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Abstract

This paper concerns the structure of the group of local unitary cocycles, also called the gauge group,
of an Ey-semigroup. The gauge group of a spatial E-semigroup has a natural action on the set of units
by operator multiplication. Arveson has characterized completely the gauge group of Ep-semigroups of
type I, and as a consequence it is known that in this case the gauge group action is transitive. In fact, if the
semigroup has index k, then the gauge group action is transitive on the set of (k + 1)-tuples of appropriately
normalized independent units. An action of the gauge group having this property is called (k + 1)-fold
transitive. We construct examples of Eq-semigroups of type II and index 1 which are not 2-fold transitive.
These new examples also illustrate that an Eg-semigroup of type II; need not be a tensor product of an
Ep-semigroup of type Il and another of type Ij.
© 2008 Elsevier Inc. All rights reserved.
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0. Introduction

An Ej-semigroup is a strongly continuous one-parameter semigroup of unit preserving -
endomorphisms of B($)), the algebra of all bounded operators on a separable Hilbert space §).
In the 1930s Wigner showed that a one-parameter group of x-automorphisms of B(5)) is always
given by the action of a one-parameter strongly continuous unitary group by conjugation. In
particular, the classification of one-parameter automorphism groups of B(f)) up to conjugacy
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can be reduced to the well-known multiplicity theory of Hahn—Hellinger of unbounded self-
adjoint operators. In contrast, the classification theory of Eg-semigroups up to cocycle conjugacy
(which is the appropriate equivalence relation in this context) has proved to be much richer and
full of surprises (see for example [3,9-11,14,17,20,21]; we recommend Arveson’s book [5] for
an excellent introduction to the theory of Eg-semigroups).

One important cocycle conjugacy invariant of an Eg-semigroup is its gauge group (or more
precisely the isomorphism class of the gauge group). Given an Ep-semigroup o, a cocycle C
is a one-parameter strongly continuous family {C(¢): ¢ > 0} satisfying the cocycle identity
C(t+s5)=C@{)a;(C(s)) for t,s > 0. The cocycle C is said to be local if it satisfies the ad-
ditional property that C(¢) € a; (B($))’ for all £ > 0. It is easy to verify that given two local
cocycles Cp and C», the expression (Cy - C2)(t) = C1(¢)Ca(2), for t > 0, defines another local
cocycle. The set of unitary local cocycles is a group when endowed with this operation, and
this group is called the gauge group of the Eg-semigroup «. In terms of the product system ap-
proach to the study of Ep-semigroups, the gauge group is canonically isomorphic to the group of
automorphisms of the product system associated with «.

A unit for an Ep-semigroup « is a strongly continuous one-parameter semigroup of isometries
{U (¢): t > 0} which intertwines the Eg-semigroup: o; (A)U (t) = U (t)A forallt >0, A € B(H).
If an Ep-semigroup has at least one unit, it is called spatial. If it is spatial and it is generated by its
units, it is called completely spatial or type I. All other spatial Eg-semigroups are called type II.
Non-spatial Ey-semigroups, also called type III, have been proven to exist by Powers [14], and in
fact it follows from work of Tsirelson [20] that there exists a continuum of pairwise non-cocycle
conjugate examples. The type of an Ep-semigroup is also a cocycle conjugacy invariant. We will
only consider spatial semigroups in this paper, although we should note that, to our knowledge,
little is known about the gauge group of a non-spatial Eq-semigroup.

Our main goal in this work is to study the action of the gauge group of a spatial Ey-semigroup
on the set of units. If U is a unit of o and C is a local unitary cocycle, then U’ (t) = C (1)U (¢) is
another unit of «, defining a natural action of the gauge group.

Completely spatial Eg-semigroups and their gauge groups are well understood. Every com-
pletely spatial Ep-semigroup is cocycle conjugate to a CAR/CCR flow, and they are completely
classified by the index [3,15,19]. Furthermore, their gauge groups were completely characterized
by Arveson [3,5]. One property which becomes apparent upon examining his characterization is
that the gauge group of a completely spatial semigroup acts transitively on the set of units. In
fact, even more can be gleaned from that characterization. If the completely spatial Ey-semigroup
has index k, then any pair of (k 4 1)-tuples of appropriately normalized and independent units
are related by an element of the gauge group. When the action of the gauge group of a spatial
Ey-semigroup on its units has this property, we say that the action is (k + 1)-fold transitive.

Alevras, Powers and Price [1] were the first to break ground on the study of the gauge group
of Ep-semigroups of type II. In their work, they characterize all contractive local cocycles (not
just unitary local cocycles) for a certain class of Ep-semigroups of type II and index zero. For
semigroups of index zero, the set of units is essentially one-dimensional and the gauge group
action is automatically (1-fold) transitive.

It is natural to inquire whether the action of the gauge group of a spatial Ep-semigroup of
index k on the units is always (k 4 1)-fold transitive. In this paper we show that this is not the
case, by constructing a class of Ep-semigroups of type II and index 1 whose gauge group action
on the set of units is not 2-fold transitive.

It is possible, although we could not verify it, that within the class which we have constructed
there could also be examples of Ep-semigroups whose gauge group action on the set of units is
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not transitive. While this article was in preparation, it came to our attention that non-transitive
examples were obtained by Tsirelson [22], using different techniques. We do not know the exact
relationship between his examples and our own. Nevertheless, in the last section we discuss some
features which they have in common.

We also observe that our examples, as well as Tsirelson’s [22], provide a direct answer to an
old question. When Arveson [2] proved that the index is additive with respect to tensor products,
it was natural to inquire whether type II; semigroups can be decomposed as tensor products of
type Ilp and I;. Alas, that is not the case, as the E-semigroups which we construct are of type
II; yet they are not tensor products of type Ilp and type I; semigroups.

Our approach involves a detailed analysis of the Egp-semigroups obtained via minimal dila-
tion of certain CP-flows. Bhat [6] proved that CP-semigroups can be dilated to Ep-semigroups,
and this result proved very useful for the construction and analysis of new examples of Ey-
semigroups (a very incomplete list of work in this direction includes [4,8,12,13,16]). Bhat [7] has
also found a one-to-one correspondence between the compressions of a CP-semigroup and the
compressions of its minimal dilation. Pursuing this correspondence, Powers [18] subsequently
carried out a study of a class of CP-semigroups, called CP-flows, and their minimal dilations to
Ey-semigroups. In particular, several results were obtained in [18] for the analysis of the cocycle
conjugacy of the minimal dilations of CP-flows, as well as their contractive local cocycles. We
make full use of this favorable framework, which is in fact quite general, given that all spatial
Ep-semigroups arise from the minimal dilation of an appropriate CP-flow (see [18]).

We now provide an outline of the contents of the following sections. In Section 1 we describe
in detail the basic background and terminology, with an emphasis on the material related to [18].
In Section 2 we introduce the class of examples which will be of interest, and describe some of
its key properties. In Section 3 we turn to the analysis of the local cocycles of the Ey-semigroups
under consideration. Finally, in the last section we summarize our main results.

1. Background, notation and definitions

We begin with the definition of Ep-semigroups of B($)) the set of all bounded operators on
a separable Hilbert space §). For a detailed discussion of Ep-semigroups we refer to Arveson’s
excellent book [5].

Definition 1.1. We say « is an Eg-semigroup of B($)) if the following conditions are satisfied:

(1) o is a x-endomorphism of B($) for each ¢ > 0.
(ii) o is the identity endomorphism and o o oy = ovy4 for all s, ¢ > 0.
(iii) For each p € B (), (the predual of B(H)) and A € B(H) the function p(a;(A)) is a con-
tinuous function of 7.
(iv) o;(I) =1 for each t > 0 (o; preserves the unit).

The appropriate notions of when two Eg-semigroups are similar are conjugacy and cocycle
conjugacy (which comes from Alain Connes’ definition of outer conjugacy).

Definition 1.2. Suppose « and B are Ep-semigroups ‘B($;) and B($2). We say « and B
are conjugate, denoted o ~ B, if there is a x-isomorphism ¢ of B($;) onto B($H,) so that
¢oa; = o¢ forallt > 0. We say « and 8 are cocycle conjugate, denoted oy ~ B, if &’ and
B are conjugate where a and o’ differ by a unitary cocycle (i.e., there is a strongly continu-
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ous one-parameter family of unitaries U (¢) on B($) for ¢ > 0 satisfying the cocycle condition
U)o, (U(s)) =U(t +s) forall £, 5 > 0 so that &) (A) = U (t)a; (A)U (¢)~! for all A € B($H;)
and r > 0).

An Ep-semigroup «; is spatial if there is a semigroup of isometries U (t) which intertwine
so U(t)A = a;(A)U(z) for A € B(H) and r > 0. The property of being spatial is a cocycle
conjugacy invariant.

An extremely useful and well-known result in the theory of C*-algebras is the Gelfand—
Segal construction of a cyclic x-representation of a C*-algebra associated with a state of the
C*-algebra. In the study of Ep-semigroups there is a result in the same spirit which says that
every semigroup of unital completely positive maps of B(£) can be dilated to an Ep-semigroup
of B($) where $ can be thought of as a larger Hilbert space containing £. We begin with a
review of the properties of completely positive maps.

A linear map ¢ from a C*-algebra 2l into B(9) is completely positive if

n

Z (fio9(A7A)) 1) =0

ij=1

for A; e, fieHfori=1,2,...,nand n=1,2,.... Stinespring’s central result is that if
has a unit and ¢ is a completely positive map from 2 into B($)) then there is a *-representation
7 of 2 on B(R) and an operator V from ) to K so that ¢ (A) = V*r(A)V for A € 2. And 7 is
determined by ¢ up to unitary equivalence if the linear span of {m(A)V f}for Ac and f € 9
is dense in R.

