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0. Introduction

Throughout this paper, let R be a commutative noetherian local ring with maximal ideal m and residue field k = R/m.
The m-adic completion of R is denoted by R, the injective hull of k is E = Eg(k), and the Matlis duality functor is
(=) = Homg(—, E).

This paper is concerned, in part, with the properties of the functors Homg(A, —) and A ®k —, where A is an artinian
R-module. To motivate this, recall that [8, Proposition 6.1] shows that if A and A’ are artinian R-modules, then A ® A’ has
finite length. It follows that if N is a noetherian R-module, then Homg (A, N) also has finite length (see also Corollaries 2.12
and 3.9). In light of this, it is natural to investigate the properties of Ext,(A, —) and Torf(A, —). In general, the modules
Ext}‘2 (A,N) and Torf2 (A, A") will not have finite length. However, we have the following (see Theorems 2.2 and 3.1).

Theorem 1. Let A be an artinian R-module, and leti > 0. Let L and L’ be R-modules such that /LE(L) and ﬂ,.R(L’) are finite. Then
Ext}‘2 (A, L) is a noetherian R-module, and Torf (A, L) is artinian.

In this result, we use the ith Bass number ;Lfe (L) := leng (Ext;2 (k, L)) and the ith Betti number ﬁiR (L) :=leng (Torf (k, L")).
For instance, these are both finite for all i when L and L’ are either artinian or noetherian. In particular, when A and A’
are artinian, Theorem 1 implies that Exty (A, A’) is a noetherian R-module. The next result, contained in Theorem 4.3, gives
another explanation for this fact.
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Theorem 2. Let A and A’ be artinian R-modules, and let i > 0. Then there is an isomorphism Exth (A, A') = Exth (A/V AY). Hence,
there are noetherian R-modules N and N’ such that ExtR AA) = ExtE(N, N).

This result proves useful for studying the vanishing of Extk(A, A’), since the vanishing of Ext%(N , N) is somewhat well
understood.

Our next result shows how extra conditions on the modules in Theorem 1 imply that Exti r(A, L) and Tor (A, L") are Matlis
reflexive; see Corollaries 2.4 and 3.3.

Theorem 3. Let A, L, and L' be R-modules such that A is artinian. Assume that R/(Anng(A) + Anng(L)) and R/(Anng(A) +
Anng(L")) are complete. Given an index i > 0 such that (L) and ﬁiR(L’) are finite, the modules Exty (A, L) and Torf (A, L) are
Matlis reflexive.

A key point in the proof of this theorem is a result of Belshoff et al. [4]: An R-module M is Matlis reflexive if and only if
it is mini-max and R/ Anng(M) is complete. Here M is mini-max when M has a noetherian submodule N such that M/N is
artinian. In particular, noetherian modules are mini-max, as are artinian modules.

The last result singled out for this introduction describes the Matlis dual of Ext,(M, M’) in some special cases. It is
contained in Corollary 4.11.

Theorem 4. Let M and M’ be mini-max R-modules, and fix an index i > 0. If either M or M’ is Matlis reflexive, then
Exth(M, M)" = Torf (M, M").

We do not include a description of the Matlis dual of Torf (M, M"), as a standard application of Hom-tensor adjointness
shows that Torf (M, M")" = Exth(M, M"Y).

Many of our results generalize to the non-local setting. As this generalization requires additional tools, we treat it
separately in [11].

1. Background material and preliminary results

Torsion modules

Definition 1.1. Let a be a proper ideal of R. We denote the a-adic completion of R byﬁ“. Given an R-module L, set I, (L) =
{x e L'| a"x = 0forn > 0}. We say that L is a-torsion if L = I',(L). We set Suppg(L) = {p € Spec(R) | L, # 0}.

Fact 1.2. Let a be a proper ideal of R, and let L be an a-torsion R-module.

(a) Every artinian R-module is m-torsion. In particular, the module E is m-torsion.

(b) We have Suppg(L) C V(a). Hence, if L is m-torsion, then Suppg(L) C {m}.

(c) The module L has an R*-module structure that is compatible with its R-module structure, as follows. For each x € L, fix
an exponent n such that a"x = 0. For each r € R, the isomorphism R*/a"R* = R/a" provides an element ry € R such
thatr —ry € a"R“l and we set rx := rox.

(d) If R/a is complete, then R is naturally isomorphic to R. To see this, assume that R/a is complete. By induction on n, it
follows that R/a™ is complete for all n, and this explains the second step in the next display:

R = limR/a" = limR/a"R= R ™ = R.
For the last step in this display, see, e.g., [1, Exercise 10.5].

Lemma 1.3. Let a be a proper ideal of R, and let L be an a-torsion R-module.

(a) Asubset Z C Lis an R-submodule if and only if it is an ﬁ“—submodulg
(b) The module L is noetherian over R if and only if it is noetherian over R°.

Proof. (a) Everyﬁ“—submodule of Lis an R-submodule by restriction of scalars. Conversely, fix an R-submodule Z C L. Since
Lis a-torsion, so is Z, and Fact 1.2(c) implies that Z is an R*-submodule.

(b) The set of R-submodules of L equals the set of R*-submodules of L, so they satisfy the ascending chain condition
simultaneously. O

Lemma 1.4. Let a be a proper ideal of R, and let L be an a-torsion R-module.

(a) The natural map L — R* ®g Lisan isomorphism.
(b) The left and right R*-module structures on R® Qg L are the same.

Proof. The natural map L — R ®r L is injective, as Ris faithfully flat over R. To show surjectivity, it suffices to show that
each generator r ® x € R* ®g L is of the form 1 ® x’ for some x' € L. Let n > 1 such that a"x = 0, and let ry € R such that
r—rg € a"R®. It follows that r ®x =19 ®x = 1® (rox), and this yields the conclusion of part (a). This also proves (b)
because 1® (rpx) = 1 ® (rx). O
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Lemma 1.5. Let a be a proper ideal of R, and let L and L’ be R-modules such that L is a-torsion.
(a) IfL is a-torsion, then Homg(L, L) = Homg (L, L'); thus LY = Homg. (L, E).
(b) One has Homg(L, L) = Homg(L, I,(L")) = Homg. (L, I, (L)).

Proof. (a) It suffices to verify the inclusion Homg(L, L') € Homg (L,L'). Letx € Land r € ﬁ“, and fix ¥ € Homg(L, L').

Let n > 1 such that "x = 0 and a"y(x) = 0. Choose an element ry € R such thatr —rg € a"R®. It follows that
Y (rx) = Y (rox) = roy(x) = r(x); hence v € Homg. (L, L'). (Part (a) can also be deduced from Hom-tensor adjointness,
using Lemma 1.4(a).)

(b) For each f € Homg(L, L'), one has Im(f) C I,(L). This yields the desired isomorphism, and the equality is from
part(a). O

A Natural Map from TorR(L, L'Y) to Exth(L, L')"

Definition 1.6. Let L be an R-module, and let J be an R-complex. The Hom-evaluation morphism
Oye: L ®g Homg(J, E) — Homg(Homg(L, J), E)
is given by s (1 @ ¥)(¢) = ¥ ().

Remark 1.7. Let L and L' be R-modules, and let ] be an injective resolution of L'. Using the notation (—)", we have
Oye: L @r J¥ — Homg(L,J)". The complex J" is a flat resolution of L'V; see, e.g., [7, Theorem 3.2.16]. This explains the
first isomorphism in the following sequence:

> Hi(Oe) -
Tor®(L, ') > Hi(L ®gJ") —— H;(Homg(L,])") = Extk(L, L')".

For the second isomorphism, the exactness of (—)" implies that H;(Homg(L, J)¥) = H'(Homg(L, J))" = Ext}é(L, LY.

Definition 1.8. Let L and L’ be R-modaules, and let J be an injective resolution of L'. The R-module homomorphism
O, Torf (L, L'V) — Exth(L, L')”

is defined to be the composition of the maps displayed in Remark 1.7.

