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1. Introduction

Abstract Motivated by the autopilot of an unmanned aerial vehicle (UAV) with a wide flight enve-
lope span experiencing large parametric variations in the presence of uncertainties, a fuzzy adaptive
tracking controller (FATC) is proposed. The controller consists of a fuzzy baseline controller and
an adaptive increment, and the main highlight is that the fuzzy baseline controller and adaptation
laws are both based on the fuzzy multiple Lyapunov function approach, which helps to reduce the
conservatism for the large envelope and guarantees satisfactory tracking performances with strong
robustness simultaneously within the whole envelope. The constraint condition of the fuzzy baseline
controller is provided in the form of linear matrix inequality (LMI), and it specifies the satisfactory
tracking performances in the absence of uncertainties. The adaptive increment ensures the
uniformly ultimately bounded (UUB) predication errors to recover satisfactory responses in the
presence of uncertainties. Simulation results show that the proposed controller helps to achieve
high-accuracy tracking of airspeed and altitude desirable commands with strong robustness to
uncertainties throughout the entire flight envelope.

© 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.

Open access under CC BY-NC-ND license.

and the aerodynamic forces and moments for the kinetics
depend not only on the dynamic pressure but also on the force

As the development of modern UAVs, the flight envelope is
expanded constantly. Flight control confronts the challenge
of high-precision tracking of desirable instruments with strong
robustness for the entire flight envelope. A UAV is a multi-
input, multi-output nonlinear system with strong coupling,
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and moment coefficients as a function of aerodynamic deriva-
tives. The engine thrust, dynamic pressure, and aerodynamic
derivatives vary significantly along with the changes of Mach
number and altitude, especially during a transonic flight.
Therefore, the operating and stability characteristics of a
UAV at different operating points vary remarkably.! In
addition, undesirable uncertainties intensify the difficulty due
to modeling errors, parametric perturbations, and control
efficiency failures within the full envelope.

Although local model based robust control,” adaptive
dynamic inversion control,” and L1 adaptive control* enhance
performances, they are not applicable for a flight over a large
envelope. The interpolation of local linearization-based
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controllers in terms of flight condition is widely applied in
engineering, but stability could not be guaranteed.' The gap
metric’ and guardian maps® approaches extend stability to
the entire envelope iteratively, but the processes are time-
consuming.

The linear parameter varying (LPV) control is a popular
gain-scheduling approach for a large envelope. However, the
conservatism of the common Lyapunov method based robust’
or adaptive controllers®” may lead to no feasible solution for
desired performances. To relax the conservatism, Huang et al.'’
provided switching the LPV robust controller using multiple
Lyapunov functions for air-breathing hypersonic vehicles,
while Lu et al.'' switched the LPV controller using hysteresis
and average dwell time logics respectively. However, higher
computational complexities emerge and they ensure robustness
at the price of response performances. Hou et al.'>'* enhanced
the response performances with the adaptive increment, but
dwell time restricts the arbitrary switching and switching
dynamics may cause underlying damages.

The fuzzy control is also an attractive alternative for robust
control within a full envelope.'* The generalized fuzzy hybrid
controllers blend the common Lyapunov function with
Hoo," the sliding mode,'® or MRAC,'” and they degrade
control performances due to the conservatism. To reduce the
conservatism, Feng'® proposed a piecewise Lyapunov function
based fuzzy Hoo controller, but the switching dynamics could
not be avoided. The fuzzy multiple Lyapunov functions can
reduce the control conservatism with the advantage of a conti-
nuity feature,"” and Bouarar et al.”’ reduced computational
complexity by adopting the descriptor system approach, yet
the local Hoo controller guarantees robustness at the cost of
response performances.’’ Although Wu and Juang® employed
a fuzzy adaptive sliding-mode controller to relax the cost of
response for robustness, chattering emerges owing to the
discontinuous control signals across the sliding surfaces.

Based on the above analysis, a fuzzy multiple Lyapunov
function based tracking controller augmenting a fuzzy baseline
controller with an adaptive increment is proposed. The key
breakthroughs can be concluded as follows:

(1) The conservatism of the fuzzy baseline controller and
the adaptation law for the entire flight envelope is
relaxed by employing the fuzzy multiple Lyapunov
method.

(2) The computational complexity of LMI for the fuzzy
baseline controller is reduced by using the descriptor sys-
tem approach.

(3) The controller provides smooth control signals through-
out the flight envelope.

2. Problem formation

2.1. Nonlinear kinetic model

The flight envelope™ of a UAV refers to the capabilities of
operating ranges in terms of Mach number and altitude. For
a fix-wing UAYV, the flight envelope is restricted by the stalling
angle, service ceiling, maximum march, maximum dynamic
pressure, performances of the engine, etc.