Often we speak of one functional or map dominating another. We introduce a word for the
functional or map that is dominated. The word is “subordinate.” If A is an object which is positive
with respect to some order structure we say B is a subordinate of A if B is the same kind of thing
A is and B is positive and B is less than A. For example if we are speaking of the positive
integers the subordinates of 4 are 4, 3, 2, 1. If A is a positive operator then the subordinates of A
are operators B with A > B > 0. Suppose E is a projection. Are the subordinates of a projection
E projections under E or the operators under E? The answer depends on the context.

A CP-semigroup of B($)) is a strongly continuous one-parameter semigroup of completely
positive maps of B (%)) into itself. We now state Bhat’s theorem [6] for B ().

Theorem 1.3. Suppose « is a unital CP-semigroup of B($). Then there is an Eo-semigroup o
of B($H1) and an isometry W from ) to $1 so that

a;(A) = Wrad(WAW*HW

and oy (WW™*) > WW* for t > 0 and if the projection E = WW* is minimal, which means the
span of the vectors

ol (EAIE)a(EAZE) o (EALEYWS

for f€$H A eBH),t; =20fori=1,2,...andn=1,2,... is dense in $1, then a? is deter-
mined up to conjugacy.

We use Arveson’s definition of minimality which is easier to state and equivalent to Bhat’s.
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Suppose « is an Ep-semigroup of B(£)). We characterize the subordinates of «, (i.e. the CP-
semigroups B of B(H) so that the mapping A — «;(A) — B;(A) is completely positive for all
t > 0). The subordinates of o are given by positive local cocycles. A cocycle is a o-weakly
continuous one-parameter family of operators C(¢) satisfying the cocycle relation

C(t +5) = C(1)e (C(5))

for all s, > 0. The cocycle C(¢) is local if C(¢) € a;(B($))’ for all 7 > 0. The local cocycles
and their order structure are a cocycle conjugacy invariant. As first shown by Bhat [6] there is an
order isomorphism from the subordinates of a unital CP-semigroup of B($)) to the subordinates
of its minimal dilation to an Eg-semigroup of B($;) We use the notation of [18].

Theorem 1.4. Suppose « is a unital CP-semigroup of B(9) and «? is the minimal dilation of «
to an Eg-semigroup of B($1) and W is an isometry from §) to 1 so that WW* is a minimal
projection for a and

a;(A) = Wrad(WAWHW
for A € B($) and t > 0. Then there is an order isomorphism from the subordinates of a to the
subordinates of a® given as follows. Suppose y is a subordinate of a® and C(t) = y,(I) for
t 2 0 is the local cocycle associated with y then the subordinate B of o under this isomorphism
is given by
Bi(A) = W*C(t)a;l(WAW*)W
for AeB(H) andt > 0.

In this paper we will frequently make use of corners. This is a trick introduced by A. Connes.

Definition 1.5. Suppose « and § are CP-semigroups of B(£)) and B(R). Then y is a corner

from « to B if ® given by
@[A B]z[at(A) mB)]
‘LC DT LyH©) BuD)

fort >0 and A € B($H), D € B(R), B a linear operator from K to $H and C a linear operator
from $ to K is a CP-semigroup of ‘B($H @ RK).

Suppose y is a corner from « to 8 and © is the CP-semigroup of ‘B($ @& K) defined above.
Suppose @’ is a subordinate of @ of the form

@/[A B]z[a;m) y,(B)]
‘Le DT v BID)

for t > 0 for A, B, C and D as stated above. We say y is maximal if for every subordinate ®’ of
the above form we have o’ = a. We say y is hyper-maximal if for every subordinate ®@’ of the
above form we have o’ =« and B’ = B.
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We state Theorem 3.13 of [18] which shows how to determine when two CP-semigroups
dilate to cocycle conjugate Eg-semigroups.

Theorem 1.6. Suppose « and B are unital CP-semigroups of B($)) and B(R) and a® and B¢
are the minimal dilations of « and B to Eq-semigroups. Then a® and B? are cocycle conjugate
if and only if there is a hyper-maximal corner y from « to B.

If « is a unital CP-semigroup and o is its minimal dilation to an Eg-semigroup then the
corners from « to o come from contractive local cocycles. The following theorem follows from
[18, Theorem 3.16 and Corollary 3.17].

Theorem 1.7. Suppose « is a unital CP-semigroup of B($)) and «? is its minimal dilation to an
Eqo-semigroup a® of B($)1). The relation between « and o is given by

a;(A) = Wral(WAWHW

for A € B(H) and t > 0 where W is an isometry from $) to 1 and a? is minimal over the range
of W. Suppose y is a corner from « to a. Then there is a unique contractive local cocycle C for

o so that

Vi(A) = W*C(t)ad (WAWHW

forall A € B($) and t > 0. Conversely, if C is a contractive local cocycle for a? then y given
above is a corner from « to o.

Furthermore, C(t) is an isometry for all t > 0 if and only if y is maximal and C(t) is unitary
forallt >0 if and only if y is hyper-maximal.

Also in [18, Theorem 3.16] there is a similar theorem for matrices of corners.

Theorem 1.8. Suppose « is a unital CP-semigroup of B($)) and o is its minimal dilation to an
Eo-semigroup a® of B(91). The relation between o and o is given by

a;(A) = Wrad (WAW*HW

for A € B($) and t = 0 where W is an isometry from $) to $| and a? is minimal over the range
of W.

Suppose n is a positive integer and ©® is positive (n X n)-matrix of corners from o to «.
Then there is a unique positive (n x n)-matrix C of contractive local cocycles C;;j for a? for
i,j=1,...,n so that

07 (A) = W*Cij (Dol (WAWHW
for all A € B($) and t > 0. Conversely, if C is a positive (n X n)-matrix of contractive local

cocycles for a? then the matrix © whose coefficients 01 are given above is a positive (n x n)-
matrix of corners from « to «.

Next we define CP-flows. We believe these are the simplest objects which can be dilated to
produce all spatial Ey-semigroups. CP-flows are studied extensively in [18].
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Definition 1.9. Suppose £ is a separable Hilbert space and $ = & ® L?(0, o) and U (¢) is right
translation of § by ¢ > 0. Specifically, we may realize $) as the space of K-valued Lebesgue
measurable functions with inner product

o]

(f.8) = /(f(x), g(x))dx

0

for f, g € . The action of U (¢) on an element f € § is given by (U(?) f)(x) = f(x —¢) for
x €[t,00) and (U(t) f)(x) =0 for x € [0,7). A semigroup « is a CP-flow over R if « is a
CP-semigroup of B($)) which is intertwined by the translation semigroup U (¢), i.e., U(t)A =
a; (A)U () forall A € B($H) and r > 0.

Henceforth, unless stated explicitly otherwise, we will arrange our notation so that our CP-
flows will be CP-flows over K and acting on B()), where ) = R Q L2(0, 00), and U (¢) will
denote the translation semigroup on $).

In [18, Theorem 4.0A] it is shown that every spatial Eg-semigroup is cocycle conjugate to an
Ey-semigroup which is also a CP-flow.

We introduce notation for describing CP-flows. Let $ = R® L?(0, 00) and U (1) be translation
by t. Let

E®)=1-U@®OU®* and E(a,b)=U(a)U()* — U®B)U B)*

for t € [0,00) and 0 < a < b < co. We will also write E(t,00) = U({)U(¢)*. Letd = d/dx be
the differential operator of differentiation with the boundary condition f(0) = 0. More precisely,
the domain D (d) is all f € $ of the form

X

f(X)=/g(t)dt

0

with g € 9. The hermitian adjoint d* is —d /dx with no boundary condition at x = 0, that is to
say, the domain ®(d*) consists of the linear span of ©(d) and the functions g(x) = e~ *k with
k € R. In summary, we can represent elements f € D(d*) as f = fo + fi where fy € D(d)
and fy(x) = f(0)e . Thus, the space D (d*) has a natural semi-definite inner product given by
(f, g) = (f(0), g(0)) which induces a (definite) inner product on D (d*) mod D (d). This leads
to a natural identification ©(d*)/®(d) >~ K via the map [ f]1+ f(0).

Suppose « is a CP-flow over R and A € B($)). Then, for r > 0, one computes

(A =UBAUD* + EN o, (AEQ@) =U0AU@®)*+ B
for all # > 0. Then B commutes with E (s) for all s € [0, ¢], so B is of the form
(Bf)(x) =b(x) f(x)

and for t > x > 0, b(x) € B(R) depends o-strongly on A. We now define the boundary rep-
resentation, 7g. Let § be the generator of «. Then for A € ©(5) we have AD(d) C D(d) and
AD(d*) CD(d*) so A acts on D (d*) mod D(d). In terms of the identification D (d*)/D(d) ~ K
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discussed in the previous paragraph, it follows that if f € ©(d*), then (Af)(0) only depends on
f(0). We call this mapping from g : ©(8) — B(R), given by

70(A) (£ (0)) = (Af)(0),

the boundary representation. Note g tells you what flows in from the origin. The boundary
representation need not be o-weakly continuous and even when it is it may not tell the whole
story. If 77 is a o-weakly continuous completely positive contraction of B(f ® L?(0, o0)) into
$B(R) then there is a minimal CP-flow with that boundary representation and if that flow is unital
then the Eg-semigroup induced by the flow is completely spatial (type I,) where 7 is the rank
of 7. For a detailed discussion of these properties of the boundary representation, we refer the
reader to [18].
We now define the generalized boundary representation. The resolvent R, for « is given by

o
Ry, (A) = / e o (A)dt.
0
Next we introduce some notation. If ¢ is a o -weakly continuous mapping from B () to B (R)

we define qg is the predual map from B(RK), to B($H), so we have p(p(A)) = (¢3,0)(A) for all
A € B(9H) and p € B(R),. We define the mapping I as

o0
A= /e”U(t)AU(t)* dt
0
for A € B(5)). Note Ry — I" is completely positive which we denote by writing Ry, — I" > 0.
Note I is the resolvent of a CP-flow with boundary representation wg = 0.

