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Abstract

We investigate the planar analytic systems which have a center-focus equilibrium at the origin and whose
angular speed is constant. The conditions for the origin to be a center (in fact, an isochronous center)
are obtained. Concretely, we find conditions for the existence of a %"-commutator of the field. We cite
several subfamilies of centers and obtain the centers of the cuartic polynomial systems and of the families
(—y +x(H, + Hy,), x+ y(H, + Hy)) and (—y + x(H + Ha,), x + y(Hy + Hy,))', with H; homogeneous
polynomial in x, y of degree i. In these cases, the maximum number of limit cycles which can bifurcate from
a fine focus is determined.
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1. Introduction

In this work, we study the problem of center in the planar analytic systems which have a
center-focus equilibrium at the origin and whose angular speed is constant. In these systems, the
origin is the only finite equilibrium and if it is a center, it will be automatically isochronous. These
systems, up to a linear change, take the following expression:

X=—y+xH(x,y),

y=x+yH(x, ), (1)
where H is an analytic function which vanishes at the origin.
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The interest in studying this family is due, on the one hand, to the importance of
these systems in the general problem of the isochronicity, since any analytic system with linear
part (—y,x)' has an isochronous center if and only if it is possible to transform it by means
of specific analytic change (x — x + P(y?),y — y + Q(x, y)) into a system (1) (see Rudenok
[14]).

On the other hand, these systems in polar coordinates take the form

F= ZHk(cos 0, sin 0)rF 1,

k=1
=1,

where H, are the homogeneous parts of degree k£ of H. These systems can be written as a single
equation in form Abel generalized

Opr = Z H;(cos 0, sin 0)rF 1, ()

k=1

The study of this equation gives us information about the systems, and vice versa, since the constant
solution » =0 of (2) corresponds to the critical point x=y =0 of (1), and the periodic solutions of
(2) correspond to closed orbits of (1), (see [4,5,8-10]).

Let us do now a more detailed review of the works related to the family (1).

The first place where a subfamily of centers of (1) is characterized, is Conti [7]. Particularly, it
is characterized the case when H is a homogeneous polynomial of arbitrary degree. It is proved
that if the degree of H is odd then the origin is a center, but if it is even must satisfy one
condition, which is equivalent to vanish the first coefficient of the normal form in the radial
component. In Algaba et al. [1] we find the center condition in terms of the coefficients of the
system.

In Mardesic et al. [11] we have linearizating changes for reversible systems of type (1) with
H = H, + H,. In fact, as it is proved later in Collins [6], all the centers of this subfamily are
reversible. Up to rotation, its expression is (¥, p)' = (—y + x’a(y), x + xya(y))', with a(y) =
a + by. Later, in [12], Mazzi and Sabatini study the system (1) when it commutes with a ra-
dial field, and they find integral first and a linearization for (1). In [3] are characterized the
systems (1) which have polynomial commutator, appearing not reversible centers with H non-
homogeneous.

This paper is divided into four section. In Section 2, we present the main result of this work,
derive a few conditions that characterize the centers with angular constant speed. We show the
equivalence between these conditions and the vanishing of the coefficients of the radial compo-
nent of the normal form. In Section 3, we develop an recursive algorithm that allows us to ob-
tain conditions on the coefficients of the system which they must hold in order that the origin
is a center. In Section 4, we cite several subfamilies that have a center. Finally, we derivate the
centers of the cuartic polynomial systems, and of the families (—y + x(H, + H,),x + y(H; +
H,))' and (—y + x(H, + Hy,),x + y(Hy + Hy,))', being H; homogeneous polynomial in x,y of
degree i, and determine the maximum number of limit cycles which can bifurcate from a fine
focus.
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2. Some properties of centers

We consider the following couple of differential systems defined in open set % of the plane

59 =X(xy), &) =Uy)
with X and U analytic functions in %.

Definition 1. It is said that X and U commute if Lie’s bracket of both fields is null, that is,
[X,U]=DX.U — DUX = 0. Moreover, if X and U are transverse in a neighborhood of the origin,
to U it names a commutator of X in the above mentioned neighborhood.

If we denote by @X(t, (X, )’))’ QSU(L (X, y)) with ¢X(O: (xa y)) = (X, y) and ¢U(O> (xa J/)) = (xa y)a
the flows of the previous systems, respectively, it is known that X and U commute if and only if
the local flows @y and @y verify

d)X(Z7 ¢U(Sa (x, y))) = &y (s, Px(t, (xs y)))s
for every ¢ and s such that @x(z, Py (s,(x,y))) and DPy(s, Px(t,(x,y))) exist, see Olver [13]. It is
known that the problem of the isochronicity of a vector field is equivalent to the existence of an
analytic commutator of such vector field, more precisely, for any analytic system with linear part
(—y,x)', the existence of an analytic commutator with linear part (x, y)' is a necessary and sufficient
condition so that the origin be an isochronous center (see Algaba et al. [1] and Sabatini [15]).
We are interested in the centers of the analytic systems with constant angular speed,

()é,y)t:X(x,y):(—y—|—xH(x,y),x—|—yH(x,y))t, (3)
where H is an analytic function in a neighborhood of the origin and H(0,0) = 0. In Algaba et al.
[3] it is proved that if H is a polynomial, the polynomial commutators, in case of existing, are of
the type

U(x,y) = (K (x, y), yK(x, 1))’ (4)
where K is a polynomial of the same degree as H, and in the analytic case we can choose K an
analytic function with K(0,0) = 1. To make this section of the paper self-contained, we include the
following proposition.