C . 23,24
The original nonlinear model”***

frame can be constructed as

in the path coordinate

Vi = (Tcos(a+ @) — D — mgsiny)/m

7= (Tsin(a + @) + L — mgcosy)/(mVt)

i 0
ao=0—-7y

H = Vysiny

where Vr, o, ¢, 0, y and H are the airspeed, angle of attack,
pitch rate, pitch angle, path angle, and altitude, respectively;
¢ is the angle of the thrust line; m is the mass; g is the gravita-
tional constant; J, is the pitch moment of inertia; 7, L, D and
M are the engine thrust, lift, drag, and pitch moment™
expressed as

T = P(8,, Ma, H)
L=gSC,

D = gSCp

M = §SeCy — e, T

(2)

with P(-) the thrust curve; dy, the throttle setting; Ma the Mach
number; S, ¢ and e, the wing area, wing mean geometric chord,
and thrust eccentricity; § = 0.5p(H) V% the dynamic pressure,
and p(H) = 1.225 (1 — H/44331)*%% the air density; and
Cr,Cp, Cyy the lift, drag, and pitching moment coefficients
defined by

CL=Cr,Ma(a— a) + Crs, Mad,
Cp = AMaC; + CpyMa
Cu = CyoMa + (Xer — Xear Ma)Cy 3)
CuqMagc n CysMaoce
Vr Vr

+CM(55M61(53 +

where « is the zero lift angle; J. is the elevator deflections;
o is the derivative of the angle of attack;
Crs, Crss A, Cpo, Crio, Cus,, Cry, and  Cyyz are the aerody-
namic derivatives; and x.gr Xcar are the reference locations
of the gravity and aerodynamic centers.

The relationship between the flight of a UAV over a large
envelope and the nonlinear kinetics can be illustrated in
Fig. 1. As shown in Fig. 1, the thrust and aerodynamic deriv-
atives connect the operating points in the flight envelope with
the forces and moments in the nonlinear model. The natural
frequency and damp of short-period and phugoid-period vary
remarkably along with airspeed, altitude, dynamic pressure,
and aerodynamic derivatives.”* Hence, we can use the Mach
number and the altitude as the premise variables to distinguish
the natural characteristics of the UAV over a large flight
envelope.'

2.2. Fuzzy T-S model

As the fuzzy system with the Gaussian membership function
has been shown to realize the universal approximation of
any nonlinear functions on the considered compact set,” the
nonlinear model of Eq. (1) can be transformed to an uncertain
fuzzy T-S system as
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Fig. 1 Relationship between flight of a UAV over a large envelope and nonlinear kinetics.
N N T (T
- L(x(1),2(1)) = W'a(V'y(1)) +e(¥(1))
X(0) =Y _wla(0)Aix(r) + Y uy(2(1)B; _ (7
p pr le(w())ll <&
T
X [(I‘l‘ A (l))ll([) +L(x(l),z(l))] (4) where l/l([) — [ba'a xT(Z), zT(t)]T iS the 1nput, WG R(l+l)><m’

y(1) = Zuf(Z(t))Cfx(l)

where x(r) = [V, o, ¢, 0, H]Y, u(r) = [0, m,0]" and y(r) =
[V, H|' denote the system state, input, and output vectors,
respectively; N is the size of the fuzzy rules; z(f) = [z1(2), z2(1)]"
is the premise variable and z,(f) = Ma, z5(t) = H; L(x(), z(¢))
represents the modeling errors and unknown parametric
perturbations; A(z) = diag(A,(¢),4,(?)) is the unknown diago-
nal matrix with A;(¢) and A,(7) modeling the control efficiency
failures of thrust and elevator; 4, € R¥°, B, € R>?, C; € R®®
(i=1,2,..., N) are the local system matrices; p(z(¢)) = 0 is
the membership degree defined as

wi(z(1)) = Hf};(zk(t))/z (Hﬂ(ﬁ(ﬂ))
k=t =1 \k=1 (5)

with f;(z¢(¢)) the ith Gaussian membership function of z(z)
reflecting to the fuzzy set Z,, and

k>

S0) = exp [M} .

Ok

where Z and ¢} are the center and width of £} (z,(¢)). Note that
we set symbols n =5, m =2, K =2 to represent the sizes of
the system states, inputs, and premise variables, respectively.
Foranyi = 1,2,..., Nand k = 1, 2, the parameters Z; and
o are obtained through the orthogonal projection of fuzzy
partition, which is realized by fuzzy c-means clustering of flight
dynamics."**® 4, B;and C; (i = 1, 2,..., N) are acquired via
local linearization with respect to the centers of the fuzzy rules.
The overlapped membership degrees of the fuzzy partition
matrix renders the universe of discourse of the Gaussian mem-
bership function to exceed the boundary of the flight envelope,
so the dynamics of the fuzzy T-S system can cover the flight
envelope region sufficiently with N overlapped ellipses. >’

Assumption 1. The flight envelope constrains that z(¢) belongs
to the compact set €2..

Assumption 2. The uncertainties L(x(z), z(f)) can be approxi-
mated by a single hidden layer neural network (SHLNN) over
the compact set (x(?), z(¢)) € 2, x 2. with a known structure
and size as™®

V e R are unknown connection weights of SHLNN;
(V' Y(1)) = (1,61 (7Y (1)), (01 (0), ... o (v (1)]" € R
is the hidden layer operation; b, = | is the input bias; / is
the size of the hidden layer neuron; v (i = 1, 2,..., ]) is the ith
column of matrix V satisfying ||v;|| < vi; wi(i = 1, 2,..., m) is
the ith column of W satisfying ||w;|| < w;, where ¥ and w;
are constant values determined according to the range of
uncertainty; g(¥(#)) is the approximated error vector with the
upper bound &, and the basis function

. B 1
oi(viw(r) = 1 +exp (—awiy(1))

witha; > 0(i = 1, 2,..., /) the activation potential factor. And
|- || denotes the 2-norm of the matrix.

(i=1,2,....]) (8)

Assumption 3. The control efficiency failures are constrained
as

()] < A; .

. i=1,2 9
{A,-(z>\<dm( ) 9)
where 0 < A; < 1 and d; > 0 are known constants and satisfy

A+ 4, < 1.

