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1. INTRODUCTION

Let F,, r > 1, be a free group with r generators. In this paper we study a
principal series and a complementary series of irreducible unitary represen-
tations of F,, which are defined through the action of F, on its Poisson
boundary, relative to a simple random walk. We show that the regular
representation of F, can be written as a direct integral of the representations
of the principal series and that the resulting harmonic analysis on the free
group bears a close resemblance with the harmonic analysis of SL(2, R).

In Section 2 we introduce the algebra of radial functions, i.e., functions
which depend only on the length |x| of a word x, and we define spherical
functions as the radial eigenfunctions of the convolution operator by 4,
where u, denotes the probability distribution of the simple random walk.
Spherical functions are naturally indexed by a complex number z, in such a
way that, if ¢, is spherical, then u, * ¢, = y(z) ¢,, with y(z)=[(2r — 1) +
(2r — 1)!7%]/2r, and ¢,(e)=1. Thus the spherical function ¢, is uniquely
determined by the corresponding eigenvalue of the convolution operator by
4,. In our context, this operator plays the role of the Laplace—Beltrami
operator on semisimple Lie groups [12]: for other aspects of this analogy,
see [3, 10, 13]. We also show that there exist complex numbers c,, ¢; such
that ¢,(x)=c,(2r—1)"" 4+ ci(2r— 1)~ §f 2r—1)*"'#1, and
6.(x)= (1 +|x| (r — 1)/r)(2r — 1)~*"*!, otherwise. As a consequence, ¢, is
bounded if and only if 0 < Re z < 1, and it is positive definite if and only if
—1<p(z)< 1. The decomposition of ¢, as a linear combination of
exponentials is the analogue of Harish Chandra’s asymptotic expansion for
spherical functions on semisimple Lie groups (see Section 9.1 of [25], in
particular Theorem 9.1.1.1 and Theorem 9.1.1.2).
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In Section 3 we introduce representations 7, of F,, acting on L?*(£2, v),
where (£2,v) is the Poisson boundary of F,, relative to u,. If P(x, w)=dv,/dv
is the Poisson kernel relative to the action of F, on 2, and ¢ € L2(£2, v), we
let 7,(x) &w) = P*(x, w) &x~'w). Denoting by 1 the function identically one
on £, we have ¢,(x)= (n,(x) 1, 1). The representations 7z, are unitary if
—2r = DY /r < y(z) < (2r — 1)"*/r (principal series) and unitarizable if
Im z = ka/In(2r — 1) (complementary series). We prove that if Rez#0, 1,
the unitary representations of the principal and complementary series are
irreducible. The main difference from the corresponding case for the
representations of SL(2, R) is due to the fact that the action of F, on its
Poisson boundary is not transitive. We base our reasoning on the heuristic
argument that, since the free group can be realized as a lattice in SL(2, R),
for large integers n an appropriate average of the operators 7,(x) over the
words of length n should be similar to the average [, n(k) dk, where K is a
maximal compact subgroup of SL(2, R) and 7 belongs to the principal or
complementary series of SL(2,R). This integral average over K gives the
projection on the function which are constant on the Poisson boundary of
SL(2, R). In our case, we define averages T, of the operators 7,(x), |x| = n,
in such a way that, for every ¢ € L*(Q,v), T,& converges to the constant
{ o € dv. Trreducibility then follows from the fact that 1 is a cyclic vector.

In Section 4 we give an explicit expression for the resolvent (u, — y(z)) ™'
as the operator of convolution by a constant multiple of (2r — 1) *'*". We
also show that the regular representation decomposes as a direct integral of
the representations of the principal series {z,,,,}. The corresponding
Plancherel measure can be expressed in terms of the coefficients of the
decomposition of the spherical function ¢,,,, as a sum of exponentials.
This is the analogue of the expression of the Plancherel measure of a
semisimple Lie group in terms of Harish Chandra c-function (see Theorem
9.2.1.5 of [25]). The Plancherel formula is then applied to give a proof of the
analogue of Herz’s principe de majoration |7, 17|. We show that, for every
coefficient f* g of the regular representation of the free group, there exist
functions & 1 € L*(2) such that fx g*(x)| < (n,,,(x) & n), and || fIl, )l gll, =
”é”LZ(D) ”ﬂ”LZ(m-

Spherical functions and radial functions on free groups have been studied
by Cartier [3,4] and Sawyer [23] in the context of random walks on
homogeneous trees. In particular, the Plancherel measure was computed in
{4, 23]. Later, but independently, Cohen studied the algebra of radial
functions [5]. Cohen’s work was used by Pytlik [21] to compute again the
Plancherel measure; he also proved that the von Neumann algebra generated
by radial functions acting on /*(F,) by convolution is maximal Abelian.

Cartier’s point of view is different from ours. He is interested in the group
G of isometries of a homogeneous tree (endowed with its natural metric).
This group is the product of a compact subgroup X and a closed subgroup
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isomorphic to F, [24]. Bi-invariant functions with respect to K restrict to
radial functions on F,, and the Poisson boundary of F, can be naturally
identified with a homogeneous space for K. While all the theory of radial
functions could be obtained within this framework, the irreducibility of the
representation of the principal and complementary series of F, cannot be
deduced from the irreducibility of the corresponding representation of the
group of isometries of the tree.

2. SPHERICAL FUNCTIONS

We denote by |x| the length of the word x € F,, i.e., the number of letters
of the word x in its reduced form. A complex-valued function f on F, will be
called radial if it depends only on the length of a word, that is, if f(x) =f(»)
whenever |x|=|y|. The space of all finitely supported radial functions will
be denoted by .«#. Denote by e the identity in F,, let u, = J, be the Dirac
function at e, and u, be the function which takes the value 1/2r(2r — 1)" !
on all words of length n, and zero otherwise. Clearly every element of .% is a
linear combination of the 4,’s. The following lemma is known {3, 4] and its
proof is included for completeness.

LEMMA 1. & is a commutative convolution algebra generated by i, and
4y in fact

1 2r—1
:ul*lun="2—r:un—1+T.Un+1- (1)

Proof. Observe that u, * u,(x) = (1/2r) 3", _, #,(yx); on the other hand
|¥|=1 and u,(yx)+# 0 implies |[x|=n—1or n+ 1. If |x| = n — 1, there are
2r — 1 words y of length 1 such that | yx|=n; on the other hand, if |x|=
n+ 1, there is only one word y such that |y|=1 and | yx| = n. This yields
the identity (1), which implies that =/ is the commutative algebra generated
by 4o =9, and y,.