Proposition 2. If the analytic system (3) is center, then there exists an analytic commutator (4)
around the origin.

Proof. We assume that X is a center. Let ¥ be, the local flow which defines the solutions of the
differential equation X =o(x), with o analytic, «(0)=0 and a(x) < 0 in (0,¢). Fixed (x, y) € %, let s
be the minimum value s = 0 such that @x(—s, (x, y)) is on the x-axis. We already define the analytic
flow @y as @y(t,(x,y)) = Px(so, (Y(t, Px(—s0,(x,)),0)). Since X is uniformly isochronous, @y
does not depend of s59. Moreover, it commutes with @y and all the straight lines which through the
origin are invariants to the flow. That is, the associated field U is analytic and of the form (4). O

Therefore, the problem of looking for those H for that (3) has a center in the origin is equivalent
to the problem of looking for those H which exists U of the form (4) with [X, U] =0.
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If we use complex coordinates, z=x + iy, (3) turns out Z = iz + zH(z,Z) with H(z,Z) = H(z,%),
and the commutator (4) will be zK(z,z) with K(z,2) = K(z,z). If for all m we denote by H, and
K,, the homogeneous parts of degree m of H and K, respectively, the equation [X, U] =0 becomes

[iz,zZKm + 2> Hnz) K;| =0.

m=0 I>1 =0

The term of degree m + 1 of the above expression gets

liz.zKul = ) [2KjzH)]. (5)
JHl=m
j=00>1

By definition, the Lie’s bracket in complex coordinates is [P, Q] = P.Q + P:Q — O.P — Q:P, being
P,,Q. and P; O: the first partial derivatives of P and O respect to z and Z respectively, and as
H =H and K = K, we obtain

[iz,zK] = iz(ZK; — zK,),
[zK,zH ]| = z(H (zK, + zK;) — K(zH, + zH>)).

From Euler’s Theorem for homogeneous functions, we have that
[zK;,zH] = z(jH|K; — IK;H)) = (j — 1)zH/K.

Let m > 1, we consider the linear vector space ), consisting of homogeneous polynomials, H,,
of degree m in the variables z and z. And we denote by #,, the linear vector subspace of #,, on
R defined by

[m/2]
Sy ={PE A,y P(z,2) = P(z,2)} = {Z (arz"z" % 4+ qz"*z%), a, e q:} .
k=0

A basis of ffm 1S
By = {uk =hem=hk L omhgk 0 <k < [%] }

—1
U {vk =ik — 2Ry, 0 <k < [’"} } .

Lemma 3. The map

[m/2] [m/2]
L, Z (apz* 2" * + az" %2y | = Z i(2k — m)(akzkz_m_k - 6kzm_kz_k),
k=0 k=0

is a linear map of #,, into itself. N N
Moreover, if m is odd, L,(#,)= #y and Ker(L,) ={0}. And if m is even, dim(L,,(#,)) =m
and Ker(L,,) = (z"?z"2).
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Proof. The first part is easy to check and the second one it follows from the action of the map on
each element of the basis %4,

L) = (m—2k)0,, 0 <k < [%} ,

—1
L(ve) = 2k —myuy, 0 <k < ["42} . O
The Egs. (5) can be rewritten as
m—1
LK) =Y () = m)KiHy—j m > 1. ©)

Jj=0

And from Lemma 3, we have the following result which characterizes the systems (3) with center.

Theorem 4. The analytic system (3) is a center if and only if there exists a €°°-function defined
in a neighborhood of the origin, K = ZmZOKm’ with Ky =1, such that, for any m = 1,

2m—1

ProYcor sy, | D 207 — m)K;Ham—; | = {0},
j=0

being Lon(Ham) @ Cor Loy = Ha, and Ly(Ky) = Y17 (2j — m)K;H, ;.

For each m, we denote by Cond,, the above projection on Cor L,,,. The expression of Cond,, is a
polynomial in the coefficients of H,...,H,, and Cond,, =0 is the condition that must satisfy so the
homogeneous part of degree 2m of the commutator exists, that is, Cond,, = 0 is the compatibility’s
condition of the system of linear equations whose unknown quantities are the coefficients of Kj,,
which turn out of Eq. (6). The following result proves that the conditions of compatibility for the
existence of the terms of degree even of a commutator up to a certain degree, is equivalent to
the vanishing of the coeflicients of radial component of the normal form of the system up to this
degree.

Theorem 5. Let fields (3) and (4) be such that [X, U]=0(|z,z|*"*!) (i.e., Cond;=: - -=Cond,,_;=0).
Then, Cond,, # 0 if and only if the normal form of the system (3) up to order 2m is Zz =iz +
E_j;m a;z(zzY, with a, # 0.

