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Abstract

Let A be a unital separable simple C*-algebra with TR(A4)<1 and « be an automorphism.
We show that if o satisfies the tracially cyclic Rokhlin property then TR (4 ><,Z)<1. We also
show that whenever 4 has a unique tracial state and o™ is uniformly outer for each m(#0) and
o is approximately inner for some >0, o satisfies the tracial cyclic Rokhlin property. By
applying the classification theory of nuclear C*-algebras, we use the above result to prove a
conjecture of Kishimoto: if 4 is a unital simple AT-algebra of real rank zero and ce Aut(4)
which is approximately inner and if o satisfies some Rokhlin property, then the crossed
product 4><,7 is again an A T-algebra of real rank zero. As a by-product, we find that one
can construct a large class of simple C*-algebras with tracial rank one (and zero) from crossed
products.
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1. Introduction

The Rokhlin property in ergodic theory was adopted to the context of von
Neumann algebras by Connes [2]. It was adopted by Herman and Ocneanu [17] for
UHF-algebras. Rerdam [30] and Kishimoto [13] introduced the Rokhlin property to
a much more general context of C*-algebras (see also [9]). Kishimoto had been
studying automorphisms on UHF-algebras and more generally, on simple AT-
algebras that satisfy a Rokhlin property [12,14]. More recently, Phillips studied finite
group actions which satisfy certain type of Rokhlin property on some simple C*-
algebras [26].

A conjecture of Kishimoto can be formulated as follows: Let 4 be a unital simple
AT-algebra of real rank zero and o be an approximately inner automorphism.
Suppose that o is “sufficiently outer’, then the crossed product of the A T-algebra by
o, A>,7Z is again a unital simple 4 T-algebra. In particular, he studied the case that
A has a unique tracial state.

Kishimoto proposed that the appropriate notion of the outerness is the Rokhlin
property [14]. He also introduced the notion of uniformly outer [13]. In [14], he
showed that if A is a unital simple AT-algebra of real rank zero with a unique tracial
state and o€ Aut(4) is approximately inner, then o has the Rokhlin property if and
only if & is uniformly outer for all m+0. He also showed that the Rokhlin property,
in this situation, is equivalent to say that A4><,Z has real rank zero, and it is
equivalent to say that 4><,7Z has a unique tracial state. Kishimoto showed [12] that,
if in addition, A4 is a UHF-algebra then 4><,Z is in fact a unital simple AT -algebra.
He also showed in [15] that the conjecture is true for the case that A is assumed to
have a unique tracial state, both K;(A4) are finitely generated and K,(4) % Z, and, in
addition, that o e Hinn(4), where Hinn(A) is the subgroup of automorphisms which
are homotopy to inner automorphisms. Among other things, we prove in this paper
the Kishimoto conjecture for all cases that 4 has a unique tracial state. If the term of
“sufficiently outer™ is interpreted as “‘tracial Rokhlin” property, then Kishimoto’s
conjecture holds: Let 4 be a unital simple 4 T-algebra and « be an approximate inner
automorphism. Suppose that o has the tracial Rokhlin property, then 4><,T is
again a unital simple 4T-algebra.

We take the advantage of the development in Elliott’s program of the classification
of nuclear C*-algebras (see [4,6], for example). In particular, we use the classification
result in [23], where unital separable simple C*-algebras satisfying the Universal
Coefficient Theorem and with tracial topological rank zero are classified by their K-
theory. Adopting a Phillips’s observation, we note that if 4 is a unital simple C*-
algebra with TR(4)<1 and aeAut(A4) satisfies a so-called tracial cyclic Rokhlin
property, then TR(A4><,Z)<1 so that the classification result in [23,24] can be
applied. Using Kishimoto’s techniques, we show that if «" is approximately inner (for
some integer > 0), the tracial Rokhlin property introduced in [28] implies the tracial
cyclic Rokhlin property. Using a result in [28], we actually show a more general
result (see Theorem 3.5).

The assumption that « is approximately inner is to insure that the crossed products
remain finite (see the introduction of Kishimoto [14]). We relax this restriction
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slightly by only requiring that o is approximately inner for some integer > 0. It turns
out that in a number of cases, while there are automorphisms which are not
approximate inner, all (outer) automorphisms o have this property, i.e., for some
integer >0, " are approximately inner (see Theorem 4.2). We show that our results
also cover many cases in which 4 may have arbitrary tracial space (see Corollary 4.4).

It is shown by Gong [8] that a unital simple AH-algebra with very slow dimension
growth has tracial topological rank one or zero. Moreover, Elliott and Gong [7]
show that the class of unital simple AH-algebras with very slow dimension growth
can be classified by their K-theoretical data. An improvement of this classification
has been made so that unital simple nuclear C*-algebras with tracial topological rank
no more than one which satisfy the Universal Coefficient Theorem can also be
classified by their K-theoretical data [24]. However, until now, all interesting
examples of unital simple nuclear C*-algebras that have tracial topological rank one
are those AH-algebras with very slow dimension growth (and those of similar
inductive limit construction). Theorem 2.7 also provides ways to construct unital
simple C*-algebras with tracial topological rank one by crossed products (see
Corollary 4.4 and Example 4.5). It also creates the opportunity to apply the
classification results in [24].