DEFINITION. A function ¢ defined on F, is callled spherical if:
(1) ¢ is radial;

(2) ¢ xf=c¢ for every f€ &/, where ¢ is a constant depending on f
and ¢;

(3) ¢)=1

If /' is any function on F,, we denote by &f the radial function whose
value on the words of length n is (1/2r(2r — 1)"~') 3", _,.f(x). Since there
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are exactly 2r(2r — 1)"~' words of length n, £f is just the average of f on the
words of equal length. In particular, if we adopt the notation

GOEWOTS
(whenever it makes sense), then (&f,&g)=(&f,g)={(f,&g). For any
function f we write (A(x)/)(¥) =/(x""y) and (p(x)/)(»)=/f(yx).

LEmMMA 2. If ¢ is not identically zero the following are equivalent:

(1) ¢ is spherical,

(2) &A(x)9)(») = d(x) 8(¥),
(3) ¢ is radial and the functional Lf'= (f, ¢) is multiplicative on the
convolution algebra .o,

Proof. Let ¢ be spherical, and x, y € F,; define @ (y)=&A(x"") 8)(»).
Set F (x)=&d,(x), where J, is the Dirac function at y. Then F, € &/, and

$* Fy(x)=(Ax7")9,&0,)=(D,,0,) = D().

Since ¢ is spherical, @ () = cg¢(x). By comparison with the obvious identity

?,(y)=¢(p), it follows that c=¢(y) and @ (y)=4¢(x)d(y). Thus (1)
implies (2).

If (2) holds, choose x such that ¢(x)#0, and write ¢(y)=
& (A(x) ¢)(»)/d(x); this shows that ¢ is radial. Furthermore, if f, g € &, then

L(fxg)= > f(x)g(») g(xy) =D f(x){A(x" ") d, 8)

Xy

=3 )EAXT")8)8)

x

=2 f(x)g(y) ¢(x) §(»)=Lf - Lg.
Thus (2) implies (3).
If (3) holds and f€ ./, then @x*f(x)=L(f*d,)=¢*[f*3d.(e)=
Lf-Lé, = (Lf)- ¢(x). Furthermore, choosing f=4J,, this means ¢(x)=
@(e) ¢(x), hence ¢(e) = 1. Thus ¢ is spherical, and (3) implies (1).

COROLLARY. Let a be any word of length one in F,: then the values of
the spherical function ¢ satisfy the identity

pam) =

= L@, @)

51 #@ @) — 35—
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In particular, a spherical function is uniquely determined by its value on the
words of length 1.

Proof. Since ¢{(a")= (¢, u,), and the functional defined by ¢ is
multiplicative on ./, Lemma 1 yields

(6.t 1) = 9(a) $a”) = 5 6@ + 2

-1
r

¢(an+l)

from which (2) readily follows.

We now consider the Poisson boundary of F,, as in [10, 13]. Let £ be the
set of all infinite reduced words in the generators of F, and their inverses.
The space Q is compact in the product topology, and F, acts on £, by left
multiplication, as a group of homeomorphisms. For each x €F,, |x|=n, let
E(x) be the subset of 2 consisting of all infinite words whose first n letters
coincide with the crresponding letters of x. Each E(x) is open in £ and the
topology of £ is generated by the basis {E(x),x € F,}. Let us define a
probability measure v on 2 by the rule v(E(x)) = 1/2r(2r — 1)""' where
n=|x|. The measure v is quasi-invariant with respect to the action of F, on
£: for every x € F, and for every measurable subset 4 of £, its translate v,
defined by v (4)=v(x"'4) is absolutely continuous with respect to v. To
compute the Radon-Nikodym derivative, let x€F,, |x|=n, w € 2, and
consider the word w,, of length n consisting of the first » letters of w; define
d(x, w)=n—|x"'w,|. Then it is clear that

dv,
dv

(@)= @r— 1= (3)

The action of F, on 2 defines a convolution product of a measure on F, and
a measure on £2; obviously u, *v=(1/2r)3"  _,v,=v. The function
P(x, w) = dv (w)/dv, defined on F, X £, is called the Poisson kernel of F,
associated to the simple random walk defined by g, .

The following cocycle identities are immediate:

P(xy, w) = P(y, x" ') - P(x, w),
Ple, w)=1.

The next result shows how spherical functions arise from the Poisson kernel.
THEOREM 1. For each z € C the function

8:0) =] P(x, ) dv(w)
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is spherical, and p,x¢,=y(z)9,, with yz)=Qr) "' ((2r—1)y+
2r — 1)'~%). Conversely, every spherical function can be obtained in this
way. Furthermore, ¢,(x) = & (P*(x, w)).

Proof. By the cocycle identity,
b)) = [ P x7'0) PA(x, ) db().

Clearly, for every w € £,

M P(yw)y=Qr—-1y+Q@r—1)"

Iyl=1
which is independent of w, hence equal to 2r{¢,, u,). Therefore the cocycle
indentity implies that P*(x, w) * u, = {@,, #,) P*(x, w), and

¢z*ﬂ1(X)=(2r)“‘J. Y Py a7 w) PA(x, w) dv(w)

2 yi=1
= (8> 1) 9.(x) = 1(2) 9.(x)-

Furthermore, ¢, is radial because the distribution of P(x, w) with respect to v
depends only on the length of x. Since ¢,(e) =1 and J, and g, generate the
algebra 7, we conclude that ¢, is spherical. Conversely, let ¢ be any
spherical function and let |x|=1. Choose z€C so that ¢(x)=
(2r)~' [(2r — 1)* 4+ (2r — 1)'7#] (this is possible because the function y(z) is
surjective). Then ¢,(x) = ¢(x) when |x| = 1. By the corollary to Lemma 2, ¢,
and ¢ coincide on the whole of F,. Finally, &(P*(x,w))*u,=
EP (x, w) xu))={¢,, ;) E(P*(x,w)) and &(P°(e,w))=1, whence
&P (x, w)) =¢,(x) for every xEF,.

Remark 1. The first part of the proof shows that ¢,(x) = ¢,_.(x). More
generally, ¢, = ¢, if and only if p(z) = p(w).

