy numbers in (v, J).
Hence the proof of this lemma is trivial. O
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Now we will prove Theorem 4.13.

Proof of Theorem 4.13. To prove this theorem we will use a diagram of the form

[ ] F [ ]

N
7N

° °
K

We view this diagram as a cube with front face given by the large square. By [14, Lemma 5.3] if
the squares given by all the faces of the cube except the front commute and the map g is injective
then the front face also commutes.

We will prove Theorem 4.13 by using induction on B as we did in the proof of the bijection
of Proposition 4.7. First let B = B'"! ® B’. We prove Theorem 4.13 for f; by using Lemma C.2
and the following diagram when f; and f; are defined:

P(B) d RC(L)
1h S
P(B) —2=RC(L))
P(B")—2=~RC(L)
1h )
P(B) - RC(L)

Note the top and the bottom faces commute by Definition 4.6(1). The right face commutes by
Lemma C.2. The left face commutes by definition of f; on the paths and we know 1h is injective.
By induction hypothesis the back face commutes. Hence the front face must commute.

Let us now prove Theorem 4.13 when not all f; (respectively fi) in the above diagram are
defined. Let (v, J) e RC(L), (,J) =8, J),b=® (v, J) and b’ = &~ 1(9, J). We need to
show the following cases:

(1) fi(b) is defined and f;(b’) is undefined if and only if f;(v, J) is defined and f;(D, J) is
undefined. In addition @ (f; (b)) = f~l W, J).

(2) f;(b) is undefined and f; (') is defined if and only if fi(v, J) is undefined and fi(\_}, J) is
defined.

(3) fi;(b) and f;(b) are both undefined if and only if ﬁ (v, J) and f, (v, J) are both undefined.

For case (1) suppose that f,-(v, J)=(, f) is defined, but f,-(D, J)is undeﬁned. Then we are
in the situation described in case (a) of Lemma C.2. That is £/~ < 00, £() =00, £ 41 > ¢~

and the new string of length £ + 1 is singular in (v, J)® In this situation note that mﬁl v) =0,
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else pgl(\?) > x¢41 > x¢ by (C.2), which is a contradiction to pe“(v) = xy as discussed in
case (a) of Lemma C.2. Suppose j > £ be smallest such that my) (v) > 0. Then

PV @) = xj > x = pi (). (C.5)
By Lemma C.1(2), p{'),(®) > min(p}" (9), p§i)(a)). By (C.5) this implies p{'), (©) > p\” (D).
But x; = pé’i] ) > (’)(D) > x¢, hence we get pgﬁ] W) = pé’)(ﬁ). Again by Lemma C.1(3)

@) = pj.")(a) which contradicts (C.5). Hence

<.’)(u) =0 for j > £. Also by Lemma C.1(1) p), (v) = p{” (v) with m§i>(a) =0for j>¢

41
implies that m§'+l)(v) =0 for j > £. Since @D and DC*D have the same shape we get

mE.lH)(v) =0for j > £. Hence 0@ =¢@for1 <a<i—1,09 =¢+1and £0+) = co. There-
fore we proved that if ® ' (v, J)=b' € B then ® ' (v, /) =i @b and @' (D, /) =i +1QV'.
But f; (¥, J) = 0 implies f;(@ ' (v, J)) = 0 since by induction we have that ® o f; = fio®d~!
for B'. Hence f;(®~'(v,J)) = @~'(,J) = @~ (fi(v.])), so that indeed f;(b) is defined,
fi@) and @ (fi (b)) = fi(v, ]).