Remark 1.9. LetL, L', and N be R-modules such that N is noetherian. It is straightforward to show that the map (~)£L, is natural
inLandinL'.

The fact that E is injective implies that @I{,L
following isomorphisms:

Exth(N, L)Y = Torf(N, L")  Torf(L, L')" = Exth(L, L").

, is an isomorphism; see [17, Lemma 3.60]. This explains the first of the

The second isomorphism is a consequence of Hom-tensor adjointness,
Numerical invariants

Definition 1.10. Let L be an R-module. For each integer i, the ith Bass number of L and the ith Betti number of L are respectively
uk(L) = leng(Exth(k, L)) BR(L) = leng(TorR(k, L))

where leng(L") denotes the length of an R-module L'.

Remark 1.11. Let L be an R-module.

(a) If I is a minimal injective resolution of L, then for each index i > 0 such that p,;(L) < o0, we have I' = E#r® eJ
where J' does not have E as a summand, that is, I, (J') = 0; see, e.g., [14, Theorem 18.7]. Similarly, the Betti numbers of
a noetherian module are the ranks of the free modules in a minimal free resolution. The situation for Betti numbers of
non-noetherian modules is more subtle; see, e.g., Lemma 1.19.

(b) Then ME(L) < oo foralli > 0if and only if ,Bf(L) < oo foralli > 0; see [12, Proposition 1.1].

When a = m, the next invariants can be interpreted in terms of (non)vanishing Bass and Betti numbers.
Definition 1.12. Let a be an ideal of R. For each R-module L, set
depthg(a; L) = inf{i > 0 | Ext,(R/a, L) # 0}
widthg(a; L) = inf{i > 0 | Torf (R/a, L) # 0}.
We write depthg (L) = depthy(m; L) and widthg(L) = widthg(m; L).

Part (b) of the next result is known. We include it for ease of reference.
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Lemma 1.13. Let L be an R-module, and let a be an ideal of R.

(a) Then widthg(a; L) = depthg(a; LY) and widthg(a; LV) = depthg(a; L).
(b) For each index i > 0 we have BR(L) = uk (L") and BR(LY) = uk(L).

(c) L = aL if and only if depthg(a; LY) > 0.

(d) LY = a(LY) if and only if depthg(a; L) > 0.

(e) depthg(a; L) > 0 if and only if a contains a non-zero-divisor for L.

Proof. Part (a) is from [9, Proposition 4.4], and part (b) follows directly from this.

(c)-(d) These follow from part (a) since L = al if and only if widthg(a; L) > 0.

(e)By definition, we need to show that Homg (R/a, L) = 0 if and only if a contains a non-zero-divisor for L. One implication
is explicitly stated in [6, Proposition 1.2.3(a)]. One can prove the converse like [6, Proposition 1.2.3(b)], using the fact that
R/a is finitely generated. O

The next result characterizes artinian modules in terms of Bass numbers.
Lemma 1.14. Let L be an R-module. The following conditions are equivalent:

(i) Lis an artinian R-module;

(i) L is an artinian R-module;
(iii) R ®gr L is an artinian R-module; and
(iv) Lis m-torsion and u3(L) < oo.

Proof. (i) < (iv)IfL is artinian over R, then it is m-torsion by Fact 1.2(a), and we have ,ug (L) < coby[7, Theorem 3.4.3].

For the converse, assume that Lis m-torsionand u° = /Lg (L) < oo.Since Lis m-torsion, sois Eg(L). Thus, we have Ex(L) = E”O,
which is artinian since u® < oo. Since L is a submodule of the artinian module Eg(L), it is also artinian.

To show the equivalence of the conditions (i)-(iii), first note that each of these conditions implies that L is m-torsion. (For
condition (iii), use the monomorphism L — R ® L.) Thus, for the rest of the proof, we assume that L is m-torsion.

Because of the equivalence (i) <= (iv), it suffices to show that

mR(L) = w30 = pBR S L).
These equalities follow from the next isomorphisms
Homg(k, L) = Homg(k, L) = Homﬁ(kﬁ@R L)
which are from Lemmas 1.5(a) and 1.4, respectively. O
Lemma 1.15. Let L be an R-module.

(a) The module L is noetherian over R if and only if LY is artinian over R.

(b) IfLY is noetherian over R or over R, then L is artinian over R.

(c) Let a be a proper ideal of R such that R/a is complete. If L is a-torsion, then L is artinian over R if and only if LY is noetherian
overR.

Proof. (a) This is [7, Corollary 3.4.4].

(b) If LY is noetherian over R, then we conclude from [7, Corollary 3.4.5] that L is artinian over R. To complete the proof
of (b), we assume that LY is noetherian over R and show that L is artinian. Fix a descending chain L; 2 L, 2 --- of
submodules of L. Dualize the surjections L — --- — L/L, — L/L; to obtain a sequence of R-module monomorphisms
(L/Ly)Y = (L/Ly)Y < --- < L. The corresponding ascending chain of submodules must stabilize since L" is noetherian
over R, and it follows that the original chain L; 2 L, D - - - of submodules of L also stabilizes. Thus L is artinian.

(c) Assume that L is a-torsion. One implication is from part (b). For the converse, assume that L is artinian over R. From
[14, Theorem 18.6(v)] we know that Homg(L, E) is noetherian over R, and Lemma 1.5(a) implies that LY = Homg(L, E). Thus,
Lemma 1.3(b) implies that LY is noetherian over R. 0O

Mini-max and Matlis reflexive modules

Definition 1.16. An R-module M is mini-max if there is a noetherian submodule N € M such that M/N is artinian.

Definition 1.17. An R-module M is Matlis reflexive provided that the natural biduality map 8y;: M — MYV, given by
S x)(¥) = ¥ (x), is an isomorphism.

Fact 1.18. An R-module M is Matlis reflexive if and only if it is mini-max and R/ Anng(M) is complete; see [4, Theorem 12].
Thus, if M is mini-max over R, then R ®r M is Matlis reflexive over R

Lemma 1.19. IfM is mini-max over R, then BR(M), uk(M) < oo for alli > 0
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Proof. We show that /L}}(M) < oo for all i > 0; then Remark 1.11(b) implies that ,BiR(M) < oo foralli > 0. The noetherian

case is standard. If M is artinian, then we have u® = ug(M) < 00 by Lemma 1.14; since EX s artinian, an induction

argument shows that ,U,;'Q(M ) < oo foralli > 0. One deduces the mini-max case from the artinian and noetherian cases,
using a long exact sequence. [

Lemma 1.20. Let L be an R-module such that R/ Anng(L) is complete. The following conditions are equivalent:

(i) Lis Matlis reflexive over R;
(i) L is mini-max over R;

iii) L is mini-max over R; and_
iv) L is Matlis reflexive over R.

(
(

Proof. The equivalences (i) <= (ii) and (iii) <= (iv) are from Fact 1.18. Note that conditions (iii) and (iv) make sense
since L is an R-module; see Fact 1.2.

(ii) == (iii) Assume that L is mini-max over R, and fix a noetherian R-submodule N C L such that L/N is artinian
over R. As R/ Anng(L) is complete and surjects onto R/ Anng(N), we conclude that R/ Anng(N) is complete. Fact 1.2(d) and
Lemma 1.3(a) imply that N is an R-submodule, Similarly, Lemmas 1.3(b) and 1.14 imply that N is noetherian over R, and L/N
is an artinian over R. Thus L is mini-max over R. _ =R
__ (iii) == (ii) Assume that L is mini-max over R, and fix a noetherian R-submodule L’ € L such that L/L’ is artinian over
R. Lemmas 1.3(b), 1.14 imply that L’ is noetherian over R, and L/L’ is artinian over R, so L is mini-max over R. O

Lemma 1.21. Let L be an R-module such that m'L = 0 for some integer t > 1. Then the following conditions are equivalent:

(i) Lis mini-max over R (equivalently, ovefl?):

(i) Lis artinian over R (equivalently, over R);

(iii) L is noetherian over R (equivalently, over R); and
(iv) L has finite length over R (equivalently, over R).