Assumption 4. The membership degrees are continuously dif-
ferentiable and slowly varying, i.e.,

liw(z(0)| < ¢ (i=1,2,...,N—1)

where ¢{i = 1, 2,..., N — 1) are known constants, and we

define B = [¢1.2 ..., dy_1]"

For simplicity, we use u; to represent pu/z(z)).

(10)

2.3. Control objective

The control objective is the precise tracking of airspeed and
altitude commands with strong robustness within the full flight
envelope. The desirable responses are specified by a command
filter

x.(1) = Acxc (1) + Ber(1)
11

{.Vc(l) = Cex(1) e
where xc(t) = [VTm VTm H., Hc]Ta "(Z) = [VTgv Hg]Ta yc([) =

Ve, HJS; V1, and H, are the given airspeed and altitude
inputs; Vr. and H, are the desirable commands; and 4., B,
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C. are the system matrices. r(¢) is uniformly bounded. To
remove steady-state errors, we define

aw - [ (1) - p(@))de (12)

With the augmentation of the command filter, the extended
tracking system can be constructed as

= Zuizi:’c(t) + Zu,ﬁ,[(
+L(x(1),z(1)] + Gr(1) (13)

where ¥(t) = [xT(t),ch(t),dT(t)}T € R with 71 =n+ 3m, I is
a unit matrix of dimension i, and

L + A" (1)) x u(t)

A 00 B; 00
A= 0 0A4.|, B=|0|, G=|0 B. (i=1,2,...,N)
—C; 0 C, 0 00

3. Fuzzy adaptive tracking control for a UAV within the full
envelope

Consider the following control law
u(t) :uL(t)+uA(t) (14)

where uy(7) is the fuzzy baseline controller and ua(¢) is the
adaptive increment. The fuzzy baseline controller specifies
the satisfactory tracking performances in the absence of uncer-
tainties, while the adaptive increment copes with the uncertain-
ties to recover the specified tracking performances.

3.1. Fuzzy baseline controller

Define the quadratic performance index as

J:/0 ((SCT(Z)QX(I)+uT(l)Ru(t))dl (15)

where Q and R are the given diagonal positive matrices, and 7§
is the terminal time.

Applying the fuzzy multiple Lyapunov function approach,
we introduce the fuzzy baseline controller

= Sk = > wN(X) wx) ®  (6)
i=1 i=1 N——’

K;

where X; € R™7(j=1,2,...,N) is the jth Lyapunov positive
define matrix, N; € R™" and K; € R™" are the ith (i = 1,
2,..., N) local proportional matrix and the composited gain
matrix, respectively.

In the absence of uncertainties, the extended tracking
system of Eq. (13) with u(¢) takes the form of

Zu,< +BZ;¢, ) )+ Gr(1) (17)

and it can be represented in the form of an equivalent
descriptor system

Ex(r) = ﬁjﬂii,x(z) 4 Gr1) (18)

0= 0]
E: ii
0o
21: {EAI: ;ﬂ (i=12,...,N)
o

Theorem 1. Under Assumptions 1-4, for a given quadratic
performance index defined as Eq. (15) and a descriptor system
given by Eq. (18), if there exists a feasible solution
(X X011 X020 N2 = 1,2, ... N Satisfying

0;<0 (i= -, N)
1 1
——0,;+-(0;+0;) <0 (I1<iF <N
N1 3(0rt ) <0 (<A< N) (19)
Xv—X>0 (i=1, LN=1)
X=X >0 (i=1, “wm
where
[ @L/ * *
0, = }] _é—l N
_aT 0 —X21ﬁ+m
X Al + X} B + 4,X;
—~ _ Nol *
Wi = | | +BXoy+ Y dy(Xy — Xi)
=1
I X5, Bl — N, + Xy, X0, + Xoy
then uy (t) in Eq. (16) is a stabilizing controller rendering
J<T=x Poxo+y / T (7)r(t)dT (20)
0

where xo = }(Zo), s > 0 is the attenuation level, and

B N ~ Iﬁxﬁ
Py = [I;xwo;xﬁ] |:Z'uj(z(t0)))(j:| |:0’ 7:|
j;l mxn

and Xo1; € R™", X55; € R™™ are the relative matrices for the
solution of controller parameters in Eq. (16).

-1

Proof. Consider the following candidate fuzzy multiple
Lyapunov function®”

XT(ETP, x(1) (21)

-1 ~ o~
with Xv/,P/' S

). P, is the nonsingular matrix restricted by

V(x(r) =
where P, =330 1P = X,' = (Z}ilﬂ.fxf)
R™(j=1,2,...,N
E'P,=P'E>0 (22)
The constraint condition Eq. (22) holds if

§_{x 0}
Yl Xy Xo] (i=1,2,...,N) (23)
X=X >0



Fuzzy adaptive tracking control within the full envelope for an unmanned aerial vehicle 1277

The time derivate of V(x(z)) along trajectories of the
descriptor system Eq. (18) renders

= [;T(t),rT(;)]Q[}T(z),rT(t)]T (24)

o Zg;’v+;’32h+ET;’v+é *
aT;’V —* L,
0 = diag(Q, R)
with 4, = S8 1,A,. .
Multiplying € on the left and right by diag(XT, ;) and

diag(}v,lm), respectively, we get a similar matrix Q. The
property of u; defined by Eq. (5) and Xy — X; >0 (i =1,
2,...,N—1)yield

- TP T L PT AT ~
Q: rhv+XvE121Xv+ VQXV * gg
T 27
mGﬁ ~ * (25)
B Iy+Z+X'0X, *
aT _lem
with
XAl + X3, Bl + .
Iy, = AuX, + By X1y
X;Zvﬁg - Nh + X21V X;zv + X22V
N-1
S Xy —X) 0
=1
0 0
and Ay = Ziluizn B, = Z;LMIR-, Ny = ZLMM X, =