2. The Rokhlin properties

The following conventions will be used in this paper. Let 4 be a unital C*-algebra.

(i) We denote by Aut(A) the set of all automorphisms on A4 and by T(A) the tracial
state space of A.

(i) Two projections p,ge A are said to be equivalent if they are Murray—von
Neumann equivalent. That is, there exists a partial isometry we A such that
w*w = p and ww* = ¢. Then we write p~gq.

(iii) Let F and S be subsets of 4 and ¢>0. We write x€,S if there exists y€S such
that ||x — y||<e, and write F <, S if xe,S for all xe F.

(iv) Let a and b be two positive elements in 4. We write [a¢] <[] if there exists an
element xe A such that a = x*x and xx*ebAb. If ab = ba = 0, then we write
[a + b] = [a] + [b]. Let p be a projection and b non-zero positive element in A.
Note that [p]<[b] implies that p is Murray—-von Neumann equivalent to a
projection in the hereditary C*-algebra hAb.

(V) We denote by Z(¥ the class of all finite-dimensional C*-algebras, and by Z*) the
class of all C*-algebras with the form pM,(C(X))p, where X is a finite CW
complex with dimension k and pe M, (C(X)) is a projection.

We recall the definition of tracial topological rank of C*-algebras.

Definition 2.1 (Lin [20, Theorem 6.13]). Let A be a unital simple C*-algebra and
keN. Then A is said to have tracial topological rank no more than k if and only if for
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any finite set 7 < 4, and ¢>0 and any non-zero positive element a€ A, there exists a
C*-subalgebra B 4 with BeZ") and idz = p such that

(D) ||[x,p]]| <e for all xeF,
(2) pxpe.B for all xeF,

) [1 = pl<ld].

We write TR(A4)<k.

Remark 2.2 (Lin [20, Corollary 6.15]). Let 4 be a simple unital C*-algebra
with stable rank one which satisfies the Fundamental Comparison Property.
Then TR(A)<k if and only if for any finite set F <A, ¢>0, and any non-zero
positive element ae A, there exists a C*-subalgebra B A with BeZ® and idg = p
such that

(D) ||[x,p]l| <e for all xeF,
(2) pxpe B for all xeF,
(3) (1 —p)<e for all teT(4).

Recall that A is said to have the Fundamental Comparison Property if p, g€ A are two
projections with t(p) <t(gq) for all te T(A4), then p is equivalent to a subprojection of ¢.

The following is defined in [28, Definition 2.1].

Definition 2.3. Let 4 be a simple unital C*-algebra and let z€ Aut(4). We say o has
the tracial Rokhlin property if for every finite set F = A4, every ¢>0, every ne N, and
every non-zero positive element xe€ A4, there are mutually orthogonal projections
ey, €1, ...,e, €A such that:

(1) [la(es) — ejn1|| <& for 0<j<n — 1.
(2) ||leja — aej|| <e for 0<j<n and all aeF.
(3) Withe=3Y"",¢;, [l —e]<[x].

=

We define a slightly stronger version of the tracial Rokhlin property similar to the
approximately Rokhlin property in [12, Definition 4.2].

Definition 2.4. Let 4 be a simple unital C*-algebra and let a. e Aut(4). We say o has
the tracial cyclic Rokhlin property if for every finite set F < A, every ¢>0, every ne N,
and every non-zero positive element x € 4, there are mutually orthogonal projections
eo, €1, ..., e, €A such that

(1) ||o(ej) — ejy1|| <e for 0<j<n, where e, = eo.
(2) ||leja — aej||<e for 0<j<n and all aeF.
(3) Withe=37" ¢, [l —e]<[x].
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Remark 2.5. (i) The only difference between the tracial Rokhlin property and the
tracial cyclic Rokhlin property is that in condition (1) we require that ||x(e,) —
el <e.

(ii) If A4 has real rank zero, stable rank one and has weakly unperforated Ky(A4) (or
if A has SP-property, stable rank one, and the Fundamental Comparison Property),
then condition (3) in both Rokhlin property can be replaced by the following
condition (3)" using the standard argument: (3)" With e = 37 ¢;, we have (1 —
e)<e for all TeT(A4).

(iii) If A4 is a simple unital C*-algebra with real rank zero, stable rank one, and has
weakly unperforated Ky(A), the Rokhlin property in the sense of Kishimoto [12]
implies the tracial Rokhlin property [28].

Recall that a C*-algebra A4 is said to have SP-property if any non-zero hereditary
C*-subalgebra of 4 has a non-zero projection.

Obviously, the tracial cyclic Rokhlin property implies the tracial Rokhlin property.
The converse is also true in many cases. We will discuss it in the next section.

Before stating the characterization of the tracial Rokhlin property we cite the
following notion introduced by Kishimoto [13].

Definition 2.6. Let 4 be a unital C*-algebra and z€ Aut(4). We say o is uniformly
outer if for any a€ A, any projection pe A, and any ¢>0, there are finite number of
projections pi, ...,p, in A such that >, p; = p and ||p;ao(p;)||<e fori=1, ... n.

