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Abstract

The nullity of a graph G, denoted by η(G), is the multiplicity of the eigenvalue zero in its spectrum.
Cheng and Liu [B. Cheng, B. Liu, On the nullity of graphs, Electron. J. Linear Algebra 16 (2007) 60–67]
characterized the extremal graphs attaining the upper bound n − 2 and the second upper bound n − 3. In
this paper, as the continuance of it, we determine the extremal graphs with pendent vertices achieving the
third upper bound n − 4 and fourth upper bound n − 5. We then proceed recursively to construct all graphs
with pendent vertices which satisfy η(G) > 0. Our results provide a unified approach to determine n-vertex
unicyclic (respectively, bicyclic and tricyclic) graphs which achieve the maximal and second maximal nullity
and characterize n-vertex extremal trees attaining the second and third maximal nullity. As a consequence
we, respectively, determine the nullity sets of trees, unicyclic graphs, bicyclic graphs and tricyclic graphs on
n vertices.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Let G be a simple undirected graph with vertex set V and edge set E. The number of vertices
of G is denoted by ν(G). For any v ∈ V , denote by d(v) and N(v) the degree and neighborhood
of v, respectively. Let W ⊆ V . Then the subgraph induced by W is the subgraph of G obtained by
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taking the vertices in W and joining those pairs of vertices in W which are joined in G. We write
G − {v1, . . . , vk} for the graph obtained from G by removing the vertices v1, . . . , vk and all edges
incident to any of them. The disjoint union of two graphs G1 and G2 is denoted by G1 ∪ G2. The
disjoint union of k copies of G is often written kG. The null graph of order n is the graph with
n vertices and no edges. As usual, the complete graph, cycle and star of order n are denoted by
Kn, Cn, and Sn, respectively. An isolated vertex is sometimes denoted by K1. We shall use Ks,t

(respectively, Kr,s,t , Kr,s,t,p) to denote the complete bipartite (respectively, tripartite, tetrapartite)
graph.

The adjacency matrix A(G) of a graph G of order n, having vertex set V (G) = {v1, v2, . . . , vn}
is the n × n symmetric matrix [aij ], such that aij = 1 if vi and vj are adjacent and 0, otherwise.
A graph is said to be singular (nonsingular) if its adjacency matrix A is a singular (nonsingular)
matrix. The eigenvalues λ1, λ2, . . . , λn of A(G) are said to be the eigenvalues of the graph G,
and to form the spectrum of this graph. The number of zero eigenvalues in the spectrum of the
graph G is called its nullity and is denoted by η(G). Let r(A(G)) be the rank of A(G). Clearly,
η(G) = n − r(A(G)).

Let Gn be the set of all n-vertex graphs, and let [0, n] = {0, 1, 2, . . . , n}. A subset N of [0, n]
is said to be the nullity set of Gn provided that for any k ∈ N , there exists at least one graph
G ∈ Gn such that η(G) = k.

A connected simple graph with n vertices is said to be unicyclic if it has n edges, bicyclic if it
has n + 1 edges, and tricyclic if it has n + 2 edges. Denote by Un,Bn,Sn the set of all n-vertex
unicyclic, bicyclic and tricyclic graphs, respectively. For convenience, let Tn denote the set of
n-vertex trees. Unless we indicate otherwise, we shall assume that G is a connected, simple and
undirected graph with pendent vertices.

In [3], Collatz and Sinogowitz first posed the problem of characterizing all graphs which satisfy
η(G) > 0. This question is of great interest in chemistry, because, as has been shown in [13], for a
bipartite graph G (corresponding to an alternant hydrocarbon), if η(G) > 0, then it indicates that
the molecule which such a graph represents is unstable. The nullity of a graph is also important
in mathematics, since it is related to the singularity of A(G). The problem is relevant in many
disciplines of science (see [4,6]) and it has not yet been solved completely. Some results on
trees and bipartite graphs are known (see [8,9,10,12]). In [1], Ashraf and Bamdad considered the
opposite problem: which graphs have nullity zero. Some discussions on nullity and null-space of
graphs in specific situations can be seen in [5,7,14–20].

