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Abstract

We derive the fourth-order g-difference equation satisfied by the co-recursive of g-classical orthogonal polynomials. The
coefficients of this equation are given in terms of the polynomials ¢ and y appearing in the g-Pearson difference equation
P.(¢pp) = p defining the weight p of the g-classical orthogonal polynomials inside the g-Hahn tableau. Use of suitable
change of variable and limit processes allow us to recover the results known for the co-recursive of the classical continuous
and classical discrete orthogonal polynomials. Moreover, we describe particular situations for which the co-recursive of
classical orthogonal polynomials are still classical and express these new families in terms of the starting ones. (©) 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction

Let (P,), be the monic orthogonal family defined by the three-term recurrence relation
Pn+1:(x_ﬁn)Pn_ynPn—la I’l?l,P():l,Plzx—ﬁo, (1)
where f8, and y, are complex numbers with 7, # 0 and y, = 1. The rth associated (P"), and the

co-recursive [5] (Pi), of P, are the monic polynomial families obtained by modifying relation (1),
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and defined, respectively, by the relations

PY) = = )P — 9P =1, PV =1, PV =x—p, (2)

n

PH = (x — B)PM —y,PY =1, PV =1, P =x—p)—pu, (3)

where p, in general, is a complex number.

The family (P!M), which is orthogonal by Favard’s theorem [6], belongs in general to the
Laguerre-Hahn class [3,8—-10,15,22] and therefore any polynomial P!*! satisfies a fourth-order linear
differential or difference equation.

The fourth-order difference equation satisfied by P!*! was given in [25,28] for classical continuous
orthogonal polynomials and for classical discrete orthogonal polynomials in [19,26].

In this work, we use relations between the P,, Pi, P and the fourth-order g-difference equation
satisfied by the associated orthogonal polynomials of the Laguerre—Hahn class [10,12,13] to derive
the factorized form of the fourth-order g-difference equation satisfied by the co-recursive of all
g-classical orthogonal polynomials.

Moreover, we use suitable change of variable and formal limit processes to deduce the fourth-order
difference equation (resp. differential) equation for the co-recursive of a// classical orthogonal polyno-
mials of a discrete and continuous variables, respectively. We also use these difference, g-difference
or differential equations to prove that under certain conditions, the co-recursive of Jacobi, Hahn, little
g-Jacobi and big g-Jacobi polynomials are still classical and express the new polynomials families
in terms of the starting ones. g-classical orthogonal polynomials involved in this work belong to
the g-Hahn class introduced by Hahn [16]. They are represented by the basic hypergeometric series
appearing at the level 3¢, and not at the level 4¢3 of the Askey—Wilson orthogonal polynomials
[14,17].

The difference or differential equation obtained in the framework of this paper can be used, for
instance, to solve connection coeflicients and linearization problems [2,20,21,26], to represent finite
modifications inside the Jacobi matrices of the classical starting family [27] and also to prove the
existence of the classical orthogonal families for which the co-recursive are still classical and express
these families in terms of the starting ones.

The orthogonality weight p for g-classical orthogonal polynomials is defined by a Pearson-type
g-difference equation

D4(Pp) =Y p, (4)
where the g-difference operator &, is defined [16] by
gqf(x):M, x#£0, 0<g<l. (5)
(g — 1D

¢ is a polynomial of degree at most two and / is polynomial of degree 1.
The monic polynomials P,(x; ¢), orthogonal with respect to p satisfy the second-order g-difference
equation

[P(X)L D 1jq + Y(x)D g + 2gnd ] ¥(x) =0, (6)

an equation which can be written in the g-shifted form

[(Day + Vi) %, — (L + @by + Yty — Agatd))%q + adayFaly(x) =0 (7)
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with
/ ¢" 1—q"
fan ==l {0 0= 10, S, =
bwy = ¢(g'x), Yoy = W(g'x), 1o =t(g'x), tx)=(q¢—1)x (8)
and the geometric shift ¢, defined by
G f(x)=f(¢'x), ¥)=J,(= identity operator). (9)

2. Fourth-order difference equation for the co-recursive g-classical orthogonal polynomials
2.1. Known materials

In the first step, we recall the main result we shall need for this work.