Let now z € C, and denote by ¢, the corresponding spherical function. Set,
as above, y(z) = (2r)~' [(2r — 1)* + (2r — 1)'*]. The next statement gives
an expression of ¢, as a linear combination of exponentials.

THEOREM 2. (i) If 0 =Rez, then, for every x €F,,

|6.(x)] < 8, (x).

(i) If @r—1)*""# 1, denote by (c,,c.) the solution of the linear
system c+c' =1, cQQr—1)""+c'(2r—1Y""'=9p(z). Then, for every
x€F,

6.(x) =c,(2r — 1)~ el(2r — 1)E DX
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In  particular, ¢, = 2r)~'[(2r — 1)'7F — 2r — )" ')/[@r - 1) —
@r—=1)y"",¢.=¢,_, and

¢z = czhz + cl—zhl—z’

where h,(x) = (2r — 1)~#*1,
(iii) If 2r — 1)**~! =1, then, for every x€F,,

P, (x)=(1+|x|(r— 1)/r)2r— 1)—zlx|'

Proof. Observe that P(x,w) is positive, and, if o=Rez, then
| P*(x, w) = P°(x, w): this proves (i). To prove (ii), suppose
(2r—1)*7'# 1. Then (2r — 1)~* — (2r — 1)*~! # 0, hence the linear system.
c+c' =1, e2r—1)7* +¢'2r—1Y*"' = y(z) is nonsingular. Let (c,,c]) be
the solution of this system and form the function f(x)=c,(2r— 1)~ +
ci(2r — 1)~ V1¥! "Then fis radial, f(e) = 1 and f(x) = y(z) = ¢,(x) whenever
|x| = 1. As a consequence, y, * f(e) = y(z). By the corollary to Lemma 2, in
order to prove that f=¢, it remains to show that u, x f(x) = y(z) f(x) for
every x#e Set h(x)=(Q2r—1)"?""": we now show that, if x+#e,
Uy * h(x)=9(z) h,(x). Indeed, when |y|=1, h,(xy)=2r—1)"7 h,(x) if
|xy|=|x|+ 1, and h,(xy) = (2r — 1)* h,(x) if |xy| = |x| — 1. Therefore

pxh()=@2r)"" Y k()= Qr— 1)+ (2r — 1] - h(x)

Iyl=1
=y(2) - h,(x).
Since f=c,h,+clh,_, and y(z) =y(1 —z), (ii) is proved. To prove (iii),
suppose (2r — 1)~ ' =1, and let A,(x) = 2r — 1)7*¥, k,(x) = | x| k,(x) and
q(x) =1 +|x|(r= 1)/r) h.(x)=h.(x)+ r"'(r— 1) k,(x). Then g(e)=1,
and if |x| =1, one has
q(0)=Qr—1)7* (1 +(r=1)/r)=r""2r—1)'"* =y(2)

because (2r — 1)* = (2r—1)' 7%, by the hypothesis. Therefore u, * g(e) =
y(z). It remains to show that u, * g(x) = ¥(z) g(x) for every x #e. By the
proof of part (ii), we know that this convolution equation is satisfied by the
function h,; therefore it suffices to show that k, satisfies the same equation,
i.e., i, * k,(x)=y(z) k,(x) for every x # e. Indeed, when x # e,

@' XY k()= Q@r= D' (x + D) + 2r = 1) (Ix] = D] A.(x)

Iyl=1
=7(2) - k.(x),

using again the fact that (2r — 1) =% = (2r — 1)~
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Denote by /), the completion of .= in the /' norm. An immediate conse-
quence of Lemma 2 is that a spherical function ¢ determines a continuous
multiplicative functional on 7} if and only if ¢ is bounded. Let z € C, and let
¢, be the corresponding spherical function. By means of Theorem 2, we can
now characterize the subset of C associated to bounded spherical functions.

COROLLARY. (i) The spherical function ¢, is bounded if and only if
O0<Rezg .

(ii) For every p>2 (p# ), ¢,€I”(F,) if and only if 1/p <Rez <
1-—1/p.

Proof. If 0 Rez < 1, it follows immediately by parts (ii) and (iii) of
Theorem 2 that ¢, is bounded. Conversely, if Rez <0 or Rez > 1, then
Theorem 2, part (ii) implies that lim,,_ |¢.(x) = co. This proves (i). A
similar argument proves (ii). Indeed, let ¢ = Re z, and for a given p such that
2<p< oo, suppose 1/p<a<1l—1/p. If 2r—1)*""+#1, then 1 — po and
1 4+ p(o — 1) are both negative, and by Theorem 2 one obtains the estimate

le:llp=1+2r 3 (2r—1)"""|g.(a")’

n=1

<C Y [@r=1)""7 4 2r— 1)) < oo,

n=1

where a is any word of length 1 and C is a constant. On the other hand, if
(2r — 1)**~!' =1, then Re z = ; and by part (iii) of Theorem 2 one has

[6.12<C N n@2r—1)""""* < oo

n=1

since 2 < p < oo. Vice versa, if 0 = Re z < 1/p, then

g5~ > @r—1)"]4.(a")" = oo

n=1

because the terms of the series behave asymptotically as (2r — 1)"' 77, An
analogous estimate holds for Rez > 1 — 1/p, and (ii) is proved.

Remark 2. We have already observed that ¢, =¢,, if y(z,) = y(z,).
Thus the Gelfand spectrum X of the Banach algebra /), can be identified
with the image under y of the strip S = {0 < Rez < 1}. Since /) has an
identity, X is compact: indeed, y is a periodic function of Im z, that is,
¥z + 27i/In(2r — 1)) = p(z). It is easy to see that X =y(S)= {z: (Rez)’ +
((r/(r — 1)) Im z)> < 1}. The same ellipse was found by other methods by
Cartier [4]; see also [9, 21].
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It is convenient to describe the map y: § —» 2 in some detail. The central
axis of the strip, Re z = 1, is mapped by y onto the segment / connecting the
two foci of Z, I={z:Imz=0,—(2r — 1)"?/r < Rez < (2r — 1)"?/r}. The
segment {Imz=0,0Rezg1}cS is mapped onto {Imz=0,
Q2r—1)"*/r<Rezg<1}cZX, and the segment {Imz=0,—1<Rez<
—(2r — 1)"?/r} is the image under y of {Im z =irn/In(2r — 1), 0 K Rez < 1}.
We also remark that the substrip {l/p <Rez < 1—1/p} maps onto the
subellipse {(Re z)> + ((r/(r — 1)) Im z)* < 1 — 1/p}.