The following result is the tracial Rokhlin version of Kishimoto’s result in the case
of simple unital AT-algebras with a unique trace [12, Theorem 2.1].

Theorem 2.7 (Osaka and Phillips [28]). Let A be a simple unital C*-algebra with
TR(A) =0, and suppose that A has a unique tracial state. Then the following
conditions are equivalent:

(1) o has the tracial Rokhlin property.

(2) o™ is not weakly inner in the GNS representation n, for any m+0.
(3) A><1,Z has real rank zero.

(4) A><,Z has a unique trace.

Note that the uniformly outerness implies that « is not weakly inner in the GNS
representation 7, by an a-invariant tracial state ¢ on 4 by Kishimoto [13, Lemma
4.4].

Remark 2.8. When A4 is a simple unital C*-algebra with tracial topological rank zero,
if we Aut(A) has the tracial Rokhlin property, it is proved in [28] that the crossed
product A><,Z has real rank zero, stable rank one, and the order on projections
over A><,Z is determined by traces. But it is not known that the crossed product
A><,7 has tracial topological rank zero. However, if « has the tracial cyclic Rokhlin
property, then we have the following result based on an observation of Phillips [26].
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Theorem 2.9. Let A be a simple unital C*-algebra with TR(A)<1. Suppose that
ae Aut(A4) has the tracial cyclic Rokhlin property. Then TR(A>,Z)<1.
In particular, if A has TR(A) = 0, then TR(A><,Z) = 0.

Proof. We first note that, by [11], 4><,Z is a simple C*-algebra.
Let e>0, neN, and Fc A4><,7Z be a finite set. To simplify notation, without loss
of generality, we may assume that

F=A{a}ilofu},

where a;e 4 and ||a;||<1 (i = 1,2, ...,m) and u is a unitary which implements a. Fix
be(A>,Z) \{0}.

Since 4 has SP-property and o is outer, 4><,Z also has SP-property [l0,
Theorem 4]. In particular, there is a non-zero projection reb(A><,Z)b. Let
roeA be a non-zero projection. Since 4><,7Z is simple, by 1.8 of [3], it is easy
to find a non-zero projection r ergAry such that ' is equivalent to a subprojection
of r (see, for example, [10, Theorem 4]). Hence there are projections ri,reA
such that r;r, =0 and r; +r, is equivalent to a subprojection of r (see, for
example, [22, 3.5.7]).

Since o has the tracial cyclic Rokhlin property, for any 6 >0 with § <% there exist
projections ey, e, such that

(1) ||ee(er) — eir1]] <0 for 1<i<2 (e3 = e1).
) |llei, ax]|| <o for 1<k<m.
3B) [l —e —e]<[r1].

Set p = e; + e. From (1) above, one estimates that

2

E g €ir1U
=1

i=1

||up — pul| =

2
Z [lue; — eipu|| <296.

Hence, together with (2) above, we obtain
4) ||[p,a]l|<26 for all aeF.

There is a unitary ve A>,Z such that ||v — 1|| <0 and vu*e;uv* = ¢;;) for 1<i<2.
Set w = vu*, and consider the C*-algebra D generated by e;Ae; and eywe;. Then
D is isomorphic to e;de; ® M,(C). Note that pw = e;w + e;w = wey + wep = wp.
Moreover, pwpe D. Since ||pup — pwp|| <9, one has that pupes;D. By (2) again,
we have

[lpa;p — (eraje) + erajer)|| <20, j=1,2,....m
It follows that pFpcysD.
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Since A is a simple C*-algebra with SP-property, there exists a non-zero projection
ryeejAe; such that r; is equivalent to a subprojection of r,. Since TR(e;4e;) <1
(TR(ejde;) =0 if TR(A) =0), TR(D)<1 (TR(D) =0 if TR(4) =0) by Lin [20,
Theorem 5.3]. So there exists a C*-subalgebra BeZ® (k=1 or k=0) and
projection e = 1p such that

(5) |llpap,e]||<o<e for all aeF,
(6) pFpcsB and
() [p—e<[rs].

From (3), (4), (5), and (7) above we estimate that

(8) For any feF

|lef — fell =|le(pf — fp) + efp — pfe + (pf — fp)ell
< |lpf = fpll + llepfp — pfpell + llpf — ol

< 50<e

and

9
® [l—e=[1-p+p-d,

=[l=pl+lp—e
< Inl+ [sl< ] + [l <[ <[b].

From (6) and pFp<,sD, we have
(10) pFp=4sB.

Hence from estimates (8)—(10) we conclude that 4 ><,Z has tracial topological less
than or equal to 1.

In the case of TR(A4) = 0 B can be chosen to be finite dimensional. Hence, in that
case, TR(4><,Z)=0. O

3. Approximately inner automorphisms

Lemma 3.1. Let A be a unital separable C*-algebra and o.: A— A be an approximate
inner automorphism. Suppose that {p;} is a central sequence of projections. Then there
exists a central sequence of partial isometries {w;} such that wiw; = p; and w;w; =

fx(pj),j: 1,2, e



482 H. Lin, H. Osaka | Journal of Functional Analysis 218 (2005) 475-494

Proof. Fix a finite subset 7 = A4 which is in the unit ball of 4. Let ¢>0. Choose a
unitary ve U(A) such that

[|lae(a) — v¥av||<e/8 for all aeF.