Z/ 1#,X Xonw = Z/Ii]#/sz Xy = Z/]i]#,-Xzzp
By Schur complement, LMI constraint of Eq. (19) renders
0 <0."% Then 2 <0 and

i/(;(z)) LX) 0 x(t) — 2 (D)) <0 (26)

The integral of Eq. (26) from ¢ = 0 to t = Ty yields J < J, and
this completes the proof.*’ [

Under the LMI constraint of Eq. (19), the system described
by Eq. (17) leads to the reference closed-loop system

in() = 300 (A4 BY WK ) was

A,

)+ Gr () (27)

where ¥,,(¢) is the reference state and Ay, is the time-varying
Hurwitz matrix for any z(¢) € £2., which specifies the satisfac-
tory tracking performances of the desirable commands y.(7).

Remark 1. The LMI constraint Eq. (19) degrades to a
common Lyapunov function based constraint'® if we set
X; =X, forany i,j€ {1,2,..., N} and i#j. Hence, the fuzzy

baseline controller reduces the conservatism. Compared with
Ref.", the computational complexity is reduced from O(N°) to
O(N?). Where the function O() represents the computational
complexity with respect to the number of fuzzy rules.

Remark 2. The control parameter can be optimized through
adjusting @, R and the minimum y constantly by adopting
the function mincx(") under the MATLAB LMI toolbox.’!

3.2. Adaptive increment and stability analysis

Substituting the controller u(7) with uy (7) restricted by Eq. (19),

we get an uncertain closed-loop system

x(1) = AnX(1) + By [(Ln + A" (1) )un (1) + Wia (V1 (0)(1))
+A" (Du (1) + &(Y(1)] + Gr(2) (28)

Define the fuzzy premise variables based state predictor (the
reference closed-loop system) as

¥(1) = Aun (1) + B (5 + A7) Jua (1) + W' (00 (V' (1)
+}1T(z)uL(z)] +Gr(1) (29)

with &(¢) the predictor state, W(7),
parametric estimates of W, V and A.
Let the adaptive increment u,(f) be given by

V(1) and A(r) the adaptive

_<Im +/A1T(t)>71
x W (Oa (VT (0w (0) + A" (0 (1) (30)

and the existence of (I + AT(z ))71 will be addressed latter. By
subtracting Eq. (28) from Eq. (29) and using Tayor series
expansion of SHLNN about (W(¢), ¥(t)), we can obtain the
predication error system

llA(l) =

F(r) = thsc(z) +B, [WT(:)»(V(:L W(1))

Vo (Vo) (0) V! (1) (1) + AT (1)u7)
+;( ) &(v(1))] (31)
where  x(¢) =x(r) —¥(r) is the predication error;
W(i)=W()— W, V(i) =V(i)—V and A(t) = A1) — A are
estimation errors of unknown W, V and 4, and
o(V(0).9(1)) = s (VT (1) (1))
=V (VI (0w(0) V(1)
. . (32)
s(r) = WH(O)Va (VT () (0) V(1)

([ awoly)

with ||| the Frobenius norm of the matrix. And

(17w

of the Taylor-series expansion, and Hi/—r(l)lll(l)Hi and

(z(u VT(z).p(z)]ﬁ) —0 as [P (90|, — 0.Ve(F (1) (1)) €

R is the Jacobian matrix as follows

H2F> represents the 2nd and higher order terms
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Va( i/T( )1//([)) where Amin()), Zmax(?) are the minimum and maximum eigenvalues
_ 80’(VT(1‘)1//(I)) ZJ;;he matrices; >0 is a constant, with ||¢(?)| < T satisfied;
VT (D)w(1)
r B /lzmax ©) = Ssup j~malx .
' 0 0 0 0 © (e 0
daalf)lm) 0 0 0 (33) Jomin() = (})rgz Janin (+)
_ 0 902(p3) 0 . e
= 9 b = max HBhH .
2(1)eR- F
. . . . 1 m
dai(p)) W: Wi, [7: Vi
L 0 0 0 éﬂ// - ,:Z] ;
where p, = vI(£)y(r) with ¥ the estimate of v, and _ mo_ m__
o= W0 with ¢ , o S
9oi(p;)/0p; = ae i /(1 +e ) foranyie (1,2,...,1). T -

The predication error system of Eq. (31) can be represented
in terms of descriptor system

Ex(1) = > e (x(0) + > B0
[ T(Oo(V(0), ¥(0)) + W (1)
xW( P (0w(0) VY (00(1) + A" (1)u)
— oY (1)) (34)

with ()_ L @), a(0)|  B(1) = [B(1).0]" for i-1,
2,...,N,and u(t) = =Y. wKx(1).

