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Abstract—We introduce a stable numerical space marching scheme based on discrete mollifi-
cation—implemented as an automatic adaptive filter—for the approximate identification of tempera-
ture, temperature gradient, and source terms in the two-dimensional inverse heat conduction problem
(IHCP).

The stability and error analysis of the algorithm, together with some numerical examples, are
provided. © 2004 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

In this paper, we study the simultaneous identification of general source terms, temperature
distribution and temperature gradient distribution in two-dimensional parabolic equations by
mollification techniques provided that suitable noisy data is available only at the active boundary,
generalizing the recent one-dimensional work of Yi and Murio [1], to two space dimensions.

Space marching schemes along with the method of discrete mollification—implemented as an
automatic iterative filter—and generalized cross validation (GCV), has proven to be an effective
way for solving these problems [2,3]. For an up to date detailed description of these techniques
see [4] (Inverse Engineering Handbook, Chapter 4: Mollification and Space Marching).

In particular, the determination of source terms in the one-dimensional inverse heat conduction
problem (IHCP) is a parameter identification type of problem that has been extensively explored.
However, the available results are based on the assumptions that the source term depends only
on one variable [5] or that it can be separated into spatial and temporal components [2,6,7]. An
historical and technical review of inverse source problems can be found in the classical book of
Isakov [8].

The manuscript is organized as follows. In Section 2, for completeness, we state basic properties
and estimates corresponding to mollification in R2. In Section 3, the original ill-posed problem
and the associated regularized (mollified) problem, respectively, are formulated and the two-
dimensional numerical procedure is introduced. In Section 4, the stability and error analysis of
the algorithm are investigate and numerical computations of interest are provided.

The authors would like to thank the C.W. Taft Foundation for partially supporting this research.
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2. MOLLIFICATION IN R?

Complete proofs of the propositions in this section can be found in [9].

2.1. Abstract Setting

We introduce the §-mollification for functions of two independent variables.
Let = (z1,22), p = (P1,p2), 6 = (61,82), i > 0, §; > 0, z; € R! (s = 1,2), and introduce the
following notation
I=10,1] x [0,1],
|0lec = max(d1,d2),
18] -0 = min(dy, d2),
I, = [-p1,p1] X [~p2, pa,
Ips = [=p161, p161] X [—p202, p2dal,
Is = [p161,1 — p11] x [p2da, 1 — pada).

We consider the following two-dimensional Gaussian kernel

A 67165 exp ( (a:f + x%)) zel
-\=t5)) 5
pop(@)=9q T2 67 o F

0, otherwise,
where Ap = (f; exp(—||z]|?) dz)" 1, ||z||® = 2% + 3.
Note that psp is a nonnegative C*°(I,5) function vanishing outside I5 and satisfying [ Is Pbip
(z)dz =1.
If f(z) is integrable on I, we define its d-mollification on I; by the convolution

Jsf(z) =/Ip5(:c—s)f(s)ds,

where the p-dependency on the kernel has been dropped for simplicity.

Notice that Jsf(z) = Js5,(Js, f(21,22)) = Js,(Js5, f(21,22)), where Js, f(zy,22) (¢ = 1,2)
denotes the d-mollification of f with parameters §;, p; with respect to the variable z,.

The é-mollification of an integrable function satisfies well-known consistency and stability es-
timates.

THEOREM 1. L2 NorM CONVERGENCE IN R?. If f(z) € L?(I), then

. 3{&0) 15 f — fllz2zs) = 0.

Moreover, if V f(z) € L2(I) x L?(I), then

Vs ) = Vllzax e = 0.

THEOREM 2. CONSISTENCY, STABILITY, AND CONVERGENCE OF MOLLIFICATION IN R2,
(1) If f(z) € C1(I), then there exists a constant C, independent of §, such that

|IJ6f - f”OO,Is < Claloo
Moreover, if 22- f(z), 32 f(z) € C*(I), then
”V(J5.f) - V.f”oo,L; S C|6|°o,

where for (f1, f2) € C(I) x C(I), the norm is defined by ||(f1, f2)|loc,; = max (|| fillce,I,
”f2“oo,1)-
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(2) If f(z), f(z) € C°(I), and || f(2) = f*(2)||oos < €, then
1957 = Jsf oty S€ and  [V(JsS) = VsfVouts < O
(3) If f(z) € C'(I) and f*(z) € CO(I) with ||f(z) — f(z)]lco,s < €, then
[ Jsf€ = flloo,1s < Clboc + €.