Since o is an automorphism, o(p;) is also a central sequence of projections. Choose a
sufficiently large j so that

l[pja — ap;||<e/8 for all ae F and ||a(p;)v — va(p;)|| <e/8.
Since o is approximately inner, we obtain another unitary ze U(A) such that
[|1z*piz — a(p;)||<e/8 and ||z"az —a(a)||<e/8 for all aeF.
It follows that
1(0=")p;z07) = )| < le"pyzv” — valpy) '] + [lea(py)v” — alpy)l| <e/4.
Let x; = vz"p;. Then xjx; = p; and
[P — alpy)ll <e/4.
From the above we also have
||lvz*azv* — al||<e/4 and |jvza — avz*||<e/4 for all ae F.
On the other hand, for any ae F,
xja — ax; || <[[o="pra — v="apy|| + |[v="ap; — av="py{| <e/8 + /4 = 36/8.
There is a unitary ue U(A4) such that ||u — 1]|| <&/4 such that
u(xpx; Ju* = a(p;).
Define w; = ux;. Then w;w; = p; and w;w; = a(p;). Moreover we have that
[|wia — aw;||<e for all aeF.

Since F is arbitrary, the lemma follows. [

Lemma 3.2. Let A be a unital separable C*-algebra and o.e Aut(A) for which o is
approximately inner for some integer r=1. Let me N, my=m be the smallest integer
such that my = 0modr and I =m+ (r — 1)(mg + 1).

Suppose that {el(")}, i=0,1,....,[,n=1,2, ..., are | + 1 sequences of projections in
A satisfying the following:

la(el”) = e[| <dn  lim 3, =0,
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e,(")e](") =0 if i#], ez(n)Ne](n) in A

and for each i, {eE")} is a central sequence.
Then for each i =0,1,2,....m, there is a central sequence of partial isometries

(" such that

(wE"))*w(") :pgn> and w( )(Wf">)* zp,(fr>1, i=0,1,...,m—1,

1

(n) _ =1 (n) .
where p;”’ = Zj:() € iimy 1) Moreover, for each i,

i (m)y () _
nll,n; ||a(pi ) p,’+1|| =0.

Proof. Since «" is approximately inner, by applying Lemma 3.1, for

each i,j=0,1,...,/, one obtains central sequences of partial isometries {z(i,/,n)}
such that

2(ij,n) z(iyjym) = € and  z(i,j,n)z(i,j,n)" = 27 (e").
Note that

17 (") — el || <170

There is a unitary u(i,j,n)e U(A), for each i and j, such that

(i, jom) = 1| <2(1)3,  and  u(i,j.n)'e (e yuli,jon) = eff).
Since lim,,_, o, 0, = 0, for each i and j, {u(i,j,n)} is central. Therefore, to simplify

notation, we may assume that

2(ij,n) 2(ij,n) = ¢ and  z(i,j,n)z(i,j,n)" = ell)..

Define

—1

2 : 1+/(mo+]

j=0
Then for each i, one checks easily that there are central sequences of partial

isometries {w(i,n)} such that

w(i,n)* w(i,n) =p™ and  w(i,n)w(i,n)* :va i=0,1,....,m—1.
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For example, (with my = kr), one defines

w(0,n) =z(1,k,n)" +z(1 + (mo + 1), k,n)" + - +z(1 + (r — 2)(mo + 1), k,n)"

+ 2(0,(r — Dk + 1,n).
Then (with my = kr)
w(0,n)w(0,n)"
= z(L,k,n)"z(1,k,n) + z(1 + (mo + 1), k,n)"z(1 + (mo + 1), k,n) +
+z(14 (r=2)(mo+ 1), k,n)"z(1 + (r — 2)(mo + 1), k, n)

+ z(0,(r — Dk +1,n)z(0,(r — DNk + 1,n)"

_ ,m (n) (n) (n)
=€ T ) T T O ) mot ) T L= 1) (ot 1)
:p<]n>
(n) RO () _ 0
(nOte that € (r—1)k+1)r (r Dkr4r = e(:” Dmg+r — el+(r 1)(mo+1) ) and

(0, 7)*w(0, n)
= z(1,k,n)z(1,k,n)" +z(1 4+ (mo + 1), k,n)z(1 + (mg + 1), k,n)" +
4 z(14 (r = 2)(mo + 1), k,n)z(1 + (r — 2)(my + 1), k, n)*
+ 20, (r — Dk + 1,n)*2(0, (r — Dk + 1,n)

_ L) (n) (n) (n)
= Clikr + el+(mo+l)+kr +o Tt el+(r72)(mo+l)+kr + €

() ) (n) ()
Cmpt1 T Emern) T €1y T €0

= p(()ﬂ) .

