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Abstract

Suppose thatl is the free Lie algebra generated ldyelements. This is a homogeneous
algebra and the dimensions of its homogeneous components are given by Witt's formdila gim
%Za‘nu(a)k"/“, whereu(n) is the Mébius function. Recently the author discovered generating
functions for the whole of the free Lie superalgebra. These series yield some new dimension
formulas. Now we present generating functions for the fregokédgebras. As a corollary, we suggest
dimension formulas similar to Witt’s formula.

0 2003 Elsevier Science (USA). All rights reserved.

1. Introduction: Witt’sformulafor free Lie superalgebras

Suppose thatW is a superalgebra generated by sé&ts = {x1,...,x,}, X- =
{Xm+1, ..., xm+r} and which is multihomogeneous with respect to these sets. For elements
of W we introduce themultidegreea = (a1,...,an1k) € N’{;*k, the degree |a| =
a1+ -+ + amtk, and the numberfey | = a1 + -+ + dm, |lo—| = dpt1 + -+ + Wmtis
whereNp = {0, 1, 2,...}. By a|la we denote that: divides all components;. One has
components for the gradation by the multidegi&g, by the degreeW,, and by the
superdegredV;;, where the latter space consists of elements of degveith respect to
X1,...,xm, and degreg with respect toe,+1, . .., Xm+k. Let W, = W, 4 & W, _ denote
the decomposition into the even and odd components, one also defisepérdimension
as sdim,, =dimW,_ ;. —dimW,__. For a multihomogeneous subspate. W we define
the followingHilbert—Poincaré series
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The generating functions for the polynomial rings and the free associative algebras are
well known. LetW = K[X], X = {x1, ..., xn}, be the polynomial ring an®% = K (X),
X ={x1,...,x,} the free associative algebra. Then

B 1
S A-n) (A=t
1

H(K(X), 11, ....tm) = . (1)

H(K[X], 11, ... tm)

These formulas have many applications. In particular, they are applied to study invari-
ants [4,5,10]. In [11,12] the author found the generating functions for the free Lie (su-
per)algebras. It seems that these formulas were not known before.

Theorem 1.1 [12]. Let L = L(X), X = X4+ U X_ be the free Lie superalgebra where
Xt ={x1,...,xm}, X— ={xm+1, ..., Xm+x} are the even and odd generators, respectively.
Then

H(L, 11, .- by byt ds « -+ s bnbke)
==, Mia) IN(1—tf — =t + (=t )" + - + (—tmg)?),
a=1
H(L,ty, 1) :—Z ma) In(1—me§ +k(—1-)"),
a=1
@
H(L, 1) = ; —In(1— (m = (=)%)r").

In the case of free Lie (super) algebras there are formulas for dimensions of homoge-
neous and multihomogeneous components [1-3], see also [14]. But these formulas include
two cases, they correspond to the fact that a basis of the homogeneous component either
consists only of regular words or it also contains squares of regular odd words. We suggest
new formulas without two cases (of course, they give the same values). See also a more
general approach in generality of gradings by some semigroups [13].
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Corollary 1.1[12].

. _E o 1\a nja
dimL, = nZu(a)(m (—1)%k)"",

aln

— (— a n/a _ n/a
dimL, ; = %Z“(a)(m (-1 k)2 +m— k)

aln

Ja __ (m _ k)n/a
2 ,

. 1 (m — (=1)%%)"
dmL,_ = ;Zu(a)

aln

1
: _ - _ 1\n/a
sdimL, = " E w(a)(m — k)4, (2)

aln

dimL, =

— 1)l 1(=1)la-1/a
(=D Zu(a) (lef/a)! (=1) 3)
al

lo| (@1/@)!- - (i /@)

The formula for the superdimensions (2) was obtained in [7,8]. Also, (3) was known for
the caseX = X_ [9].

In [12] these formulas were proved directly. In [13] we consider another approach
and a more general situation of the generatingXet | J,. X, being graded by a
semigroupl”, and instead of series we study characters for the whole of a superalgebra
and for multihomogeneous components. As a particular case we consider the semigroup
I = N"+%\ {0} and monoidl” = Ntk Denotee; =(...,0,1,0,...),i=1,...,m+k,
with 1 on theith place. We set(e1) =--- =¢(ey) =1, e(emt1) = -+ - = e(emyr) = —1.

We obtain the homomorphism1 I — {£1} and the decomposition into the even and odd
componentd =TI UT_, It ={ael |e(@)=1}, - ={cel |ela)=—-1}. We
consider Lie superalgebrds that are decomposed into the even and odd components
as followsL = Ly ® L, Ly = @ger, Loy, L- = Dyer Lo- We denoteQt] =

Q[r1, - - -, tm+x] and letQ[t]o be the series without a constant term. An arbitrary series
from Q[t] we write asp(t). Suppose tha¥ = @, 5 V. is al'-graded vector space, then
we also denot@{(V,t) = H(V, 11, ..., tm+k)-

We introduce two important operators as follows.