Moreover, ifa%’%(x), aéi(x) € C1(I), then

z2

1V(J55¢) = Vfllooss < C (l‘”w * _“‘|a|:,o> '

W_e next consider the d-mollification of a discrete function defined on the discrete set K =
(@, 29 1<i<m, 1<j<n}cCl,with

0<z? <@ <. < 2l™ <, 0<z <z <. <2l <,
and
Sgo) =0, sgm) =1, séo) =0, sé") =1,
8 = % (:z(f) +x§i+1)) (i=12,...,m=-1),
sgj)=—;—<xgj)+x;j+1)> (7=12,...,n-1),

) 2 . 2
Az = max |m(’+1) O] ‘x(m) _ x(])‘ _
1<i<m—1,1<5<n—1 1 1 2 2

Let G = {g;; = g(x’i,z{;) :1<i<m, 1 <j<n} be a discrete function defined on K. The
discrete §-mollification of G is then defined as follows.
For x € I,

m n sgi) sgj)
J. = -
1G(@) Z (./(i—n /uﬂ) pole —s)dsy dsz) Gia
i=1 j=1 S1 52
@ @)

Notice that 7", Z?:l(fs?_l) f:g,‘l) ps{x — s)dsy dsg) = prs ps(—s)ds =1.

The consistency, stability, and convergence of the discrete §-mollification are presented in the
following theorem.
THEOREM 3. CONSISTENCY, STABILITY, AND CONVERGENCE OF DISCRETE MOLLIFICATION
IN R2.

(1) Let g(z) € C*(J) and let G = {gi; : 1 <i < m, 1 <j < n} be the discrete version of g

with g;; = g(:z:gz),a:g’ )). Then, there exists a constant C such that

116G = glloo,15 < C(I8leo + Az).

Moreover, if 6%]{’ ;—i € CY(I), then there exists a constant C such that

IV(J5G) — Vlloots < C (ww 4 Az ) .

18] -0
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(2) If the discrete functions G = {g;; : 1<i<m, 1<j<n}and G = {g§;: 1 <i<m, 1<
7 < n}, defined on K, satisfy |G — G¢||c < €, then

1JsG® — JsGlloozs <€ and  ||V(JsG) = V(JsG)loos; < cﬁ_.

(3) Let g(z) € CX(I), let G = {gi; = g(z{?,2") : 1 < i <m, 1 < j < n} be the discrete
version of g and let G* = {g§; : 1 <i <m, 1 < j < n} be the perturbed discrete version
of g with ||G — G%||eo < €. Then, there exists a constant C such that

1 J5G¢ — Tsgllooss < Cle+Az)  and  [[JsG% = gllooss < Cle+ |8]oo + Az).

Moreover, if %(z) () € C(I), then

Y zg

IV(JsG°) = V(J59)lloo,1s < (e+Ax)

C
= 16w

A
IV(J5G) = Vglloos < C (|5|°° + s T ) '

2.2. Numerical Gradient Computation

This section discusses the main results on stable numerical computation of gradients by the
mollification method.
Assume that

:I:gi) —-—z(li‘l) = :v(liH) - :vgi) = Az, i=2,...,m-—1,
xéj)——xg_l)=a:§j+1)—zgj)=A:E2, i=2,...,n—-1,

and
fg ES [p161 + A.’l)l, 1 —-p161 - A:L‘l] X [])2(52 —+ A:ltg, 1 - p2(52 - Ail?z]

Given G¢, a perturbed discrete version of ¢, in order to approximate Vg, we compute the
centered differences of JsG¢. That is, we use D(JsG¢) to approximate V(JsG¢) in I5. Here
D = (D;,,Dys,), D, (i = 1,2) denotes the centered difference operator with respect to the
variable z;.

In the proposition and theorems that follow, the generic constant C is independent of 4.

PROPOSITION 1. Let Vg € CY(I) x CY(I) , let G = {gi; = g(z\?,2{) : 1 <i<m, 1< j<n}
be the discrete version of g and let G and G° satisfy |G — G*|, ¢ < €. Then,

A
ID(JsG) ~ Vgl 1, < C (wm e mf—) 1 Cs(Aa)?
C
-

If G is a discrete function on K, we define D{G = D(J5G)|k. The next theorem establishes a
uniform bound for D§.

DG ~ V(Jsg) o 1, < Ter— (€ + Az) + Cs(Aa)’.

THEOREM 4.

“DgG“oo,KﬁIs l(gl 1Gloo, k-
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THEOREM 5. Ifg € CY(I) and G is a discrete version of g, then fori =1,2,...,m; j =1,2,...,n,

|D2 Jgg)( (’))~D§u(J5G) (ﬁ“,ﬁ’ﬂgcwﬂi, a=12

where DZ_(f)(z1,2) denotes the centered difference approximation of g—-:—é (z1, z2) utilizing Az,.