A phenomenon similar to the periodicity of the function y arises in the
study of bi-K-invariant functions defined on the group G = SL(2, Q,), with
respect to a suitable compact subgroup K ([14]; see also [22]). Indeed, as in
the case of I, the commutative convolution algebra of bi-K-invariant L'-
functions on G contains an identity, and therefore has compact spectrum.

3. PrRINCIPAL AND COMPLEMENTARY SERIES OF REPRESENTATIONS

For each complex number z, with 0  Re z < 1, we define a representation
n, of F, on the Hilbert space L?*(£2,v) in the following way: for every
EE LY (),

(m.(x) O)(w) = P*(x, w) {(x ' w).

The fact that 7, is a homomorphism follows from the cocycle identity. The
spherical function ¢, is a matrix coeffiient of x,:

9.(x) = (n,(x) 1, 1),

where 1 denotes the function identically one on £. It is easy to see that 7, is
a unitary representation if and only if Rez =4 (however, if Rez# 1, 7,
extends to an isometric representation on L”(£2, v), for p= (Re z)~'). More
generally, ¢, is positive definite whenever y(z) is real, i.e., if Rez=1 or
Im z = kn/In(2r — 1) for some integer k. Indeed, for every z such that Im z =
kn/ln(2r — 1), ¢, is positive definite as a consequence of Theorem 2, because
both (2r — 1)7%* and (2r — 1)~ "' ~1*! are positive definite functions when
0t 1 [8,15]. The fact that ¢, is positive definite if y(z) is real can also
be proved directly: it suffices to notice that ¢, defines a positive functional
on [, and to show that the map &:!'- [, preserves positivity. This
approach was used in [6]. On the other hand, ¢, is not positive definite if
y(z) is not real because a radial positive definite function is necessarily real.

We presently show how, for —1 < y(z) < 1, the representation 7, can be
unitarized. Let .%; be the linear subspace of L?(f2) generated by the constant
function 1 under the action of 7,: in other words, % consists of the linear
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combinations of the function w — P*(x, w). A Hilbert space norm on .%, can
be defined, when ¢, is positive definite, by

| Ze; P (x;, w)|? = X c,.c"j¢z(xl.xj_').
iJ

Then 7, is isometric with respect to this norm and extends to a unitary
representation n, on the completion # of #,. We shall prove that, for
z # knifIn(2r — 1), k € Z, the vector 1 is cyclic for n,, in other word that .7,
is dense in L?(2). In particular, for Re z = 3, this implies -# = L*(R2) and
n, = 7., because 7, is unitary.

PropOSITION 1. If z +# krmi/In(2r — 1), k€ Z, then the function 1 is a
cyclic vector for m,.

Progf. As in Section 2, let E(x) < £2 be the set of infinite words whose
first | x| letters are the same as the letters of x. Since E(x) NE(y) = E(y) if
E(x)NE(y)#@ and |x|<|y|, linear combinations of the characteristic
functions y, of the sets E(x) are dense in L(£2). Therefore it suffices to show
that, for every xE€F,, x, belongs to the linear space .#, of linear
combinations of functions of the type n,(y) 1, y € F,. We shall prove this
fact by induction on the length of x. Suppose that x, € %, for all |y| <n,
and let |x|=n, x=x,---x,. For j=1.,n let y,=x ---x;. Write
B; = E(y;). Then, by (3), the function P*(x, ) (regarded as a function on £2)
is constant on the sets B,, 2 —B, and B,—B,;,,, for j=1,.,n—1
Furthermore, if (and only if) z # kni/In(2r — 1), P*(x, w) takes on different
values on these sets. In particular, one has P*(x, w) = (2r — 1)™ if and only
if w € B,, = E(x). Therefore x, is a linear combination of P*(x, w) and of
characteristic functions of the set B;, j= l,..,n— 1, and 2 — B,. Now these
sets are finite unions of sets of the type E(y), with | y| < n, and the proof is
complete.

The previous proposition, applied to the representations 7z, such that
—1 < y(z) < 1, yields the fact that such representations are unitarizable:

THEOREM 3. Let z# kni/In(2r— 1), k€ Z, and suppose that ¢, is
positive definite. There exists a densely defined injective linear operator J,
mapping #, into L*(2) such that J; " is densely defined and ! =J 'n,J, on
the domain of J,.

Progf. 1t is enough to define J, as the identity map on .7;.

In analogy with the current terminology for semisimple Lie groups, the
family of unitary representations z, with Re z = § will be called the principal
series of representations of F,, while the unitary representations n; with
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Rez#0,1,4 and Imz=kn/ln(2r—1), k€ 2Z, will be called the
complementary series.

We shall use an alternative realization of the space .#;, as a Hilbert space
of functions on F,. Indeed, for every square-integrable function ¢ on £2, we
define its Poisson transform

PEx) = (m(x)& 1) = L, PA(x, w) Ex "' w) dv(w).

The transform P, maps the linear space .%, to the space of linear
combinations of left translates of ¢,. We shall prove that, if z# 1+
kni/ln(2r — 1), k € Z, then P, is injective. When P, is injective and ¢, is
positive definite, 5%, is isomorphic with the completion -# of the space of
linear combinations of left translates A(x) ¢, in the norm ||Z ciA(x;) ¢, 2=

2 €iCio.(x;x7"), and P, extends to an isometry of -# onto -# which

intertwines 7, w1th the representation by left translation on a?; this isometry
will be denoted again by P,.

ProposITION 2. Let 0 Rez< 1. Then the Poisson transform P, is
injective on L*(Q) if and only if z # 1 + kni/In(2r — 1), k € Z. Therefore, if
—1<y(z) < 1, P, is injective on #.

Proof. It is easy to show that m(x)* =m,_ix~'). Thus, if £€ L}Q)
and P,¢=0, it follows, for every x €F,:

G Ax" DD =) )=P.Lx)=0

By Proposition 1, this implies that =0, unless z =1+ kxi/In(2r — 1).
Conversely, suppose z = 1 + kzi/In(2r — 1). If k is even, then y(z) =1, ¢, is
identically one and P, maps the linear subspace .%, generated by {r,(x) 1,
x € F | onto the constant functions on F,; on the other hand, if k is odd,
then y(z) = —1, ¢, is the nontrivial radial character y of F, defined by y(x) =
(=1)™*', and P, is not injective on %, because y is invariant under translation
by words of even length.