Since, for each i and j, {z(i,j,n)} is central, so is {w(i,n)}.
From the construction we know that for each i

o
||°‘(P pz+1||< Z ||°C z+] m0+1 z+1+}(m0+1)||

\rén—>0 (n— 0). O



H. Lin, H. Osaka | Journal of Functional Analysis 218 (2005) 475-494 485

Let {E;;} be a system of matrix units and K be the compact operators on /*(Z)
where we identify E;; with the one-dimensional projection onto the functions
supported by {i}=Z. Let S be the canonical shift operator on /*(Z). Define an
automorphism ¢ of K by o(x) = SxS* for all xe K. Then ¢(E;;) = E;11 j41. For any

NeNlet Py =SV Eis

Lemma 3.3 (Kishimoto [12, 2.1]). For any n>0 and neN there exist NeN and
projections ey, ey, ...,e,_1 in IKC such that

n—1
Z ei< Py,

i=0

||O'(€[)—€,‘+]||<17, i=0,...,n—1, én = €,
n dim ¢
——>1—n.

N n

Theorem 3.4. Let A be a unital separable simple C*-algebra with TR(A)<1 and
o € Aut(A) be an approximately inner automorphism for some integer r=1. Suppose
that o has the tracial Rokhlin property then o has the tracial cyclic Rokhlin property.

Proof. Let ¢>0. Let ¢/2>71>0 and meN be given. Choose N which satisfies the
conclusion of Lemma 3.3 (with this n and n = m). Identify Py CPy with My. Let
G={Ei1,;:i=0,1,...,N — 1} be a set of generators of My. Let ¢, ey, ..., e, be
as in the conclusion of Lemma 3.3.

For any ¢>0, there is 6 >0 depends only on N such that, if

|lag — gal| <o
for ge g, then
||lae; — eial|<e/2, i=0,1,...,n.

We assume that 0 <#. Fix a finite subset < A4.

Choose myeN such that my>m is the smallest integer with my = 0modr. Let
L=N+(r—1)(my+1).

Since o has the tracial Rokhlin property, there exists a sequence of projections

{el(k) :i=0,1,..., L} satisfying the following:

ey — e | <d/arN, 0<i<L—1, el =0, if i),

klim ||e§k)a—ae§k>|\20 for all aed, i=0,1,...,L
o
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and

1

L,
1-<1 -3 eﬁ")) <n for all teT(4), k=1,2, ....
i=0

By applying Lemma 3.2, we obtain a central sequence {wgk)} in A such that

(k)\* . (k) (k)
() = P

and
wf»k)(wfk))*:Pl(»k), k=0,1,...,i=0,1,...,N,
k) plk .
POPY =0, i),
®)y _ pth) 9 :
[lo(P") = P || <—, k=0,1,..., i=0,1,....N—1,
i i+ 4L
N-1
‘L'(l - Z P§k>> <n for all teT(4)
i=0
k r—1 (k .
where Pl(- ) = >0 eE+)(n10+1)j fori=0,1,...,N.

It follows that for each i, {ocl(»vl(k>)}, [=0,1,...,N are all central sequences. As the

same argument in Lemma 3.2 there is a unitary u; € U(A) with ||u; — 1||<J/2N such
that ad ugon(P*) = PM\ i=0,1,...,N — 1. Put B, =aduon, and wk) =
Choose a large k, such that

||ﬁ§((W(k))a —aﬂi(w(k))||<5 for all aeFy,

[=0,1,...,N.

Now let C; and C; be the C*-algebras generated by w®), g (wk)), ..., g~ (wk))
and by wk) g (wk)), .. pY(wk)), respectively. Note that Cy= My, Ca=My;.
Define a homomorphism @ : C; — K by

o(B(wh)) = Eppry, i=0,1,...,N—1
(see Lemma 3.3). Then one has ¢o@|., = ®of | and &(C)) = PyKPy. Now we
apply Lemma 3.3 to obtain mutually orthogonal projections ey, ey, ..., e,_1 in My

such that

llo(e) —eir1l|<n, 0<i<m—1, e, = e,
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Let pi =@ !(e;), i =0,1,...,m — 1. One estimates that
= ) el = dim(eg) mdim(ep) €

rZPi —Zp,- <1—27:1—7<n<—

pry pry - N N 2

for all teT(A4). So one has mutually orthogonal projections pg, pi1, pa, --., Pm—1 Such
that

8 .
Hﬁk(l’i)—Pi+1H<§, i=0,1,2,....om—1, pu=po.
By the choice of §, one also has
llap; — pial|<e, i=0,1,....m—1 for all aeF,

and

(1 Zp,) <r<l — Z P(k> +§<n+§<s
for all teT(4). Since
1B — ll<6/2<¢/2
one finally has
llo(pi) — pivill<e, i=0,1,....om—1, pn = po.
In other words, o has the tracial cyclic Rokhlin property. O

Theorem 3.5. Let A be a unital separable simple C*-algebra with TR(A) = 0 which
has a unique tracial state and satisfies the Universal Coefficient Theorem. Suppose that
o' € Aut(A) is approximately inner for some integer r =1 and that «" is uniformly outer
for any integer m#0. Then A><,7 is a simple AH-algebras with no dimension growth
with real rank zero.