Proof. It is known if [X, U]=0, then [®. X, ®,U]=0, where @ is a diffeomorphism and ®,X, &, U are
the transformed vector fields of X, U, respectively. Besides, if JV[X, U]=0, then J¥[®, X, ®,U]=0,
where JVX represents the Taylor’s N-jet of the vector field X.

(1) Let us X(z,2)= ®.X(z,2) =iz + a,z" 2" 4+ O(|z,2]*"*>) a normal form of vector field X. From
the structure of the homological operator L,,, m = 2, the change of variables can be chosen of
the form @(z) =z(1 + ¥Y(z,2)), i.e., it is radial change.

Since [X,z] = O(|z,z|*"*"), then [®;'X, &, 'z] = O(|z,z]*"*") and U(z,2) = &, 'z is a radial
type, i.e., U(z,Z) =zK(z,Z) with K =K.
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(2) Let us X(z,2) = ®,X(z,2) =iz + S+ O(|z,z]*"*3) a normal form of the vector
field X. By hypothesis, we have [X, U] = O(|z,z]*"*!), that is, [®.X, U] = O(|z,z|*"*!) with
U=o,U =2K(z,Z), K =K and K(0,0) = 1. Therefore, ai,a,,...,an—1 =0, since J'[)Z, U] =
0, JAX,0]1=0,...,J"[X,U]=0. O

From Lemma 3, we know that the terms of even degree of the commutator are not uniquely
determined, that is, if K5 is a particular solution of L,,(K3y) = Py, then K, 4 2"z also it is,
being y any real parameter.

With the following result, we can consider the above-mentioned null coefficients.

Lemma 6. Let the fields (3) and (4) be, such that [X,U]= O(|z,z]*"*"), where Ky; = K5+ 9,77,
and let Cond}, be the value which comes from to substitute y, =7, =---=y,_1 =0 in Cond,,.
Then, Cond,, = Cond;,.

Proof. By hypothesis, Cond; = Cond, = --- = Cond,,—; = 0, and from Theorem 5, we know that
the coeflicients of radial component of the normal form of the system (3), ay,...,a,—;, are nulls.
Cond,, comes given by

Cond,, = Cond;, + y1 f1 + 722+ - + Ym—1 f—1

with Cond}, which does not depend of yy,...,7,—1, and where f1,..., f,,—; are polynomials in the
coefficients of H.

We now see that these polynomials are nulls.

Suppose a,, # 0, if some f; was not null, taking y; = —(1/f;)Cond,,, y; =0, Vj # i, we arrive
at Cond,, = 0 which contradicts to Theorem 5. Hence, f; =0, i=1,...,m — 1, so that Cond,, =
Cond;,.

Conversely, if a,, = 0, and if there existed an f; not null, we can take 7y; such that Cond,, was
nonzero, therefore, we again arrive at a contradiction. [J

3. Recursive algorithm

We already present a recursive algorithm that allows to compute the conditions of compatibility
that arise for the existence of the commutator, in function of the coefficients of the system.

To apply the algorithm, before we must fix the corrange of L,,. For simplicity in the operations,
we have chosen Cor(L,, ) = Ker(Lyy).

We assume that know the first ones 2m — 2 components homogeneous of the commutator K,
which, obviously, satisfy the m — 1 first conditions that are mentioned in Theorem 4.

The algorithm consists of two steps:

Step 1. Computation of odd component, K5, ;.

From Lemma 3, this component is determined for the term that appears in the right-hand side
of (6), i.e., for the homogeneous polynomials of H and K of low degree to 2m — 2. In fact,
we have



A. Algaba, M. Reyes/Journal of Computational and Applied Mathematics 154 (2003) 143—159 149

Lemma 7. Let Py, 1(2,2)=Y 1" a;z/2" /' +@;z>" /' be. The equation Lyy—1(Kan—1)=Pam—1
has unique solution and it is given by

m—1

a; . . a: . .
K ] = — 7 iz 2m—j—1 _ 7 iZ2m—]—l 2
2m=l ;2;11 2 —1°° 2m—2j — 1 :

Step 2: Compatibility’s condition and computation of the even term, K,,,.
Let Pyy(z,2) be, a homogeneous polynomial of degree 2m. It will exists a homogeneous polynomial
Kon(z,2) verifying Ly, (Kp,) = Pay if and only if Py, is in Ly, (3, ). That is,

PrOyCOI’ Loy P - PrOYKer Lz,, 2m = {0}

We now give a explicit form of the compatibility’s condition and the value of K3, which it is
obtained by straightforward computation.

Lemma 8. Let Py, (z,2) = 27:0 a; 22" + a2z be.
Then, Proyc,;, Pam =0 if and only if a, =0, i.e., Cond, = ay,.

Lemma 9. Let Py, (2,2) = Pyu(z,2) = z;”:_ol a;7/2"" ) 4+ a;z*" 77 be. The equation Ly, (Kon) = Pam
has solution and comes given by

—_ : ‘—2m—j a] 2m—j =j =\
sz 2 ¥ am—2; 2 F A m(EE)

For the real case, we can write the Lemmas 7, 8 and 9 of the following way.