Proof. Lemma 1.20 shows that L is mini-max over R if and only if it is mini-max over R. Also, L is artinian (resp., noetherian
or finite length) over R if and only if it is artinian (resp., noetherian or finite length) over R by Lemmas 1.14 and 1.3(b).

The equivalence of conditions (ii)-(iv) follows from an application of [7, Proposition 2.3.20] over the artinian ring R/m!.
The implication (ii) = (i) is evident. For the implication (i) = (ii), assume that L is mini-max over R. Given a noetherian
submodule N C L such that L/N is artinian, the implication (iii) = (ii) shows that N is artinian; hence sois L. O

Definition 1.22. A full subcategory of the category of R-modules is a Serre subcategory if it is closed under submodules,
quotients, and extensions.

Lemma 1.23. The category of mini-max (resp., noetherian, artinian, finite length, or Matlis reflexive) R-modules is a Serre sub-
category.

Proof. The noetherian, artinian, and finite length cases are standard, as is the Matlis reflexive case; see [7, p. 92, Exercise

2]. For the mini-max case, fix an exact sequence 0 — [’ L1 o Identify L’ with Im(f). Assume first that

L is mini-max, and fix a noetherian submodule N such that L/N is artinian. Then L’ N N is noetherian, and the quotient
L'/(L "N) = (' 4+ N)/N is artinian, since it is a submodule of L/N. Thus L’ is mini-max. Also, (N 4+ L") /L’ is noetherian and
[L/L'1/I(N 4+ L")/L'] = L/(N + L) is artinian, so L” = L/L’ is mini-max.

Next, assume that L’ and L” are mini-max, and fix noetherian submodules N’ C I’ and N” C [” such thatL’/N’ and L” /N”
are artinian. Let X1, . . ., X; be coset representatives in L of a generating set for N’. Let N = N’ + Rx; + ... + Rx,. Then N is
noetherian and the following commutative diagram has exact rows:

OHNTU I\\E‘ Nf
0 r L L 0.

The sequence0 — L'/(NNL) — L/N — L”/N” — 0is exact by the Snake Lemma. The module L' /(N NL) is artinian, being
a quotient of L' /N’. Since the class of artinian modules is closed under extensions, the module L/N is artinian. It follows that
Lis mini-max. O

The next two lemmas apply to the classes of modules from Lemma 1.23.

Lemma 1.24. Let C be a Serre subcategory of the category of R-modules.

(a) Given an exact sequence L’ L& L"if',l"” € @, thenL € C.
(b) Given an R-complex X and an integer i, if X; € C, then H;(X) € C.
(c) Given a noetherian R-module N, if L € @, then Ext,(N, L), Torf(N, L)ec.
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Proof. (a) Assume that L', [” € €. By assumption, Im(f), Im(g) € C. Using the exact sequence 0 — Im(f) — L —
Im(g) — 0, we conclude that L is in C.

(b) The module H;(X) is a subquotient of X;, so it is in € by assumption.

(c) If F is a minimal free resolution of N, then the modules in the complexes Homg(F, L) and F ®g L are in C, so their
homologies are in € by part (b). O

Lemma 1.25. Let R — S be a local ring homomorphism, and let C be a Serre subcategory of the category of S-modules. Fix an
S-module L, an R-module L', an R-submodule L” C L', and an index i > 0.

(a) IfExtR(L L, ExtR(L L'/L") € G, then Ext! (L L) ec
(b) IfExtR(L”, L), ExtR(L//L”, L) € C, then ExtR(L’, L) € C.
(¢) IfTorR(L, L"), Torf (L, L' /L") € €, then TorX(L, ') € €.

Proof. We prove part (a); the other parts are proved similarly. Apply Ext;'z(L, —) to the exact sequence 0 — L — L' —
L'/L” — 0 to obtain the next exact sequence:

Exth(L, L") — Exth(L, L) — Exth(L,L'/L").

Since L is an S-module, the maps in this sequence are S-module homomorphisms. Now, apply Lemma 1.24(a). O
2. Properties of Ext M, -)

This section documents properties of the functors Ext! r(M, —) where M is a mini-max R-module.
Noetherianness of Exth(A, L)

Lemma 2.1. Let A and L be R-modules such that A is artinian and L is m-torsion.

(a) Then Homg(L, A) = Homg(L, A) = Homz(A", LAV).
(b) IfLis artinian, then Homg(L, A) is a noetherian R-module.

Proof. (a) The first equality is from Lemma 1.5(a). For the second equality, the fact that A is Matlis reflexive over R explains
the first step below:

Homg(L, A) = Homg(L, A*”) = Homg(A", L) = Homg(A", L")
where (—)” = Homg(—, E). The second step follows from Hom-tensor adjointness, and the third step i is from Lemma 1.5(a).

(b) If L is artinian, then LY and AY are noetherian over R so Homg(AY, LY) is also noetherian over R O

The next result contains part of Theorem 1 from the introduction. When R is not complete, the example Homg(E, E) = R
shows that Exty (A, L) is not necessarily noetherian or artinian over R.

Theorem 2.2. Let A and L be R-modules such that A is artinian. For each index i > 0 such that M;(L) < 00, the module Ext;'2 (A, L)
is a noetherian R-module.

Proof. Let] be a minimal R-injective resolution of L. Remark 1.11(a) implies that I, (J)! = E*k®, Lemma 1.5(b) explains the
first isomorphism below:

Homg(A, J)| = Homg(A, [y(J)') = Homg (A, E)"x®

Lemma 2.1 implies that these are noetherian R-modules. The differentials in the complex Homg(A, I'n(J)) are R-linear
because A is an R-module. Thus, the subquotient Ext! r(A, L) is a noetherian R-module. O

Corollary 2.3. LetA and M be R-modules such that A is artinian and M is mini-max. For each index i > 0, the module Ext}e (A, M)
is a noetherian R-module.

Proof. Apply Theorem 2.2 and Lemma 1.19. O
The next result contains part of Theorem 3 from the introduction.

Corollary 2.4. Let A and L be R-modules such that R/(Anng(A) + Anng(L)) is complete and A is artinian. For each index i >
such that uy(L) < oo, the module Ext! v (A, L) is noetherian and Matlis reflexive over R and R

Proof. Theorem 2.2 shows that ExtR(A, L) is noetherian over R; so, it is Matlis reflexive over R. As Anng(A) + Anng(L) C
AnnR(Ext}(A, L)), Lemmas 1.3(b) and 1.20 imply that Extﬁ2 (A, L) is noetherian and Matlis reflexive over R. O

Corollary 2.5. Let A and L be R-modules such that R/ (Anng(A) + Anng(L)) is artinian and A is artinian. Given an index i > 0
such that uy(L) < 0o, one has leng (Exty (A, L)) < oo.

Proof. Apply Theorem 2.2 and Lemma 1.21. O
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Matlis reflexivity of Exti(M, M")

Theorem 2.6. Let A and M be R-modules such that A is artinian and M is mini-max. For each i > 0, the module Ext;'z(M LA) is
Matlis reflexive over R.

Proof. Fix a noetherian submodule N € M such that M/N is artinian. Since A is artinian, it is an R-module. Corollary 2.3
1mp11es that ExtR (M/N, A) is a noetherian R module As Extp(N, A) is artinian, Lemma 1.25(b) says that ExtR (M, A) is a mini-

max R-module and hence is Matlis reflexive over R by Fact 1.18. O

Theorem 2.7. Let M and N’ be R-modules such that M is mini-max and N’ is noetherian. Fix an index i > 0. If R/(Anng(M) +
Anng(N")) is complete, then ExtR (M, N’) is noetherian and Matlis reflexive over R and over R

Proof. Fix a noetherian submodule N € M such that M/N is artinian. If the ring R/(Anng(M) + Anng(N")) is co_mplete,
then so is R/(Anng(M/N) + Anng(N")). Corollary 2.4 implies that Extp(M /N, N') is noetherian over R. Since Extp(N, N')
is noetherian over R, Lemma 1.25(b) implies that ExtR (M, N’) is noetherian over R. As R/(AnnR(ExtR(M N’))) is complete

Fact 1.18 implies that ExtR (M, N’) is also Matlis reflexive over R. Thus ExtR (M, N’) is noetherian and Matlis reflexive over R
by Lemmas 1.3(b) and 1.20. O

Theorem 2.8. Let M and M’ be mini-max R-modules, and fix an index i > 0.