Proof. Note that since o is outer, A><,Z is simple by Kishimoto [11]. From
Theorem 2.7 o has the tracial Rokhlin property. Since " € Aut(4) is approximately
inner for some integer r> 1, this implies that « has the tracial cyclic Rokhlin property
by Theorem 3.4. So from Theorem 2.9 TR(A><,Z) = 0. Using the classification
theorem of Lin [23] we conclude that 4><,Z is a simple AH-algebra with no
dimension growth with real rank zero. [J

The following shows that the Kishimoto’s conjecture that we mentioned in the
introduction is true at least for the case that the simple 4AT-algebra has a unique
tracial state. In Corollary 3.7, we show that if one agrees that the “‘sufficiently outer”



488 H. Lin, H. Osaka | Journal of Functional Analysis 218 (2005) 475-494

means the automorphism has the tracially Rokhlin property then we do not need to
assume that 4 has a unique tracial state.

Corollary 3.6. Let A be a unital simple AT-algebra with a unique trace and real rank
zero, and let o.e Aut(A) such that o is approximately inner. If o™ is uniformly outer for
any integer m#0, or o has the tracial Rokhlin property, then A><,7 is a unital simple
AT-algebra of real rank zero.

Proof. From the following Pimsner—Voiculescu exact sequence [27],

Kod) 70 Kod) — Ko(d>,2)
T !
Ki(A><,2) A Ki(4) o Ki(A4).

We see that Ky(A4><,Z) and K, (A4 x, Z) are torsion free. From Theorems 2.7, 3.4,
and 2.9 we know that TR(4><,Z) =0 and A>,Z satisfies the UCT. There-
fore Ky(A4><,Z) is a weakly unperforated Riesz group. It follows from [5] that
there is a unital simple AT-algebra B with real rank zero which has the same
ordered scaled K-theory of A><,Z. It follows from Theorem 5.1 of Lin [23]
that A=B. O

Corollary 3.7. Let A be a unital simple AT-algebra (with real rank zero) and
aweAut(A). Suppose that o is approximately inner and o has the tracial Rokhlin
property. Then A>a,7Z is a unital simple AT-algebra (with real rank zero.)

Proof. It follows from Theorem 3.4 that o actually has the tracial cyclic Rokhlin
property. Then, by Theorem 2.9, TR(4><,Z)<1. As in the proof of Corollary 3.6,
A><,7 has torsion free K-theory. We then apply the classification theorem in [23]
(for real rank zero case) or apply [24] (for real rank one case) to conclude that
A><,7Z is a unital simple AT-algebra (and with real rank zero). O

Remark 3.8. Kishimoto in [12,14,15] proved that if 4 is a simple unital 4T-algebra
of real rank zero with a unique trace, and «ce Aut(A4) is an approximately inner with
the Rokhlin property, then 4><,Z is also a simple unital AT-algebra under the
assumption that both Ky(A4) and K;(A4) are finitely generated with K;(4)#Z and
ae HInn(A4). Corollary 3.6 shows that the extra conditions of K, (A4) and «.e HInn(A4)
are not necessary. Corollary 3.7 shows that Kishimoto’s conjecture holds in general
(without assuming that 4 has the unique tracial state) if the “‘sufficiently outer” is
replaced by the tracial Rokhlin property. One should note that the tracial Rokhlin
property is weaker than the Rokhlin property used in Kishimoto’s work. (See
Remark 2.5(iii).) Moreover, tracially cyclic Rokhlin property is related to
“approximate Rokhlin” property in 4.2 of Kishimoto [12] which is also weaker
than the Rokhlin property used in Kishimoto’s work. If one allows the “‘sufficiently
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outer” replaced by tracially cyclic Rokhlin property, then 4><,7 is always a unital
simple AT-algebra without even assuming that o is approximately inner but
assuming 4 ><,7Z has torsion free K-theory.

Theorem 3.9. Let A be a unital separable simple C*-algebra with TR(A) =0 or
TR(A4) = 1 and a.e Aut(A) such that o' is approximately inner for some integer r>0.
Suppose that o has tracial Rokhlin property. Then TR(A>,7Z) =0, or TR(A><,7Z) =
1. Furthermore, if, in addition, A satisfies the Universal Coefficient Theorem, then
A><,7 is a simple AH-algebra with no dimension growth.

Proof. The first part follows from Theorem 3.4 and Theorem 2.9. For the last part,
by Lin [24], A4 is a simple AH-algebra with no dimension growth. By the first part,
TR(4><,7Z)<1, it follows from [24] again that 4><,Z is also a simple AH-algebra
with no dimension growth. [J

Remark 3.10. In Theorem 3.4, we assume that TR(A)<1. In fact, we only need to
assume that A has the property (SP) and has the Fundamental Comparison
Property. Suppose that A4 is a unital separable simple C*-algebra with TR(4) =0
and with a unique tracial state. Suppose also that 4><,Z has a unique tracial state
(unique ergodic). Then by applying Theorems 3.4, 2.9 and 2.7, TR(4><,Z) = 0. On
the other hand, in Corollaries 3.6 and 3.7, if we assume only that «" is approximate
inner (for r>1) and « has the tracial Rokhlin property, then 4><,7 may not be an
AT-algebra. This is because 4><,Z may have torsion. However, it is a unital AH-
algebra with no dimension growth by Theorem 3.5. But, in Corollaries 3.6 and 3.7, if
we assume that o is approximate inner for some integer r and 4><,Z has torsion
free K-theory, then conclusion of both Corollaries 3.6 and 3.7 hold. To allow
torsion, related to the Kishimoto’s conjecture, we proved (in Theorem 3.9) the
following: If A is a unital simple AH-algebra with no dimension growth (with real
rank zero) and o€ Aut(A4) has the tracial Rokhlin property and o is approximate
inner for some integer >0, then 4><,7 is again a unital simple AH-algebra with no
dimension growth (and with real rank zero).

