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Abstract This study proposes a parameterized model of a uniaxial symmetry non-circular hole, to

improve conventional circular bolt clearance holes on turbine disks. The profile of the model con-

sists of eight smoothly connected arcs, the radiuses of which are determined by 5 design variables.

By changing the design variables, the profile of the non-circular hole can be transformed to accom-

modate different load ratios, thereby improving the stress concentration of the area near the hole

and that of the turbine disk. The uniaxial symmetry non-circular hole is optimized based on finite

element method (FEM), in which the maximum first principal stress is taken as the objective func-

tion. After optimization, the stress concentration is evidently relieved; the maximum first principal

stress and the maximum von Mises stress on the critical area are reduced by 30.39% and 25.34%

respectively, showing that the uniaxial symmetry non-circular hole is capable of reducing the stress

level of bolt clearance holes on the turbine disk.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.
1. Introduction

Bolt clearance holes, pin holes and vent holes on turbine disks

or compressor disks are critical regions for which life certifica-
tion are necessary. The main loads associated with these
regions are centrifugal structural forces and thermal loads.
Generally, there exists a high level stress concentration around

these areas, which may seriously reduce the fatigue resistance
of the disk.1 Some processes like chamfering, polishing and

surface treatments are applied to handle it. However, even with

all these technical processes, we cannot effectively decrease the

stress concentration around these areas which crucially influ-

ences the thermo-mechanical integrity of turbine disks and

the durability of gas turbine engines as well.2–5

One effective approach to lessen the stress concentration is

to change the profile of the hole. The non-circular hole can be

a feasible option. The non-circular hole was firstly applied to

the design of tunnel profiles to decrease stress concentration.6,7

Chen et al.8 proposed a 3-variable turbine disk non-circular

hole, the profile of which is symmetry to both X and Y axes

and can fit the stress state by changing the design variables.

This 3-variable non-circular hole was proved to be effective

for reducing stress concentration on the edge of the bolt

clearance hole after optimization.
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Fig. 1 Geometry model of uniaxial symmetry non-circular hole.
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When applied as bolt clearance holes on the turbine disk,
non-circular holes with approximate square profiles are espe-
cially beneficial for inserting thewidely used anchor locking nuts

on aero engine disks. And the anchor locking nuts are able to
lock the bolts by their square external profiles, preventing the
bolts from rotating in the bolt holes. However, little information

for the non-circular hole design of aero engine disks has been
reported up till now. To reduce stress concentration, the profile
of a non-circular hole should be smooth and continuous.

Moreover, when bolt clearance holes are considered, the fit tol-
erance of holes and bolts should also be guaranteed. To balance
machining cost and quality, the minimum radius of the profile
should be determined by the geometry of standard cutting tools.

The present paper proposes a mathematical model of the
uniaxial symmetry non-circular hole, whose profile consists
of eight smoothly connected arcs. An FEM-based optimiza-

tion model for the hole is proposed, and the superiority of uni-
axial symmetry non-circular hole over the circular hole is then
proved. In the optimization, a high pressure turbine disk with

such a non-circular bolt clearance hole on the collar is modeled
and analyzed. The maximum first principal stress around the
critical area is obtained as the optimal objective in the

optimization. The results obtained are discussed in terms of
the maximum stress/strain level on the inner surface and the
stress distribution along the edge of the holes.

2. Geometry modeling

2.1. Basic agreement

The uniaxial symmetry non-circular hole is symmetrical to Y
axis, constrained in a rectangle (2b · 2a). Variables a and b

are defined as the lengths of vertical semi-axis and horizontal
semi-axis respectively (see Fig. 1).

As shown in Fig. 1, the profile of the uniaxial symmetry

non-circular hole consists of main arc A on the top (radius
r= R1), main arc B on the bottom (r= R2), two symmetry
lateral main arcs C on either side (r= R3), two symmetry

upper transition arcs D (r= R4) and two symmetry bottom
transition arcs E (r= R5). R1, R2, R3, R4 and R5 are chosen
as independent design variables for subsequent optimization.