THEOREM 6. Let G and G* be discrete functions defined on K, satisfying {|G — G¢|l < €. Then,
fori=1,2,...,m;5=1,2,...,n,

[D2,456) (28%,2§”) - D2, (556°) (20", 28"} | <

=1,2.
l5I e

THEOREM 7. If g € C°(I), and G and G* are discrete functions defined on K satisfying |G —
GYoo <€ thenforalli=1,2,....m;j=12,...,n,

® e} i €+ A
D...(s0) (o7, 2§) - 5= (o) (2 ,287) | < 02D 4 cygaar,
and
% 82 E3 (E + AI
D2, (Js9) (27,28 - 5 (Jsg) (31,08} < CW—Z +Cs(Az)?,

where a =1, 2.

2.3. Implementation

Computation of J5f throughout the domain I = [0,1] x [0, 1], requires the extension of f to a
slightly larger rectangle I} = [—p181, 14p161] X [—paba, 1 +p282] and since Js f = Js,(Js, fz1, 22)),
only one-dimensional extensions are needed.

As indicated previously, the parameter § = (83, d2) plays a crucial role in the regularization
procedure. The discrete é-mollification of G = {g;; : 1 <i<m, 1 <j<n},

(1)
J5G(I Z /(J H p52,$2($2 - 32 <Z \/(z H p61,11 [ Sl)ng dsl) d327

is reduced to a double ‘mollification sweep” of several one-dimensional functions. First, for each
fixed j, the discrete d-mollification of the one-dimensional data set {g;; : 1 < ¢ < m} is evaluated
and then, for each fixed z1, another discrete §-mollification with respect to xy of the previously

)
mollified data (the one-dimensional data set {3 .-, f:(i“l) Psy,z (@1 — S1)gijds1 11 < j<n})is
1

computed. Thus, the two-dimensional automatic parameter selection is reduced to a sequence of
one-dimensional ones.

3. SOURCE TERM AND TEMPERATURE
IDENTIFICATION IN 2-D IHCP

3.1. Description of the Problem
Find u(z,y,t), Vu(z,y,t), and f(z,y,t) throughout the domain [0, Tmax] % [0,1] x [0,1] of the
(z,y,t) plane, from measured approximations of a(y,t), B(y,t), and (y, t) satisfying
ug = V(a(z, y,t)Vulz,y,t)) + f(z,y,1t), 0<z<zm, O<y<l, 0O<t<l,

uw(0,y,t) = (y,t), 0<y<1, 0<t<1,
uz(0,y,t) = B°(y,t), 0<y<1 0<Lt<1,
f0,9,8) =7°(y,t), 0<y<1, 0<¢<1,
where a(z,y,t) is given and a(y, t), 8(y,t), and v(y,t) are measured. The known data functions
af, B¢, and ~° for a, B3, and v, respectively, are discrete noisy functions defined on the discrete
set {(y;,tk) ty; =jlitx =kn:1<j <N, 1<k<T}withl=1/N and n = 1/T. Moreover,
lof —afl <e, {|8° — Bl <€, and ||¥* — || <&, where € is a positive tolerance.
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3.2. Regularized Problem

The regularized problem, based on mollification, is formulated as follows. Determine u(z,y, 1),
Vu(z,y,t), and f(x,y,t) € [0, Zmax] X [0,1]} x [0,1] such that

v = V(a(z,y,t)Vu(z,y,t)) + f(z,9,t), 0<z<zmax, O0<y<l 0O<t<]l,

v(0,y,t) = Joay, ), 0<y<1l, 0<t<],
'UZ(anvt)ZJSu'ﬁ(yat): 0<y<1 0t<],
f0,9,t) =Js y(y,t), 0<y<1, 0<Lt<1

Note: §-mollificatons of o, 8%, and ¢ are taken with respect to y and ¢ using &y = (6;,02),
8% = (03, 84), and bo = (85, d6), respectively. Applying the mollification method, the space march-
ing scheme to compute f(z,y,t) in [0, Zmax] X [0,1}x [0,1] and v(z,y,t), vz(z,y,t), Vzz(z, ¥, 1),
vy (2,9, 1), vyy(z,9,t), and v(z,t) throughout [0, Tmax] x [0,1] x [0,1] is described in the next
section.