Lemma 10. Let Pyi1(x, ) =7 am ]xz’"*z-/“yzj + by jx*" =% Y21 be. The unique solution of the
equation L2m +1(Kz,,,Jrl) Py (Where Lzm 1 denotes the map Ly, in the real case) is Kyyi1(x, y)=

2m+1
ijg ox?" Iy with o verifying

Qm+1 = bm,ma 0o = —am,0,
by + (2 + 2)22j43 —Qp;+ (2m — 2] +2)u;
A1 = - > taj = : >
2m—2j+1 2j+1
j=m—1,...,0. j=1,...,m

Lemma 11. Let Py,(x, )= an, XA M 4 b, ix?m2 2 be. The equation Lg%,)(KZm):PM

(where L(;fn) denotes the map Ly, in the real case) has solution if and only if

m—1
2/ — DN@2m —2j — 1!
>

Ao + Ao + Qm— 1)l Ay,m—; = 0.
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In this case, it comes given by Ky,(x,y) = ZJZZO Bix*" Iy, with B; verifying

ﬁl = —am,0, ﬁ2m = Vm>
ﬁ o _am,j — (2m - 2] + 1)B2j—1 ﬁ - an,m—j + (2m — 2] + 2)ﬂ2m—2j+2
2j+1 2j+1 5 2m—2j 2] >
j=1,....m—1. j=1,...,m.

4. Applications

The described procedure allows an easy proof of the following well-known result.

Theorem 12. The reversible analytic vector fields with constant angular speed are centers.

Proof. A vector field is called reversible if it has a symmetric phase portrait respect to a straight
line which passes through the origin, inverting the time. Up to a linear change, we can assume that
above-mentioned straight line is the y-axis, in this case, the reversible systems (3) respect to this
straight line are those which verify H(x,—y) = —H(x, y). In complex coordinates, this condition
over H is equivalent to say that the coeflicients of the monomials of H are imaginary.

Applying the recursive algorithm (Lemmas 7 and 9), we see that the coefficients of the monomials
of K are real. Therefore, H>, and K;H,,_; with j=1,...,2m — 1 have only imaginary coefficients,
and since this expression is real, we deduce that the coefficient of z"Z" is zero, that is, for each
m > 1, the projection over Ker L,,, is null, therefore, Theorem 4 holds. [J

We next present the following family of centers.

Theorem 13. The systems z =iz +z) . H., with H,, = (a/m)L(Bu)B", being Pu(z,2) € Hoy
and a, any real number, have a center at the origin.

Proof. The proof consists of proving that the system commutes with (4), being K =1+, K,
with K,,, = —a,f},, That is, we show that Eqs. (6) hold.
We see that first component K, verifies L,,(K,,) = (1,H,). So,

Ly(Kn) = Lm(_alﬁm) = _ale(ﬁm) = —mH,,.

We see that for » > 1, (6) also holds.
On the one hand, using the fact that L(M") = hM"~'L(M), with h natural and M homogeneous
polynomial in z, z, the left-hand side of (6) becomes,

er(Krm) = er(_arﬁ:n) = _rarﬁ:n_llfm(ﬁm)'
On the other hand, given j > 0 and / > 1, with j 4+ [ =r, we have

. . ;1 -
(= ymK i = =1 = jymajai}, — Ln(Bn)B,"!

:(] - l)ajalﬁ:nillfm(ﬁm)a
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therefore, the right-hand side of (6) turns out
r—1

_% arﬁrm_le(ﬁm) + ﬁrm_le(ﬂm) Z (l" — 2h)ahar—h = _rarﬁ:n_le(ﬁm)' o
h=1

Remarks. The considered systems in Theorem 13, in Cartesian coordinates, can be written as

X= —y—}-xZH,m(x,y),

r=1

P=x+3 Y Hulx ), (7)

r=1

where Hy, = (a,/m)(y0xBm — x0y B )"

If the system is polynomial, then the commutator is polynomial, and both have the same degree.
Moreover, in [3] is proved that they are the only ones with constant angular speed which have
polynomial commutator. There are reversible fields which cannot be expressed in form (7), for
instance,

X =—y+ax® + bx*,
Y =x + axy + bx’y.
Besides, there are nonreversible systems of family (7), even not homogeneous, for instance,
X =—y+xH; + xH;K;,
Yy =x+ yH; + yH;Ks,
with Hy=2x3 — 6x%y + 2xp* + 2y* and K3 = 2x> + 6x%y — 6x)* + 6)°. Its commutator is
U =x+xK3 +xK3,
V=y+ yKs + yK3.

We next see that the fields of this family contain all the polynomial systems (3) with centers that
we know, except the reversible systems.

(1) The homogeneous systems (3), Z =iz + zH,,, studied by Conti [7].