(a) IfR/(Anng(M) + Anng(M")) is complete, then Exti (M, M") is Matlis reflexive over R andR.
(b) IfR/(Anng(M) + Anng(M")) is artinian, then Ext,(M, M') has finite length.

Proof. Fix a noetherian submodule N’ € M’ such that M'/N’ is artinian. '
(a) Assume that R/(Anng(M) + Anng(M’)) is complete. Theorem 2.7 implies that the module Ext,(M, N') is Matlis
reflexive over R. Theorem 2.6 shows that Ext,(M, M’/N’) is Matlis reflexive over R; hence, it is Matlis reflexive over R by

Lemma 1.20. Thus, Lemmas 1.25(a) and 1.20 imply that Ext! r(M, M") is Matlis reflexive over R and R
(b) This follows from part (a), because of Fact 1.18 and Lemma 121. O

A special case of the next result can be found in [3, Theorem 3].

Corollary 2.9. Let M and M’ be R-modules such that M is mini-max and M’ is Matlis reflexive. For each index i > 0, the modules
Ext’ (M, M) and Ext' (M’, M) are Matlis reflexive over R and R

Proof. Apply Theorem 2.8(a) and Fact 1.18. O
Length Bounds for Homg(A, L)

Lemma 2.10. Let A and L be R-modules such that A is artinian and m"I,,(L) = 0 for some n > 1. Fix an index t > 0 such that
mfA = m!*1A, and let s be an integer such that s > min(n, t). Then
Homg (A, L) = Homg(A/m°A, L) = Homgp(A/m’A, (0 ;; m®)).
Proof. Given any map ¥ € Homg(A/m*A, L), the image of ¢ is annihilated by m®. That is, Im(y») < (0 :; m®); hence
Homg(A/m*A, L) = Homg(A/m*A, (0 :; m®)). In the next sequence, the first and third isomorphisms are from Lemma 1.5(b):
Homg(A, L) = Homg(A, I, (L)) = Homg(A/m’A, I}, (L)) = Homg(A/m’A, L).

For the second isomorphism, we argue by cases. If s > n, then we have m*I,(L) = 0 because m"I},(L) = 0, and the
isomorphism is evident. If s < n, then we haven > s > t, so m'A = m°A = m"A since m‘A = m'*!4; it follows that
Homg(A, (L)) = Homg(A/m"A, Iy(L)) = Homg(A/m°A, (L)). O

For the next result, the example Homg(E, E) = R shows that the condition m" I, (L) = 0is necessary.

Theorem 2.11. Let A and L be R-modules such that A is artinian and m" I, (L) = 0 for some n > 1. Fix an index t > 0 such that
mfA = m!*t1A, and let s be an integer such that s > min(n, t). Then there is an inequality

leng(Homg(A, L)) < BX(A) leng(0 :; m®).

Here, we use the convention 0 - co = 0.

Proof. We deal with the degenerate case first. If ﬁg(A) =0, thenA/mA =0, so
Homg(A, L) = Homg(A/mA, L) = Homg(0,L) =0

by Lemma 2.10. So, we assume for the rest of the proof that B§(A) # 0. We also assume without loss of generality that
leng(0 ;; m*) < oo.
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Lemma 2.10 explains the first step in the following sequence:
leng(Homg(A, L)) = leng(Homg(A/m’A, (0 :; m®)))
< By (A/m’A) leng(0 :; m*)
= BY(A) leng (0 :; m®).

The second step can be proved by induction on ,Bg (A/m*A) and leng (0 :;; m%). O

The next result can also be obtained as a corollary to [8, Proposition 6.1]. Example 6.3 shows that lenR(Extﬁg(A, N)) can
be infinite wheni > 1.

Corollary 2.12. IfA and N are R-modules such that A is artinian and N is noetherian, then leng(Homg(A, N)) < oo.

Proof. Apply Theorem 2.11 and Lemma 1.19. O

3. Properties of Torf (M, —)
This section focuses on properties of the functors Torf (M, —) where M is a mini-max R-module.
Artinianness of Torf(A, L)
The next result contains part of Theorem 1 from the introduction. Recall that a module is artinian over R if and only if it

is artinian over R; see Lemma 1.14.

Theorem 3.1. Let A and L be R-modules such that A is artinian. For each index i > 0 such that ,BiR (L) < o0, the module Torf (A, L)
is artinian.

Proof. Lemma 1.13(b) implies that uk(LY) = BR(L) < oo. By Remark 1.9, we have Exth(A,[¥) = Torf(A, L)". Thus,
Torﬁ2 (A, L)V is a noetherian R-module by Theorem 2.2, and we conclude that Torf (A, L) is artinian by Lemma 1.15(b). O

For the next result, the example E @ R = E shows that Torf2 (A, L) is not necessarily noetherian over R or R

Corollary 3.2. Let A and M be R-modules such that A is artinian and M mini-max. For each index i > 0, the module Torf (A, M)
is artinian.

Proof. Apply Theorem 3.1 and Lemma 1.19. O

The proofs of the next two results are similar to those of Corollaries 2.4 and 2.5. The first result contains part of Theorem
3 from the introduction.

Corollary 3.3. Let A and L be R-modules such that R/(Anng(A) + Anng(L)) is complete and A is artinian. For each indexi > 0
such that ﬁiR (L) < oo, the module Torﬁ2 (A, L) is artinian and Matlis reflexive over R and R.

Corollary 3.4. Let A and L be R-modules such that R/(Anng(A) 4+ Anng(L)) is artinian and A is artinian. Given an indexi > 0
such that ,Bf(L) < 00, one has lenR(Torf(A, L)) < oc.

Tor¥ (M, M’) is Mini-max

Theorem 3.5. Let M and M’ be mini-max R-modules, and fix an index i > 0.

(a) The R-module Torf(M, M) is mini-max over R.
(b) IfR/(Anng(M) + Anng(M")) is complete, then Torf (M, M") is Matlis reflexive over R and R.
(c) IfR/(Anng(M) + Anng(M’)) is artinian, then Torf2 (M, M’) has finite length.

Proof. (a) Choose a noetherian submodule N € M such that M/N is artinian. Lemmas 1.23 and 1.24(c) say that Torf (N, M)
is mini-max. Corollary 3.2 implies that Torf (M/N, M) mini-max, so Torf2 (M, M’) is mini-max by Lemma 1.25(c).
Parts (b) and (c) now follow from Lemmas 1.20 and 1.21. O

A special case of the next result is contained in [3, Theorem 3].

Corollary 3.6. Let M and M’ be R-modules such that M is mini-max and M’ is Matlis reflexive. For each index i > 0, the module
Torﬁ2 (M, M’) is Matlis reflexive over R and R.

Proof. Apply Theorem 3.5(b) and Fact 1.18. O
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Length Bounds for A ®g L

Lemma 3.7. Let A be an artinian module, and let a be a proper ideal of R. Fix an integer t > 0 such that a'A = o'T'A. Given an
a-torsion R-module L, one has

AQr L= (A/a'A) @k L = (A/a'A) @ (L/a'L).

Proof. The isomorphism (A/a'A) ®x L = (A/a'A) ®g (L/a‘L) is from the following:

(A/a'A) @& L = [(A/a"A) @k (R/a')] @& L

= (A/a'A) ®r [(R/a") @k L]
= (A/d'A) Qg (L/a'L).