1
E@)(t) = exp(Z =¢

b=1

. oM €Q]t]o,
(ti=e (1) +11])

L(P)(1) = Z % |n(¢|(1,:g(¢i)a+1tlf4)), ¢t € 1+ QJt]o.

a=1

The application of these operators is based on the following fact.
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Theorem 1.2[13]. LetL =P, L, be aI'-graded Lie superalgebrd; = Ntk (0},
Then the Hilbert—Poincaré series fdr and its universal enveloping algebi@(L) are
connected as follows

(1) HW(L),t) = ECH(L, 1);
(2) H(L,t) = L(H(U (L), 1)).

Let L = L(X) be the free Lie superalgebra generated by= X, U X_, where
Xt ={x1,...,xn} @and X_ = {x41, ..., xm+k} are the even and odd generators. It is
well known thatU (L) = K (X) [2]. Now using (1) and the second formula one can easily
derive the formula fotH (L, t) given by Theorem 1.1.

2. Witt'sformulafor freerestricted Lie algebras

Let L be a Lie algebra over a field of characteristipp > 0. We use standard notation
adx:L — L, adx(y) =[x, y], x, y € L. Recall thatL is called therestricted Lie algebra
or Lie p-algebra [6] if it additionally affords a unary operation— x!?!, x € L, satisfying

(1) ()Pl =xrxPl whenr e K, x e L;

(2) adx!P!) = (adx)”;

3) (x + P =xIP 4 yIPl L 3PV (x, y); x, y € L, whereis; (x, y) is the coefficient
of r/~1 in the polynomial attx + y)?~1(x) € L[r].

This notion is motivated by the following construction. L&tbe an associative algebra
overK, chark = p > 0. The algebr& is turned into a Lie algebra by the new operation
[x,y]=xy — yx, wherex, y € A. Then the mapping — x?, x € A satisfies these three
properties.

Suppose thak is a restricted Lie algebra. Ldtbe the ideal in the universal enveloping
algebral/ (L) generated by all element$?! — x?, x € L. Thenu(L) = U(L)/J is called
therestricted enveloping algebrén this algebra the formal operatiaf’! coincides with
the pth powerx? for all x € L. Let{a; | i € I} be a linearly ordered basis fdr. By an
analogue of Poincaré-Birkhoff—Witt's theorem [6], the restricted enveloping algebra has
the following canonical basis:

u(l) = (aglluoa;’j

ql<...<qs,0<ni<p;s20>l<. (4)

Recall that a function of a natural argumeriz) is calledmultiplicativeif a(nm) =
a(n)a(m) for any coprime:z, m. We introduce the following two functions:

1 (p,n) =1,

L) = {1—19, (p.,n)=p,

H’(n)a (pﬁn):]"

up(n) = {;L(m)(ps — pf_l), n=mp’, (p,m)=1s=>1
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It is easy to check that these functions are multiplicative. One may vigw) as
a deformation of the Mdbius function.

By analogy with ordinary Lie algebras, one defines the free restricted Lie algdtita
The goal of this paper is to find generating functions and dimension formulds fidrese
formulas are completely analogous to those for the free Lie superalgebras.

Theorem 2.1. Let L = L,(X) be the free Liep-algebra generated b = {x1, ..., x,}.
Then

o]

H(L, t1, ... ty) = _Z

a=1

mpla)
a

In(1—2f —---—15),

m

H(L,t) = — Z “”T(a) In(L— mt*).

a=1

Corollary 2.1. Let L = L ,(X) be the free Ligp-algebra generated b = {x1, ..., xu}.
Then

1
dimL, = - n/a
n=- Zup(a)m

aln

dmL, = ! Zup(a) (orl/a)!

Ja| (@1/a)! - (am/a)!

ale

It is possible to prove these formulas directly. Den@f] = Q[r1, . .., tn]. Suppose
that L(X) is the free Lie algebra generated I¥. One has the natural embedding
L(X) CU(L(X)) = K(X). Let L,(X) = (v"" |ve L,n > 0)k, thenL,(X) is the free
restricted Lie algebra generated By and the p-operationv — v?, v € L; moreover
u(L,(X)) = K(X) [2]. Also, one has the following construction of a basis foy(X).
Suppose thatw, | @ € A} is a homogeneous basis fb(X), then{wg”n] la e A,n >0}
is a basis for the frep-algebral ,(X) [2]. This observation leads to the formula

H(Lp(X).t) = > H(LX), ey

n=0

Now it is possible to use Theorem 1.1 and Corollary 1.1.
But let us consider another method. We introduce a dilatation on the formal power series

"L QIt) - QI @' ® =l _p). beEN.

Remark that to study the case of Lie superalgebras we needed an operatovistbd
dilatation[13]. The following properties are easily checked.
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Lemma2.1. (1) f=r.
(2) The twisted dilatatiory — f!¥! is an endomorphism of the algeb@t].
(3) (flahlbl = (flblylal = rlabl \where f € Q[t], a, b € N.