Theorem 2. Consider the uncertain fuzzy T-S system Eq.
(4) with u(t) given by Eq. (14), uy(¢) given by Eq. (16) satisfying
LMI constraint Eq. (19), ua(¢) given by Eq. (30), the state predictor
and predzcatlon error system given by Eqgs. (29) and (31) with
W(1), V(1) and A(t) governed by projection-based? adaptation laws

W(t) =T Proj(W(t), —v(V(1), (1)) &(1))
V(1) = F Proj(#(1), —p(1)E(t) W Ve (VT
A(1) = T Proj (}1(;), fu(t)é(t))

where the filtered prediction error is

() (1))) (35)

&(1) =" (1)P\By (36)

with

T
P = n><n’ m><n (Ztu/ > |:01;~><n:| (37)

mxn
and the adaptation rates I' e RV T e R™™ and
Fe R("+K+1)NX("+K+” are diagonal positive define matrices.
Then, (¥(1), W(1), ¥(1), A(t)) of the predication error system
(31) is wuniformly ultimately bounded (UUB) for any
(x(2), 2(2)) € R, x . with an ultimate bound ||X(1)|| < Xy,

2
(\/p% +p1 + po) +p

Xp = = 38
o /Iz min (Pv) ( )
with
Jmax (Py)b(E +T)
Po=—"F""7p
’“mnl(Q)
Aldp (39)

P (1) min(Q)
_ AW A Al
P2 (D) Tin(F) ™ Jn (1)

Hence, the controller guarantees a UUB close-loop system
under undesirable uncertainties, and it constitutes the fuzzy
adaptive tracking controller within the full envelope for the
UAYV as shown in Fig. 2.

Proof. Consider the following candidate fuzzy multiple

Lyapunov-like function
V(E(t)) = xT()E"P, x(1) + tr(I/NVT(t)F*'WT(t))
+ (P (OF V(1)) + tr(AT(0) T A(r)) (40)

with ;’V restrained by Eq. (22) and tr(-) the trace operator. The
time derivate of ¥(x(¢)) can be written as

V(I(z)) =x7(1) (Zﬁ’v L P4+ ET?V> x(1)
+ 25T () PTBy [ Wo(0), )
(AV w(0) V' (1)
Y(1)]

+W(1)V A" (1)u(1)
Ts(r) - + 2ur (W )
+2tr<VT() z) 2tr(AT() A ))

—2tr(AT(0) T A(1)) (41)

with B, = >V uB..
Since the LMI constraint of Eq. (19) guarantees 2 < 0 as
defined in Eq. (24), with Schur complement, we can get

—x'(1)Qx(1) (42)

The constraint condition by Eq. (22)
E(t) = ;T(Z);’E;fh = X"({)P,B, . By Assumptions 1 and 2, we
can obtain WeQy={W|W|.<W}, VeQy =
{MIVllg <V}, A€ 2,={A||A|l <T}. The projection
operators in Eq. (35) ensure W(1) € Qy, A( t) € 2, and

A(t) € . Hence, the boundedness of W(), V(1) and A(r)
can be guaranteed and there exists a constant ¢ > 0 so that
lls(?)]| < C. Using a"b = tr(ba"), we get

() (zga P+ Ep) ¥ <

renders

P(3(0) < ~min (@I +2() x (s(1) = s(¥ (1))
o (AT() T ()

< iusa@)[~UFO] = p0) + 1+ 9] )
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(=12 . N) X, N
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x(2) — T Fuuzzy UAV with [~
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filter controller envelope | (1)
N u,(t) )
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z(t N i
LR , Adaptive increment LMI constraint | | |
12N solution &
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Fig. 2 Control architecture of fuzzy adaptive tracking controller.

Notice ¥(x(1)) <0, if [|(2)]| = Xmax =
Therefore, we can get

VPo + p1+ P

szlx = ;Lzmax (PV);CIZHHX + 4W2/)”min (r) + 4V2/;Vmin (F)

+ 412/ Jnin (T) (44)

Since V(%(0)) < Vinax, We obtain V(%(z)) < Vi and for all
t=0,

)V:min (Pv)‘li(Z)Hz g Vmax (45)

which yields |[%(¢)|| < X, and (1), W(1), V(1) and A(r) are
UUB, which completes the proof. [

Remark 3. Notice  that  [|A(f)]; <I'<1  renders
Jmax(A(1)) < T. Hence, (I +A"(1))  exists for any ¢ > 0,
which follows the fact that det(4 + B) # 0 if and only if there
exists & > 0 so that Ap;n(A4) > 0 and Ay.(B) < 9, where det(’)
denotes the determinant of a matrix.

Remark 4. The state predictor of Eq. (29) with the adaptive
increment of Eq. (30) is equivalent to the reference closed-loop
system of Eq. (27). ¥(¢) is UUB and it can be arbitrarily
reduced via increasing I', F and T, which indicates the recovery
of satisfactory tracking performances specified by the reference
closed-loop system with strong robustness to uncertainties.

Remark 5. The fuzzy multiple Lyapunov function based adap-
tation laws improve the applicability of the adaptive increment
for the compensation of uncertainties within the full envelope.

4. Simulations

In this section, we demonstrate the efficiency of the proposed
controller under the nonlinear model of a prototype UAV.
The flight envelope is restricted by the stall angle of attack
16°, the service ceiling 12 km, the maximum Mach number

1.4, and the maximum dynamic press 51.147 kPa. The satura-
tion limits of d,, and J. are set to (20%,100%) and (—25°, 25°),
with the dynamics 5/(s + 5) and 15/(s + 15), respectively. The
wing-plant and inertia parameters are shown in Table 1, while
the aerodynamic derivatives under different Mach numbers are
represented in Table 2. Following Ref.’®, we construct the
fuzzy T-S model with N = 11 fuzzy rules.