If m 1s odd, Lm(jfm) = jfm, therefore it is isochronous, since always exists f3,, € 9~fm such
that L, (f.) = H,. Thus, it is a particular case of the mentioned family. If m is even, the
first condition different from zero is Cond,, = Proyy,, 1, (—mH,), ie., we must impose that
H, ELm(jfm), and we again see that exists f3,, such that L,(f,) = H,, thus, it is a subfamily
of the above theorem.

(2) When m =1 and f8; = y, we obtain the fields of the form (—y + x*a(y), x + xyo(y))' with
a(y) polynomial in y, that were studied in [12].

(3) In [12] is proved that if H and K are conjugate harmonic and H>(x, y) + K>%(x, ) is a function
of x?> + y?, then systems (3) and (4) commute.
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We know that they are of this family, since are polynomial systems (3) with polynomial
commutator, being H = H,, = (a/m)(y0xfn — x0,f,) and K = —af,,, with B, homogeneous
polynomial of degree m, satisfying (0xfn)* +(0,8m)* =Pu(x* +3*), H,=—K,, H,=K,, being
P,, any homogeneous polynomial of degree m.

4.1. Centers of the family H =H, + H,

Next let characterize systems (3) with H = H, + H,,, being H; and H,, not null, which have
commutator.

Since H; # 0, making a rotation and a rescaling on the state variables into the field, we can
assume, without loss of generality, H; =iz — iz.

The first ones terms of a commutator (4) of (3) with K =1+ ) i>1K; come given by:

As L(Ky)=—H,, then K| =z +Z.

As L(K,)=0, 2<r<m-—1, from Lemma 6, we can suppose that K, = 0.
K, satisfies the equation L,(K,, )= —mH,,.

Km+l verifies Lm+1(Km+1) = (1 - m)(Kle - KmHl )

Each term K,, with m 4+ 2 < r < 2m, must satisfy the equation

Lr(Kr) = (l" - 2)(12 - iZ-)I<r71-
Evidently, these equations relate the coefficients of the consecutive terms of the commutator. Next
we mention some properties.
Lemma 14. Let K, = Z;:o q;zfz'r_f be, with r = 1, the homogeneous part of K of degree r of a
commutator of the form (4) of the system (3), with H = H, + H,,, H H,, # 0. Then,
(1) For I such that m+1 <2/ <2m—2,

20+1 _21_1 21

qo _2l+1q09

21 —1
21+1 21 21 .
QJ 21 2] 1 (q]—l q] ) J ( )

(2) For I such that m+2 < 21 <2m, Cond; = —4(] — DIm g’ 7"

If Cond; =0,
21-2 5,
q%l: 21 qgl 1’
21 -2 _ _ .
G =5, @ —4 D 1si<i-L ©)

From Lemma 6, we can take q7' = 0.



A. Algaba, M. Reyes/Journal of Computational and Applied Mathematics 154 (2003) 143—159 153

(3) For [ such that m+2 <2 <2m
s QI=1)21=2) 5,

o T arrnen oo
G =— ;q%l 1+q%171,
2l+1_(2l_1)(2l_2) 1 21—1 1 1 21 1
—2j+1 [2[-2j+2 20-2j+2  2[—2j
1 20—1 .
' =@l - 1)(!—1)<q2’ L-ahh. (10)

Lemma 15. Let K, = E —0 4] rzlz7) be, with r = 1, the homogeneous part of K of degree r of a
commutator of the form (4) of the system (3), wzlh H=H +H,, HH, # 0 and m =2n (or
m=2n—1).

If Cond,y; =---=Cond,y; =0, with 1 <j<n—1(or 1 <j<n-—2), then

2n+2j—-1
Cond,, 1 = —4(n+ ) ( ) ) Im g,
j

Proof. Using (8)—(10) it is easy to verify that:

Cond,;; = 0 arrives at Im ¢>"*! =0,

Cond,;» = 0 implies that Im¢."}* = Im¢>"*? = Im ¢! =0,
Cond,43 = 0 implies that Img."}> =Im¢2"|* = Im¢> "3 =Img"? =Imq."%' =0,
and, finally, '
Cond,;; =0 arrives at Im qi(ff_jl_l)ﬂ =1Im ii"f’ Ve =Im qﬁ"f]ﬂrl =0.
By (9), we deduce that Cond,( ;1 = —4(n + j)Im qi@zﬁl. Using (10), we have
amt2jrt _ (2n42] = 1D)(2n+2j —2) 2n42j—1
Img,’ ;" > Img,’ ;"
_@n+2/-1)@n+2j—-2)2n+2j—-3)2n+2j—4) m 23
234 Tntj—4
4+ 2j— 1
= Im ;" O
2j '

Theorem 16. Let the field (3) be with H = H, + H,, and H\H,, # 0, where m=2n (or m=2n—1).
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Then,

(1) (3) is center if and only if it is reversible, that is, up to rotation and a scaling, the system
(3) comes given by z = —iz +z(iz —iZ) + iz Z;:ol biz/z") — biz" 2, with b; real coefficients.