For the isomorphism A ®z L = (A/a'A) ®g L, consider the exact sequence:

0— da'A— A— A/d'A— 0.
The exact sequence induced by — ®x L has the form

(a'A) @rL - A®rL — (A/d'A) @z L — 0. (3.7.1)

The fact that L is a-torsion and a'A = a'*Aforalli > 1implies that (a’A) ®g L = 0, so the sequence (3.7.1) yields the desired
isomorphism. O

The example E ®g R = R shows that the m-torsion assumption on L is necessary in the next result.

Theorem 3.8. Let A be an artinian R-module, and let L be an m-torsion R-module. Fix an integer t > 0 such that m'A = m'*1A.
Then there are inequalities

leng(A ®g L) < leng (A/m'A) S5 (L) (3.8.1)
leng(A ®r L) < B(A) leng (L/m'L). (3.8.2)
Here we use the convention 0 - oo = 0.
Proof. From Lemma 3.7 we have
A®rLZ (A/m'A) ®z (L/m'L). (3.8.3)

Lemmas 1.19 and 1.21 imply that leng(A/m‘A) < oo and ,3§(A) < o0.

For the degenerate cases, first note that leng(A/m‘A) = O if and only if ﬂ(’f(A) = 0. When leng(A/m'A) = 0, the
isomorphism (3.8.3) implies that A ®; L = 0; hence the desired inequalities. Thus, we assume without loss of generality
that 1 < B§(A) < leng(A/m'A). Further, we assume that (L) < oco.

The isomorphism (3.8.3) provides the first step in the next sequence:

leng(A ®x L) = leng((A/m'A) ® (L/m'L)) < leng(A/m'A)BE(L).

The second step in this sequence can be verified by induction on leng (A/m‘A) and ﬂg (L). This explains the inequality (3.8.1),
and (3.8.2) is verified similarly. O

The next corollary recovers [8, Proposition 6.1]. Note that Example 6.4 shows that leng (Torf2 (A, A)) can be infinite when
i>1

Corollary 3.9. IfA and A’ are artinian R-modules, then leng(A ®g A') < oo.
Proof. Apply Theorem 3.8 and Lemmas 1.19 and 1.21. (Alternatively, apply Corollary 2.12 and Matlis duality.) O

4. The Matlis dual of Extk (L, L")

This section contains the proof of Theorem 4 from the introduction; see Corollary 4.11. Most of the section is devoted to
technical results for use in the proof.

Lemma 4.1. Let L be an R-module. If I is an R-injective resolution of L, and ] is an ﬁ-injective resolution ofﬁ Qg L, then there is a
homotopy equivalence I, (I) 5 rv(J) = r,z(.

Proof. Each mjectlveﬁ module] is injective over R; this follows from the isomorphism Homg(—, J') = HomR(— Honr(R

7)) = Homg (R ®r —,J') since Ris flat over R. Hence, there is alift f : | — J of the naturalmap &: L — R ®g L. This lift is a
chain map of R-complexes.
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We show that the induced map I, (f): I',(I) — I.(J) = I,z(J) is a homotopy equivalence. As I, (I) and I,(J) are
bounded above complexes of injective R-modules, it suffices to show that I, (f) induces an isomorphism on homology in
each degree. The induced map on homology is compatible with the following sequence:

m(E)

H (L)) = HE (1) = H (R @ L) = H(F,()).

The map Hf“(fg’) : an(L) — an (ﬁ ®g L) is an isomorphism (see the proof of [6, Proposition 3.5.4(d)]) so we have the desired
homotopy equivalence. O

Lemma 4.2. Let L and L’ be R-modules such that L is m-torsion. Then for each index i > 0, there are R-module isomorphisms
Exth(L, L') = Exth(L, R ®g L') = Exti(L R ®g L').

Proof. Let I be an R-injective resolution of L', and let J be an ﬁ—injective resolution of R ®g L. Because L is m-torsion,
Lemma 1.5(b) explains the first, third and sixth steps in the next display:

Homg(L, I) = Homg(L, I, (1)) ~ Homg(L, I, (J)) = Homg(L,])
Homg(L, I'y(J)) = Homg(L, I',3(J)) = Homg(L, I',3(J)) = Homg(L, J).

The homotopy equivalence in the second step is from Lemma 4.1. The fifth step is from Lemma 1.5(a). Since L is m-torsion, it is
an R-module, so the isomorphisms and the homotopy equivalence in this sequence are R-linear. In particular, the complexes
Homg(L, I) and Homg(L, J) and Homg(L, J) have isomorphic cohomology over R, so one has the desired isomorphisms. O

The next result contains Theorem 2 from the introduction. It shows for instance, that given artinian R-modules A and
A', there are noetherian R-modules N and N’ such that Exth (A, A’ ExtA(N N’); thus, it provides an alternate proof of
Corollary 2.3.

Theorem 4.3. Let A and M be R-modules such that A is artinian and M is mini-max. Then for each index i > 0, we have
Exth(A, M) = Exth(MY, AY).

Proof. Case 1: R is complete. Let F be a free resolution of A. It follows that each F; is flat, so the complex F" is an injective
resolution of A”; see [7, Theorem 3.2.9]. We obtain the isomorphism Ext (A, M) = Ext,(M", AY) by taking cohomology in
the next sequence:

Homg(F, M) = Homg(F, M"") = Homz(M", FY).

The first step follows from the fact that M is Matlis reflexive; see Fact 1.18. The second step is from Hom-tensor adjointness
Case 2: the general case. The first step below is from Lemma 4.2:

Exth (A, M) = Exth(A, R ®; M) = Exth((R @ M), A”) = Exti(M”, A”).
Here (—)” = Homg(—, E). Since M is mini-mayx, it follows that R ®g M is mini-max over R. Thus, the second step is from
Case 1. For the third step use Hom-tensor adjointness and Lemma 1.5(a) to see that (R @z M) = MY andA* = AY. O
Fact4.4. Let L and L’ be R-modules, and fix an index i > 0. Then the following diagram commutes, where the unlabeled

isomorphism is from Remark 1.9:

aExt;.e V)

Exth (L', L) ———— Exth (L', L)

Extie@’ﬁvl l(@{,pv

Exth (L', [VV) ———— Tork(l', LV)V.

Lemma 4.5. Let L be an R-module, and fix an index i > 0. IfMR(L) < 00, then the map Ext! r(k, 81): ExtR(k L) — ExtR(k LYY)
is an isomorphism.

Proof. The assumption M;(L) < 0o says that Extk(k, L) is a finite dimensional k-vector space, so it is Matlis reflexive over
R; that is, the map

SExt, D’ Exth (k, L) — Exth(k, L)""

is an isomorphism. Since k is finitely generated, Remark 1.9 implies that
Ol Torf(k, 1Y) — Exth(k, L)"

is an isomorphism. Hence (@,iL)V is also an isomorphism. Using Fact 4.4 with L' = k, we conclude that Ext}}(k, 8r) is an
isomorphism, as desired. O
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Lemma 4.6. Let A and L be R-modules such that A is artinian. Fix an index i > 0 such that /L}'{l (L), ;L;'z (L) and /L;;H (L) are finite.
Then the map

Exth(A, 8): Exth(A, L) — Exth(A, L¥Y)

is an isomorphism.

Proof. Lemma 4.5 implies that fort =i — 1, i, i 4+ 1 the maps
Exty(k, 8;): Exth(k, L) — Exth(k,LVY)

are isomorphisms. As the biduality map &; is injective, we have an exact sequence

0— L35 VY = Cokers, — 0. (46.1)
Using the long exact sequence associated to Ext,(k, —), we conclude that for t = i — 1, i we have Extg(k, Coker §;) = 0. In
other words, we have u%(Coker §;) = 0.

Let J be a minimal injective resolution of Coker §;. The previous paragraph shows that for t = i — 1, i the module J* does

not have E as a summand by Remark 1.11(a). That is, we have I',(J*) = 0, so Lemma 1.5(b) implies that
Homg (A, J*) = Homg(A, I,(JY)) = 0.