This argument shows that P, is injective on %, if and only if z# 1 +
kni/In(2r — 1). Therefore, if —1 < y(z) < 1, P, is injective on .#, and ¢, is
positive definite: thus P, extends to an isometry of -# onto %, and is
injective on the whole of #;.

Remark 3. The Poisson transform P, maps L*(2) into a space of
functions on F, that are eigenvectors of the convolution operator on the right
by u,, with eigenvalue y(z): this space is obviously stable under left tran-
slations. As observed in the Introduction, the convolution operator by u, on
the free group plays the role of the Laplace-Beltrami operator on semisimple
Lie groups. Thus the realization of the representation n. given above
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corresponds with the construction of representations of a semisimple Lie
group on eigenspaces of the Laplace—Beltrami operator {12, 16].

It is important to notice that, if —1 < y(z) = y(w) < 1, then the represen-
tations 7. and 7, are equivalent. In fact, under this assumption, the Poisson
transform P, interwines 7z, with the representation acting by left translations
on %, having cyclic vector ¢, = P, 1 (Proposition 2 and remarks preceding
it). Since y(z) = y(w), then ¢, =¢,, and the representations n; and 7, are
both equivalent to the representation by left translations on the same Hilbert
space of functions on F,.

Let us consider, in particular, the representations of the principal series.
Since the function ¢— ¥(1/2 + it) is an even periodic function on R, with
period 2zn/In(2r — 1), we can choose as a set of representatives for the prin-
cipal series the subset {n,,z €J} where J= {1/2 +it,0 <t < n/In(2r — 1)}.
On the other hand, it is easy to see that a set of representatives for the
complementary series consists of the family (nl,z€J,UJ,}, with J, =
{z:1/2<Rez< 1,Imz=0}, J,={z:1/2<Rez < l,Imz=n/In(2r — 1)}.
As observed in Remark 2, these sets of parameters are mapped under y onto
the following subsets of the ellipse (Rez)>+ ((r/(r—1))Imz)? < 1: the
principal series corresponds to the segment connecting the two foci, while the
complementary series corresponds to the two real segments yp(J,)=
(2r — DY/, 1) and y(J,) = (=1, —(2r — 1)7*/r).

In the remainder of this section we shall prove that the representations n.
of the principal and complementary series are irreducible.

We need first a few preliminary results. Let x, y € F, and let g,(/; x, ) be
the probability that {xwy|=n + |x|+|y|— 2/ when w is a random word of
length n > j.

LEMMA 3. For every x,y€F,, lim,q,(j;x,y)=p)x,y) exists and
depends only on j, |x| and | y|. Moreover

q.(Js %, ) —pi(x, y) = O((2r — 1)7").

Proof. Let A,(j;x,y)={w:|w|=n,|xwy|=n+|x|+|y|—2j}: then
9u0s %, 9) = 4,0, )I/@r)2r — 1", Let |x|=k and |y|=m. The
estimate for |4,(j;x,») is slightly different in the cases: j < min(k, m),
k<j<m k<m<j<m+k, j=m+k We shall restrict attention to the
case j < min(k, m); the other cases are treated with the same methods. We
observe that A,(j;x,y) is the union of j+ I disjoint subsets: indeed, if
x=x,---x, and y=y, --- y,,, then 4,(j; x,y)=U{*| B,, where B, is the
subset of all words w which have ¢ — 1 cancellations on the right with y and
Jj— (t— 1) cancellations on the left with x. Observe also that B, is in one-to-
one correspondence with the set 4,_;0; x;;, .y, "). Now, if |u|=|v|=1,
one has
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A
|4;,(0s u, v)| =14 (2r—2) Z (2r— 1)~
iz

({furv"),
h
| 4,505 u, 0™ ") = (2r —2) Z (2r— 1)¥-1,

i=1

h
| A1 (Os 0, 0) = (2r—2) 3 (2r— D
i=0

. (if u % v),
|4, 1Oz, u) =1+ 2r—2) Y (2r—1)*
oo

These formulas are proved by an induction argument on the index 4, as a
consequence of the equality 4,,,(0;u,0)=U{4,0;u,v)v":|v'|=1,
v' # v~ '}, This shows that, if h = [(n—j)/2], then

e

~

7

h
(2r=2) Y @r—1D¥'IB,IL D

i=1 i

(2’,__ 1)2i+l;

L

il
=]

therefore

h h
G+ D=2 Y @r—D"' <4, <G+ D Y @17

i=1 i=0

As a consequence, for each j, the limit

p,(x, y) =lim g,(j; x, y) = im | 4,(; x, y)|/2r(2r — !

exists and depends only on |x| and |y|; moreover, g,(j;x,y) —pi(x,y)=
o((2r—1)™").

Let 7 =7, be a representation of the principal or complementary series,
and ¢ = ¢, be the corresponding spherical function. From now on the proof
of the irreducibility of z, splits into two different cases. On the one hand,
we have the representations 7z, with —1<yp(z)<—Q2r—1)"*/r or
(2r—1)"?/r < y(z) < 1 (i.e., the representations of the complementary series
together with the boundary points of the principal series), on the other hand,
we have the remaining representations of the principal series. The difference
between these two cases lies in the asymptotic behaviour of the
corresponding spherical functions: indeed, Theorem 2 implies that, in the
former case, the product ¢,(x)(2r — 1)!*? is unbounded, while in the latter
case the same product oscillates between —1 and +1. This is reflected in the
statement of the following lemma.

LEMMA 4. Let n=nmn, be a unitary representation of the principal or
complementary series, acting on the Hilbert space # = #,. Let ¢ = ¢ be the
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corresponding spherical function. Denote by ¢(n) the value of ¢ on the words
of length n. Then, if z# 1/2 + kni/In(2r — 1), k€ Z,

(r(u,) 7(x) 1, 2(u,) 1(y) D)= O((2r — 1)’"), 4)
where
=|2Rez—1|— 1L
Furthermore:
(1) fImz=kn/In(2r—1), k € Z, then
lim ¢(n) ™" (n(u,) 72(x) 1, 2(y) D). = $(x) $(»)
and

lim ¢(n)~* (x(u,) 2(x) 1, nu,)) 7() D)= 9(x) $(3),

(ii) ifRez=1/2 and Imz +# kn/ln(2r — 1), there exists a subsequence
n, such that, for each x and y,

lim ¢(n) ™" (nlu,,) 7(x) 1, 2(p) 1) = 9(x) 6()-

Proof. Throughout this proof, we shall denote by ( , ) the inner product
in #. We write u,, x4, =7, an) u,;, where
ay(n)=1/2r(2r — 1)"", a,(n)=(2r—1)/2r,
an)=(r—1)/rQr—1)""1 for0<i<n. 5)
This formula can be proved by direct computation. Then

() 10x) 1, 2lu,) 2() 1) = (n(u, * 4,) 7(x) 1, 2(y) 1)

i a(n)(m(u,;) n(x) L, 2(y) 1).