We need one more bit of notation. We define A : B(R) — B(H) for A € B(K) we define
A(A) by

(ACA) f) = e Af (x).

We define A = A(I). Note I'(I) =1 — A.
Now we present the main formula.

Ro(p) =T (w(Ap) + p)
for p € B(9H)« and n — w(n) is the boundary weight map and w(n) is the boundary weight
associated with 1. A boundary weight is a particular example of a T-weight which we define

presently.

Definition 1.10. Suppose T € B(9) is a positive strictly contractive operator (i.e. 0 < 7' < I and
ITf]l < 1for | f|| <1 sooneisnotan eigenvalue for 7). We denote by 24($), T) the linear space

A, T) = —T)2B®H)( —T)?
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and by 4(9), T) the linear functionals p on 2A($), T') of the form
1 1
(U= T)2AU = T)2) = n(A)

for A € B(9H) with n € B(H),. We call such functionals 7-weights. The T-norm of a T'-weight
p denoted || p||r is the norm of 5. If p is a T-weight and ||p||7 < 1 we say p is T-contractive.

Suppose T € B($) is a positive strictly contractive operator and P (1) is the spectral resolu-
tion of T so

1

T =/de()L).

0

If p € A(H, T), then p restricted to P(1)B($H) P (1) is normal for all A > 0.
Consider now the case when T} > T, > 0 and T is strictly contractive so T is strictly con-
tractive. Define S on the range /1 — T, by the relation

1 1
SU-T)2f=U-T)2f
for f € §. Note
1 2 1 2
|SU-T2f|"=(f.d-Tf)<(f. T =T f)=|T-T)>f|
for f € $. Then S is a contractive map on the range of /I — T, which is dense in §) so S has

a unique bounded extension to a contraction defined on all of §. We also denote this operator
by S. We note S is a contraction which satisfies the operator equation

SU—T)T = —T)? so(I—To)IS*ASU —T)? = (I — T))2A(—T))?

for A € B(H) so it follows that A($H, T1) C A(H, T>). We show that A(H, T2)x C A, T1)«.
Suppose p € A($, T»)« which means

p((I = T)TA(I — T2)7) = n(A)

for all A € B($) where n € B().. Then we have
p((I = T)IAU = T1)3) = p((I — T2) 2 S*AS(I — Tp)?) = 5(S* AS)

for A € B($). So we see p € A(H), T1) and since S is a contraction we have || pll7, < ol 7.

Note a 0-weight is just a normal functional.

We caution the reader that the T-weights we consider are not normal weights. A normal
weight on a von Neumann algebra has the property that if 0 < A} < Ay < --- is a increasing
sequence of operators which converge strongly to A then w(A) is the limit of the w(Ay), where
we allow 400 as a possible limit. Let $ = L?(0, co) and let w be the A-weight given by

o((I — A)2A(I — A)?) = (h, Ah)
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for A € B($) where h(x) = x2°(1 — e*)? fors € (1,2). Foreachn = 1,2, 3, ..., let M, be
the set of functions g in $) with support in [1/n, c0) and

[e¢]

/ x5 g(x)dx =0.

1/n

Let P, be the orthogonal projection onto 91,,, and consider B,, = (I — A)~Y2p, . Observe that
B, is as bounded operator, and moreover A, = B, B satisfies (I — A)l/zAn - A)l/2 =P,
forn=1,2,.... Note that w(P,) = (A,h,h) =0forn=1,2,... and P, — I as n — oo, but
it is not true that w(/) = 0. If we were to assign w (/) a value it is 400 since w is positive and
unbounded. Although T-weights are not in general normal weights we do not think of them as
pathological like non-normal bounded functionals since T -weights are normal when scaled down
by /I —T.

In the particular case when $ = 8 ® L2(0, oo) when we speak of boundary weights we mean
the following. Let A be the operator corresponding to multiplication by e™*. Then the boundary
algebra () is

A(H) = A, 4) = — A)TBEH)U — 4)2
and the boundary weights denoted by 2((5)),. are
A(9) =2AH, A

If w is a boundary weight we say w is weight contractive if ||w|4 < | and if w is a positive
boundary weight we say w is normalized if ||w] 4 = 1. If w is a boundary weight and we say
w is bounded we mean w is bounded as a functional on B($)) (i.e. there exists k > 0 such that
|w(A)| < k|| A for all A € 4(9)).

The mapping p — w(p) defined for p € B(RK), is a boundary weight map if this mapping
is a linear mapping of B(R), into boundary weights on () and this mapping is completely
bounded with the norm on ‘B(Rf), being the usual norm and the norm on the boundary weights
being the boundary weight norm. A boundary weight map is positive if it is completely positive.
A boundary weight map w is unital if @ (p)({ — A) = p(I) for all p € B(R)x.

Maintaining the notation of the above definition we observe that U (t)AU (¢)* € 2A4($) for all
A €B($) and ¢t > 0. Recall the mapping I" defined above. Since I" is completely positive and
I'(I)=1—-A,soI'(I) € A(H), it follows that I"(A) € A($)) for all A € B(H). For more details
see the discussion after Definition 4.16 in [18].

Every CP-flow is given by a boundary weight map p — w(p). As we have mentioned the
map is completely positive. There is a further complicated positivity condition. The condition
says if you construct an approximation to the boundary representation 7;, then ; is completely
positive.

We describe the connection between boundary weight and boundary representation. One can
construct a boundary weight map so that the boundary representation is a given o -weakly contin-
uous completely positive contraction of B($)) into B(R). Suppose 7 is a o-weakly continuous
completely positive contraction of 6(9) into B(R). Let

W= +AAR+RARAR + AR AR AR +---.
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This converges as a weight (i.e. the above series converges on the boundary algebra 2($))) and
this is the boundary weight map of a CP-flow. We call this the minimal CP-flow derived from 7.
Formally w = 7 (I — A7)~ and solving for 7 we have

A=wl + Aw)~ L.

If a boundary weight associated with a CP-flow is bounded the boundary representation is
well defined as stated in the next theorem (see [18, Theorem 4.27]).

Theorem 1.11. Suppose « is a CP-flow over K and p — w(p) is the associated boundary weight
map. Suppose ||a)(,o)|| < 00 for p € B(R)s s0 a)(p) € B(9H) for all p € B(R)s. Then the map-
ping p —> p+ Aa)(,o) is invertible i.e. (I + Aa)) exists and 7 given by

F=w( + Aw)™!

is a completely positive contraction from B(R)y to B(9)«. There is a unique CP-flow derived
from 1 and its boundary weight map is given by

~

W=7 +AAR +RARAR + R AR AR AR+ -
So when w(p) is bounded for all p € B(RK)s we have
w=71—-A%)"" and A=+ Aw)"".

Now we introduce a bit of notation. Suppose w is a boundary weight and r > 0. We denote
by w|; the functional given by w|;(A) = w(E(t, 00)AE(t, 00)) for A € B(H). Note w|;(p) €
B(9)«, i.e. w|;(p) is a bounded o-weakly continuous functional. We use the same notation for
operators. If A € B($) and ¢ > 0 then we denote A|; the operator A|; = E(t,00)AE (¢, 00).
Note for w a boundary weight and A € B($) then w|;(A) = w(Al;).

From [18, Theorems 4.23 and 4.27 and Lemma 4.34] we have the following theorem.

Theorem 1.12. Suppose p — w(p) is the boundary weight map of a CP-flow over K. Then for
each t > 0 we have p — w|;(p) is the boundary weight map of a CP-flow over K. Suppose
o — w(p) is a completely positive mapping of *B(R) into boundary weights on B(9) satisfying
w(p)(I — A) < p(I) for p positive. Suppose

2 =l (I + Aol

is a completely positive contraction of B (R)y into B(9)4 for each t > 0. Then p — w(p) is the
boundary weight map of a CP-flow over f.

Furthermore, the mapping ﬁt# defined above has the property that if ¢,(A) = 7] #(E(s,00)
AE(s,00)) for 0 <t <s < o0 and A € B($H) then ¢, is increasing in t in the sense complete
positivity (i.e., the mapping A — ¢:(A) — ¢, (A) for A € B(H) and 0 <t <r <5 is completely
positive).

Definition 1.13. If p — w(p) is a mapping of B(K), into boundary weights on B($)) so that
y%t# defined above is completely positive for each ¢ > 0 we say this map is g-positive. The family
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71[# of completely positive o-weakly continuous contractions of ‘B(£)) into B(R) is called the
generalized boundary representation.

We remark that in checking that the nt# are completely positive it is only necessary to check for
small ¢. If the mapping 7/ is completely positive then ¥ is completely positive for all s > ¢. Next
we give the order relation for the generalized boundary representation(see [18, Theorem 4.20]).

Theorem 1.14. If o« and B are CP-flows over K then B is a subordinate of o (o« > B) if and only if
771# > qbf forallt > 0 where nl# and qbf are the generalized boundary representations of « and f.
Also we have ifrrt# > ¢f then n’f > ¢f forall s >t so one only has to check for a sequence {t,}
tending to zero.

In Theorem 1.11 we used the phrase “« is derived from 7.” The next theorem (see [18, The-
orem 4.24]) and definition will make this more precise. We need a bit of notation which is given
in the next definition.

Definition 1.15. Let Q¢ be the map from R to § given by (Qok)(x) = e V*k. And let ® be the
mapping of B(R), into B(H), given by D (p)(A) = ,o(Q(*;A Qo) forall A € B(9H).

Note that @(p)(U#)AU1)*) = e~ '@ (p)(A), @(p)(I'(A)) = L@ (p)(A) for t > 0 and
@ (p)(A(C)) = 1p(C) forall p € B(R)., A € B($H) and C € B(R).