(2) The maximum Qrder of a fine focus of the system z=—iz+z(iz—izZ)+z Z‘Eri/oz](aj+ibj)z-/z""*/+
(aj —1ib;)z" /2, with a;, b; any real numbers is [m/2] + 1. Besides, it is of order [m/2] + 1
if and only if a;_a; <0, with |a;| <|a;—|, j=1,...,[m/2].

Proof. Given P,, € jfm, from now on, we will denote by P. and PR the homogeneous polynomials
such that P,, = P} + PX, with Pl ="' apzFz"*.

We have seen that applying a rotation and a rescaling, we can assume H, =iz — iz, K; =z +Z
and K; =0, 2<j<m— 1.

We distinguish two cases, according to the parities of m:

(1) Let m = 2n. The term K, must be particular solution of L,,(K3,) = —2nH,,. Thus, it must
verify that Proyy, ,, Hj, =0. From Lemma 8 it follows that /), does not have the monomial
z"'z".

ZLet. H2.n2 bg with Hj(z,Z) = Z;:ol h;z/z?"~/, applying Lemma 9 turn out K = Z;:ol
2n—n2j1h ,Z/ 2
The term K, is solution of the equation

L2n+l(K2n+l) = (1 - 2”)(K1H2n - KZnHl)
and from Lemma 7 we deduce that

n—1

2n—1 [(2n—j+1 J i on_
L _ ) ) Jj32n—j+1
Kyi1 = j§=1 m—2j 11< X hj— + n_jhj>zz

—@2n — 1)(n + 1)ih,_z"z""".

From Lemma 15, we obtain that the vanishing of Cond, ;, Cond,.,,...,Cond,, leads to that
the coefficients of K5, ; must be real, that is, the coefficients of H,, must be imaginaries, thus,
the system is reversible.
(2) We now suppose m =2n—1 and let H,,—; be with Hy, (z,2)=) ];01 h;z/z*"~/, from Lemma
7, K3,y = Z;l:_ol 2n2—nz_jl—1ihjzjz_2n_j_l'
We now consider the equation

Lyy(Kzn) = —2(n — 1 )(K1Hau—1 — Kau—1H1).

It has solution if Proyy., LZ”(Kle,,_l — Ky,—1Hy) =0, thus, from Lemma 8, it is clear that
hp_1 +h,—1 =0, so that h,_; is an imaginary number. By Lemma 9, we have K3, :Kan +K§n +
va2"z", with

n—I1
M—2 [dn—j—1 j o
KL — he  ——2  p. Jzn=J
2n ;2;1—2]( m—j VT a1 1)1”

moreover, we can take y, = 0.
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Notice that if Img?" = 0, then, by (8) Im q?”“ = (2n — 1)Img>" |. Moreover, from the
expression of K, also is deduced that if Img;"=Img," | =---=Img}" =0, with 1 <j <n—1,

then Reh, | =Reh, , =---=Reh;_; =0, therefore, the coeflicients must be imaginary, and
in consequence, the system must be reversible.

We see the second part.
If m = 2n, of the expression of K;,,; and by (8), we have

2n—1 i+ 1
PG ESES PR Py P
/ 2j+1D)(j+1)

hence,

22n — 1 i+ 1) (2n+2)
Cond, oy = 221 =D+ 7+ )( >Rehnj1,

j+1 2j+1
And if m =2n — 1, from the expression of K5,, we have
(2n—2)3n+j)

2n /
. = lhn_'_ s 1< <n_2
TR TR o R
thus,
42n—1)(3n+j Nn—1) (2n+2j—1
Condy, 1 = 421 = DG+ ) 4/ )( . Reh,
G+D2n—=2j+1)(n+j+1) 2j

with 1 < j < n—2. Therefore, if ay, ..., a2 satisfy a;_ja; < 0 with |a;| <|a;—| for j=1,...,[m/2],
the numbers Cond,,; with j =0,...,[m/2] are a Sturm’s sequence, thus we have a system with
[m/2] 4+ 1 limit cycles. [

4.2. Centers of the family H = Hy + H,,

We now characterize the systems (3), with H =H, + H,, and HyH,, # 0, which have commutator.
Applying a rotation and a scaling into the field, we can assume that H, = —iz? + iz,
The first terms of a commutator (4) of (3) with K =1+ Zj>1KJ are:

As L1(K;) =0, we have K; = 0. In general, the terms of odd degree of a commutator are null,
since are solution of Ly, 1(K3,41) =0 and applying Lemma 7 we deduce that K5, =0.

K, = —z* — 2% comes from L,(K,) = —2H,.

By L,(K3,)=0, 2 <r <n—1 (from Lemma 6, we can suppose null parameters) we can assume
K, =0, 2<r<n-—1.

K, is solution of L,,(K>,) = —2nH,,.

K2n+2 must be solution of L2n+2(K2n+2) = 2(1 — I’l)(Kszn — Kanz).

Each term K, ,,, with n + 1 < r < 2n — 1, satisfies

L2r+2(K2r+2) = —2(7" - 1)(122 - iZ_2 )KZr-

Evidently, these equations relate the coefficients of the consecutive terms of the commutator. We
arrive at the following result, which proof we omitted for being analogous to that of Lemma 15.
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Lemma 17. Let K;,.» = ZJZSZ q;""?2/Z" 27 be, the homogeneous part of K of order 2n+2 of a
commutator of the form (4) of the system (3), with H = H, + H,,, HyH, # 0.