Theorem 1 (Foupouagnigni [10,12,13]). Let (P,), be a polynomial family orthogonal with respect
to the classical weight p satisfying 2,(¢p) = p, where ¢ is a polynomial of degree at most two
and \ is a first degree polynomial. The first associated P\", of P,_, satisfies

(o) + Yrt) 2,1 [PV (@)1 = [e9, + fI41Pu(x;q) (10)
with
25, = b ¥y — (1 + by + Yntay = Lg%y + a(d + 1)y,

"
e = <2 — lﬁ') ((1 + (])(,b(l) + lp(l)t(l) — Aq,nt(zl))t(l),

f=- <2 B wl) ((g + Doy + Yyt - ()

2.2. The g-difference equation

In the second step, we use Eqgs. (10) and (11) taking into account the relation [7,8]

and the fact that P,(x;q) satisfies Eq. (7). This give after some computations:

Theorem 2. The co-recursive PW of the g-classical orthogonal polynomials P,, orthogonal with
respect to the g-classical weight p satisfying 2,(¢p) = p, where ¢ is a polynomial of degree at
most two and Y a first degree polynomial satisfies:

(Do) + Yita) 2y, ([P ] = [€,%, + [,7alPu(x;q) (13)
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with

"

e, = (— (2 - lﬁ') By — day — Yoty + ¢(2>) (1 + @day + Yty — Angtiy):

fq = (d; — ’) (g + 1)y + dnyta)tay — qbaype) + q(@ + b )(Pay + Yyt (14)

Remark 3. Since Pl = P,, the Eq. (13) taken for p =0, coincide with (7).

In the third step we use Eq. (7) for P,(x;¢), (10) and (11) to obtain after some computations with
Maple V.4 [4] the operator QE“,{ annihilating the right-hand side of (9):

Theorem 4. The co-recursive PW of the g-classical orthogonal polynomials P,, orthogonal with
respect to the weight p satisfying 2,(¢p) =y p (degree of ¢ <2 and degree of y = 1) satisfies a
fourth-order g-difference equation given in the factorized form as

[x] ’anfl

y (P =0 (15)
2 t(gx))
with

W) = A,(x)G2 + A1(x)F, + Ao(x)I 4, (16)

where A;, j=0,...,2 are polynomials of fixed degrees.

Proof. The proof is obtained by applying twice the operator %, to Eq. (13) and using the second-order
difference equation satisfied by P, (see (7)). Notice that we have decided not to give the polynomials
coefficients 4;, j=0,...,2 since they are space consuming. However, the operators 25, , and :22“ 1
are given below for the discrete g-Hermite I case. [J

2.3. Example

For the discrete g-Hermite II polynomials (¢(x) = 1,¥(x) = x/(1 — ¢)), the operators 25, , and
24 are given by

2%, =%+ (g% — g — 1)%, — qx — D)+ 1)Iy, 25 = ()G, + 41()F, + Ao(x).Ia
with the notation # = ¢” and

Ay =—(x = 1)(@’x + 1)(—1 +q — X*¢’n — x*q°n + x¢°nu
+xq° i+ 2xg° 4 X np + 2xg e — 2xq’ 1 — 2xq° 1 — xq’
—2q' n+q'1w + W+ ¢+ gl + x4 — gt — @ — gt
— @+ 2"+ ¢ — ¢t —Xg'n — @0+ X0’ + xqnu
— P u =+ e — o — X+ PP+ X

+x°q* — ¢°x*),
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Ay =q"n(gn’ — 1x° = ¢"np(=¢* +n*¢* +* — 1’
+4° (@' =g — i’ + ¢+ gt — 0’ + 280 — ¢ + ¢ — ¢’
—q'n* = g*'ni +mx* + ¢t g’ + 207 + 24 + 0’ + ¢t
—n=20n—q" "+ —¢°'n—q" —qn+ ' + 247" + 0’ —q" —n
=2¢"n — @)W — (1 +2¢° +2¢ + ¢ n+ ¢’ + ¢’ — ¢
— 4" =24"n = 2¢°n = 2’0+ ' 1’ — '+ ¢ + i
— ¢ — @t — 't — @t + @'l + 247 + 24" - ¢
—qn —¢° 1P — qu(q + 1(¢* + 1)(g*n = 2¢° +2¢°n —q — 1 +n)x
+(q+ D"+ g = ' = P+ P = ¢ - ¢+ gl
—qit + g —q + 1),

Ao=q(—14q —X*¢’n — X*¢°n + x¢°nu + 2x¢°nu + xq’
+xq’np+ 2xq nu — x*q"" — xq’p — 2x¢° 1 — 2%’ — xq*p
_|_q4‘u2 + qZMZ _x3q8172u +x2q7172'u2 +x4qll’72 _x2q7n + q3M2
— ¢ — ¢+ xq"nu+ qu* + 2x°¢° — g’ — ¢
—g'nd — i + ¢+ ¢ — ¢+ X" — X1+ X — 2xq°
+x3°¢° ).