Theorem 1.16. Suppose p — w(p) defines a CP-flow over R as described in Definition 1.9 and
3 is the generator of « (i.e., § is the derivative of a; at t = 0). Suppose 7 is a completely positive
normal contraction of B(9) into B(R). Then the following are equivalent:

(i) @(p) €D(G) and §(®(p)) =7 (p) = P(p) for each p € B(R)s.
(i) w(p — A (p))) =7 (p) for all p € B(K).
(iii) w(A) =mo(A) for all A € D(8) where m is the boundary representation of «.

Definition 1.17. We say a CP-flow « over £ is derived from the completely positive normal
contraction 7 of 2B($)) into B(R) if it satisfies one and, therefore, all the conditions of Theo-
rem 1.16.

As mentioned earlier for each such 7 there is a CP-flow o derived from 7 and the next
theorem (see [18, Theorem 4.26]) gives a condition for uniqueness.

Theorem 1.18. Suppose w is a completely positive o-weakly continuous linear contraction of
B () into B(R). Then for each p € B(R) the sum

w(p) =7 (p) + 7 (AR () + 7 (A (A(7(0))))) + -

converges as a weight on () and the mapping p — w(p) is the boundary weight map of a
CP-flow a which is derived from w. Furthermore, this o is the minimal CP-flow derived from w
in that if p — n(p) is the boundary weight map of a second CP-semigroup derived from m then
w(p) < n(p) for all positive p € B(RK)s. Moreover, if (m o A)"(I) — 0 weakly as n — oo then
o defined above is unique (i.e. « is the only CP-flow derived from ).
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‘We remark that we believe that this theorem can be strengthened with the stronger conclusion
being that « is a flow subordinate of any CP-flow derived from . In the examples we construct
in this paper we will show that the stronger result holds.

So far most of the results in this section are proved in [18]. The next two theorems are new.

Theorem 1.19. Suppose « is a CP-flow over R derived from w as described in Definition 1.17 and
B is CP-flow subordinate to «, so the mapping A — a;(A) — B;(A) for A € B(9) is completely
positive for all t > 0. Then there is a unique completely positive normal contraction ¢ of *B($)
into B(R) which is subordinate to 7 so that B is derived from ¢.

Proof. Assume the hypothesis of the theorem and suppose §,, and §g are the generators of o and

B, respectively. Let y;(A) = U (t) AU (¢)* fort > 0 and A € B(5)). Since B is a subordinate of «

and B is intertwined by U (¢) we have the maps t — o;(A) — B;(A) and t — B,(A) — y:(A) and

A €°B(%) are completely positive for all ¢ > 0. Suppose p € B(K). and p > 0. Then we have
0 =17 (& (@) — D (0)) + () =17 (Bi(P(0)) — @ (p) + P(p)

=v 2t (P (0) = P(0) + P(p) =17 (¢ = 1+1)D(p)

for t > 0 where the two equal signs are definitions of ¥; and v;. Since « is derived from & we
have

D =171 (& (@ (p) — @(0) + P(p) = 8(@(p) + P (p) =7 (p) =Dy

as t — 07 and the convergence is in norm. Since 99 = 7 (0) € B(H). there is a positive trace
class operator £2( so that

Po(A) =7 (p)(A) = tr(AL0)

for A € ®B($) and for every p| € B(9), with ¥g > p; > 0 thereisan X € B(H) with0 < X < [
so that

1 1
p1(A) = tr(A.QO2 X.QOZ)
for A € B($) and conversely if X € B($) and 0 < X < [ then p; defined above is in B(H).

and 0 < p; < 9. (If we require the null space of X contains Range(.Qo)L then X is uniquely
determined by p;.) Suppose ¢ > 0 and £2; is the unique positive trace class operator so that

P0(A) = (17 (@ (@(0) — D () + P () (A) = r(AL))

for A € B($). From the inequality above we have ©%; > v, > 0 so there is an operator X; € B($))
with 0 < X; < I so that

1

N L 1
vi(A) = (71 (B (P (0)) = D(0) + P (0))(A) = (A2 X1 2/")
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for A € B($). We will require the null space of X; contains Range(.Q,)J- so X; is uniquely
determined. Now let

1

ne(A) = tr(A27 X, 27)

for A € B($). Now we have
1 1

1 1 1 1
lve — nell = sup{Re(tr(A(27 X, 27 — 23 X:223))): A€ B®), |AI <1}

We have [tr(AB)| < ||Allgsl|Bllus for A, B € B($) with ||A|lgs = tr(A*A)% the Hilbert—
Schmidt norm. Then for A € B($) with ||A] < 1,

1

|tr(A(.Q,% x,:zt% - 905 X, 95))\ = |tr(A(.Q,% X[.Qt% — 52,% X[.QO% + .(2[% X[.QO% — !20% X:23))|
< |tr(A.Q,% X, (9,% - 520%))| + |tr(xt90% A(.Q,% — 90%))|
1
+ |AR¢ X,

< (Jagix,

1 1
”HS H‘Qtz - ‘QOZ ”HS

| s)
1 1
< (tr(SZ,)% +tr(~Qo)%)H~Qz2 -2 HHS

and, hence, it follows that
1 1 3 5 1 1 5 3
e = mell < (lvell2 + 19002) [ 22 — 26 [ s < (19:012 + 190012) |27 — 25 || -
1 1 1 1 1 1
Now if UT is the polar decomposition of 27 — 25 so U*(2} — 27) = |2/ — 2| =
1 1
(27 — 272)%)7 we have
19: = Doll = [9:(U*) = 90U | = [r(U* (82, — 20)) |
1 1 1 1 1 1 1 1
= |u(U((27 — 25)(2F +25) + (27 +25) (27 —23)))|
1 1 1 1 1 1
= (|27 — 25 [(27 +27)) > w([2F - 25 |2)
5 o2)2 S _ o2

=u((2) - 2)) =2} -2 ”HS'

Hence, we have
1 1 1
e = nell < (19112 + 190l12) 19 — Dol 2

for all # > 0. Note %9 > n; > 0 for each ¢t > 0. Note the set S of n € B(H), with 99 =>n >0is
compact. This may be seen as follows. For every €; > 0 there is a finite rank £ € B(5), so that
0<& <Y and ||E — Fg|| < €. Given € > 0 we can by choosing € small enough insure that
for every n € S there is a positive n’ < & with ||’ — n|| < €. Hence, for every € > 0 there is a

finite-dimensional compact subset of S so that the e-neighborhoods of this set cover S, thus for
every € > 0 there is a cover of S with a finite numbers of open balls of radius € and we obtain that
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S is totally bounded. Since S is complete (it is clearly closed) and totally bounded, it follows that
it is compact. Since S is compact there is a sequence #, — 0T as n — 0o so that n,, converges to
a limit ng in norm as n — o0o. Since ||¥; — ¥g|| — 0 as t — 0 it follows from the above estimate
that v;, — 19 as n — oo. Hence, we have

[t (Br (2 (0)) — @(p)) — (110 — P ()| — 0

as n — 0o. Now let

In

1 A
Mn = t_/,Bs (‘P(,O)) ds

0

forn=1,2,.... Let g be the generator of 8. Note u, € @(3,3) and

85(1n) =1, (Br (@ (0)) — D (0)) — 110 — P (p)

as n — oo where the convergence is in norm. Since Pn = @ (p) in norm as n — oo it follows
from the fact that 8,3 is closed that @ (p) € 33(8/5) and 8,3((1)(,0)) =10 — @ (p). Since p was an
arbitrary positive element of B($)) it follows that @ (p) € 33(8,3) and 8,3 @)+ P(p) = ¢(p)
where this equation defines ¢. Since & > B > y in the sense of complete positivity it follows that
7w > ¢ > 0 is the sense of complete positivity. From Definition 1.17 it follows that 8 is derived
from ¢. The uniqueness of ¢ follows from the defining equation for ¢. O

Theorem 1.20. Suppose « is a CP-flow over R and 1 is a normal completely positive contraction
of B(9) into B(R) and suppose further that 7 is unital so 7 (1) = 1. Suppose B is a CP-flow over
R derived from w and o > B (i.e. the mapping A — a;(A) — B;(A) for A € B(9) is completely
positive for all t > 0). Then « is derived from 7.

Proof. Assume the hypothesis and notation of the theorem. Suppose p € B($). and p is posi-
tive. Then defining ¥; and v; as in the proof of the last theorem we have ¥; > v, > 0 for t > 0
and v, — 7 (p) in norm as t — 0F. Since ¥, — v; > 0 and ; (/) < I and 7 is unital we have
19 — vell = 9:(D) — v (D) =17 D (p) (e, (1) = I) + D (p)(I) — v (])
<@(p)UI) —vi(I)=p) —vi(I) = p(I) =7 (p)(1) =0.

Hence, ©¥; — #(p) in norm as t — 0T. Since each p € B(K), is the linear combination of at
most four positive elements of B(K), we have

171 (& (@(p)) — @(p)) + P(p) — 7 (p)

in norm as t — 0T. Thus, @ (p) € D(é) and S(QD(p)) + @ (p) =7 (p) for all p € B(K)4. Hence,
« is derived from 7. O

We will want to analyze the action of local cocycles on units. Suppose « is a unital CP-flow
and ? is the minimal dilation of & to an Eq-semigroup acting on $B($)1) as described in The-
orem 1.3. A unit for ¢ is a one-parameter semigroup of isometries V (r) which intertwine ¢
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so (V(H)A = atd(A)V(t) for all A € B5($;) and ¢ > 0). Units for a? are in one to one corre-
spondence with semigroups S(¢) acting on $) with the property that the semigroup £2;(A) =
S(t)AS(¢)* is a trivially maximal subordinate of « (i.e., the mapping A — a,(A) — ¢*7§2,(A) for
A €*B(%) is completely positive for all # > 0 provided s < 0 and the mapping is not positive for
s > 0and ¢ > 0). The next two theorems (see [18, Theorems 4.46, 4.50 and 4.51]) describe such
semigroups and the connection between them and units for the dilated Eq-semigroup.