Fig. 3 represents the fuzzy partition of the flight envelope
with the brightness indicating the maximum membership
degrees u,,,.(z) = max (u;) of the operating point to the 11 fuzzy

rules. The fuzzy partition reflects composition results of 11 over-
lapped ellipses for the flight envelope region. We can find that it
is bright to certain degree near the boundary of the flight enve-
lope, so the universe of discourse for Gaussian membership
functions of all the fuzzy rules exceeds the flight envelope bound-
ary and covers the entire flight envelope region sufficiently.
Following the Theorem 1 and 2, we can construct the FATC
for the prototype UAV. The command filter is defined as follows

r 0 1 0 0
q = —0.533 —1.285 0 0
° 0 0 0 1
L 0 0 —-0.423 -1.14
r 0
0.533 0
B. =
0 0
L 0 0.423
1 0 0 0
C. =
100 1 0
Table 1 Wing-platform and inertia parameters.
Parameter Value  Parameter Value Parameter Value
m (kg) 12495  S(m?) 395 Xegr 0.33
J. (kg-m?) 23516 (%) 8 o(°) —0.5
¢ (m) 6.3 ep(m) —0.6 b(m) 8.9
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Table 2 Aerodynamic derivatives with respect to Mach number.

Mach number Aerodynamic derivatives

Ma Cre Crs, Cpo A Cao Chrg Chms, Chs XcaR

0.6 0.0481 0.0092 0.0182 0.2834 —0.0085 —1.5265 —0.0097 —0.6657 0.3853
0.7 0.0490 0.0094 0.0289 0.2845 —0.0088 —1.5600 —0.0097 —0.7164 0.3855
0.8 0.0504 0.0096 0.0338 0.2865 —0.0092 —1.6127 —0.0099 —0.7761 0.3904
0.9 0.0535 0.0097 0.0377 0.2896 —0.0105 —1.7533 —0.0102 —0.8912 0.3873
1.0 0.0546 0.0085 0.0405 0.3075 —0.0102 —2.0537 —0.0108 —0.9823 0.4342
1.1 0.0496 0.0066 0.0456 0.3595 —0.0051 —1.9732 —0.0092 —0.8767 0.4711
1.2 0.0472 0.0060 0.0387 0.3861 —0.0027 —2.0645 —0.0081 —0.7762 0.5012
1.3 0.0465 0.0057 0.0375 0.4274 —0.0014 —1.9577 —0.0070 —0.6190 0.5193
1.4 0.0457 0.0055 0.0342 0.4696 —0.0011 —1.8128 —0.0062 —0.5036 0.5163

(2
1.0
g 05
=
0

0.2

Fig. 3  Fuzzy partition of flight envelope.

Let p =[4.3, 4.6, 5.5, 6.7, 7.9, 9.1, 9.8, 9.2, 6.3]", we get
x> =037 with Q = diag(10~*L,1.2L) and R = diag(10~*,
107 following Remark 2. Then, the control parameters
N;, X, X51; and X»5; can be obtained (i = 1, 2,... ,11), and
we show N; and X, X;, X, as examples in Appendix A. We
design the SHLNN with 9 nodes in the input layer, 20 nodes
in the hidden layer, and 2 nodes in the output layer. The
parameters a; = 10@E=D/19 )4 (i=1,2,..., 20) cover the
range between 0.0001 and 0.01, and I' = 101, F = 5001,
T = 1.5I,. The column norm bounds of adaptive parametric
estimates W(r), ¥(r) and A() are as w; =12 (i=1,2),
Ac=04(k=1,2), =10 (G =1,2,..., 20). According to
Theorem 1, we can realize the controller u(f) given by
Eq. (14), and uy (¢) given by Eq. (16) satisfying LMI constraint
of Eq. (19), ua(t) given by Eq. (30).

As the contrast of the FATC, a generalized fuzzy adaptive
controller (GFAC) and a multi-model switching controller
(MMSCQ) are constructed. The GFAC augments the common
Lyapunov function based fuzzy baseline controller as Remark
1 with an L1 adaptive increment.*'” The MMSC divides the
flight envelope into 3 locally overlapped subsystems: PI1:
Okm <H< 55km; P2: Skm <H< 9km; P3: 8.5km
<H < 12km. For any subsystem, N = 6 polytopic vertices
are determined, and a local robust Hoo LPV controller is
designed by employing the common Lyapunov function and
considering maximum uncertainties AAg; = 0.154,;,
AB;=0.15B; (i=1,2,..., 6;5 =1, 2, 3) and A, and B,;
are the local system matrices of the ith fuzzy rule in the sth sub-
systenll) The local controllers switch using hysteretic switching
logic.

Under the nonlinear kinetic model of the UAV given by
Eq. (1), the tracking performances of desirable commands
are compared by employing the FATC, the GFAC, and the
MMSC, respectively in the following sections. Two simulation
cases are considered:

(1) Step responses at test operating points covering the
entire envelope;
(2) A continuous flight over the large flight envelope span.

4.1. Tracking performances at the test points

As shown in Fig. 4, 58 test points are determined’ to cover the
entire flight envelope. We also select three navigation points
(4, B and C) to identify the flight trajectory over the large

H (km)

= Test points

« Center of fuzzy rule

— Flight trajectory

Fig.4  Flight test points and flight trajectory over large envelope
span.

Table 3 Parametric perturbations.

Parameter Perturbation Parameter Perturbation
values (%) values (%)

Cra 30 Cug ~30

Crs. 30 Cuo -30

CD() -30 XcgR 30

A =30 Xear -30

Cins, -30 T -30
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Fig. 5 Step response comparison at a specific test point with 3
controllers.

envelope span. To verify the robustness at the 58 test points,
we conduct the large perturbations of aerodynamic parameters
referring to the nominal values as shown in Table 3. The per-
turbations create bad conditions involving increased lift,
reduced drag, control efficiency failures, and deterioration of
airspeed static stability. For any test point, the simulation is
initialized at the equilibrium state, and the rising step com-
mands of airspeed and altitude are implemented at 2 s to illus-
trate the tracking performance in the absence of uncertainties
between 2s and 10s. The perturbations are injected at 10s,
and the attenuation performance for instantly imposed uncer-
tainties can be shown during (10s, 15s). The falling step
commands are conducted at 15s to illustrate the tracking
performance in the presence of uncertainties between 15s
and 25s.