It follows that Ext;(A, Coker(8;)) = Ofort = i — 1, i. From the long exact sequence associated to Ext,(A, —) with respect
to (4.6.1), it follows that Exty(A, é;) is an isomorphism, as desired. O

We are now ready to tackle the main results of this section.
Theorem 4.7. Let A and L be R-modules such that A is artinian. Fix an index i > 0 such that ,uj'(] (L), ,u;'Q(L) and /L;;H (L) are finite.

(a) There is an R-module isomorphism Ext}é(A, L= Torf(A, L") where (—)” = Homg(—, E).
(b) IfR/(Anng(A) + Anng(L)) is complete, then ©', provides an isomorphism Torf (A, L) = Extk(A, L)".

Proof. (b) Corollary 2.4 and Lemma 4.6 show that the maps

O
ExtR

Exth(A, 8;): Exth(A, L) — Exth(A,LYY)

wp: EXty(A, L) — Extp(A, )"V

are isomorphisms. Fact 4.4 implies that (@AL)V is an isomorphism, so we conclude that (“)/iu is also an isomorphism.
(a) Lemma 4.2 explains the first step in the next sequence:

Exth(A, 1)" = Exth(A, R ®¢ )"
=~ Tork(A, R ®¢ L)")
= Torf (A, R®x )")
= Tork(A, LY).

The second step is from part (b), asRis complete and ,u%(ﬁ@,g L) = pp(l) < oofort =i—1,i,i+ 1. The fourth step is from

Hom-tensor adjointness. For the third step, let P be a projective resolution of A over R. Since Ris flat over R, the complex
R ®r P is a projective resolution of R ®z A = A over R; see Lemma 1.4(a). Thus, the third step follows from the isomorphism
(RRrP) @z RIrL)' =P R R L)’. O

Question 4.8. Do the conclusions of Lemma 4.6 and Theorem 4.7 hold when one only assumes that u;(L) is finite?

Corollary 4.9. Let A and M be R-modules such that A is artinian and M is mini-max. For each index i > 0, one has Extj2 A M=
TorR (A, MV), where (—)" = Homg(—, E).

Proof. Apply Theorem 4.7(a) and Lemma 1.19. O

Theorem 4.10. Let M and M’ be mini-max R-modules, and fix an index i > 0. If R/(Anng (M) + Anng (M")) is complete, then
@;wm/ is an isomorphism, so

Exth (M, M)” = Exth(M, M')¥ = Torf (M, M"Y)

where (=) = Homg(—, E).
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Proof. Theorem 2.8(a) implies that Extk(M ,M") is Matlis reflexive over R, so Lemma 1.5(a) and Fact 1.18 imply that
Exty(M, M')" = Exti(M, M’)". Thus, it remains to show that ©] , is an isomorphism.

Case 1: M is noetherian. In the next sequence, the first and last steps are from Hom-tensor adjointness. The second step
is standard since M is noetherian:

Extl, (M, M')" = (R ®g Exth(M, M"))"
= Exti(R ®x M, R ® M)"
= Torf (R @k M, R ®x M')")
= Torfk(M, R @ M')")
= Tork (M, M").
Since M and M’ are mini-max over R, the modules R ®r M and R ®gr M’ are Matlis reflexive over ﬁ; see Fact 1.18. Thus

[2, Theorem 4(c)] explains the third step. The fourth step is from the fact that R is flat over R. Since these isomorphisms are

compatible with ®}, ., it follows that ©;, , is an isomorphism.

Case 2: the general case. Since M is mini-max over R, there is an exact sequence of R-modules homomorphisms
0 - N - M — A — 0such that N is noetherian and A is artinian. The long exact sequences associated to Tor®(—, M)
and Ext,(—, M’) fit into the following commutative diagram:

- — Torf (N, M"Y) — Torf(M, M"Y) — Torf(A,M"Y) —— - --

oi oi ol
\L ONM’ \L OMM’ \L OAM’

<o ——> Exth(N, M)Y —— Exth(M, M')Y —— Exth(A, M)Y —— - --

Case 1 shows that @;',M, and @;\17\/1]/ are isomorphisms. Theorem 4.7(b) implies that @/"‘M, and @;*Ml are isomorphisms. Hence,
the Five Lemma shows that @, , is an isomorphism. O

The next result contains Theorem 4 from the introduction. A special case of it can be found in [3, Theorem 3].
Corollary 4.11. Let M and M’ be mini-max R-modules, and fix an index i > 0. If either M or M’ is Matlis reflexive, then @,l;/,M, is
an isomorphism, so one has Exty(M, M')? = Exthy(M, M")" = Torf (M, M"V), where (—)" = Homg(—, E).
Proof. Apply Theorem 4.10 and Fact 1.18. O

The next example shows that the modules Ext;2 (L, L)V and Torf (L, L) are not isomorphic in general.

~

Example 4.12. Assume that R is not complete. We have Anng(E) = 0, so the ring R/ Anng(E) = R is not complete,
by assumption. Thus, Fact 1.18 implies that E is not Matlis reflexive, that is, the biduality map 8z: E < EVV is not an
isomorphism. Since EVV is injective, we have EVY = E @ ] for some non-zero injective R-module J. The uniqueness of direct
sum decompositions of injective R-modules implies that EYY 2 E. This provides the second step below:

Homg(E,E)Y = EVY 2 E~EQyR=EQE".

The third step is from Lemma 1.4(a), and the remaining steps are standard.
5. Vanishing of Ext and Tor

In this section we describe the sets of associated primes of Homg(A, M) and attached primes of AQz M over R. The section
concludes with some results on the related topic of vanishing for Ext, (A, M) and Torf (A, M).

Associated and attached primes

The following is dual to the notion of associated primes of noetherian modules; see, e.g., [13] or [14, Appendix to §6]
or [16].

Definition 5.1. Let A be an artinian R-module. A prime ideal p € Spec(R) is attached to A if there is a submodule A” C A such
that p = Anng(A/A"). We let Attz(A) denote the set of prime ideals attached to A.

Lemma 5.2. Let A be an artinian R-module such that R/ Anng(A) is complete, and let N be a noetherian R-module. There are
equalities
swprd) = | vm= |J v
peAssg(AY) peALttr(A)
AttR(NV) = ASSR(N)
AttR (A) = ASSR(AV).
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Proof. The R-module A is noetherian by Lemma 1.15(c), so the first equality is standard, and the second equality follows

from the fourth one. The third equality is from [18, (2.3) Theorem]. This also explains the second step in the next sequence
Attg(A) = Attg(AYY) = Assg(AY)

since A" is noetherian. The first step in this sequence follows from the fact that A is Matlis reflexive; see Fact 1.18. O

The next proposition can also be deduced from a result of Melkersson and Schenzel [15, Proposition 5.2].

Proposition 5.3. Let A and L be R-modules such that ,ug(L) < oo and A is artinian. Then
Assz(Homg (A, L)) = Assz(AY) N Suppz(In (L)) = Attz(A) N Suppr(Fn(D)Y).
Proof. The assumption ug(L) < oo implies that I, (L) is artinian. This implies that I, (L)Y is a noetherian ﬁ—module, soa
result of Bourbaki [5, IV 1.4 Proposition 10] provides the third equality in the next sequence; see also [6, Exercise 1.2.27]:
Assz(Homg(A, L)) = Assg(Homg(A, I, (L))
= Assg(Homg (I, (L)Y, AY))
= Ass(A”) N Suppg(In(D)”)
= Attz(A) N Suppr(Im(D)Y).
The remaining equalities are from Lemmas 1.5(b), 2.1(a) and 5.2, respectively. O
Corollary 5.4. Let M and M’ be mini-max R-modules such that the quotient R/ (Anng(M) + Anng(M")) is complete.

(a) For each index i > 0, one has Exth,(M, M’) = ExtL(M"Y, M").
(b) If M’ is noetherian, then

Assz(Homg(M, M")) = Attg(M") N Suppz(In(M¥)Y).

Proof. (a) The first step in the next sequence comes from Theorem 2.8(a):
Exth (M, M) = ExtL(M, M")"" = (Torf (M, M"¥))" = Exth,(M"Y, M").