2.4. Some applications on co-recursive classical orthogonal polynomials

2.4.1. g-classical orthogonal polynomials

For the little g-Jacobi polynomials and for the big g-Jacobi polynomials, the coefficients e, and f .
(see (14)) vanishes under certain conditions. This implies that PI*) satisfies a second-order (instead

of fourth-order) difference equation of hypergeometric type, and is therefore g-classical.

e For the little ¢g-Jacobi polynomials p,(x;a,blq) [2,17]

—aq + (abg* — 1)x

1
D) = x(x — 1), Y(x) = ===,

e,=f,=0when ab=1 and u=(1—-a)/(qg—1).
e For the big g-Jacobi polynomials P,(x;a,b,c;q) [2,17]

cq +aq(l — (b+c)q) + (abg® — 1)x
q—1 ’
e, :fq =0 when ab=1 and u=(g(1 —a)(c—1))/(g —1).

P(x) = (x — ga)(x — gc), Y(x) =

(17)

(18)

e Computations involving the coefficients 5, and y, (see (1) and (22)) generate the following

relations:
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Proposition 5. The monic little g-Jacobi and the monic big q-Jacobi polynomials are related with
their respective co-recursive ones by

1 1
=g (x;a,,q> —a'p, <x”a‘q) , (19)
a a a
Pplad=axe=1)/g=1)] (x;a, e q> —a'P, (x’ 1,a,c;q> _ (20)
a a a

Proof. The proposition is proven using the three-term recurrence relation (3) satisfied by the co-
recursive orthogonal polynomials taking into account the following relations:

1 1—a 1
ﬂO (a: ‘q> + :aﬂo <9a|Q> >
a qg—1 a

1 1— —1 1
ﬁO (aa —,C; ‘J> + q(a—)(C) - aﬁo (7aac;q> 5
a qg—1 a
1 1
Bula,—,c;q) =ap,| - a,c;q), n=>1,
a a
1 2!
wla,—.cq)=ay,|-.acql|, n=1 (21)
a a

p.(a,blq) and vy,(a,b|q) (resp. f,(a,b,c;q) and y,(a,b,c; q)) denote the coeflicients of the three-term
recurrence relation (see (1) satisfied by the little g-Jacobi (resp. big g-Jacobi) polynomials. The
coefficients f3, and 7y, of the three-term recurrence relation satisfied by the monic g-classical polyno-
mials family, orthogonal with respect to the weight p are given in terms of the polynomials ¢ and
Y appearing in Eq. (4) by [2,10,13]
g, ¢.9) = —n((—(q + (=1 +n)(=q +n)¢1 — (¢ — 1)(=ng* + ¢ — qn + 1" W)
g = Dla+ V(=1 +mWid = 11q — Do)/
(=14 + s +1°(q — D )(—(—g +n)(qg +md> —*(g — D), (22)

(@ ) = —(=1+n)((—=1 + ¢*)p> — (g — D )(—q + n)*(q + 1)’ do3
+(—qn(—q + n)’¢7 — qnlg — 1)(—q + 1)
+ 21 (q — D)(—q + n)(q + M do + ¢ (g — 1)Y5)
—0’q(q — D)(—q + ¢t — qn’(q — 1o
+1'(qg — 1Y doIng/((—q + n*)2 + 1°(g — D)
(g = n)(g +md> — (g — W) (¢ — 1) — 1°(g — 1Y) (23)
with (x) = dox® + Pix + o, Y(x) =x + by, O
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2.4.2. Classical continuous orthogonal polynomials
Since lim,_; ¥, = d/dx, from Eqgs. (13)—(15) and by formal limit processes, we recover the
following known results [25]:

1. The co-recursive f’,[f] of the polynomial P,, orthogonal with respect to classical weight j
satisfying (¢p) = yp (degree of ¢ <2 and degree of y = 1) satisfies [25]

. ~[u ~7 ~ ~1 ~ d ~11 ~/ ~
255,B = (@8 =20 - w@" =205+ @ =00 P (24)

where
2

~d ~1 ~ d ~ ~7 ~1
G = D) S G ) (3)

with 1, = —n((n — 1)(¢ /2) + ).