Let m=|x|+|y| and s = [m/2] + 1. For 2i > m,

() 2(x) L, n(¥) D) = > 5,0, %, ¥) 9Q2i + m — 2)),
j=0
where the g,,(/, x, y) are as in Lemma 3. Since |q,(n)| < (2r — 1) 2r—1)""
for i < s, it suffices to show that

n

Y adm) (s nx) 1, () 1) = O((@2r — 1)*").

i=s+1
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We write the above sum as

N an) Y s % y) 620+ m —2)
i=s+1 j=0
= Y an) Y pixy)¢Qi+m—2))

i=s+1 Jj=0

S ) S (guUixy) — o r)] 62+ m—2).

i=s+1 j=0

Now, by Lemma 3, g,,(j;x,)— p;(x,»)=0((2r —1)~*); by Theorem 2,
#(2i + m — 2j) = O((2r — 1)*); furthermore a,(n) < (2r — 1)~ "*'. Therefore
the second sum in the right-hand side is O((2r — 1)®"). It remains to estimate
the first sum:

n

N oan) Y px,y) 62 + m— 2j)

I=s+1 i=0
m

= pixy) ‘ a,(n) $(2i + m — 2j).

j=0 iss+1

The above equality imply that we must only estimate

S an) 9(2i +m—2). (6)

i=s5+1
We can assume that m — 2j = 2/ is an even number. Indeed, by (2), the value
of ¢ on words of odd length is a linear combination of the two values on the
words of nearest even length. It follows from (5) that a,_,(n)=a,(n + ).

Therefore, the identity ¢(n)® = (u, * u,, 8) = 7_o a,(n) {4,y ¢) implies

n n+l
Y ameQi+m—2)= Y a,_(n)¢(2h)
i=s+1 h=s+1+1
ntl
= Y an+1)42h
h=s+1+1
s+
=¢(n+1)*— 3 ay(n+1)¢(2h).
h=0

Since ¢(n + I)* and a,(n + I) are both O((2r + 1)*"), so is the sum (6).
To prove (i) we observe that

(n(u,) n(x) L, () D= q,(j; x,y) ¢(n + m — 2j),

Jj=0

580/47/3-2
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where m = |x|+|y|. Since q,(j;x,y) converges to p;(x,y (Lemma 3) and
¢(n 4+ m — 2j)/é(n) converges under the hypotheses of (i) (Theorem 2), we
obtain that ¢(n)~' (z(u,) n(x) 1, n(») 1) converges for each x and y. One
could at this point compute directly the limit f(x,y) of f,(x,y)=
¢(n) " (n(u,) n(x) 1, z(y) 1). It is simpler, however, to notice that, for fixed
x, f(x,y) is a radial function of y, and that, for |w|=mn, f,(x,e)d(n)=
&(A(x) $)(w) = ¢(x) ¢(n), which implies f(x, e) = #(x). On the other hand, if
9 =9, A(wx) ¢ * uy = A(wx)(9 x 4,) = y(z) A(wx) ¢. Therefore f, * u, = y(z) f,,
and f* u, = y(z) f. Thus, by Theorem |, for fixed x, f'is a constant multiple
of ¢ and f(x, y) = ¢(x) ¢(y). To complete the proof of (i) write, as before,

6(n) ™" (nlu,) m(x) 1, n(u,) n(y) 1)

=6(m)~" Y ay(n) () nx) 1, 2(y) 1)

h=0

n

= N a,(n) g(n) "2 $(2h) fr4(x, »).

h=0

Fix ¢ >0, and choose k so that, for all A >k, |f,,(x,y) — d(x) d(¥) < &.
Recall that ¢(n)=2 3% _, a,(n) ¢(2h) = 1, and observe that ¢(24) > O (by the
hypothesis on z and Theorem 2). Therefore,

lim sup ;.\f ay(n) 9(n) =" (2h) fr4(x, ) — $(x) $(¥)
k
< lim h\f a,(n) $(n)~* $(2h) | fo4(x, ) — 6(x) $(¥)|

+ lim sup i an(n) (n)~* $2h) | f14(x, ) — (x) $(¥)] < &.

h=k+1
Indeed, for fixed k, the hypothesis on z and Theorem 2 imply
k
Y au(n) g(n)~? ¢(2h) <k(2k + 1)(2r — 1) " ¢(n) * 0.

h=0

Finally, to prove (ii), let n, be a sequence of positive integers such that the
limit lim, ¢(n,)(2r — 1)"/? exists and is nonzero: such a sequence exists
because of the hypothesis on z and Theorem 2. As in the proof of (i), we let

(. ) 7(x) 1, 2(p) 1) = };0 90, (J5 % ¥) $(ny + m — 2j),

where m=|x| +|y|. Again g, (/; x, y) converges to p;(x, y) (Lemma 3), and
we have only to prove that ¢(n, + m — 2j)/é(n,) converges as k — co.
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By Theorem 2, letting ¢ =c,,;,, one can write

¢(ny + m—2j)/9(ny)
= (2r — 1) ~"? Re(c(2r — 1)~ i1mtm=20) /Re(c(2r — 1) ~1™).

Now Re(c(2r — 1)) = ¢(n,)(2r — 1)"¥* converges by the choice of n,,
and the proof is compilete.

Let us consider the functional &— I(¢) = [, Edv, defined on the dense
subspace .#, of #. Since the functional I has norm one, it extends to the
whole of #. If Re z = 1/2, # coincides with L*(£2) and I(£) is simply the
integral of ¢& for every &€ L*(2). We shall now prove that I(£) can be
approximated through the action of F, on 0.