4. Examples

Let G and F be abelian groups. Recall that Pext(G, F) is the subgroup of those
extensions

0->F—->E—->G-0

so that each finitely generated subgroup of G lifts. If 4 is a separable C*-algebra
which satisfies the Universal Coefficient Theorem, then, for any ¢-unital C*-algebra
B, KL(A,B) = KK(A,B)/Pext(K.(A4),K.—1(B)).

Lemma 4.1. Let A be a separable amenable C*-algebra satisfying the UCT. Suppose
that we Aut(A) such that (a),; = idg,4), i = 0, 1. Suppose that extz(K;_1(A), K;(4))/
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Pext(Ki—1(A4),K;(A)) is finite. Then there are integers r>0 and k>0 such that

[ K] = [«F] in KL(A4,A4).

Proof. Consider [«"] — [a], for m = 1,2, .... Since (a),; = idk,4), i = 0,1, by the
Universal Coefficient Theorem [31], one computes that

"] — o] eextz (Kos1 (), K. (A)).

Since extz(Ki_1(A4), Ki(A))/Pext(K;_1(A), K;(A4)) is finite, there are positive integers
r and k such that

()=o) = ("] — o)) in KL(4,4).
It follows that
[ = [«] in KL(4,4). O

Theorem 4.2. Let A be a unital separable simple C*-algebra with TR(A) = 0 satisfying
the UCT. Suppose that o.e Aut(A). In any of the following cases, o' is approximately
inner for some integer r>0. Consequently, if «™ is uniformly outer for all me Z\{0} (or
o has tracial Rokhlin property), o has tracial cyclic Rokhlin property and
TR(A><,Z) = 0. In particular, A><,7 is a simple AH-algebra with no dimension
growth and real rank zero.

Ko(A), ={(r,x)|reD,r>0,xe G} u{(0,0)}

and D is a dense subgroup of R such that for any non-zero element d € D and any
integer n>=1, there is e€ D such that me = d for some m>=n, where G = Z or G is
finite and K\(A) = Z, or K;(A4) = {0};

4) Ko(A) = Q@ G, where G =7 or G is finite and K\(A) = Z, or K,(A) is a finite
group.

Proof. In all cases, it suffices to show that o is approximately inner for some integer
r=1.

For (1), it is clear that oo = idg,(4). If Ki(4) = Z, since a,; is an isomorphism,
o.1(1) = £ 1. Therefore o?; =idg,4). Since Ki(4) are torsion free, [0?] = [id,] in
KL(A, A). It follows from Theorem 2.4 of Lin [21] that «? is approximately inner.
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For (2), as in (1), oo = idg,(4). Also if Kj(A4) = Z, then o?| = idK] K (A) is
finite, since o, is an isomorphism, there exists r;>1 such that o} = =idk, (4). Let
B =% Then B,; = idg,(4), i = 0, 1. However, in this case,

extz(D,K;(4)) = {0} and extz(K;(A4),Ko(A4)) is finite.

It follows from Lemma 4.1 that [f"*] = [p¥] in KL(A4, A) for some integer m, k> 1.
By Theorem 2.3 of Lin [21], there exists a sequence of unitaries such that

lim ad u,f(a) = " *(a) for all acA.

n— o0

Since f* is an automorphism, it follows that f” is approximately inner, or o) is
approximately inner.

For (3), as above, one has that o, = idk, (4. The assumption on D implies that
there is no non-zero homomorphism from D to Z or a finite group. One then checks
that there is an integer r; >1 such that o) = idg,(4). Put f = «®". Then f,; = idg,4),
i=0,1. To see that " is approximately inner, we note that extz(D,K;(4)) =
Pext(D, K (A4)) since D is torsion free. One then computes that

extz (Ko(A), Ki(A))/Pext(Ko(A), Ki(A)) = extz(G, K; (A))/Pext(Ko(A), K1 (A4))

which is finite, and extz(K;(A4),Ko(A4)) = {0}. Thus one can apply the same
argument as in case (2) by applying Lemma 4.1.

For (4), as in cases (2) and (3), there is r;>1 such that o} =idg,4), i =0, 1.
Moreover, since Q is divisible,

extz(Ki(4), @) = {0}.
Because K;(A4) = Z, or K| (A) is finite,
extz(Ki(A4),Ko(A)) = extz(K;(A4),G) is also finite.
Since Q is torsion free, extz(Q, K;(4)) = Pext(Q, K;(A)). One then computes that
extz(Ko(A),Ki1(A))/Pext(Ko(A),Ki(A)) = extz(G,Ki(A))/Pext(Ky(A4), Ki(A))
which is finite. Thus the argument in case (3) applies. [l

Proposition 4.3. Let A be a simple unital C*-algebra with TR(A) =0, and B be a
simple unital C*-algebra with TR(B) < 1. Suppose that «. € Aut(A) has the tracial cyclic
Rokhlin property. Then for any e Aut(B) o ® fe Aut(A® minB) has the tracial cyclic
Rokhlin property.