Theorem 1.21. Suppose « is a CP-flow over £ and S(t) is a strongly continuous one-parameter
semigroup and §2,(A) = S()AS@)* for t > 0 and A € B(9) is a subordinate of a. Then S(t)
is a strongly continuous one-parameter semigroup of contractions with generator —D where
D(D)={f €eDd*): f(0O)=Vf}Yand Df = —d* f +cf where c is a complex number with non-
negative real part and V is a linear operator from $) to & with norm satisfying | V|*> < 2Re(c).
Furthermore, if Tt (A) = (2 Re(c))~'va V* forall A € B($) and y is the minimal CP-semigroup
derived from w then o dominates y. In the case Re(c) = 0 we define m = 0.

Conversely, if ¢ is a complex number with Re(c) > 0 and V is a linear operator from $) to
R with norm satisfying |V ||*> < 2Re(c) and if m(A) = 2Re(c)) "' VAV* for A € B(H) and y
is the minimal CP-semigroup derived from m and o dominates y then if D is an operator with
domain D(D) ={f € D(d*): f(0)=Vf}and Df = —d*f + cf. Then —D is the generator
of a contraction semigroup S(t) and if 2,(A) = St)AS@)* fort > 0 and A € B(H) and o
dominates §2.

Theorem 1.22. Suppose « is a unital CP-flow over & and o is the minimal dilation of o to an
Eo-semigroup and suppose the relation between o and o is given by

a;(A) = Wral(WAWHW

for all A € B(H) (with H =R R L2(O, 00)) and t > 0 where W is an isometry from ) to 9
and WW* is an increasing projection for a® and a“ is minimal over the range of W. Then
91 can be expressed as H1 = K1 ® L2(0, o0) and alisa CP-flow over R so that if U (t) and
U1 (t) are right translation on $) and $1 for o and al, respectively, then Ui (t)W = WU (t) and
Ui (1)*W = WU (t)* for all t > 0. This means that W as a mapping of $ = & ® L*(0, 00) into
H1 = R1® L%(0, 00) can be expressed in the form W = Wi ® I where Wy is an isometry from £
into K.

Suppose S(t) is a strongly continuous semigroup of contractions of ) and §2 given by
2:,(A)=S@)AS@)* for A € B($) and t > 0 is a subordinate of a. Further assume $2 is triv-
ially maximal. Then there is a unique strongly continuous one-parameter semigroup of isometries
S1(t) which intertwine ozld foreacht >0 and

S(1) = W*S1(HW

forallt > 0.

Conversely, if S1(t) is a strongly continuous one-parameter semigroup of isometries which
intertwine atd for each t > 0 then if S(t) is as defined in the equation above we have that S(t) is
a strongly continuous one-parameter semigroup of contractions so that §2 defined by $2;(A) =
St)AS(t)* for A € B(9H) and t > 0 is a subordinate of a which is trivially maximal.
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We end this section with some notation and results which we will need in the next section. As
we saw in Theorem 1.18 the boundary weight map of the minimal CP-flow derived from = is
given by

w(p)=#(p) + (AR (p)) + 7 (AR (AR (0))))) + -

We introduce some notation. For n € N we write R, (¢) to denote finite sum and R(¢) to denote
the infinite series

Ri@)=1+¢+¢*+ -+¢" and R(@)=I+¢+¢*+ .
Then the expression for w above can be written
w=#R(AR) = R(FA).

Formally, R(¢) = (I — ¢)_1, however the inverse in question may not exist. The sums above
make sense in that the series

w(p)(A) = p(7(A)) + p(7 (A(w(A)))) + - -
converges absolutely for A € 2A($)). This is seen by setting A = I — A and assuming p € B(R).
is positive. As we saw in Theorem 1.18 the series above for @ defines the minimal CP-flow
derived from 7. We know from Theorem 1.12 that the truncated boundary weight map p — w|;
for ¢t > 0 is the minimal CP-flow derived from the truncated boundary representation ¢
2. An almost type I CP-flow
In this section we study CP-flows derived from a particular strongly continuous *-representa-

tion w. Let K be the infinite tensor product of L%(0,00) so & = ®1€11 L2(0, 00) with the
reference vector (see [23] for details of infinite tensor products of Hilbert spaces)

Fo=h ok
with
ki(x) = Aje™ 4T

for x > 0 where A; > 0 fori = 1,2, .... The Hilbert space R is spanned by product vectors of
the form

F=fi®®:

where

> i — kil < 0. 2.1)
i=l1
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The inner product between two such product vectors is given by

(F,G)=]](fi. &)

i=1
We impose the following two conditions on the positive numbers A;:

o0

2 — Ang1]?
Z,\ <00 and Z v < oo0. (2.2)

n=1 + )“nJrl

‘We note both these conditions are satisfied for A,, = n and the second condition is not satisfied
for A, =2". Let Sy be the unitary mapping of ) = & ® L*(0, c0) into £ given by

So((i® @ )N =h®[i® fr® - (2.3)

and let 7(A) = SpAS; and A =e™* ® e™* ® --- where e is a shorthand for the operation of
multiplication by e on L?(0, 00). The first sum condition insures that A is not zero and the
second condition insures that Sg is well defined. Note 7 is a normal *-representation of B($))
on ‘B(RK). Suppose n is a positive integer. We define &, as the tensor product of the Hilbert
spaces L2(0, 00) from n + 1 on with the reference vector F,,g = ®l°in L1 ki. Let S, be the linear
mapping from £ to &, which takes the product vector F = @Q)io, fi € £ to the product vector
Sy F = ®?il fi € R,,. From the second sum condition above one finds S, is well defined and one
checks that S, is unitary. We define Q,,(A) = S, AS} for A € B(R). Let 8, = Q"_, L2(0, 00).
We see that B(R) = B(R),) @ B(KR,) and 0, (Iy ® 04 (A)) = Litm @ Qnym(A) for A € B(9)
where I is the unit in B(8&)) forn,m, k=1,2,....
‘We have the formulae,

(A ® Ap) = Ao ® Q1(A),
AA)=AQe™™,

m(A(A) =™ ® Q1(A),
(TA"(A)=e" Qe ® Qe *® 0,(A)

for A € ®B(R) and n =1, 2, ... where there are n factors of ¢™* in the last equation. For A =
A1 ® Ay ® - - - we write these formulae:

T((A1®A2®--)®A)) =(A® A QA2 ® ),

AAI®ARQ - )=(A10A® - )@,

T(AAI®A®--))=e " R®AI®A®- -,
@A (AIRAI®--)=¢ "R Q@ Qe "®AIRA®: .

We first note that (;r A)"* (1) converges to A as n — 0o. We have

TA"N=e"QRe "R - Qe " QRIQRIRQ---
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where there are n factors of e and we see that (7 A)" (/) forms a decreasing sequence of

positive operators which must converge strongly to a limit which is
A:e_x ®e_x R

As we have mentioned the first sum condition on the A, insures that A is not zero.

Next we note that if 7(A(A)) = A then A is a multiple of A (i.e. A =cA with ¢ € C). In
fact, we show first that it is enough to prove that if A is positive and 7 (A(A)) = A then A =1 A
with A > 0. Note that if 7(A(A)) = A then if A = Ay +iA, where A; and A, are hermitian
then w(A(A;)) = A; fori =1,2. So it is enough to show that if A = A* and 7 (A(A)) = A then
A = LA with X real. Next note that if A € 28(R) is hermitian and 7(A(A)) = A and ||A|| = 1 then
(rA)'(I +A) - A+ A as n — oo and since A + A is the strong limit of positive operators
we have A + A is positive. If A + A = LA it follows that A is a multiple of A. Hence, it is
sufficient to show that if A is positive and 7 (A(A)) = A then A = 1A with A > 0. Suppose then
that A € B(K) is positive, ||A]| = 1 and 7 (A(A)) = A. Since (1 A)"(I —A) > A—A>0we
have 0 < A < A. Recalling the reference vector Fy we have

2 2
—_— )\‘1 . A’Z e
1+ 1423

(Fy, AFy) = (kl, e_xkl)(kz, e_xkz) e

Since A > A > 0 we have (Fy, AFy) = c(Fy, AFp) with ¢ € [0, 1]. Now since m(A(A)) = A it
follows that

A=e"®01(A)=e¢"Qe " ®02(A) ="
and we have
)»2 )\2
=c

00 o0
ki, A ki ntl n+2
( ® ! Qn( ) ® 1) 1+)\2 1+)\'2

i=n+1 i=n+1 n+1 n+2

forn=1,2,.... Now let

o0 o
F=®f,- and G=®gi
i=1 i=1

be product vectors so that f; = g; = k; for i > m. Then we see that

A2 22
(F,AG)=(fl,e_xg1)(f2,e—xg2).._(f e g )c m+1 m+2
SR VI

= c(F, AG).

Since such vectors F and G are dense in & we have A = cA. Then we have proved the following
lemma.

Lemma 2.1. Suppose w is the x-representation described above. Let A be as described above.
Then A =1im,,_, oo (mr A)" (I). Furthermore, if A € B(R) and t(A(A)) = A then A is a multiple
of A (i.e., A=cA withc €C).
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We will need a stronger characterization of this property which is provided by the following
lemma.

Lemma 2.2. Suppose p € B(R). and p(A) =0. Then ||(/if1)”(p)|| — 0asn— oo.