THEOREM 4. Let z be as in Lemma 4(i), and define T, = ¢,(n)” ' 7, (u,);
then, for each £ € # =#,, lim T, &= I(&) 1, in the norm of #. On the other
hand, let z and n, be as in Lemma 4(ii): then lim, T, (&) = I(&) 1 in the weak
topology of # = L*(Q), for each E=3" ¢;m,(x;) L.

Proof. To prove the first part of the statement, let ¢ =¢,, 7 =mn. and
&=2"c;m(x;) 1; then, by Lemma 4(i)

T80 = 9(n) ™2 3 e;6(mlu,) mlx)) 1, 7u,) 7(x;) 1)
i,
converges to Y ¢;¢;0(x;) #(x;) =2 ¢;9(x)|> = |1(¢)>. By the same token,
(T,& n) converges to I(&) I(n) if n =3 dmn(y)l. Therefore
lim, || T,¢— 1) 1]=0. Since limsup [T, <|I@I<[¢l. we have
lim sup || 7,/| < 1, hence lim,, || T,§ — I(¢) 1{[ =0 for every ¢ € "

For the second part, observe that, for each fixed £ =) ¢;7(x;) 1, (4) yields
that || 7, ¢|| is bounded. In addition, by Lemma 4(ii), (T, &, ) converges to
I(&) I(n) whenever n =3 d;n(y;) 1. It follows that T, ¢ converges weakly to
1) 1.

We are now ready to prove the irreducibility of the representations.

THEOREM 5. Suppose that —1 < y(z) < 1, or equivalently, that n=n. is
either a principal or a complementary series representation. Then m is
irreducible.

Proof. Let Q be a projection on -# =%, such that Qn(x)=n(x) Q for
every x €F,, and let £= Q1. Then n(u,) {=Qn(u,) 1 =¢(n) 0t =¢(n) & If
z satisfies the hypothesis of Lemma 4(ii), denote by n, the subsequence
whose existence is asserted in Lemma 4(ii); on the other hand, if z satisfies
the hypothesis of Lemma 4(i), let n, = k. Then T, {=¢; therefore, denoting
by P, the Poisson transform (see the remarks preceding Proposition 2),

P.Lx"N)= (T, & a(x) )= (& T, n(x) )= (5 1) §.(x),
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because, by Theorem 4, T, n(x) 1 converges to ¢.(x) 1, at least in the weak
topology of -#. Since P, is injective when —1 < y(z) < 1, this means that £ is
a multiple of 1. Thus either Q1 =0or Q1 =1.

In the first case Qn(x)1=n(x)Q1=0 for every x€F,, thus @=0,
because 1 is cyclic. In the latter case (I — Q)1 =0 and Q is the identity.
Therefore only trivial projections commute with every n(x), and = is
irreducible.

Remark 4. The proof of Theorem 5 shows that, if —1 < y(z) <1 and
u € # (the completion of linear combinations of translates of ¢.), then
4, * u=y(z)u implies that u=¢,. Indeed, if y, xu=7y(z)u and u="P.,
then T,,kd_;' = ¢, and the argument used in the proof of the theorem yields that
=1

Remark 5. Since m,_gHx)=mn,(x"")*, the representations 7, and 7, -
are dual representations: if .# < L*(£2) is an invariant subspace for the
former, then .#* is invariant for the latter, and conversely. For instance, let
us consider the representations 7, such that y(z) = t1, i.e., z=0 + if, with
o6=0or 1 and t=kn/In(2r — 1), k € Z. If ¢ =0, then the one-dimensional
subspace .# of constant functions on £ is invariant under #,, which acts on
it as the trivial representation of F, for even values of k, and as the nontrivial
radial character y(x) = (—1)'*! for odd values of k. On the other hand, if
¢ =1, then .#* is an invariant subspace of codimension one for 7.

We have seen that 7/ and n|_, are unitarily equivalent if —1 < p(z) < 1.
Conversely, 7, and z]_, are not equivalent if y(z)=1. Indeed, for
z=kni/ln(2r — 1), n, is an irreducible one-dimensional representation: in
fact, % is generated by the vector 1, and 7} is the trivial character for even
k, and the nontrivial radial character for odd k. On the other hand, if z=1 +
kmi/tn(2r — 1), then =#! is a reducible infinite dimensional representation: it
admits an invariant subspace of codimension one, then annihilator of the
vector 1.

4, THE PLANCHEREL FORMULA

In this section we shall determine the spectrum of the convolution operator
by u, and the Plancherel measure. We shall first explicitly exhibit the
resolvant of u,. If z € C, it is easy to see that, for x e, the function A.(x) =
(2r — 1)~ **! satisfies the identity

(1, —¥(z) 8,) * h.(x)=0.
On the other hand,

(= ¥(@) ) * h(e)=(2r)~" (2r— )77 = 2r — 1)°);
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thus, if z # kni/In(2r — 1), k € Z, the function
ko(x)=2r((2r = 1)7* = (2r = 1)*) "' h,(x)

satisfies the identity
(:ul - V(Z) 59) * kz = 59'

Let &{™ be the truncation of k, to words shorter than n. If Re z = 1/2, then
k, & I*(F,), but the sequence (4, —y(z)d,) * k™ is bounded in I*(F,). It
follows that the spectrum o(g,) of u, contains the set {y(z): Rez=1/2}. On
the other hand, the norm of u, as a convolution operator on *(F,) is
(2r — 1)'?/r |18]. Therefore o(u,)= {y(z): Rez = 1/2} = |[-(2r—1)"*/r,
(2r—1)'Y*/r).

On the spectrum ofu,) there exists a positive measure (“Plancherel
measure”) which yields an inversion formula for functions in /.

J@={ (f¢.)da(),

4 0(#])

where 7=9(z) € o(u,). This follows from the fact that the map f— f(e),
defined on [}, extends, via the Gelfand transform, to a positive linear
functional on the involutive algebra & (o(u,)) of all continuous functions on
o(u,). Since f(e) = (£f)(e), the inversion formula is also valid for nonradial
functions f€ I'(F,). For our purposes, it is more convenient to define a
Plancherel measure m on the line Rez=1/2 as m=gqeoy. Since y is
periodic, it is enough to restrict m to an appropriate segment of this line, say
(as in Remark 3) the segment J = {1/2 + ir: 0 < t < 7/In(2r — 1)}. Denoting
again by m the measure on J thus obtained, the inversion formula reads

fe)=| £9.)dm) (M

for every f€ I'(F,).