Cheng and Liu [2] characterized the extremal graphs attaining the upper bound n − 2 and
the second upper bound n − 3. In this paper, as the continuance of it, we determine the ex-
tremal graphs with pendent vertices achieving the third upper bound n − 4 and fourth upper
bound n − 5. Our method provides a unified approach to not only, respectively, characterize
the extremal graphs with pendent vertices in Un,Bn,Sn which achieve the maximal and the
second maximal nullity, but also determine the extremal trees in Tn attaining the second and
third maximal nullity. As a consequence, we determine the nullity set for Tn,Un,Bn,Sn,
respectively.

We list some known results needed in this paper.

Lemma 1 [20]. Let G be a simple graph.

(i) If the order of G is n, then η(G) = n if and only if G is a null graph.

(ii) If G = G1 ∪ G2 ∪ · · · ∪ Gt, where G1, G2, . . . , Gt are the connected components of G,

then η(G) = ∑t
i=1 η(Gi).
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Lemma 2 [5]. Let v be a pendent vertex of a graph G and u be the vertex in G adjacent to v. Then,

η(G) = η(G − u − v), where G − u − v is the induced subgraph of G obtained by deleting u

and v.

Lemma 3 [2]. Suppose that G is a simple graph on n vertices and G has no isolated vertex. Then

(i) η(G) = n − 2 if and only if G is isomorphic to a complete bipartite graph Kn1,n2 , where
n1 + n2 = n, n1, n2 > 0.

(ii) η(G) = n − 3 if and only if G is isomorphic to a complete tripartite graph Kn1,n2,n3 , where
n1 + n2 + n3 = n, n1, n2, n3 > 0.

Lemma 4 [2]. Let G be a simple graph on n vertices and let Pk be an induced subgraph of G,

where 2 � k � n.

Then

η(G) �
{
n − k + 1 if k is odd;
n − k, otherwise.

2. Characterize all the graphs having pendent vertices with η(G) > 0

In this section, we shall determine all the graphs with pendent vertices which attain the third-
maximal nullity n − 4 and fourth-maximal nullity n − 5. Then we proceed recursively to construct
all the graphs having pendent vertices with η(G) > 0.

Let G∗
1 be an n-vertex graph obtained from a complete bipartite graph Kr,s and a star K1,t

by identifying a vertex of Kr,s with the center of K1,t , where r, s, t � 1 and r + s + t = n. Let
K1,l,m be a complete tripartite graph with the maximal degree vertex v, where l, m > 0. Then let
G2 be an n-vertex graph created from K1,l,m and a star K1,p by identifying the vertex v with the
center of K1,p, where l, m, p � 1 and l + m + p + 1 = n. G∗

1 and G2 are depicted in Fig. 1.

Theorem 1. Let G be a connected n-vertex graph with pendent vertices. Then η(G) = n − 4 if
and only if G is isomorphic to the graph G∗

1 or G∗
2, where G∗

1 is depicted in Fig. 1, G∗
2 is a

connected spanning subgraph of G2 (see, e.g., Fig. 1) and contains Kl,m as its subgraph.

Proof. “⇐” If G ∼= G∗
i (i = 1, 2), it is easy to check directly by Lemmas 2 and 3 that η(G) =

n − 4.

Fig. 1. Graphs G∗
1 and G2.
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“⇒” Assume that η(G) = n − 4. Choose a pendent vertex, say x, in G. Let N(x) = y. Delete
x, y from G, let the resultant graph be G1 = G11 ∪ G12 ∪ · · · ∪ G1t , where G11, G12, . . . , G1t

are connected components of G1. Some of these components may be trivial, i.e., K1. But not all
components are trivial, otherwise, adding x, y to G1 gives a star, a contradiction.

In fact, there is a unique nontrivial component in G1. Otherwise, assume that there exist
i nontrivial connected components, where i � 2. If each of the nontrivial components has no
pendent vertices attached, then by Lemmas 1–3,

η(G) =
i∑

j=1

η(G1j ) + zη(K1) �
i∑

j=1

(|V (G1j )| − 2) + z,

where z is the number of isolated vertices in G1 and the above equality holds if and only if all of
G11, G12, . . . , G1i are complete bipartite graphs. Therefore

η(G) �
i∑

j=1

|V (G1j )| − 2i + z = (n − 2 − z) − 2i + z = n − 2i − 2 � n − 6

for i � 2, a contradiction.
If there is a pendent vertex v in one of these nontrivial components. Delete this pendent vertex

together with its neighbor, denoted by w. Then G − {x, y, v, w} has order n − 4. On the other
hand, by Lemma 2, η(G − {x, y, v, w}) = η(G) = n − 4. Hence G − {x, y, v, w} is a null graph
(n − 4)K1. But this is impossible, because if you delete two vertices in one component of G1,
you cannot remove the edges in other components.