The remaining steps are from Theorem 4.10 and Remark 1.9, respectively.
(b) This follows from the case i = 0 in part (a) because of Proposition 5.3. O

Proposition 5.5. Let A and L be R-modules such that A is artinian and ﬂg (L) < o0. Then

Attz(A ®g L) = Assg(AY) N Suppa(Im (L)) = Attz(A) N Suppg(Im(LY)Y).

Proof. Theorem 3.1 implies that A ®j L is artinian. Hence, we have
Homgz(A ®g L, E) = Homg(A ®g L, E) = Homg(A, L)

by Lemma 1.5(a), and this explains the second step in the next sequence:
Attr(A ®g L) = Assz(Homz(A ®g L, E)) = Assz(Homg(A, LY)).

The first step is from Lemma 5.2. Since Mg(LV) < oo by Lemma 1.13(b), we obtain the desired equalities from
Proposition 5.3. O

Next, we give an alternate description of the module I}, (L)" from the previous results. See Lemma 5.2 for a description
of its support.

Remark 5.6. Let L be an R-module. There is an isomorphism I3, (L) = [V.In particular, given a noetherian R-module N,
one has I, (NY)Y = R ®g N. When R is Cohen-Macaulay with a dualizing module D, Grothendieck’s local duality theorem
implies that I}, (N)¥ = R ®r Extg'm(R) (N, D); see, e.g., |6, Theorem 3.5.8]. A similar description is available when R is not
Cohen-Macaulay, provided that it has a dualizing complex; see [10, Chapter V, §6].

Vanishing of Hom and Tensor product
For the next result note that if L is noetherian, then the conditions on Mg(L) and R/(Anng(A) 4+ Anng(l3,(L))) are

automatically satisfied. Also, the example Homg(E, E) = R when R is complete shows the necessity of the condition on
R/(Anng(A) + Anng (17, (L))).
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Proposition 5.7. Let A be an artinian R-module. Let L be an R-module such that R/(Anng(A) + Anng (I3, (L))) is artinian and
uS(L) < co. Then Homg(A, L) = 0 if and only if A = mA or I, (L) = 0.

Proof. If I, (L) = 0, then we are done by Lemma 1.5(b), so assume that I, (L) # 0. Theorem 2.2 and Lemma 1.21 show that
Homg(A, L) has finite length. Thus Proposition 5.3 implies that Homg(A, L) # 0 if and only if mR € Assz(AY), that is, if and
only if depthz(AY) = 0. Lemma 1.13(c) shows that depthz(A") = 0 if and only if mRA # A, that is, if and only if mA £ A. O

For the next result note that the conditions on L are satisfied when L is artinian.

Proposition 5.8. Let A be an artinian R-module, and let L be an m-torsion R-module. The following conditions are equivalent:

(i) A®L=0;
(ii) either A= mAorL = mL; and
(iii) either depthg(AY) > 0 or depthg(L") > 0.

Proof. (i) < (ii) IfA ®g L = 0, then we have
0 = leng(A ®x L) > B3 (A)Bg (L)

so either ,85(,4) =0or ﬂg(L) = 0, thatisA/mA = 0 or L/mL = 0. Conversely, if A/mA = 0 or L/mL = 0, then we have either
B&(A) = 0or B&(L) = 0, so Theorem 3.8 implies that leng(A ®x L) = 0.
The implication (ii) <= (iii) is from Lemma 1.13(c). O

The next result becomes simpler when L is artinian, as I, (L) = L in this case.

Theorem 5.9. Let A and L be R-modules such that A is artinian and ,ug(L) < o0. The following conditions are equivalent:

(i) Homg(A, L) = 0O;

(ii) Homg(A, I'n(L)) = 0;
(iii) Homg(I (L)Y, AY) = 0;
(iv) thereis an element x € Anng(I, (L)) such that A = xA;
(v) Anng(In(D)A = A;
(vi) Anng(I, (L)) contains a non-zero-divisor for A”; and
(vii) Attz(A) N Suppr(IL(L)Y) = @.

Proof. The equivalence (i) <= (ii) is from Lemma 1.5(b). The equivalence (ii) = (vii) follows from Proposition 5.3, and
the equivalence (ii) <= (iii) follows from Lemma 2.1(a). The equivalence (iv) <= (vi) follows from the fact that the map
AS Ais surjective if and only if the map A" 5 AVis injective. The equivalence (v) <= (vi) follows from Lemma 1.13,
parts (c) and (e). .

The module I, (L) is artinian as ug(L) < o00. Since AY and I, (L)Y are noetherian over R, the equivalence (iii) <= (vi)
is standard; see [6, Proposition 1.2.3]. O

As with Theorem 5.9, the next result simplifies when L is noetherian. Also, see Remark 5.6 for some perspective on the
module I, (LY)".

Corollary 5.10. Let A be a non-zero artinian R-module, and let L be an R-module such that ﬂg (L) < oo. The following conditions
are equivalent:

(i) AQrL=0;
(ii) Anng(IW(LY)A = A;
(i) there is an element x € Anng (1}, (LY)) such that XA = A;
(iv) Anng(I7,(LY)) contains a non-zero-divisor for A; and
(v) Attp(A) N Suppr(Fn(L¥)Y) = @.
Proof. For an artinian R-module A’, one has Attz(A’) = ¢ if and only if A = 0 by Lemma 5.2. Thus, Proposition 5.5
explains the equivalence (i) <= (v); see [16, Corollary 2.3]. Since one has A ®¢ L = 0 if and only if (A ®g L)Y = 0, the

isomorphism (A®zL)" = Homg(A, LV) from Remark 1.9 in conjunction with Theorem 5.9 shows that the conditions (i)-(iv)
are equivalent. O

Depth and vanishing

Proposition 5.11. Let A and L be R-modules such that A is artinian. Then Ext}é(A, L) = 0foralli < depthg(L).
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Proof. Let ] be a minimal R-injective resolution of L, and let i < depthg(L). It follows that Ext}é(k, L) = 0, thatis /,L;z (L) =0,

so the module E does not appear as a summand of J'. As in the proof of Theorem 2.2, this implies that Homg(A, /) = 0, so
Extp(A,L) =0. O

The next example shows that, in Proposition 5.11 one may have Ext;'2 (A, L) = 0wheni = depthg(L). See also Eq. (5.14.1).
Example 5.12. Assume that depth(R) > 1. Then mE = E by Lemma 1.13(c), so Lemma 2.10 implies that
Ext3(E, k) = Homg(E, k) = Homg(E/mE, k) = 0
even though depthg (k) = 0.
Proposition 5.13. Let A and L be R-modules such that A is artinian. Then for all i < depthg(L") one has Torf(A, L)=0.

Proof. When i < depthg(L"), one has Torf(A, L)V = Extk(A,LY) = 0 by Remark 1.9 and Proposition 5.11, so Torf (A, L)
=0. O

Theorem 5.14. Let A and A’ be artinian R-modules, and let N and N’ be noetherian R-modules. Then one has

depthz(Anng(A'); AY) = inf{i > 0 | Ext,(A, A') # 0} (5.14.1)
depthy (Anng(N'); AY) = inf{i > 0 | Ext,(A, N'V) # 0} (5.14.2)
depthy(Anng(N'); N) = inf{i > 0 | Ext,(NY, N"Y) # 0}. (5.14.3)

Proof. We verify Eq. (5.14.1) first. For each index i, Theorem 4.3 implies that
Exth(A, A') = Exto (A", AY).
Since AY and A’V are noetherian overﬁ, this explains the first equality below:
inf{i > 0 | Exth(A, A") # 0} = depthz(Anngz(A"); AY) = depthz(Annz(A'); AY).

The second equality is standard since A = Homg(A', E) by Lemma 1.5(a).
Next, we verify Eq. (5.14.2). Since N'¥ is artinian, Eq. (5.14.1) shows that we need only verify that

depthz(Anng(N""); AY) = depthg(Anng(N'); AY). (5.14.4)

For this, we compute as follows:

~ (1) ~ 2)
R®x N’ = Homg(Homz(R ®z N', E), E) = Homz(N"", E).