We shall prove now, for the measure m, an analogue of Harish Chandra’s
theorem relating the Plancherel measure of a semisimple Lie group to the
coefficients appearing in the asymptotic expansion of spherical functions (see
Theorem 9.2.1.5 of [25]).

This result could also be obtained using the explicit computations of the
Plancherel measure on o(u,) given in [4, 23]; our direct approach is simpler.

THEOREM 6. Let ¢,=c,h,+¢,_,h,_,, as in Theorem2. For 0 <i<
a/inQr—1), let c(1/2+it)=cpy=Cipn_y: then dm(1/2+it)=
((2r — 1)/4r) |c(1/2 + it)| "2 dt.
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Proof. Theorem 1 and the expression (3) for the Poisson kernel yield the
following identity, for | x| = k:

.=~ @r—1)(@r— D"+ @r - 1))
+ r—l(r_ 1)(27‘- 1)(z—l)k IS:I (2,._ 1)(1—2z)1'_ (8)

Jj=1

This formula can also be verified directly from the expansion of ¢, given in
Theorem 2, or by induction from the Corollary to Lemma 2. On the other
hand, by (7),

3:(x)= | ¢.(x) dm(2). ©)
Forne Z, let
h(n) = J @2r—1)"" dm(1/2 + it).

Then one has #(0) = 1, and, by (8),
m(l) + m(-1)=0. (10)

Furthermore, for each integer n, (8) and (9) imply

mi(n) + m(—n)=—(2r — 2)/(2r—1) "\;l m(Zj —n).

Jj=1

Observe that m is real valued, because p(1/2+it)=7y(1/2—~it) and
m = q o y. Furthermore, m is positive, thus ri(n) = ri(—n). Hence
n—1
mn)=—(r—1)/2r—1) Y m2j—n). (11)

Jj=1

Therefore, by (10), #(2k + 1) =0 for every kK€ Z; on the other hand, if
k>1,

A(2k) — M2k — 2) = —(r — 1)/(2r — 1)(A(2k — 2) + A(—2k + 2))
=—2(r— 1)/@2r — 1) h(2k — 2),

whence  #(2k)= (2r — 1) ' m(2k —2). Since, by (11), mQ2)=
—(r— 1)/(2r — 1), it follows

h2k)=—(r— 1)Q2r—1)"%  if k> 1
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For 0 < t < n/In(2r — 1), write dm(t) = u(t) dt: one obtains

u(t) = f m(k)(2r — 1)k

k=—o0

[°¢) 0
21—(7'-—1) [}_“ (2r_1)k(2it—l)+ : (2r_1)k(A2it~l)J
k=1

=14+2(r—1)Re[@2r— D' (2r— 1D "—1)7"]
= Re[((zr_ 1)2[!_ 1)((2,._ l)zit—] . 1)-1]'

On the other hand, Theorem 2 implies
c(1/2+it)=2r) " (Qr— 1) —1)(@2r— 1) =11
An elementary verification now shows that
u(t)= 2r— 1)@r)""|c(1/2 + it) %

We shall now write the Plancherel theorem in a form suitable for the proof
of the following Proposition 3. For every t € R and every finitely supported
function f on F,, we define an element f, € L*(2) by

Jlw)= > fE) PV, 0) =2 f(x) Wy 4(0) 1.

xeF,

From now on, we shall write the Plancherel measure as dm(t) instead of
dm(3 + it).

THEOREM 7. Let f, g be finitely supported functions.

(i) fxg*x)=/J, (7[1/2+i1(x_1)f;’g:)u(m dm(t),
(i) W13 = 1L 72y dm(2).
Proof. Observe that

(nl/2+it(x_l).fﬁ g)= Z S(») g(W)(ﬁl/uit(xAl.V) L, w) )
y,ow
= Zf(y) g(w) ¢1/2+i:(W- x~ 1)’)-
Therefore, by (9), the right-hand side of (i) equals

SV | $ipulw™'x"1y) dm(@) =F x g*(2).

Part (ii) follows from (i).
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It follows from Theorem 7 that the map f— f, extends to an isometry of
I*(F,) to the space L*(J, m, L*(2)) of square-integrable functions on J with
values in L*(2). In other terms,

®
I*(F,)~ J L*(Q)dm(t)
J
and

@
A ZJ Mi/24 i AM(E).
J

We now prove the analogue of Herz’s principe de majoration [7, 17],
relative to the representation «, ,.

PrOPOSITION 3. For every f,g € I*(F,), there exist &n€ L*(2) such
that | [+ g*(x)| < (m,2(x) & n) and || 1 1| gll, = 1€l 17

Proof. Let &) = |J,|f(w)* dm(t)]'” and n(w) = [J, | g(w)* dm(t)]""*.
By the Plancherel formula, ||&|,.= /], and ||#,.=] gll,; furthermore, by
Schwarz’s inequality

7 8* @I 10124 ul) S, 80) dm()
=| P o) [ 1167 0) gw) dm(t) do(w)
<[ PV 0) 8 w) () dv(w) = (m,2(x) & 7).

CoroLLARY. For every positive function h with finite support,
712 = AR -
Proof. Observe that A(h) = sup{|[(h, [+ g*): || £, Il €], < 1}, and, by the
proposition,
<A S5 8% < Chy (712(X) 6 1)) < (74 2(R) G5 1)
lim NN N gl

The converse inequality is immediate, since 7 is weakly contained in A.

Remark 6. The principe de majoration is used in |17] to prove that the
coefficients of the regular representation of a semisimple Lie group G with
finite center satisfy the inequality

J || Vutheoxko)? dky diey < 82 Nl (12)
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where K is a maximal compact subgroup, 4(G) is the Fourier algebra of G
as defined in [11], and ¢,,,(x) is the Legendre function (i.e., the spherical
function associated to the quasi-regular representation). Denoting by A the
Fourier algebra of the free group, the analogue of (12), in our context, would
be the inequality

&(ul?)x) < 910x) llull} (13)

for coefficients of the regular representation. Let n=|x|; then, if ¢],(x)=
(1+{(r=1/r)n)*2r—1)"" is replaced by ((2r—1)/2r)(1 + n)?
(2r —1)7", inequality (13) can be deduced from Lemma 1.4 of [15]. The
results of [1], which improve earlier work of Leinert [20] and Bozejko [2],
show that (13) is true for [x| = 1. We believe that (13) is true in general, but
we have not been able to provide a proof.
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