Therefore, G1 has only one nontrivial component. Without loss of generality, assume that
G11 is nontrivial. Let ν(G11) = n1, then G1 = G11 ∪ (n − n1 − 2)K1. Therefore, by Lemmas 1
and 2

η(G) = η(G11) + (n − n1 − 2)

� n1 − 2 + (n − n1 − 2)

= n − 4,

the above inequality becomes equality if and only if G11 is a complete bipartite graph.
In order to recover G, to add x, y to G1, we need to insert edges from y to each of n − n1 − 2

isolated vertices of G1 and the vertex x. This gives a star Sn2 , where n2 = n − n1.
We have two ways to recover G. One is that we connect the center of the star Sn2 to some

(maybe partial or all) vertices of G11. It is easy to see that the resultant graph is a connected
spanning subgraph of G2 and contain G11, a complete bipartite graph, as a subgraph. Namely
that G ∼= G∗

2. The second way is that we connect the center of the star Sn2 to each of the vertices
in one partite set of the complete bipartite graph G11. The resulting graph is isomorphic to G∗

1.
This completes the proof of Theorem 1. �

Let G∗
3 be an n-vertex graph obtained from a complete tripartite graph Kr,s,t and a star K1,q by

identifying a vertex of Kr,s,t with the center of K1,q , where r, s, t, q > 0 and r + s + t + q = n.
Let K1,l,m,p be a tetrapartite graph with the maximal degree vertex v, where l, m, p > 0. Then
let G4 be an n-vertex graph created from K1,l,m,p and a star K1,d by identifying the vertex v and
the center of K1,d , where l, m, p, d > 0 and l + m + p + d + 1 = n. G∗

3 and G4 are depicted in
Fig. 2.
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Fig. 2. Graphs G∗
3 and G4.

Theorem 2. Let G be a connected graph on n vertices and G has no isolated vertex. Then
η(G) = n − 5 if and only if G is isomorphic to the graph G∗

3, or G∗
4, where G∗

3 is depicted in
Fig. 2, G∗

4 is a connected spanning subgraph of G4(see, e.g., Fig. 2) and contains Kl,m,p as its
subgraph.

Proof. “⇐” If G ∼= G∗
i (i = 3, 4), it is easy to check directly by Lemmas 2 and 3 that η(G) =

n − 5.
“⇒” Assume that η(G) = n − 5. Choose a pendent vertex, say x, in G. Let N(x) = y. Delete

x, y from G, let the resultant graph be G′
1 = G′

11 ∪ G′
12 ∪ · · · ∪ G′

1t ′ , where G′
11, G

′
12, . . . , G

′
1t ′

are connected components of G′
1. Some of these components may be trivial, i.e., K1. But not all

components are trivial, otherwise, adding x, y to G2 gives a star, a contradiction.
In fact, there is a unique nontrivial component in G′

1. Otherwise, assume that there exist j

nontrivial connected components, where j � 2. If each of the nontrivial components has no
pendent vertices attached, then by Lemmas 1 and 3

η(G) =
j∑

k=1

η(G′
1k) + z′η(K1)

�
j∑

k=1

(|V (G′
1k)| − 2) + z′,

where z′ is the number of isolated vertices in G′
1, the above equality holds if and only if all of

G′
11, G

′
12, . . . , G

′
1j are complete bipartite graphs. Therefore,

η(G) �
j∑

k=1

|V (G′
1k)| − 2j + z′ = (n − 2 − z′) − 2j + z′ = n − 2j − 2 � n − 6

for j � 2, a contradiction.
If there is a pendent vertex v in one of these nontrivial components. Delete this pendent vertex

together with its neighbor, denoted by w. Then G − {x, y, v, w} has order n − 4. On the other
hand, it is easy to see that G − {x, y, v, w} is not a null graph (n − 4)K1. Therefore, by Lemmas
2 and 3,

η(G) = η(G − {x, y, v, w}) � |V (G − {x, y, v, w})| − 2 = n − 6,

a contradiction.
Therefore, G′

1 has only one nontrivial component. Without loss of generality, assume that G′
11

is nontrivial. Let ν(G′
11) = n′

1, then G1 = G′
11 ∪ (n − n′

1 − 2)K1. Therefore, by Lemma 3
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η(G) = η(G′
11) + (n − n1 − 2)

� n′
1 − 3 + (n − n′

1 − 2)

= n − 5,

the above inequality becomes equality if and only if G′
11 is a complete tripartite graph.