Then, if Cond,;; =---=Cond,,; =0, with 1 <j<n—1, it follows that

, n+j—2
Cond,js1 =4(=1Y(n+j—1) ( _ ) Im ;™42 .
Using similar arguments that in the proof of Theorem 16, we obtain the following result.

Theorem 18. Let field (3) be, with H = H, + H,, with HyH,, # 0. Then,

(1) (3) is center if and only if it is reversible. That is, up to a rotation and scaling, the system (3)
comes given by 7 = —iz +iz(—z> +2*) + iz Z;:ol b2~ — b;z?" Izl with b; real coefficients.

(2) The maximum order of a fine focus of the system 7 = —iz + iz(—z> + 2*) + ZZ;?:O(aj +
ib;)2/z2"~ +(a; —1ib;)z*" 2/, with a;, b; real constants is n+ 1. Moreover, it is of order n+1
if and only if a;_ya; > 0, with |a,_|<|a;|, j=1,...,n.

Remark. The Lemmas 15 and 17 give necessary conditions that guarantee us the existence of
the commutator of the families (3) with H = H; + H,, and H = H, + H,,, respectively. In both
cases, it arrives at the vanishing, term to term, of the real coefficients of the expression of H,,
and H,,, respectively, and it implies that the centers are the reversible systems. In the case of
the family (3) with H = H, + H,,,,, with H, = —iz? 4 iz?, the first ones conditions nonnull are

Condy,1 2, Condy,y3,. .., Condy, o, which correspond to the conditions of compatibility of the equa-
tions L(Kuy4)=—2K2,13Hn 11, L(Kani6)=—4Koni5sHopi1, ..., L(Kgyra)=—(4n+2)Keni3Hr, 41, being
Kopit1,...,Kenrs, the solutions of the functional equations

L(Kopt1) = —(2n + 1)Hyyy1,
L(K2n13) = (2n — 1) (K2Hypi1 — Kony 1 Hy),
L(Kypi2141) = (3 = 2(n + D)Koniny—1Ho,  1=2,...,2n+ 1,

respectively. The main difference with the cases H = H, + H,, and H = H, + H,, is that these
conditions are not a linear expression of the coefficients #; = A; + iB; of H,,;. In this case, they
are bilinears expressions of the form

> (ZA,,J(]')A,> Bi=0, r=2n+2,...,4n+2
j=1 \I=1
with 4,,(j) real. We have analyzed, the subfamilies H = H, + H,,;; for n =1,2,3 and we have

obtained that the only centers are the reversible ones.

4.3. Centers of the quartic systems

Next we derive the quartic systems (3), that is, H(z,Z) = H(z,2) + H»(z,Z) + H;(z,Z), with
H3(z,Z) # 0, with at least one nonlinearity besides Hj.
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Theorem 19. Let (3) be with H=H; + H, + H;, Hy # 0 and H} + H? # 0. Then, (3) is center if
and only if it is reversible.

Proof. The proof is assisted by an algebraic computer, continuing the recursive algorithm described
in the section above. The nonhomogeneous quartic systems (3) take the form

Z =iz 4 z[Az + AZ + Bz* + 2(by + b3)zz + BZ* + C2° + Dz*2 + Dzz* + C2%),
being 4 = %(al —iay), B = %(bl + b3 — iby), C = %(dl —idy) and D = é(dy, — id4), where
ay,az,b1,by,b3,d1,d>,ds,dy are real constants with ajaxb1bb3 # 0, and didydsdy # 0. Next we
compute necessary conditions in order to the existence of a commutator of the system, i.e., we will
vanish the compatibility conditions Cond;. The first one is Cond; = b; — b3 = 0, that is b; = b3.

If Hy = 0 and H, is different from zero, it is easily seen that, making a rotation, we can take,
without loss of generality, H, = —b,i/4(z* — %), with b, # 0.

In this case, the first three conditions of compatibility are nulls. If the coefficient d, =0, the fourth
one turns out Condy = d,d3b, = 0. Thus, it must be vanished d3 or d,. In both cases, by means of
a rotation, we can transform it into a field (3) reversible and from Theorem 12 we know that it is
center.

If d4y # 0, in having imposed Conds = 0, it turns out dy = —(d3(3d4 — d»))/(d4), and the fifth
condition becomes Conds = d3b§(—2d2 +3d4)=0. If d; =0, we obtain again a reversible system,
and if d3 # 0, we must impose that d, = %d4. In this case, the sixth one condition is not null,
therefore the system does not has a center.

Finally, if H; is not null, by means of a rotation we can do a, =0 and with a homotecia can take
a; = 1. The second condition of compatibility is Cond, = d4 — b3 = 0, that is d4 = b3. Substituting,
the third condition becomes Conds = 2b3 + 2d, + 2b3d | + bybs + byd, = 0.