Step (1) follows from the fact that R ®g N’ is noetherian (hence, Matlis reflexive) over ﬁ and step (2) is from Hom-tensor
adjointness. This explains step (4) below:

Anng(N™) 2 Anng(Homg(N'Y, E)) £ Anng(R @z N') 2 Anng(N')R.
Steps (3) and (5) are standard. This explains step (6) in the next sequence:
depthzp(Anng(N""); AY) © depthﬁ(AnnR(N’)ﬁ; AY) @ depthg(Anng(N'); AY).
Step (7) is explained by the following, where step (8) is standard, and step (9) is a consequence of Hom-tensor adjointness:

o~ -~ (8) .
Exty(R/ Anng(N")R, A¥) = Extz(R ®g (R/ Anng(N")),A”)

9 )
= ExtR(R/ Anng(N'), AY).

This establishes Eq. (5.14.4) and thus Eq. (5.14.2).
Eq. (5.14.3) follows from (5.14.2) because we have

depthg(Anng(N'); N¥V) = widthg (Anng(N"); NV) = depthg(Anng(N'); N)

by Lemma 1.13(a). O

Corollary 5.15. Let A and A be artinian R-modules, and let N and N’ be noetherian R-modules. Then
depthz(Anng(A'); A) = inf{i > 0 | Tor} (A, A”) # 0} (5.15.1)
depthg(Anng(N'); AY) = inf{i > 0 | Torf(A, N') # 0} (5.15.2)
depthg(Anng(N'); N) = inf{i > 0 | Torf(N¥, N') # 0}. (5.15.3)
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Proof. We verify Eq. (5.15.1); the others are verified similarly. ,
Since Exth(A,A") # 0 if and only if Homz(Exty(A, A), E) # 0, the isomorphism Homgz(Exth(A, A'), E) = Tork(A, A™)
from Corollary 4.9 shows that
inf{i > 0 | Exti(A, A') # 0} = inf{i > 0 | TorR(4, A"V) % 0}.

Thus Eq. (5.15.1) follows from (5.14.1). O

6. Examples

This section contains some explicit computations of Ext and Tor for the classes of modules discussed in this paper. Our
first example shows that Ext, (A, A") need not be mini-max over R.

Example 6.1. Let k be a field, and set R = k[X, ..., Xdlx,,...x,)- We show that Homg(E, E) = R is not mini-max over R.

Note that R is countably generated over k, andR = kX1, ..., Xq]l is not countably generated over k. So,ﬁ is not countably
generated over R. Also, every artinian R-module A is a countable union of the finite length submodules (0 :4 m"), so A
is countably generated. It follows that every mini-max R-module is also countably generated. Since R is not countably
generated, it is not mini-max over R.

Our next example describes Ext;'{ (A, A) for some special cases.

Example 6.2. Assume that depth(R) > 1, and let A be an artinian R-module. Let x € m be an R-regular element. The map
ES Eis surjective since E is divisible, and the kernel (0 :z x) is artinian, being a submodule of E. Using the injective
resolution 0 — E = E — 0 for (0 :¢ x), one can check that
Oy x) ifi=0
Exth(A, (0 X)) = {AY/xAY  ifi=1
0 ifi #0, 1.

For instance, in the case A = (0 :¢ x), the isomorphism (0 :¢ x)¥ = ﬁ/xﬁimplies

R/XR ifi=0,1

EXth((0 ¢ %), (0 i x))%{o it 201

On the other hand, if x, y is an R-regular sequence, then (0 ¢ y)¥ = ﬁ/yﬁ; it follows that x is (0 : y)¥-regular, so one has

; _ [R/x.y)R ifi=1
Ext,((0 :z y), (0 : =
Xtz ((0 :£ ¥), (0 :p X)) {O ifi £ 1.
The next example shows that Extj2 (A, N) need not be mini-max over R.

Example 6.3. Assume that R is Cohen-Macaulay with d = dim(R), and let A be an artinian R-module. Assume that R admits
adualizing (i.e., canonical) module D. (For instance, this is so when R is Gorenstein, in which case D = R.) A minimal injective
resolution of D has the form

J= 0= || B&®m— -~ ][] E®mw—>E—o.

ht(p)=0 ht(p)=d—1
In particular, we have I,(J) = (0 > 0 - 0 — --- - 0 — E — 0) where the copy of E occurs in degree d. Since
Homg (A, J) = Homg (A, I,(J)), it follows that

AY ifi=d

Exth (A, D) = {0 ifi - d

Assume thatd > 1,and let x € m be an R-regular element. It follows that the map D % Dis injective, and the cokernel D/xD
is noetherian. Consider the exact sequence 0 — D - D — D/xD — 0. The long exact sequence associated to Exth (A, —)
shows that
0:pvx) ifi=d-—1
Exth(A, D/xD) = 1 AV /xAY  ifi=d
0 ifi#d—1,d.

As in Example 6.2, we have (0 ;¢ x)¥ = /ﬁ/x’ﬁ and

R/XR ifi=d—1,d

Ext . D/xD) =
xtp((0 : x), D/xD) {0 ifitd—1,d.
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Also, if x, y is an R-regular sequence, then (0 :z y)¥ = R/yR and

R/(x,y)R ifi=d

Exth((0 iz y), D/XD) = {0 ifi £ d.

Next, we show that Torf (A, A") need not be noetherian over R or R

Example 6.4. Assume that R is Gorenstein and complete with d = dim(R). (Hence D = R is a dualizing R-module.) Given
two artinian R-modules A and A, Theorem 3.1 implies that Torf (A, A') is artinian, hence Matlis reflexive for each index i,

since R is complete. This explains the first isomorphism below, and Remark 1.9 provides the second isomorphism:
. . A ifi=d

Torf(A, E) = TorR(A, E)VY = Exti(A,EY)Y = Exti(A,R)Y =
orf (A, E) = Torf(A, )" = Exti(A, E)” = EXty(A, R) {O iti £ d.

Example 6.3 explains the fourth isomorphism. Assume that d > 1, and let x € m be an R-regular element. Then (0 : x)¥ =
R/xR, so Example 6.3 implies that

AJxA  ifi=d—1
Tor® (A, (0 ¢ x)) = Exth(A, 0 0)V) = { 0 x) ifi=d
0 ifitd—1,d

O:x ifi=d—1,d

R . . ~
Tor; ((0 ;¢ x), (0 g X)) = {0 ifitd—1d

On the other hand, if x, y is an R-regular sequence, then

R/, )R = Egjxyr(k) ifi=d

Tork((0 :¢ ¥), (0 :¢ x)) = {o ifi - d.

Lastly, we provide an explicit computation of E ®3 E.

Example 6.5. Let k be a field and set R = k[X, Y]/(XY, Y?). This is the completion of the multi-graded ring R =
k[X, Y1/(XY, Y?) with homogeneous maximal ideal m" = (X, Y)R'. The multi-graded structure on R’ is represented in the
following diagram:

o

oo 0o o o>

where each bullet represents the corresponding monomial in R'. It follows that E = Eg (k) = k[X~!] ® kY~' with graded
module structure given by the formulas

X-1=0 X-X""=x'" X-Y'=0
Y-1=0 Y.y il=1 Y-XT"=0

for n > 1. Using this grading, one can show that mE = w’E = k[X~!] and m®E = mE. These modules are represented in the
next diagrams:

It follows that E/mE = k, so Lemma 3.7 implies that

A similar computation shows the following: Fix positive integers a, b, ¢ such that ¢ > b, and consider the ring S =
kX, YT/(XY?, Y¢) with maximal ideal n and Es = Es (k). Then n“"PEs = n“""*1Es and we get the following:

Es/n‘PEg = S/(X%, YS)S = KX, Y1/(X%, YD)
Es ® Es = (Es/n""Es) ®s (Es/n"Es) = S/(X", Y.
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