In order to recover G, to add x, y to G′
1, we need to insert edges from y to each of n − n′

1 − 2
isolated vertices of G′

1 and the vertex x. This gives a star Sn′
2
, where n′

2 = n − n′
1.

We have two ways to recover G. One is that we connect the center of the star Sn′
2

to each of the
vertices in two partite sets of the complete tripartite graph G′

11. The resulting graph is isomorphic
to G∗

3. The second way is that we connect the center of the star Sn′
2

to some (maybe partial or all)
vertices of G′

11. It is easy to see that the resultant graph is a connected spanning subgraph of G4
and contain G′

11, a complete tripartite graph, as a subgraph. Namely that G ∼= G∗
4.

This completes the proof of Theorem 2. �

Using the similar method as in Theorems 1 and 2, we then proceed recursively to con-
struct all n-vertex graphs having pendent vertices with η(G) = n − 6, n − 7, n − 8, n − 9 and
so on. That is to say, we can determine all n-vertex graphs with pendent vertices which satisfy
η(G) > 0.

3. Maximal nullity for several classes of graphs

In this section, we determine the extremal nullity of trees, unicyclic graphs, bicyclic graphs and
tricyclic graphs, respectively. We also characterize, respectively, the nullity set of trees, unicyclic
graphs, bicyclic graphs and tricyclic graphs.

For an n-vertex tree, if it is a complete bipartite graph, then the tree should be the star. Note
that for any complete tripartite graph G, G is cyclic, therefore there does not exist a tree which
is a complete tripartite graph. Hence, the following result is a directed consequence of Lemma 3,
Theorems 1 and 2.

Theorem 3. Let Tn denote the set of all n-vertex trees.

(i) [7] Let T ∈ Tn, then η(T ) � n − 2, the equality holds if and only if T ∼= Sn.

(ii) Let T ∈ Tn − Sn, then η(T ) � n − 4, the equality holds if and only if

T ∼= T1 or T ∼= T2,

where T1 and T2 are depicted in Fig. 3.

(iii) Let T ∈ Tn − {Sn, T1, T2}, then η(T ) � n − 6, the equality holds if and only if

T ∼= T3 or T ∼= T4 or T ∼= T5,

where T3, T4, T5 are shown in Fig. 3.

Just as in Theorem 3, we can use the graphs in Tn whose nullity is n − 6 to determine the
n-vertex trees whose nullity is n − 8, and so on. Thus the following corollary is obvious.

Corollary 3.1. The nullity set of Tn is {0, 2, 4, . . . , n − 4, n − 2} if n is even, otherwise is
{1, 3, 5, . . . , n − 4, n − 2}.
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Fig. 3. Graphs T1, T2, T3, T4 and T5.

Fig. 4. Graphs U1, U2, U3, U4, U5 and U6.

It is known that, for a cycle Cn, if n ≡ 0 (mod 4), then η(Cn) = 2, otherwise, η(Cn)=0, see
also in [20]. So when we focus on the maximal nullity of unicyclic graph, this graph must contain
pendent vertices. On the other hand, it is easy to check that C4 is the only one among cycles
which is also a complete bipartite graph. Similarly, C3 is the only one among cycles which is also
a complete tripartite graph. Therefore, by these facts, the following results are consequences of
Theorems 1 and 2.

Theorem 4. Let Un(n � 5) be the set of unicyclic graphs on n vertices.

(i) [20] Let U ∈ Un, then η(U) � n − 4, the equality holds if and only if

G ∼= U1 or G ∼= U2 or G ∼= U3 or G ∼= U4 or G ∼= U5,

where U1, U2, U3, U4 and U5 are depicted in Fig. 4.

(ii) Let U ∈ Un − {U1, U2, U3, U4, U5}, then η(U) � n − 5, the equality holds if and only if
G ∼= U6, where U6 is depicted in Fig. 4.

Just as in Theorem 4, we can use the graphs in Un whose nullity is n − 4 (respectively, n − 5)
to determine the n-vertex unicyclic graphs whose nullity is n − 6 (respectively, n − 7), and so on.
Thus the following corollary is obvious.