Let us suppose that b3 =0, in this case, Cond; =d,(b, +2)=0, hence, d, =0 or b, =—2. In the
first one, d, = 0, we obtain that H has its real coeflicients, thus, it is center.

In second case, b, = —2, we have Condy = d,(—35 +4d3) =0, that is, d3 = 3745, and now we have
Conds =d, =0, i.e., it corresponds to the case d; = 0.

We suppose now b3 # 0. Let us notice that this condition implies that the system is not reversible.

Then, we have d|=(2d3b; + b3by —d2by+2b3 —2d,)/2b3. The condition Cond4 becomes Condy =
Curvel(d3, bz, b3 )b3 + CllI'VCz(d3, bz, b3 )dz = O, being

Curve,(ds, by, b3) = 90 — 2d3 + 52d3 + 24b, + 26d3b, + Tb3 — 26b3,

Curvey(ds, by, by) = —90 — 24b, + 8d3 — 28b% — 7h3.

We distinguish the following situations separately:

(I) If Curves(ds,by,b3) =0, in order to vanish Condy, must verify that Curve,(ds, by, b3) =0. The
resultant of the curves Curve; =0 and Curve, = 0 with respect to b3 is 4Q3(b,,d3), with

Q) = 189h3 + 648b, + 364d3b, + 624d5 + 2430 — 28d5. (11)
By means of the affine change of coefficients
by = 155 (TE +1—336), ds = 55 (189¢ — ),

turns out (&, n)=7&n+13,122=0. Since n # 0, we have that £=—13122/75. The vanishing
of Conds,Condg and Cond; come given by the vanishing of Is = I%/bsn?, ls = I}/bin* and
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I; = I5/b3n°, being I%, [¥ and [} polynomial expressions that come given in function of 5, d,
and b3. The resultant of /5 and Curve,, /{ and Curve, and /5 and Curve, with respect to b3
are, respectively, n'2rs(n,d,), n%re(n,d>), n**r7(n,d,). In turn, the resultant of rs and rg, and
rs and r; with respect to # are, respectively, polynomial expressions of the form d§6r56(d2) and
d§6r57(d2). Last on, the resultant of this with respect to d, is a number different from zero,
therefore, we conclude that it cannot be a center.

If Curve, # 0, in having imposed Condy4 = 0, turns out

_ by(b3 + 90 4 22d5 + 7b3 + 24b, — d5 + 13d3b,)

d pu—
? (90 — 8dl5 + 2852 + 7b2 + 24b,)

Similar to that we did in the previous paragraphs we obtain that in order that Conds, Condg,
Cond; and Condg are nulls, there must be vanished the polynomials /3, /¢, /7 and /g, which
appear in the numerator of /s, /s, /7 and Ig, respectively. The resultant of /5 and /¢, /5 and [
and /5 and /3 with respect to b3 are, respectively:

Ri(I%, 17, b3) = d3Q1% (b, d3)Q3 (b2, d3 )73 (b2, d3),
Ry(I%, 1%, b3) = d3Q1(by, d3)25(ba, d3 )23 (b, d3),
Ry(13, 15, b3) = d3Q{%(b,d3) Q5 (by, d3)/3(ba, d3)

being €2, =2b, + 4d3 — 31 and Q, the above expression gives in (11).
Therefore in order to vanish the resultants we have four options:

(a) If d3 =0, the coeflicients /5, I and /5 come given by
I5=b3F\(by, b3), [ =b3Gi(ba,b3), 15 =b3Hi(by,b3),
and the resultants are
R(F1,Gy,by) = bY°(16b35 + 1225)Z,(b3),
R(Fy, Hy,by) = bi°(16b3 + 1225)I"1(b3).

Since b3 # 0, the first and second factors of the above resultants cannot be vanished.
Moreover, Z(b3) and I'1(b;3) are not vanished simultaneously, so its resultant with respect
to b3 is a constant differently from zero.

(b) If Q; =0, making the same change of coefficients that in the paragraph / and similarity
coming, we deduce that /s, /s and /; cannot be vanished simultaneous.

(c) If Q, =0, we have d; = 5(31 — 2by) and, in this case, we obtain /5 = b3F,(by, b3), [§ =
b3G(by,b3) and I3 = b3H,(b,, b3), and the resultants are

R(F3, Gy, by) = b3(1,486,873b3 + 442,225)*5,(b3),
R(F,, Hy, by) = b3(1,486,873b3 + 442,225)*T'5(b3),

And since the resultant of Z,(b;) and I';(b3) with respect to b3 is a not null constant, we
come to that cannot be vanished simultaneously.
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(d) Finally, the resultant of A,(b;,d3) and A,(b,,d3) and it of A1(by,d3) and A3(b,,d3) with
respect to b, are polynomials in d3, and the resultant of both polynomials is a constant
differently from zero. Therefore, 4, 4, and A3 do not have common real roots. [

In Algaba et al. [2] is studied the case H = H; + H, + H; + Hy with le +H22 +H32 # 0 and Hy # 0,
resulting that all this centers are reversibles.
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