The operator :25” ;f] annihilating the right-hand side of (24) is obtained from the second derivative of
(24) and using the second-order differential equation satisfied by the classical continuous orthogonal
polynomials P,

~d—2+lﬁi+}f P,=0 (26)
dx? dx W)

in order to eliminate (d?>/dx?)P, in the equation obtained from derivation of (24). The fourth-order
differential equation satisfied by 15,[1#] reduces in the factorized form as

e pi — o, (27)

where ,@g’f;f] is a second-order linear differential operator with polynomial coefficients. The operators
25, and ,@g‘;c] for the co-recursive Laguerre polynomials (¢(x) =x, Y(x) =1+ o — x) are given
by

2

e
dx?

2

» d y d d
0@2:”,1: +(X+1_0()a+(n+l)fd, Qg,n:BZ@—i_Bla_"BOfd (28)
with

By = 4x(x — oo+ u)*n + x(x — 4o + 2xp + 2x* + 200+ 207 — 2u — 2ua),

By = —4(x* 4+ xp — 2x00 — pot — 2 + o + 2a)(x — o + p)n
— 6x0% + 600c® + x + 4o — 2u0” + dpxor — 2x° — x* — 2% + dxp
+60% — 4u+ 207 — Sxo0 — 6o,

By =4(x — o+ p)’n* + (1200 + 2po0 + 2x% — 4p® — 12 + 3x + 20 — dxor — 2xp)n.

The fourth-order difference equation for the co-recursive Laguerre polynomials given above coin-
cide obviously with those obtained in [18] (with p replaced by —u) and in [25], checking carefully
because of few misprints already corrected in [28, p. 304].

2. For the Jacobi polynomials P,,(oc, B x),

d)=1—-x y(x)=—(a+p+2x+pf—0, a>—1>—1, (29)
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the right-hand side of Eq. (24) vanishes when o + =0 and u = o — f =2a. We therefore deduce
the following relation between the Jacobi polynomials and it is co-recursive.

~[2

P “](oc, —o;x) =P, (—a,o;x), —1 <o < 1. (30)

n

2.4.3. Classical discrete orthogonal polynomials

In this subsection we extend the result obtained for the co-recursive of g-classical orthogonal
polynomials to the co-recursive of classical orthogonal polynomials of a discrete variable by using
suitable change of variables and formal limit processes (for more details, see [10]).

e Difference equation linking classical discrete and its co-recursive ) )
In the first step, we substitute in (13) and (14) ¢, ¥, P, and P by Zo1-g)Ps Tei—oWs

To1—gyPn and ,7(0/(1,(])1351] respectively; and use the relation [15,23]
Toli-pAgo = Y47 w/i-q) (31)

to get an equation involving P, and it’s co-recursive. The operators 7, and 4, are defined by
[10,23] 7 ,P(x) = P(x + a), A,,P(x) = P(¢gx + w). In the second step we multiply the above
mentioned equation by 71—, and take the limit of the last equation as ¢ and w go to one
and we recover the following result (see [10] for more details on this formal limit processes and
change of variables) obtained for the co-recursive of classical orthogonal polynomials of a discrete
variable [26].

Proposition 6 (Ronveaux et al. [26]). The co-recursive P,EN] of the classical orthogonal polynomials
of a discrete variable P,, orthogonal with respect to the discrete classical weight p satisfying
A(pp) = Yp, where ¢ is a polynomial of degree at most two and Y a first degree polynomial
satisfies:

(G + V) 2 [P s )] = [0 T + [ JalPolxiq) (32)
with

Ll =T = Qb+ ¥y — 2T + (b + ) Iu

o= (= (&) = b= ) =

Fa=(8"2=0") Q)+ ) = by + (D + ) (D) + Py (33)

where 1, = —n((n — 1)‘[’7” — l;/), q_ﬁm = d(x + ), l/;[j] = (x + j) and the operators A and T are
defined respectively by AP(x)=P(x+ 1) — P(x),7 P(x) =P(x + 1).

The factorized form of the fourth-order difference equation satisfied by the co-recursive of the
classical discrete orthogonal polynomials P

A0 230 P =0 4
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is obtained by applying twice the operator 7 to (32) and using the second-order difference equation
satisfied by the classical discrete orthogonal polynomials [24].