Proof. Suppose p € *B(R), and p(A) = 0. Suppose € > 0. Since p can be approximated ar-
bitrarily well in norm by a finite sum of functionals p; of the form p;(A) = (F;, AG;) with
Fi,G; e Rfori =1,...,n and the vectors F; and G; can be approximated by vectors Fi/ and G;
which are finite sums of product vectors of the form f1 ® f> ® --- with f; = k; fori > m with m
some large integer it follows that there is a functional 5 so that ||p — 5| < %E(F(), AFp) and

n
n(A) =) (Fi, AG))
i=1
and each of the vectors F; and G; is of the form
o
F®( (09 k,-)
i=m+1

(i.e. they consist of sums of product vectors with factors f; = k; for i > m). Since we have
1
()| = |p(A) —n(D| < llp—nll < 5€(Fo, AFo).
Now let u(A) =n(A) — (Fo, AFp)n(A)(Fo, AFQ)_l. Note
1 1
lo =il < llo = nll + lIln = ull < Se(Fo, AFo) + Se <e.

Since (AR)¥(w)(A) = u((r A)¥(A)) and (r A)F(A) is of the form
@A A =e"®eTF®---®e ™ ® Or(A)

where there are k factors of e, and it follows from the f9rm of w that w((r A)¥(A)) =0 for
k > m. Hence, ||(A7)K(p)|| < € for k > m and we have ||(A7)*(p)| > Oask — co. O

Let o! be the minimal CP-flow derived from 7. If p — w'(p) is the boundary weight map
for a! then

o' (p) =7 (p) + A AR (p) + R AZ AR (p) + - -- = FR(AR)

where the shorthand R() = I + ¢ + ¢ + - -- was introduced in the last section. We analyze
CP-flows derived from . We begin with the following observation.

Theorem 2.3. Suppose o is a CP-flow derived from & and w is the boundary weight map for «.
Then w is of the form

w(p)=w'(p) + p(A)E
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for p € B(R)s where ' is the boundary weight map for o' the minimal CP-flow derived
from w and & € A(9) is a positive boundary weight on A($) = (I — A)%%(f))(l — A)% with
E(I — A) < 1anda is unital (i.e. ; (1) =1 fort > 0) ifand only if §(I — A) = 1.

Proof. Assume the hypothesis and notation of the theorem. Since « is derived from = we have
(by Theorem 1.16) that w(p — AR (p)) = 7 (p) for p € B(K)4. Suppose p € B(RKR),. Let p, =
o+ A (p) + -+ (A7T)"(p). Then we have

o(p — (AR)"(0)) = 7 (p) + A AR (p) + - + #(AR)" (p).

Now suppose p(A) = 0. Then by Lemma 2.2 we have ||(Aﬁ)"p|| — 0 as n — oo so we have
taking the limit as n — oo that w(p) = ! (p) for p € B(R), with p(A) = 0. Now suppose
n € B(R), is positive and n(A) = 1. Then for arbitrary p € B(K), we have

w(p)=w(p —p(A)n) + p(Ao) =w'(p) + p(A)(01) — o' (1)).

Setting & = w (1) — w' (1) we have w given in terms of w' and & as stated in the theorem. Next
we show £ is a positive. Suppose p € B(R), is positive and p(A) = 1. Then we have

o((A7)"(p) =o' (AD)")(p) + &

foreachn =1, 2, ... and since a)l((/ir?)”)(,o) — 0 as a weight and since (Aﬁ)" (p) is positive
we have £ is the limit of positive weights so & is positive. For p € ‘B(R). we have

w(P)(I — A) = (p)(I — A) + p(A)EU — A)

and calculating w! (p)(I — A) we find

o' (p)I — A) = p((I = 7 () + (T(A) = (TA)*(A)) + )
=pU) — p(4).

Hence, we have w(p)(I — A) = p(I) — p(A)(1 — & — A)) for p € B(K),. Since we have then
inequality w (p)(I — A) < p(I) for positive p € B(K), wefindé(I —A) < landw(p)(I —A) =
o) ifandonlyif§&(/ — A)=1. O

It follows from this result that if « is a unital CP-flow derived from 7 and ¢ is its minimal
dilation Eq-semigroup, then a“ is of type II and of index 1. This is because A % 0, so the minimal
CP-flow derived from 7 is not unital, and therefore it must be a proper subordinate. Now recall
that since « is derived from 7 and 7 is o-weakly continuous, we have that  is the normal
spine of « (see [18, Definition 4.36 and Lemma 4.37]). Furthermore, by [18, Theorem 4.52],
a? is completely spatial if and only if « is the minimal CP-flow derived from its normal spine.
It follows that a? cannot be completely spatial. Finally, we observe that by [18, Theorem 4.49],
the index of a? is precisely the rank of the normal spine of «, and the rank of 7 is one.

We remark that it was shown in [18, Theorem 4.62] if v is a positive element of 2B($), with
v(I) <1 and & is of the form

£=(1—v(A)) 'RGE AW
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then w of the form given in Theorem 2.3 is the boundary weight map of a CP-flow « is unital
if and only if v(/) = 1. In a subsequent paper we find necessary and sufficient conditions on &
that w as given in the statement of the above theorem is the boundary weight map of a CP-flow
over R. If & satisfies these conditions we say £ is g-positive. In a subsequent paper we show that
the above formula for £ can be generalized to positive A(A)-weights with v(I — A(A)) < 1. We
also show that there are more general &. For this paper we simply note that there are plenty of
g-positive £ which yield unital CP-semigroups c.

3. Local flow cocycles

In this section we study the local flow cocycles associated with the CP-flows constructed in
the previous section. Suppose « is a unital CP-flow and «? is the minimal dilation of « to an Eq-
semigroup. As we saw in Theorem 1.22 then the ¢ is also a CP-flow over £ and the translation
U (t) on the Hilbert space $ on which « lives dilate to the translations U 1(¢) on the Hilbert
space $1 on which a¢ lives. Recall  — C() is a local cocycle for a¢ C is a cocycle and C (1)
commutes with oztd (B($H1)) for all £ > 0. The cocycle C is a flow cocycle if C(1)U'(r) = U (1)
for all ¢ > 0. Just as each local unitary cocycle corresponds to a hyper-maximal corner from «
to a, each local unitary flow cocycle for a? the dilation of a CP-flow over £ corresponds to a
hyper-maximal flow corner y from « to «. Here a flow corner from « to « is a corner so that the
matrix © in Definition 1.5 is a CP-flow over £ @ K. Theorems 1.7 and 1.8 of Section 1 of this
paper are valid if one replaces the word “CP-semigroup” with “CP-flow” and “cocycle” with
“flow cocycle” (see [18, Theorem 4.54]). One ambiguity that occurs in speaking of flow corners
is the following. When one says y is a maximal flow corner do we mean y is maximal as a flow
corner or simply maximal as a corner. In [18, Lemma 4.55] it was shown that if « and B are
CP-semigroups and y is a flow corner from « to B then o and B8 are CP-flows. It then follows
that the two notions of maximality are the same.

We mention one technical problem. Suppose ¢ is the dilation of the CP-flow « and t — C (1)
is a contractive local cocycle and C (1)U L = exp(—zt)U ! (¢) for t > 0 where z is a complex
number with positive real part. Let C’(z) = exp(zt)C(f). Then C’ is a local flow cocycle, how-
ever, it is not clear that it is contractive so there may not be a flow corner associated with it.
Fortunately, Theorem 4.61 in [18] shows that C’ is contractive so there is a local flow corner
associated with it. This means that every contractive local cocycle C is of the form C(¢) =
exp(—zt)C’(¢) for r > 0 where C’ is a flow cocycle and z is a complex number with non-negative
real part.

Here we introduce some notation which we will use throughout this section. As in the last
section 7 is the *-representation of B($)) on B(K) constructed in the last section. We denote
by & a g-positive (usually unital) boundary weight and by « = & the CP-flow derived from 7
associated with £ as described in the last section. The boundary weight map for « is

w(p) =o' (p) + p(A)E

for p € B(R), where w! = R(ﬁﬁ)ﬁ. Recall that g-positive means that @ given above is the
boundary weight of a CP-flow over K. As we mentioned in the last section the complete charac-
terization of such £ will be given in a subsequent paper but for now we simply remark there are
many g-positive £ as given in the previous section.

If z is a complex number with |z| < 1 we denote by

W' = 7R(zAMNF = 2R R(ZAR) = 27t + 2A AR + PR AR AR +- -+ (3.1)
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where the sum converges as a boundary weight since the sum converges for z = 1 where all the
terms are positive.

Next we introduce a family of one-parameter semigroups of isometries which intertwine .
For z any complex number we denote by U, the one-parameter semigroup of isometries of §) =
R® L%(0, 00)

1
U,(t) =exp(—tD;) where D, = —d* + Elzlzl

for t > 0 and d is the operation of differentiation defined in the last section and the domain
D(D;) ={f €eD(d*): f(0)=2zS0f} where Sy is the unitary operator mapping §) into & defined
by (2.3) in the last section as

So((fi® 2@ )R fo)=fo® 1@ 2@

for f; € L2(0, 00) and the fi satisfy condition (2.1) and Sy defines  in that 7 (A) = S()ASS‘ for
A € B(9). Note Uy = U the standard right translation and Do =d.