We suggest a modification of operatérsC as follows:

1,0
Ep(@)) = exp(Z #qﬁ(t)“’]), ¢ (t) € Q[tlo,
b=1

Ly@)t) = Z"”T“’)m(qs(t)[al), o (1) € 1+ Q[t]o.

a=1

Lemma 2.2. The mappingg,, : Qt[o — 1+ Q[t]o and L, : 1+ Q[t]o — Q[t]o are well-
defined and mutually inverse.

Proof. We denotet” = tfl ceetpm for a = (ag, ..., a,;) € N, By definition of these
operators, we obtain only finitely many terms corresponding to &achherefore, these
operators are well-defined.

First, let us prove the property’,,_, 1,(b)p(a) =0 for all n > 1, that resembles
the property of the Mébius functioh_,,_, n(a) =0, n > 1. Indeed, let us decompose
n=n'pk, (p,n')=1anda =da'p%, (p,a’)=1;b=">b'pP, (p,b') = 1. In casek = 0 the
statement follows from the property of the Mébius function. Consider theicasg.

YL@ = Y L,0wp@a) D L(pP )™

ab=n a'b'=n’ a+p=k

< Z u(a/))(l(pk Y+ a-ppFt-p) -

a'b'=n'

+A-p)(p-D+A-p)1)

= < > u(a’))(l(pk - +a-pph=o

a'b'=n'

Let f = f(t) € Q[t]o; then

> 1,(b ad > 1 (b .
LyEpf) =Ly (exp(z #Jc[b])) :Z Mpa(a) Z plf )(f[b])[ ]

b=1

00 0 f[ba] o0 f['l] (1
=y - 1,(0)upl@) =y Y LBupy@) =M=

a=1b=1 n=1 ab=n

The propertye, (L, f) = f, f = f(t) € 1+ Q[t]o is proved in the same way.O
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Now suppose that is anN™ \ {0}-graded restricted Lie algebra, here we additionally
suppose that for akt € Ly, o € N \ {0}, we havex[Pl € L.

Theorem 2.2. Let L = P, L. be al'-graded restricted Lie algebral” = N \ {0}.
Then the Hilbert—Poincaré series fdr and its restricted enveloping algebia L) are
connected as follows

(1) H(u(L),t) =Ep(H(L, V);
(2) H(L,t) =Lp(H(u(L),1)).

Proof. Let{a; | i € I} be an ordered homogeneous basisIfotJsing canonical basis for
restricted enveloping algebra (4), we obtain

o 2a (p—Da\dimLy 1t dim L
HuL).t) = [JA+t*+t2 . 4t D)Mo T

1-—tv
ael’ ael’

= exp Z dimLy(—In(1—t*) +In(1— t”"‘)))

ael’

(
- exp<0;d,mL (b lt’: ;tp;a>>
(

expl Y _dimL, th"‘l r(®) _exp<2 1,®) > dimL, t’”‘)
b=1

ael’ ael’

= exp(Z p(b)H(L t)”’) Ep(H(L,1)).

b=1
The another relation follows by Lemma 2.2:

H(L, ) = (LpEpHL, ) =Lp(EpHL, D) =Ly(H(u(L),1). O
Proof of Theorem 2.1. Let L = L,(X) be the free restricted Lie algebra generated by

X ={x1,..., xm}. It is well known thatu(L) = K(X) [2]. Using (1) and the second
formula of Theorem 2.2, we immediately derive the formulak&i, t):

H(LY = Lp(Hu(D).1) = Lp(H(K X)) = Lp 3= — -

o Hp(@)
Z—ZM” In(1—#{ —---—12). O
a=1 a

Proof of Corollary 2.1. Let us expand the formula fét (L, t) given by Theorem 2.1:



226 V.M. Petrogradsky / Advances in Applied Mathematics 30 (2003) 219-227

o ip(a) o Up(@) oo m?
H(L,t) = _ZHPTln(l_mta):ZMPTZmTIaS
a=1 a=1 s=1
S5 amt =3 Y
= —uplaym’ = — upla)ym =,
a=1s=1 as ! n=1 n aln !

On the other handH (L, 1) = Y o2, dimL,", hence dinL, = %Za‘n wp(a@)ym"/@. The
second formula follows by similar arguments:

o ip(a)
H(L,t1,...,ty) = —Zupa |n(1_ti’_..._t’i’l)
a=1

— . npla) > (tf+...+tg1).y
_Z ; Z

a=1 s=1 §

00 00
= ZMP(G)Z} &tfﬁl...lﬁﬁm

... !
a=1 a s=1 § |Bl=s ﬁl. 'Bm
1 (lal/a)! @

= D o m@ et

B TP AR CY I

Therefore,

(lal/a)!
(ar/a)!---(am/a)!

1
dmL, = — (a)
o] ZMP

ale

Remark. One may consider the generality ofstricted Lie superalgebragsee for
definitions [2]). In this case analogous formulas are not so nice.
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