(PAV + YA + 7,9 )P, =0 (35)

in order to eliminate the factor .7 2P, appearing after applying the operator 7 to (32). Here, the
operator V' is defined by VP(x) = P(x — 1) — P(x). Since the operator ,@gfj;f] is space consuming,
we give the difference equations for the Charlier case.

Example.

e For Charlier orthogonal polynomials ¢\® [24] (¢(x)=x, Y(x)=a—x, a > 0), the operators Q;‘:j_l
and Qg{‘;,d] are given, respectively, by
20 =(x+2)T —(x+1+a—nT +ady, W=D,T*+D\T + DIy
with
Dy=R+a+1)(u+2a+R)(u—2+2a+ Ry’
+R+a+1D)QRR-1)(u+2a+R)(p—2+2a+Rm+(R+a+1)
(2uRa + 2a + 4Ra*> + uR* + R* 4+ 2R — 3a* — pa — 3R> — 6Ra — iR + 4R%a),
Di=—(u+1+2a+R)(u—2+2a+R)n’
—3R(u+1+2a+R)(t—2+2a+ R + (=2 — p+ 6uRa + 2ay’
—4a + 8Ra* + 3uR* + 2R* + *R — R + a* + 8ud® + pa + 8a°
—8a°R?> — 2R* — 8R%a + 5R?® + Ra — 21*R* — 8uR*a + 11> + 6R%a
—4uR)n + pRa — 2a + TRa* + 2R* — 2R + a* + 2ud® + pa + 4a°
—4a’R* — R* — 4R’a + R* 4+ Ra + puR — 2uR*a + 5R*a — uR’,
Dy=—a(u+1+2a+R)(u— 1+ R+ 2a)n’
—aR+1)(u+142a+R)(u—14+R+2a)n
—a(2uRa + 4Ra*> + uR* + R* — R + a* + pa + 2Ra + uR + 4R%a),
where R = —x — a — 2. It should be mentioned that the above results on co-recursive Charlier
orthogonal polynomials coincide with those given in [19,26] (replace 4 by —u when comparing
our results with those obtained in [19]).
e For Hahn polynomials H,(a, f,N;x) [24],
o(x) =x(N +oa—x), y(x)=—(x+f+2x+(F+DHWN-1), a>—1, f>—-1, (36)

eq= fd =0 when o+ =0 and u= Na. Since N is an integer and « a real number, the complex
number u, in this case, is real.

Proposition 7. The co-recursive Hahn family H,(o, —o, N,x)* belongs to the Hahn family and
obeys the relation

H,(a, —o, N,x)™ = H (=0, 0, Nyx — ), —1<a< 1. (37)
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Proof. The above relation is derived using the three-term recurrence relation satisfied by the co-
recursive Hahn polynomials and the following relations between the coefficients S (o, f,N) and
(o, B, N') of the three-term recurrence relation (see (1)).

ﬁgl(aa —O(,N) +NOC — ﬁgl(_(x: OC,N) + o,
ﬁnH(OC,—O(,N):ﬁf(—OC,OC,N)—FOC, I’l?l,
(o, —o,N)=9"(—o, 0, N), n=1, (38)

where p7(a, f,N) and y#(a, B, N) are the coefficients of the three-term recurrence relation satisfied
by the monic Hahn polynomials given in [1,24]

" _xZpraN =2 (B> — o) (o + B +2N)
0= 4 4o+ pf+2n)(a+p+2n+2)
yH(ocﬂN):n(N_n)(a+n)(ﬁ+n)(a+ﬁ+”)(0‘+ﬁ+1\7+n)

(a+p+2n—1D(a+p+2n)(a++2n+1)
It should be mentioned that the coefficient S (o, —o, N') is given by

: H l—oa)(N -1
By (ot~ N) = lim f (2 f.N) = =)W -1)

|
2

2.5. Concluding remark

The difference equations involved in this work can be used to solve linearization problems and
compute connection coefficients, etc. (see the Introduction), they can be used also in order to derive
the difference equations satisfied by the co-recursive associated classical orthogonal polynomials.
Co-recursive associated orthogonal polynomials, which are defined as the co-recursive of the rth
associated orthogonal polynomials, are very useful (see, for example, [18,19]). Works on difference
equation for the co-recursive associated of all classical orthogonal polynomials are under investig-
ation [11].
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