Suppose w and z are complex numbers. We show the U, are a one-parameter family of isome-
tries and the covariance c(w, z) of U,, with U, is given by

Uw(1)*U, (1) = exp(c(w, 2)t) ] = exp(%(sz —|w)? = |z|2)t)l (3.2)

fort > 0. For f € ®(Dy) and g € D(D;) we have

d
E(Uw(t)f’ Uz(t)g) = (d*Uw(t)fv Uz(t)g) + (Uw(t)f’ d*Uz(t)g)

1
- 5(|w|2 +1z217) (U £, U-(1)g)

for t > 0. Now we have

(@ U@ f, Uz (0)8) + (U (@) £, d*U-(1)g) = (U (@) £)(0), (Uz(1)g) (0)
= (wSoUw (1) f. 2S0U-(1)g)
= wz(Uy (1) f, U:(1)g)
for r > 0 where we have used the relation between 4(0) and Soh for b in D(D;) or D(D,,) and

the fact that Sy is an isometry. Hence we have

d
E(Uw(l)fa U.(1)g) = c(w, 2)(Un () f, U(1)g)

for ¢ > 0 and since the domains ©(D,,) and ©(D;) are dense in ) (see the argument in [18,
Lemma 4.44]) Eq. (3.2) follows.
Next we note that S is a one-parameter semigroup, so §2 given by

2,(A) = S(t)*AS(t)
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for A € B($) and ¢ > 0 satisfies o > §2 (meaning the mapping A — o;(A) — §2;(A) is com-
pletely positive for A € B($) and ¢ > 0) if and only if there are complex numbers y, z with
Re(y) > 0 so that

S@) =e U, @)

for t > 0. This follows from Theorem 1.21 of Section 1 once one notes that the condition of the
theorem is satisfied if and only if the mapping A — m(A) — (2Re(c)) "' VAV* is completely
positive and since w(A) = SOASS‘ for A € ®B($) this is the case if and only if V is an appropriate
multiple of Sp.

Suppose z € C. We show U, intertwines «. From the result just established we have the

mapping
Bi(A) = a; (A) — U () AU ()"

for A € B($) and ¢ > 0 is completely positive. Suppose ¢ > 0. Then since « is unital we have
B(I)=1—U, @)U, (¢)*. Since U,(t) is an isometry and B, is positive we have

0<B(A) ST —-U U ()"
for A € B($) with 0 < A < I and consequently
Bi(A) = (I —U.()U(1)") B (A) (I — U (1)U (1)*)
and by linearity this extends to all A € B($). Then we have
@/ (A) = U, () AU, (1)* + (I — U.() UL (1)) (A) (I — UL () U, (1)*)

for all A € 95($). And multiplying the above equation on the right by U, (¢) we obtain U, () A =
a;(A)U,(t) so U, intertwines «. Summarizing our results to this point we have the mapping
A — o;(A) — V(@)AV (t)* for A € B($H) and ¢t > 0 is completely positive where V is a one-
parameter semigroup of contractions then the V (¢) are in fact multiples of a semigroup U, of
isometries which intertwine .

Now suppose o is the dilation of « to an Eq-semigroup on $); as described in Theorem 1.22.
Then from Theorem 1.22 we see the mapping

WU W = U, (1) (3.3)

for t > 0 and z € C give us a bijection from the U, to intertwining semigroups of isometries UZ]
which intertwine a? where the covariance for the UZ1 is the same as the covariance for the U,
given in Eq. (3.2). Also every intertwining semigroup for a“ is of the form V!(z) = e’ UZ1 )
with y,z € C.

Next we describe the action of local cocycles on the units Uzl. One checks that if 1 — C(¢)
is a local cocycle for a? then C(t)UZ1 () is a intertwining semigroup for a?. Now the action of
the local unitary (respectively contractive) cocycles on the units UZ1 restricts to an action of local
unitary (respectively contractive) cocycles on y, the type I part of a? (see [5, Remark 10.4.2,
p. 3471), which is the “maximal” type I E-semigroup subordinate to a“ (necessarily type I; in
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this case). Every E-semigroup is cocycle conjugate to an Eg-semigroup, hence the action at the
level of y must arise via cocycle conjugacy from an action of a subgroup of the gauge group
(respectively semigroup of local contractive cocycles) of an Ep-semigroup of type I acting on
its set of units.

Local unitary cocycles generate automorphisms of the product systems associated with an
Ey-semigroup and these have been computed in the type I case by Arveson in [3] (see also [5,
Section 3.8]). Going one step further, Bhat [7] computed the positive contractive local cocycles
of an Ey-semigroup of type I. The general contractive local flow cocycles for a CP-flow of type I
are characterized in [1, Theorem 2.11]. Now we characterize the action of the contractive local
cocycles on units. If C is a contractive local cocycle for a? then there are complex numbers
a,b,c,y e Cwith |a| <1 and Re(y) > 0 so that the action of C on the units UZ1 is given by

CHU ) = exp(t(—y - %Iv +z2(1—al?) +i Im(Ez))) Ul p(0) (3.4)
for t > 0 with
v=—(1—laf)" @b +c)
and when |a| = 1 then numbers a, b, ¢ € C above satisfy the additional constraint ac + b = 0, so
CU @) = ! OFIm@ ! ).
The action of C* is obtained by making the replacements
a—a, b<c¢ and y—y.

In the case when |a| = 1 we parameterize C with complex numbers (y, a, b) not using ¢ so the
action of C* in this case is given by

CO*UL @) = 'Oy ().
If the cocycle is isometric then
lal =1, ac+b=0, and Re(y)=0.

If the cocycle is a flow cocycle then b = ¢ = y = 0 so the action of a flow cocycle on the units
UZ1 is given by

1
CHUL(t) = e 2Pyl (1)
fort >0and z e C.
If C and C’ are contractive local cocycles whose action on the units is characterized by the

n-tuples (a, b, c,y) and (a’, b, c’, y') as describe above then the corresponding numbers for the
product cocycle t — C(¢r)C'(t) are

1
(aa/, ab' +b,a'c+c,y+y +ilm(cb’) — §r>
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where r = 0 if either |a| = 1 or |a’| = 1 and otherwise

r=(01—ldP) @y + P+ (1—1al?) |’ (1=lal?) —ab—c|

— (1= |ad'?)""|a@' @b’ +b) + @ c+¢|

is a non-negative real function of (a, b, c,a’, b’, ¢’). Given the complexity of the function r above
we wonder if there is a better parameterization of the action of the local cocycles on the units. If
either of the local cocycles above is unitary the number » above is zero so the parameterization
of contractive local cocycles is much more difficult than the parameterization of the unitary local
cocycles.

We caution the reader that action of a local cocycle on the units UZl does not completely
determine the cocycle since in our case a? is not completely spatial. In the next theorem we
characterize the contractive local flow cocycles which as we have explained is equivalent to
determining the flow corners from « to «. First we prove the following lemma.

Lemma 3.1. Suppose & is a unital q-positive boundary weight on A($)) and o is the CP-flow
over R derived from w associated with &. Suppose y is a flow corner from o to o which means

that
o, ( Al An ) _ | @A) vi(A)
Ay Ax Yi(A21) o (Ax)
fort >0and Aj; € B(9) fori, j =1,2isa CP-flow over R® K. Then there is a complex number
z with |z] < 1 so that © is derived from I1, given by

Il ( Al Anp > _| (A1) zm(Ap)
“\[A2z A zm(Az)  7(Ap)
for Ajj € B(9) fori, j =1, 2. Furthermore, for each w € C we have
— prthwlP—z%)
Uw(®)A =e2 Ve (A Uy (1)
and
— ptlwlP (=2, *
Uy(t)A=e2 Y, (A)Uy(1)
for AeB(H)andt > 0.
Proof. Assume the hypothesis and notation of the theorem. Let «¢ and ©¢ be the dilation of
o and © to Ep-semigroups on §)1 and 1 @ $H1 and the relation between the CP-flow and the
dilated Ep-semigroup is as described in Section 1 so
a;(A) = Wrad(WAW*HW

fort > 0and A € B($). We will show that there is z € C with |z| < 1 so that ® is derived from
I, as defined above.
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First note that U (t) @ U (¢) intertwines ©®. Using this we find the boundary representation of

© is of the form
Al A (A1) ¢(A12)

(A) <[A21 A ¢*(A21) 7(A2)
for A in the domain of the generator of @. Since  is pure meaning the only subordinates of &
are of the form Asw with 0 < A < 1 and [T is completely positive it follows that ¢ = zz for some
z € C with |z] < 1. Note in general the boundary representation is the direct sum of a normal and
a non-normal representation of the domain of the generator but in our case we are assured that
there is no non-normal part because 7 is unital and therefore I7 is normal. Thus the boundary
representation of @ is IT so @ is derived from I7.

As we have seen since y is a flow corner from « to « there is a unique contractive local flow
cocycle C for a“ so that

Vi(A) = W C(t)ad(WAWHW

forall r > 0and A € B($). Then as we have seen there is a number y € C with |y| < 1 so that

1
CHUL (1) =exp<—§t|w|2(1 - |y|2)) Ul
for t > 0 and w € C. Then we have

Vi (A Uy (1) = W*C () (WAWH WU, (1)
=W*C()ad (WAWH UL (Hw
=W*C()U) WAW*W

1
- exp(—§t|w|2(1 — |y|2))W*Uy1w(t)WA
1
= exp<—5t|w|2(1 - |y|2))uyw<t>A
fort >0, w e C and A € B($). Also since C is a local cocycle we have
V(A = Wrad (WAWH)C(1)*W = W*C (1) o (WAWHW
SO
1
V(A Uy(t) = exp<—5r|w|2(1 - |y|2))Uw(t>A

fort >0, w € Cand A € B($). Hence, we have proved the lemma provided we can show y = z.