Corollary 4.1 [20]. The nullity set of Un(n � 5) is {0, 1, 2, . . . , n − 4}.

Note that K2,2 (respectively, K2,3) is the unique complete bipartite graph which is a unicyclic
(respectively, bicyclic) graph, while K1,1,2 is the unique complete tripartite graph which is also
a bicyclic graph. For sufficiently large n, if G is an n-vertex bicyclic graph without pendent
vertices, then it is easy to check G has a induced subgraph P6. By Lemma 4, we obtain that
η(G) � n − 6. By these facts, the following results are the direct consequences of Theorems 1
and 2.
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Theorem 5. For sufficiently large n, let Bn be the set of bicyclic graphs on n vertices.

(i) Let G ∈ Bn, then η(G) � n − 4, the equality holds if and only if

G ∼= B1 or G ∼= B2 or G ∼= B3 or G ∼= B4 or G ∼= B5 or

G ∼= B6 or G ∼= B7 or G ∼= B8 or G ∼= B9,

where B1, B2, B3, B4, B5, B6, B7, B8 and B9 are depicted in Fig. 5.

(ii) LetG ∈ Bn − {B1, B2, B3, B4, B5, B6, B7, B8, B9}, thenη(U) � n − 5, the equality holds
if and only if G ∼= B10 or G ∼= B11 or G ∼= B12, where B10, B11 and B12 are depicted in
Fig. 5.

Just as in Theorem 5, we can use the graphs in Bn whose nullity is n − 4 (respectively, n − 5)
to determine the n-vertex bicyclic graphs whose nullity is n − 6 (respectively, n − 7), and so on.
Thus the following corollary is obvious.

Corollary 5.1 [9,10]. The nullity set of Bn is {0, 1, 2, . . . , n − 4}.

Note that K2,2 (respectively, K2,3) is the unique complete bipartite graph which is a unicyclic
(respectively, bicyclic) graph, while K1,1,1 (respectively, K1,1,2) is the unique complete tripartite
graph which is also a unicyclic (respectively, bicyclic) graph. Among tricyclic graphs, K2,4 is the
unique complete bipartite graph, while K1,1,3 is the unique complete tripartite graph. We know,
by [11], that a tricyclic graph G contains at least 3 cycles and at most 7 cycles, furthermore, there
do not exist 5 cycles in G. Therefore, for sufficiently large n, if G is an n-vertex tricyclic graph
without pendent vertices, then it is easy to check G has a induced subgraph P6. By Lemma 4,
we obtain that η(G) � n − 6. By these facts, the following results are the direct consequences of
Theorems 1 and 2.

Fig. 5. Graphs B1, B2, B3, B4, B5, B6, B7, B8, B9, B10, B11 and B12.
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Fig. 6. Graphs TG1 , TG2 , . . . , TG16 .

Theorem 6. For sufficiently large n, let Sn be the set of tricyclic graphs on n vertices.

(i) Let G ∈ Sn, then η(G) � n − 4, the equality holds if and only if

G ∼= TG1 or G ∼= TG2 or G ∼= TG3 or G ∼= TG4 or G ∼= TG5 or

G ∼= TG6 or G ∼= TG7 or G ∼= TG8 or G ∼= TG9 or G ∼= TG10 ,

where TG1 , TG2 , TG3 , TG4 , TG5 , TG6 , TG7 , TG8 , TG9 and TG10 are depicted in Fig. 6.

(ii) Let G ∈ Sn − {TG1 , TG2 , . . . , TG10}, then η(G) � n − 5, the equality holds if and only
if G ∼= TG11 or G ∼= TG12 or G ∼= TG13 or G ∼= TG14 or G ∼= TG15 or G ∼= TG16 , where
TG11 , TG12 , TG13 , TG14 , TG15 and TG16 are depicted in Fig. 6.

Just as in Theorem 6, we can use the graphs in Sn whose nullity is n − 4 (respectively, n − 5)
to determine the n-vertex tricyclic graphs whose nullity is n − 6 (respectively, n − 7), and so on.
Thus the following corollary is obvious.

Corollary 6.1. The nullity set of Sn is {0, 1, 2, . . . , n − 4}.
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[5] D.M. Cvetković, I. Gutman, The algebraic multiplicity of the number zero in the spectrum of a bipartite graph, Mat.

Vesnik 9 (1972) 141–150.
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