Now suppose that f; (b) is defined and f; (V) is undefined. This implies that b =i ® b’. By
induction ﬁ (v, J) is undefined so that by Lemma 4.12 we have j = § where p = p(l)(v) for
large j and 5 is the smallest label occurring in (v, J)®. Since b is obtained from b’ by adding i

smcemk (v)—0f0r£<k<] we get p

it follows that the vacancy numbers change as p := p; )(v) = p+ 1 for large j under 6! and the
new smallest label occurring in (v, J)@ is s = §. Hence ¢; (v, J) = p — s = 1, so that f;(v, J)
is defined. It remains to prove that @ (f; (b)) = fl-(v, J). Note that f;(b) =i +1®b’. Let £ be
the length of the largest part in (v, J)@. Suppose that ¢~ or p¢+D has a part strictly bigger
than £. In this case p (v) < p =5 contradicting the fact that § < éi)(f)) is the smallest label
occurring in (v, J )(’). Hence both 3¢~ and v¢+D have only parts of length less or equal to £.
Also by Lemma 3.6 we have p(l)(\?) =5 = s which shows that both ! adding i 4+ 1 and f; pick
the string of length £ in (v, J)®. Hence @ (f; (b)) = f, W, J).

Let us now consider case (2). Suppose that f,(v J ) 1s undefined and f,(v J) is defined.
Again by Lemma 4.12 we have that p = s where p = p (v) for large j and s is the smallest
labelin (v, J)® . Iftk(v, J) < i+ 1, then s is still the smallest labelin (v, J) and by the change in
vacancy numbers p < p. Hence by Lemma 4.12 @; (v, J) = p — s < 0 contradicting that f, ,J)
is defined. Hence we must have rtk(v, J) > i + 1. In fact we want to show that rk(v, J) =i + 1.
Suppose rk(v, J) > i 4+ 1. Then by the change in vacancy numbers by § we have p = p = s,
so that @;(v, J) =s — 5. So to achieve ¢;(v, J) > 0 we need § < s. This can only happen if
p% () =sand 07D < 0@ 1f mfz(?) () > 0, then the string of length £) — 1 is singular.
Since £~ < ¢@ this contradicts the fact that § picks the string of length £%) in (v, J)® . If
mg(% 1(v) = 0, by convexity Lemma C.1, we get a similar contradiction. Hence we have that
b =i+ 1® b. Note that the above arguments also shows that ¢; (v, J) =1 since § > s and
p=p—1ifrk(v,J) =i+ 1. Hence f;(b) is undefined since ¢; (b') = ¢; (v, J) =1.

Consider Case (2) where f; () is undefined and f;(b’) is defined. This implies that b =i +
1 ® b'. By induction ¢; (v, J)= @i (b") =1 so that by Lemma 4.12 we have p =35 + 1. Hence
¢i(v,J)=p—s=p—1—s5=5—s by the change of vacancy numbers. Therefore ¢; (v, J) =0
@ (v) > § where £ := s is the length of the string in (1, JH®

+1
selected by 1. Hence the only problem occurs if le (M =5and sV D < ¢ If m') ) >0,

£+1

if § = 5. It remains to show that p
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this means that there is a singular string of length £ + 1 > s® in (9, J)® contradicting the
maximality of s If mé’j_ 1 (V) = 0 one can again use convexity to arrive at similar contradiction.

By exclusion case (3) follows from all the previous cases where at least one f; or f; is defined.
Now let B = B! ® B’ where r > 2. Consider the following diagram:

P(B) 2 RC(L)
1b 1bre
P(Ib(B)) —E=RC(b(L))
fi ﬁi i 7 i
P(Ib(B)) —E=RC(b(L))
b bye
P(B) > RC(L)

Again the top and the bottom faces commute because of Definition 4.6(3). The right face com-

mutes by Lemma C.3. The left face commutes by definition of f; on the paths and we know 1b is

injective. By induction hypothesis the back face commutes too. Hence the front face commutes.
Finally let B = B™* ® B’ where s > 2. Consider the following diagram:

P(B) 4 RC(L)
1s ISrc
P(Is(B)) —E=RC(s(L))
fi fi fi fi
P(Is(B)) —E=RC(s(L))
1Is IS¢
P(B) > RC(L)

As in the previous cases by Definition 4.6(2), Lemma C.4 and induction hypothesis all the faces
commute except the front. Since the map Is is injective the front face of the above diagram
commutes. This completes the proof of Theorem 4.13. 0O
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