When positional machining errors of the bolt clearance holes

are concerned, it is much more difficult to control the
circumferential machining error accumulation than the radial
machining errors on the turbine disk. In consideration of this issue,

we suggest that the horizontal semi-axis b, which is independent of
the vertical semi-axis a, be larger than a. This is beneficial for toler-
ating larger circumferential machining errors of the hole.
x4 ¼
�en� 2nm2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�e2m2 þ 4em2n2 þ 4j2m2n2 � 4m2n4 þ 4j2m

p
2ðm2 þ n2Þ

y4 ¼
em� 2mn2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�e2n2 � 4em2n2 þ 4i2m2n2 � 4m4n2 þ 4i2n4

p
2ðm2 þ n2Þ

8>>><
>>>:

x5 ¼
�e0n0 � 2n0m02 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�e02m02 þ 4e0m02n02 þ 4j02m02n02 � 4m02n04
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
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2.2. Constraint functions

The uniaxial symmetry non-circular hole discussed here is

symmetrical to Y axis; therefore, only the left half of the profile
is studied in the paper. In this case, the value ranges of the
radiuses must ensure that the transition arcs are able to con-

nect with the main arcs (i.e. R1 to R4 and R2 to R5) smoothly.
According to Ref.9, R1, R2 and R3 should satisfy

R1 >
a2 þ b2

2a

R2 >
a2 þ b2

2a

R3 >
a2 þ b2

2b

8>>>>>>><
>>>>>>>:

ð1Þ

The boundaries of transition arcsC andD can be expressed by

R4 <
b2 þm2 � R2

1

2ðb� R1Þ

R5 <
b2 þm02 � R2

2

2ðb� R2Þ

8>>><
>>>:

ð2Þ

where m = R1 � a, m0 = R2 � a.
Based on the connection conditions of the arcs, the center

coordinates of the transition arc D can be expressed by

Eq. (3), which ensures the smooth connection among arcs
R1, R4 and R3. In addition, in the third quadrant, the center
coordinates of the transition arc E are expressed by Eq. (4).
ffiffiffiffiffi
4

ð3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
þ 4j02m04

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
þ 4i02n04

ð4Þ



Fig. 2 1/48 sector of HTP disk.

Fig. 3 Stress vs strain curve of GH4169 in 500 �C.
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where n= a � R2, i= R1 � R3, j= R2 � R3, e= i2 � j2 +
n2 � m2, n 0 = b � R3, i 0 = R2 � R5, j 0 = R3 � R5, e0 =
i 02 � j 02 + n02 � m02.

At the same time, coordinates of the tangent point P (see
Fig. 1) between arc D and arc A can be expressed by

xP ¼ �
R1

g

yP ¼
�mR1 � R1y3 � gmx3

gx3

8>><
>>: ð5Þ

where x3 and y3 are the center coordinates of the lateral main
arc R3, and g is defined by

g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y3 þm

x3

� �2
s

ð6Þ

The coordinates of tangent point Q (see Fig. 1) between arc D
and arc C are expressed by

xQ ¼
�n� f 2n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

2 þ f 2R2
2

q
1þ f 2

yQ ¼ �
f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ f 2ÞR2

2

q
1þ f 2

8>>>>><
>>>>>:

ð7Þ

where f is defined by

f ¼ y3
x3 þ n

ð8Þ

The center coordinates of the transition arcs must satisfy
Eq. (3) and Eq. (4) so that the connections could be tangent.
In other quadrants, the arcs connect with each other in a sim-

ilar geometric relationship.

2.3. Discussion of model

When R2 and R5 are equal to R1 and R4 respectively, the uni-
axial symmetry non-circular hole degenerates into a biaxial
symmetry non-circular hole which is symmetry to both X axis

and Y axis. When b and values of all design variables (R1 to
R5) are equal to a, the profile of the hole degenerates into
the original circular bolt clearance hole.

Compared with the biaxial symmetry non-circular hole,

a uniaxial symmetry non-circular hole has two more
design variables, which makes its profile more flexible to
accommodate the complex stress distribution on the turbine

disks.

3. Optimization example on a turbine disk collar

3.1. FEM-based structural analysis

In this paper, a high pressure turbine (HPT) disk is employed
as an example to validate the superiority of the proposed
uniaxial symmetry non-circular hole.

In the analysis, the heat load is not considered, as the ther-
mal stress gradient on the turbine collar presents negligible
influence to the maximum stress and stress/strain distribution
on critical areas of the hole.9 The structure platforms and

blades are neglected and substituted by an equivalent centrifu-
gal load applied on the disk rim. Fig. 2 shows the 1/48 sector
model of the HTP disk.
The torque load is applied to the front surface of the
forward collar before it is transformed into a circumference

stress of 2.7 kN for each sector. The extrusion force on the cen-
tring surface of the collar is simplified to a radial pressure
(132.6 MN for each sector).10 The rotation speed of the turbine

is 14400 r/min. The finite element mesh is particularly refined
on the annular area around the hole to guarantee accurate
results. The material employed is a Ni-based high temperature

alloy designated ‘GH4169’, and the constitutive relationship of
the material in 500 �C is shown in Fig. 3.