As an illustration, the step responses at a specific test point
(Ma = 122, H = 9.8km) with the three controllers are

1(s)
(a) Airspeed

E
T
<
0
1(s)
(b) Altitude
<
<
40
~ 30F
< 20 i
3 10t
ofF £
0
10F
= s =
= &
Ok : & ii— .
0 5 10 15 20 25
t(s)
(e) Elevator deflection
Fig. 6  Step responses of the closed-loop system with GFAC for

all test points.

represented in Fig. 5. Where CMMD represents the airspeed
and altitude command in Fig. 5(a) and (b), respectively.
From Fig. 5, we can find that for the tracking responses of
the step commands during the time intervals (2's, 10s) and
(15, 255s), the MMSC and the FATC both provide better
tracking performances for the desirable airspeed and altitude
commands (CMMD) on transient and steady-state than the
GFAC. The GFAC degrades the tracking performance due
to the conservatism for the entire flight envelope. After the
exertion of uncertainties at 15 s, the MMSC just generates rel-
atively smaller adjustments of throttle setting and elevator
deflection with slower response rates and it leads to largest
tracking errors and longest adjustment time. Hence, the local
LPV robust controller attenuates the imposed uncertainties
at the cost of response performances. Though the GFAC
reduces the tracking errors obviously via the quick compensa-
tion of the L1 adaptive increment, the convergence time is
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Fig. 7  Step responses of the closed-loop system with MMSC for
all test points.

longer than that of the FATC due to the poor responses of the
fuzzy baseline controller. Benefiting from less conservatism
and rapid compensation of the adaptive SHLNN increment
without sacrificing the response quality, the FATC guarantees
superior tracking performances with strong attenuation per-
formances for the instantly imposed undesirable uncertainties.
Hence, the proposed FATC improves response and robust per-
formances simultaneously at the specific test point.

The responses of the closed-loop system with the three con-
trollers for all the test points are represented in Figs. 6-8,
respectively, in which symbol A denotes the deviation value
of the signal with respect to the trimmed value at the corre-
sponding point.

The statistic results of the tracking errors are represented in
Figs. 9 and 10. Fig. 9 focuses on the step responses during the
time intervals (2's, 10 s) and (15 s, 25 s), and subscripts R and
F label the rising step and the falling step, respectively. Ve, He

1LOF - ¥ X Vie
W \ Vi
g 05k \;
;'— /j Y
) S ; ; S
0 5 10 15 20 25
1(s)
(a) Airspeed
12F Ro - H
_ | o \ H
£ 0.8 s \
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1
o o0 ™
<
< 1t
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< 10f ——
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(d) Throttle setting
8 -
o~ 6r
=4r {E
= .z
0 L r 1 — 1 1 1
0 10 15 20 25

t(s)

(e) Elevator deflection

Fig. 8 Step responses of the closed-loop system with FATC for
all test points.

represent the maximum tracking errors of airspeed and alti-
tude, while T.y, T.y indicate the response time errors at the
corresponding test point. Fig. 10 shows the attenuation perfor-
mances after the exertion of uncertainties between (10's, 15 s),
providing the maximum induced tracking errors V., H, and
the required convergence times Tey, Tey to 10% of the maxi-
mum induced errors at the corresponding test point.

From Figs. 6-8, we get that though all the three controllers
guarantee stable responses throughout the entire flight enve-
lope, the tracking performances and uncertainties attenuation
performances are different, and this can be concluded accord-
ing to the statistic results in Figs. 9 and 10. For the tracking
responses of rising and failing step commands, the GFAC
leads to the largest tracking errors and response time errors
obviously, though the SMMC improves the tracking perfor-
mances and the responses within the whole envelope are more
dispersed compared with those of the FATC. The FATC
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restrains the airspeed errors within a small range (0.025, 0.034)
m/s and the response time errors within (0.35 s, 0.48 s), and so
as to the altitude. During (10 s, 15s), the SMMC guarantees
stability at the cost of response performances, so the imposed
uncertainties render long adjustment times and large tracking
errors, while the GFAC eliminates the airspeed errors quickly
but the attenuation qualities of the altitude errors do not rep-
resent obvious advantage. The FATC attenuates the induced
airspeed and altitude errors within 0.28 m/s and 0.26 m with
the adjustment times less than 0.5s and 1.42 s, and it shows
the best uncertainties attenuation performance. Hence, the
proposed FATC guarantees consistent and satisfactory track-
ing performances within the full envelope in spite of uncertain-
ties, and it attenuates the influences of instant uncertainties
without sacrificing the response performances.

4.2. Tracking performances under continuous flight over large
envelope span

As shown in Fig. 5, the flight trajectory over a large span is
designed to verify the tracking performances under a
continuous flight in the presence of uncertainties. We select
three navigation points to identify the desirable command of
the flight state. The trimmed states for three navigation points
(4, B and Q) in the absence of uncertainties are illustrated in
Table 4.