We show y = z. Let d» =d @ d so d; is the ordinary differential operator d/dx on § @ 9.
We use capital letters F' and G to denote elements of ) @ §) and lower case letters f, g to denote
elements of $). Recall that the boundary representation discussed in Section 1 for ® is given by

I (A)F(0) = (AF)(0)
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for F € ©(d3) and A € D(82) where §; is the generator of ®. Suppose w € C and w # 0. Now
suppose G = {0, g} and g € D(Dy,) so g € D(d*) and g(0) = wSpg. Suppose A € D(J,) and
A;j € B(9) are the matrix coefficients of A fori =1, 2. Now from what we have shown we have

_ _l 2(1 _ 2
Vi (A12)Uy (1) g = exp tw| (1 [yl ) Uyw(1)A128
2

for t > 0. Since —D,, is the generator of Uy, and g € ®(D,,) we have Uy, (¢)g is differentiable
in ¢ and since A € ®(87) we have y;(Ap) is differentiable in 7 so the expression on the left-
hand side of the above equation is differentiable in . Hence, Uy, () A12¢ is differentiable in  so
Ag € (D) and we have Ag € D(d*) and

(A128)(0) = ywSoA 128 = ywSoAr2(w™' 558(0))
= yS0A12558(0) = ym(A12)g(0).
Since IT,(A) F(0) = (AF)(0) we have
(A128)(0) =z (A12)g(0)
and comparing the two equations we see y =z. O

Theorem 3.2. Suppose & is a unital q-positive boundary weight on A($)) and « is the CP-flow
over R derived from m associated with &. Suppose y is a flow corner from « to « which means

that
o. (| An AlzDZ[at(An) Vt(A12)i|
"\ A2 Ax vi(A21) o (A)
fort>0and A;j € B($) fori, j=1,2isa CP-flow over R® R and if §2 is the boundary weight
map for © then §2 is of the form

of|Pn P2 _ |: w(p11) 0(1012):|
- *
P21 P22 o™ (p21) (p22)
for pij € B(R)« fori, j =1,2. Then there is a unique complex number z with |z| <1 so if z # 1
then

a(p) =w*(p)
Jor p € B(R)4 and if z = 1 then there is a boundary weight §' so that
a(p) =o' (p) + p(A)§’

forall p € B(R).
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Proof. Assume the hypothesis and notation of the first paragraph of the theorem. Then from the
previous lemma there is a unique z € C with |z| < 1 so that @ as given in the previous lemma is
derived from I7,. Since @ is derived from IT, we have repeating the argument of Theorem 2.3
that

o (p =" (AR)" T (p)) = 2R (p) + PR AR (p) + -+ + "R (AR)" (p).
Suppose p(A) = 0. Then we have from Lemma 2.2 that || (Aﬁ)”(p) || = 0asn — oo sowe have
o (p) =2 R(zAR)(p).
Choose a positive p; so that p;(A) =1 and we find
o(p)=0(p—pA)p1)+ p(A)o(p1)
=zAREAR) (p) + p(A) (0 (p1) — 2R Rz AR) (p1)).
Letting £ = o (p1) — 27 R(zA#)(p1) we have
o(p) =w*(p) + p(A)E'.

Now since o is derived from zzr we have o (p — zA# (p)) = z7 (p) for p € B(K), and since
w? is also derived from zzw we have the same equation is true for w® from which it follows that

p(A)E — zARp(A)E' = (1 —2)p(A)E =0
for p € B(R),. For z # 1 the only solution to this equation is &’ = 0. Hence, if z # 1 we have
o(p) = (p) =z7 (p) + 2A AR (p) + 2R AR AR (0) + - - -
for p € B(R)x. O
Theorem 3.3. Suppose & is a unital q-positive boundary weight on A($) and « is the CP-flow
over R derived from m associated with &. Suppose a? is the minimal dilation of « to an Eg-
semigroup of ‘B($1) as given in Theorem 1.6 so
a;(A) = Wral(WAWHW

for A € B($) and t > 0. Then there is a bijection from the units UZ1 of a? onto the units of U, of
o given by

WU OW = U, (1)
fort >0 and z € C. Suppose t — C(t) is a local unitary local cocycle which fixes U(} so that

C()Ug (1) = Uy () fort > 0. Then C(t)U}(t) = U} (t) for t >0 and all z € C. This means that
the action of the local unitary cocycles on the units contains no rotations.
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Proof. Assume the hypothesis and notation of the theorem. Let
Vi(A) = W*C(H)ad (WAW*W

for A € B($) and ¢ > 0. From Theorem 1.6 we have y is a hyper-maximal flow corner from «
to «v. Since C () is a unitary local cocycle which fixes U(} we know from the general properties
of such cocycles discussed before Lemma 3.1 there is a complex number y of modulus one so
that C(t)Ul}, (1) = U)I,w (t) forall t > 0 and w € C. Since y is a flow corner from « to & we know
that there is a complex number z so that

L1201 1512
Uz () A = 2P0y (v, (1)

forweC,t >0and A € B(5). Then we have

Vi (A Uy (1) = W*C () (WAWH) WU, (1)
=W*C)ad (WAWHU (1)w
=W*C()U) () WAW*W
=W*U,},(OWA = Uy, () A
forallw e C,t >0 and A € B(9). Comparing the two equations we see y =z so |z| = 1.
To complete the proof of the theorem all we need do is to show z = 1. Suppose |z| = 1 and
z# 1. Now we apply Theorem 3.2. Let @ be the CP-flow described in the theorem. Assuming
the notation of Theorem 3.2 we have o (p) = w*(p) for p € B(K),. We show this implies that

C is not unitary. From Theorem 1.6 we know C is a unitary cocycle if and only if y is hyper-
maximal. But y is not hyper-maximal as can be seen as follows. Let @' be the CP-semigroup of

B(H @ H) given by
ol ([All Alz}) _ [ n:(A11) Vt(A12)i|
"\ A2z Ax vi(A21)  n:(A2)
for t > 0 and A;; € B(H) for i, j = 1,2 where 7 is the minimal CP-flow derived from 7. Note
the boundary weight map £2! for @' is of the form

ol (P11 P2 |) _ o' (o) ©*(p12)
P21 P22 ®*(p21)  ©'(p22)
for p;jj € B(K)4 for i, j =1,2. Now we see y is not hyper-maximal since o > n and if y were
hyper-maximal we would have o = 1. Hence, if z % 1 we have C is not unitary so the action of
the local unitary cocycles does not contain the rotations. O

4. Conclusion

Here we present our conclusions. Suppose R is a separable Hilbert space and $H = R ®
L%(0, 00) and S is a unitary mapping from §) onto & and 7(A) = SAS* for A € B($). Note
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7 is an irreducible x-representation of B ($)) on B(RK). Suppose A is the mapping of ‘B(K) into
$B($) given by

(A(A)F) (x)=eFAF(x)
for A € B(RK) and x > 0 for all R-valued function F € §). Let
A= lim (wA)*(I)
n—oo

where the limit exists in the sense strong convergence since the terms are decreasing. Assume
A # 0. Assume further that for all p € B(R), with p(A) =0 we have ||(/§7?)"(,0)|| — 0 as
n — oo. It follows from this that if 7(A(A)) = A then A = A A.

Then there are unital CP-semigroups o of B($)) which are intertwined by the shifts U and
there boundary weight maps are given by

w(p)=w'(p) + p(A)E

for p € B(R). where ' is the boundary weight map for the minimal CP-flow derived from 7
and it is given by

o' (p) =7 (p) + 7 AR (0) + 7 AR AR (p) + - = RR(AR)
and & € A($). is a positive boundary weight on
A = (I — 4)2BE)T — )

with £(/ — A) < 1 and « is unital (i.e. a;(1) = I for t > 0) if and only if £(/ — A) = 1. The
boundary weight & satisfies certain positivity conditions which we analyze in a separate paper. It
was shown in [18, Theorem 4.62] that if v is a positive element of B($)), with v(/) < 1 and & is
of the form

£=(1-v(A)) 'R@E A

then w as given above is the boundary weight map of a CP-flow « is unital if and only if v(/) = 1.

Then if « is such a unital CP-flow then « has a Bhat dilation to an Eq-semigroup «?. This
Ep-semigroup is of index one. The action of the local unitary cocycles on the units for this
Ey-semigroup in not two-fold transitive. The Hilbert space for the dilation is of the form $; =
£1 ® L2(0, 00) and if UL (7) is right translation by ¢ on £ then U! is a unit for ¢ meaning

Ulna=a (AU 1)

forall A € B(9H1) and r > 0. If C(¢) is a unitary local cocycle for a? so C)e oc,d(%(ﬁl))’ for
all + > 0 and the C(¢) are unitary operators satisfying the relation C (t)ocf (C(s))=C(t +s) for
s,t>0andif C(t)U'(r) = U'(r) for t > 0 then C(r) = I for all # > 0. This means the action of
the gauge group on the units of «¢ is a smaller group than for an Eg-semigroup type I;. Also, this
means «“ is not cocycle conjugate to the tensor product of a semigroup of type Il with a type Iy
for if this was the case the action of gauge group on the units would contain all the Euclidean
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transformations just as the action for an Eg-semigroup of type I;. The same reasoning applies to
the Eg-semigroups of type II; corresponding to the examples of product systems constructed by
Tsirelson in [22].

The full action for the gauge group on a type I; is the Euclidean group whose action on C is
given by z — az + b for a,b € C and |a| = 1. In our examples we have the further restriction
a = 1. Tsirelson has examples where there are the restrictions @ = 1 and Im(b) = 0. It is quite
possible in our case there may be further restrictions. It may be that b lies on a one-dimensional
line or even the further restriction b = 0. This would be interesting since it would give an example
of an action which is rigid. That means that if C(¢) is a local unitary cocycle and U is a unit then

CHU@) =eMU®)

forr > 0.

We are somewhat embarrassed to report that in order to establish this result all that is required
is to determine whether certain fairly simple first order differential equations with constant coef-
ficients have a bounded solution or not. The equations are parameterized by the complex numbers
(a, b) with |a| = 1. We have shown that if a # 1 the equations have no solution. If the equations
never have solutions the action is rigid. If the equations have solutions when b lies on a one-
dimensional line we are in the situation Tsirelson found and if the equations have a solution for
all b then we are in the case where we have transitivity of the gauge group on the units but no
two fold transitivity.

As the reader can probably guess the feature that makes these equations interesting and dif-
ficult is that they involve infinitely many variables. We will present them in a longer and more
detailed paper.
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