3.2. Optimization model

It is recognized that, for the fatigue life of axial bolt clearance
holes on turbine disks, the tangential stress on the edge of the
hole is the main driving force of crack propagation.11 The

tangential stress in this circumstance is approximate to the first
principal stress on the inner surface of the axial bolt clearance
holes. For this reason, the maximum first principal stress r1max

on the inner surface of the non-circular hole is chosen as the
objective function of the optimization.

In order to assess the optimization results, we define K1 as

the decline ratio of r1max on the inner surface of the hole, as
shown in Eq. (9).

K1 ¼
r1max � r1max 0

r1max 0

� 100% ð9Þ

where r1max and r1max 0 represent the maximum first principal
stress of the optimized non-circular hole and the primal
circular hole (r = a) respectively. The optimization model
can be expressed by



Fig. 4 Integration of optimization process.
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min fðRiÞ ¼ r1max ði ¼ 1; 2; 3; 4; 5Þ

s:t: R1 >
a2 þ b2

2a

R2 >
a2 þ b2

2a

R3 >
a2 þ b2

2b
b2 þm2 � R2

1

2ðb� R1Þ
> R4 > Rmin

b2 þm02 � R2
1

2ðb� R1Þ
> R5 > Rmin

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð10Þ

where Rmin represents the minimum acceptable radius for
cutting tools. According to Ref.12, Rmin is set as 1 mm.

3.3. Optimization scheme

The present study employs a Visual Basic program coded with

elite-preservation adaptive genetic algorithm in the optimiza-
tion procedure, by which the global optimum for the uniaxial
symmetry non-circular hole can be ensured.13–15

The turbine disk without holes is modeled in UG NX prior
to the computation. The optimization program is integrated
with ANSYS, which is used to analyze the model and output
the results into the optimization program.16–20 The flowchart

of the optimization process for the non-circular hole is
demonstrated in Fig. 4.

4. Results and discussion

In the optimization, vertical semi-axis a and horizontal semi-
axis b are set as 5.00 mm and 5.25 mm respectively, according
Table 1 Optimization results with r1max based objective function.

Hole type R1 (mm) R2

Circular r= a = 5.00 mm 5.00 5.0

r= b = 5.25 mm 5.25 5.2

Optimized non-circular Biaxial symmetry 29.30 29.3

Uniaxial symmetry 21.40 32.7
to the design standard series of bolt clearance holes. The
population quantity and the maximum iteration number are
set as 20 and 35 respectively. In order to compare the effective-

ness of uniaxial symmetry non-circular hole and biaxial symme-
try non-circular hole, we also optimize a biaxial symmetry non-
circular hole. The optimization results are tabulated in Table 1.

As shown in Table 1, compared with circular holes, the
radiuses of the main arcs, especially R3 of the optimum non-
circular holes, are much larger (for both biaxial symmetry

and uniaxial symmetry). And this makes the profiles of the
non-circular holes much flatter. The maximum first principal
stress of the optimized non-circular hole (uniaxial symmetry)
is 252.90 MPa and 258.39 MPa lower than those of the

5.00 mm and 5.25 mm circular holes respectively. It is reason-
able to deduce that, larger main arc radiuses are beneficial for
decreasing the stress and strain on the inner surface of the bolt

clearance hole. In Fig. 5, the maximum first principal stress
distribution of collars (1/48 sectors) with a circular hole
(r= a= 5.00 mm) is demonstrated.

As shown in Fig. 5, the maximum first principal stress point
of the circular hole is located at the bottom of the inner surface
of the hole, and the high stress area converges in a small
area. The stress distributions of optimal uniaxial symmetry

non-circular hole and biaxial symmetry non-circular hole are
shown in Fig. 6 and Fig. 7 respectively. We can see that the
maximum first principal stress point is located at the bottom

or top of the hole. The high stress area has moderate
expansion, while the value of the maximum stress decreases
obviously (see Fig. 6).

According to Table 2, the maximum von Mises stress on the
inner surface of the optimized uniaxial symmetry non-circular
hole is 187.95 MPa lower than that of the circular hole (r= a).
(mm) R3 (mm) R4 (mm) R5 (mm) r1max (MPa)

0 5.00 5.00 5.00 832.25

5 5.25 5.25 5.25 837.74

0 75.80 3.10 3.10 621.28

0 62.50 3.30 1.60 579.35



Fig. 7 Stress distribution of the optimized uniaxial symmetry non-circular bolt clearance hole.