The UAV is initiated at operating point 4 and switches to
point B and C at 5s and 200 s respectively through filter
dynamic

G(s) = 0.0009/(s* + 0.057s + 0.0009)
and then we can obtain the given inputs Ve, Hy:

Vra t<5s

Vig =4 Vg + (1 = G(s))(Vra — Vrg) S5s<t<200s
Vie+ (1= G(s))(Vre — V1) 200s <1 <400s
H, t<S5s

Hy={ Hy+(1-G(s))(H, — Hy) 5s<1<200s

He+ (1—-G(s))(Hc— Hp) 200s <1<400s

where Vry, Vg, Vrc are the airspeeds at points A4, B, and C,
respectively and H,, Hp, Hc are the corresponding
altitudes.

We introduce sine time-varying parametric perturbation
uncertainties defined as A4, sin(2n(¢ — ty)/7), where the ampli-
tudes Am for CLD(, CL6¢7 CD(), A, CM()7 C'Mq7 XcgR; XcaR aAre
determined as in Table 3, the imposed time 7y = 10s, and
the periods T are 30s, 35s, 40s, 45s, 50s, 555, 60s, and
80 s, respectively. The failures of 30% reduction of the thrust

Table 4 Trimmed values for three navigation operating
points.

Label Condition Trimmed states

Ma H(km) o)  00°) 0w (%) (%)
A 0.46 7.40 10.7 10.7 65.6 -2.9
B 1.32 10.60 2.6 2.6  66.6 -2.3
C 1.01 3.40 1.6 1.6 85.6 —-1.3
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Fig. 12 Membership degrees to 11 fuzzy rules.

and 30% reduction of the elevator effectiveness are imposed at
100 s and 300 s, respectively.

The responses under the continuous flight with the three
controllers are shown in Figs. 11 and 12 provides the
membership degrees of the UAV to 11 fuzzy rules during the
flight process under the feedback control of the FACT.

From Fig. 11, we can conclude that the three controllers
all realize stable tracking over the flight under the time-vary-
ing uncertainties. After 5s, the quick decrease of the eleva-
tor deflection and the increase of the throttle setting cause
the increases of airspeed and altitude. The elevator rises
slowly at 8.2's, and after 48.4 s, the throttle setting declines
to relieve the change rates of altitude and airspeed, and then
the UAV transforms from increasing to steady-state flight at
point B. After 200s, the quick increase of the elevator
deflection and the decrease of the throttle setting lead to a
quick decline of the UAV. Then the eclevator deflection
decreases and the throttle setting rises slowly to reduce the
difference between the drag and the thrust, so that the
UAV transforms from declining to steady-state flight at
point C gradually. As the aerodynamic drag at point C is
much larger, the throttle setting reaches a higher value to
maintain the balance between the drag and the thrust finally
with respect to point B. The quick injections of control effi-
ciency failures at 100s and 300s cause fast regulations of
the elevator and the throttle.

The variations of membership degrees to the 11 fuzzy rules
shown in Fig. 12 illustrate the scheduling mechanism of the
proposed controller. At any specific moment, the flight condi-
tion is subject to 11 fuzzy rules with different membership
degrees, which reflect the weights of corresponding local gain
matrices. The variations of Mach number and altitude accom-
panying with the flight over the large envelope span lead to the
smooth transition of membership degrees, so the fuzzy multi-
ple Lyapunov function synthesizes the 11 fuzzy Lyapunov
matrices X; with the membership degrees to replace the com-
mon Lyapunov matrix X, and the smooth gain scheduling of
the baseline controller of Eq. (15) and the adaptation laws of
Eq. (36) can be realized. Therefore, the extra freedom degrees
of control parameters are offered.

As shown in Fig. 11, though the three controllers all real-
ize stable tracking, the GFAC embodies the largest tracking
errors due to the conservatism compared with the other con-
trollers. Though the MMSC reduces the tracking errors for
a certain degree, the relevant tracking performances as
shown in Fig. 9 could not be ensured due to the cost of
response degradation under the time-varying uncertainties,
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and the maximum tracking errors of airspeed and altitude are
9.5m/s and 23 m, which are obviously larger than 3.5 m/s
and 3.3m caused by the GFAC. Another drawback of the
MMSC is also presented, which is the switching between dif-
ferent subsystems. As marked in the altitude curve, three
switching processes S;, S,, and S3 are conduced, and they
lead to switching dynamics. Especially during S, the varia-
tion ranges of oy, and J, are 11.2% and 4.5°, and they cause
the fluctuation of 3.6° for the pitch angle. The switching
dynamics degrade the tracking performances and lead to
underlying damages. With reduced conservatism and adaptive
SHLNN compensation for uncertainties, the FATC ensures
stable responses of flight states and guarantees the minimum
tracking errors among the three controllers without introduc-
ing switching dynamics. Hence, the proposed FATC guaran-
tees satisfactory tracking performances of the desirable
commands with strong robustness to the uncertainties during
the continuous flight over the large flight envelope.

5. Conclusions

A fuzzy adaptive tracking controller is proposed for the flight
of a UAV over a large envelope span in the presence of unde-
sirable uncertainties:

(1) Benefiting from the relaxed conservatism of the fuzzy
baseline controller and the adaptation laws, the control-
ler guarantees satisfactory tracking performances of the
desirable commands with strong robustness to the
uncertainties for the entire flight envelope.

The parameters of the fuzzy baseline controller can be
obtained conveniently by solving LMI with reduced
computational complexity.

The controller is scheduled based on smooth transition
of membership degrees, and the adaptive increment
provides continuous compensating signals with bounded
parametric eliminates, so the problems of switching
dynamics, chattering, and parametric drift are
avoided.

@
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