Proof. It follows from [18] TR(A® minB)<1. Hence 4 ® ninB has SP-property,
stable rank one and the Fundamental Comparison Property [20, Proposition 6.2,
Theorems 6.9, 6.11].
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Let F< A® iy B be a finite set, ne N, and £¢>0. Without loss of generality, we may
assume that there exist a finite set F4=A and Fg< B such that F = F, ® Fp.

Since o has the tracial cyclic Rokhlin property, there exist mutually orthogonal
projections e, e1, ..., e, € A such that

(]) Ha(e]) - ej+1||<8 fOI‘ 0<_}<n, Where en+1 = ey.
) lleja — agjl|<é for 0<j<n— 1 and all ae F.

G r(l — Yo e_/) <¢ for all tracial states T on 4.

(See Remark 2.5(ii).)
Set fi =e;®1p for 0<i<n. Then f; are mutually orthogonal projections in
A® minB such that

) 1@ B)(f) — fi:1]l<e for 0<j<n, where fus1 = fo.
(2) |Ifia — afj||<e for 0<j<n —1 and all aeF.

G r(l - Zj":()};) <e for all tracial states T on 4 & pinB.

This means that «® f has the tracial cyclic Rokhlin property by Remark
2.5311). O

Corollary 4.4. Let A be a separable simple amenable unital C*-algebra with TR(A) =
0 which satisfies the UCT, and B be a simple amenable unital C*-algebra with
TR(B) < 1. Suppose also that A has a unique tracial state and o.€ Aut(A) such that o™
is uniformly outer for all m#0 and o is approximately inner for some integer r=1.
Then for any € Aut(B), o ® f has the tracial cyclic Rokhlin property and TR(D) <1,
where D = (A® B) >, pZ.

An unexpected consequence of the above corollary is that it provides a new way to
construct unital simple C*-algebras with tracial topological rank one. All previous
examples are inductive limit construction (see [8]). Since there is basically no
restriction on B and f3, a great number of those simple C*-algebras D with TR(D) =
1 can be obtained from Corollary 4.4. Since TR(B) = 1, one certainly expects that
most such D has TR(D) = 1 but not TR(D) = 0. To convince the reader that it is
likely the case, we compute the tracial rank in a very special case below. From its
construction, it should be clear how other example can be constructed.

Denote Aff(A4) the space of all affine continuous functions on T(A4). Given a
projection pe M, (A) for some integer n>1 we define p ,(p)(t) = (1@ Tr)(p) for all
t€T(A), where Tr is the standard trace on M,(C). Then p,(p) e Aff(T(A4)).

).
)

Example 4.5. Let 4 be a unital UHF-algebra with Ky(4) = Q and « be in Aut(4) so
that o« is uniformly outer for all m#0 (or o is uniquely ergodic). Then o has the
tracial cyclic Rokhlin property by Kishimoto [12, Lemma 4.3] and Theorem 3.5. Let
B be a unital simple AT-algebra for which Ky(B)=Q and K;(B)=7Z&Z
and Aff(T(B)) = Cg([0,1]). Existence of such simple AT-algebra was given by
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Thomsen [32]. It follows from Section 9 of Thomsen [32] that there is f € Aut(B) such
that f8,,(x,y) = (—x,y) for (x,y)eZ®Z, B,y = idk, (s and tof(b) = t(b) for all be B
and teT(B). It should be noted that ton(a) = 1(a) for all ae A and teT(4). Put
y=a®pand C=A®B and D = C><,7Z.

By the Kunneth formula one computes that C is a unital simple (4 T-algebra) with
Ky(C) = @ and K;(C) = Q® Q. One computes that y,, = idg,(c) and y,,((x,»)) =
(=x,y) for (x,y)eQ@® Q.

It follows from Proposition 4.3 that y has the tracial cyclic Rokhlin property.
Moreover TR(D)< 1. To check that TR(D) = 1, we first compute that, by Pimsner—
Voiculescu’s exact sequence and by the divisibility of Q, we have Ky(D) = Q@ Q
and K, (D) = Q@ Q. Consider tracial states with the form 7®7, where e T(4) and
7€ T(B). Note all these tracial states are y invariant. Thus they give tracial states on
D. Note that T(A) is a single point. Thus we may identify T(B) with T(4) ® T(B).
Hence Aff(T(4) ® T(B)) = Cr([0,1]). Let e; = pp((1,0)) and e, = pp((0,1)). Then

pp(Ko(D)) = {xer +yer:, x,yeQ}.

We view T(B)cT(D). Thus one has a surjective affine homomorphism
A: Aff(T(D))—- Aff(T(B)). Tt is easy to see that Aop,(Ky(D)) being rank two
cannot be dense in Cg([0, 1]). It follows from [1, Theorem 6.9] that D has real rank
other than zero (actually one). It follows from Theorem 7.1(c) of Lin [20] that
TR(D) = 1.

If one insists to get non-zero torsion in K-theory, one may start, for example, with
KO(A) =@ and Kl(A) = Z/pZ
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