Fig. 6 Stress distribution of optimized biaxial symmetry non-circular bolt clearance hole.

Fig. 5 Stress distribution of circular bolt clearance hole (r = 5.00 mm).

Table 2 Stress and strain values of circular holes and non-circular holes.

Hole types reqvmax (MPa) e1max (10
�3) eeqvmax (10

�3) Kt K1 (%)

Circular r= a= 5.00 mm 767.31 5.21 7.02 2.39 N/A

r= b= 5.25 mm 760.12 5.04 6.83 2.37 N/A

Optimized non-circular Biaxial symmetry 598.45 3.79 5.16 1.87 25.34

Uniaxial symmetry 579.36 3.62 4.95 1.80 30.39

1146 Q. Chen et al.



Fig. 8 First principal stress distribution along edge of the holes.

Structural optimization of uniaxial symmetry non-circular bolt clearance hole on turbine disk 1147
The total mechanical strain also obtains a notable decrease

after optimization. More precisely, with regard to the optimal
uniaxial symmetry non-circular hole, the maximum first
principal strain and the maximum von Mises strain decrease

by 30.51% and 29.48% respectively. The stress concentration
factor Kt decreases by over 24.68%, from 2.39 to 1.80.

Table 2 also shows that the stress/strain results of the opti-
mal non-circular hole is superior to circular holes whether the

radius is b or a. In addition, the decrease of the stress/strain of
the uniaxial symmetry non-circular hole is obviously greater
than that of the biaxial symmetry non-circular hole, proving

the superiority of uniaxial symmetry non-circular holes over
biaxial symmetry non-circular holes.

In order to study the stress variation along the edge pre-

cisely, the first principal stress on the edge of the holes is
obtained (on the nodes along the edge) and plotted in Fig. 8.

As shown in Fig. 8, the first principal stress of the circular
hole (r= 5.00 mm) reaches its second highest value at the top

of the hole. The difference of the stress concentration level
between the top and the bottom is due to the variation of
the nominal stress along the radial direction on the disk collar.

With regard to the optimal bisymmetry non-circular hole, the
peak values at the top and the bottom of the edge decrease by
around 150 MPa and 200 MPa respectively, in comparison

with the primal circular hole. Similar trends happen on the
optimal uniaxial symmetry non-circular hole, but the stress
level at the bottom of the edge is approximately 40 MPa lower

than the bisymmetry non-circular hole. The uniaxial symmetry
non-circular hole holds two more design variables, which
makes it possible to change its profile under the X axis
independently to accommodate the stress variation along the

radial direction of the disk.
5. Conclusions

This paper proposes a uniaxial symmetry bolt clearance hole
which consists of eight smoothly connected arcs. The profile

of the uniaxial symmetry hole can accommodate different load
conditions to improve stress concentration. The non-circular
hole with an approximate rectangular profile is proved to be

beneficial for decreasing the stress concentration of the
clearance hole on the turbine disk.

The present study defines the maximum first principal stress
on the inner surface of the hole as the objective function, and

employs an elite-preservation adaptive genetic algorithm
combined with FEM to find the optimal parameters for the
non-circular holes. With the present work, the following

conclusions can be drawn:

(1) The proposed geometry model guarantees the smooth

connection among the arcs of the uniaxial symmetry
non-circular hole. The profile of the hole is determined
by semi-axis lengths a, b, as well as the 5 design vari-

ables. The geometric transformation of the hole presents
significant influence on the stress distribution and max-
imum first principal stress on the edge of the non-circu-
lar hole.

(2) By using the maximum first principal stress as the objec-
tive function, the stress concentration factor Kt on the
inner surface of the uniaxial symmetry non-circular hole

can be reduced by over 24% after optimization. More-
over, the high stress on the top and bottom of the edge
decreases obviously, which can effectively improve the

fatigue resistance of the structure.
(3) The uniaxial symmetry non-circular hole is more capa-

ble of accommodating the stress variation along the

radial direction on the turbine than the biaxial symmetry
non-circular hole, since it can change its profile under
the X axis independently.

It should be noted that, the connection between the arcs
must be smooth, and no scratch is allowed. Additionally, some
modifications can also be made on the design variables in

consideration of the limitation of cutting tools, the cost and
the convenience of technical process.
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