3.3. The Marching Scheme
Let M, N, and T be positive integers such that h = Az = 1/M, [ = Ay = 1/N, and
k= At =1/T. We define z; =ih,i =0, ..., imax (With Zmax = A tmax); ¥; = jl, 7 =0,1,...,N;

ta = nk, n = 0,1,...,T; q(ih, jl,nk) = a(z;,y;,te) vz(ih,jl,nk), and introduce the discrete
functions

R}, : the discrete computed approximation of v(th, jl, nk),
W, : the discrete computed approximation of v:(ih, ji, nk),
i ° the discrete computed approximation of v, (ih, jl, nk),
U7, - the discrete computed approximation of v, (ih, ji, nk),
O7; : the discrete computed approximation of vze(ih, 5, nk),
S7; : the discrete computed approximation of Vgy (ih, jl, nk),
P7; : the discrete computed approximation of vy(ih, jl,nk),
Z7; - the discrete computed approximation of Vyy (ih, jl, nk),

F7; - the discrete computed approximation of f (ih, g, nk).

The space marching scheme is defined as follows.
STEP 1. Select 60,65,30.

STEP 2. Perform mollification of af, 8¢, and +*.
Set

RE, = Js,0f(jl, k),
Qg,j = Jésﬁe(jlank),

g = J5 v (3, nk).

STEP 3. Perform mollified differentiation in time of Js,of(j,nk) and Js3 8% (51, nk).
Set

W&j = Dy (J5,0°) (jl, nk),

Og; =Dy (Js38°) (41, nk).
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STEP 4. Perform mollified differentiation in y-space of
(fj =D, (Js,0%) (41, k),

Zg; = D2, (J5,0°) (jl, nk),
85 = Dy (Ja;8°) (5, nk).

STEP 5. Initialize ¢ = 0. Do while ¢ < iy — 1.

T T h T
a:RY, =Ry, + m 4
b Qi1 =QF + (WFy — (ay (zi,a(zi, y5,t0) 2725 + ) hyyj,ta) Py

+a(zs, y5, ta) 205 + Fiy))h.

h Ay (24, Y5, tn)

c: P :P"-}-———————(Sn.__y_z_’_;“_'l’_ no,

it+l,g Y1 a4, Yj, tn) B a(Ts, g, tn) Qm

h
d: W;—I)j N VVZ}J - a’(mivijtn) O:tj
e : Select 8;41,07,;.
f: Perform mollified differentiation in z-space of R}, ;.
Set: Ufy1; =D (o Rt 5) -

g : Perform mollified differentiation in y-space of Q7. ; and P, ;.
Set: S ; =Dy (J6:+1Q?+1,j) 1 Ziy1,; =Dy (J5i+1Pi'3rl,j) :

h : Perform mollified differentiation in y-space of @, ;.
Set: Oy ;=D (Jsg,, QRer ) -

ax(wi+17yj7tn) n

12 Py = Wiy — a(@irn,Yinte) (Ul + Z24,5) — a(Tors, 050 0) VLI
i+11 Y3 tn

b ay($i+1, nytn)P:-li—l,J
j:Seti=1+41

4. STABILITY OF THE SCHEME

In this section, we prove a stability estimate for the numerical variables R, Q7;, P, W[,
and an]
We start with some necessary definitions. If A7, is a discrete function, we denote
|Ai} = n}?‘LX,A?,jl and [Allse = mJaxlAjI.

Without loss of generality, throughout this section and the next, we assume |§|—o0c =
min(d;,65,6;) <1, where i =0,1,..., M.
ASSUMPTION 4.1. For all (z,y,t) € Inax = [0, Tmax] X [0,1] X [0,1], we further assume
L. w(z,y,t) € C*(Imax),
2. a(z,y,t) € C1(Inax),
3. f(z,4,t) € CImax),
4. a(z,y,t) # 0, (z,y,t) € Imax-

THEOREM 8. If Assumption 4.1 holds, then there exist constants Cy and Cy, such that

max{|Rs, |Qi, IWil, [Pil, | Fi|} < Co exp(C1) max{|Rol, |Qol, [Wol, | Pol, | Fol}-
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ProoF. Applying Theorem 4, there exists a constant C, independent of 4, such that

loi|_|6|_ @,

|si|_|5|_ Q4

1Zi| < |6|_00|P!
and

04 < IR

According to Assumption 4.1, there exist positive constants £ and 7, such that

>
zElnmralc'lgyel tel Ia(m Y )l >£
and
<.
e G I MDDl
Thus,
h wl
|R1+1 ]‘ ,J -+ m s
R |+ ______ Qr
l ]| |a(.’nt,y]’ l i ,]l
< |Ril + ngil‘

Using inequalities (4.1) and (4.2), we have
h Ay (T4, Yjstn)
- " (g W Fu¥iln)an
I 1+1,J| + a«(-'lfz‘,yj,t ) ( ] (wi’y], n) 1,3
a,(x;,Y5,t
< 1P|+ ey (1 |+————' wloutintl gr))
uy]a

|a xuij tn)l
< 1B+ |a(zs, yj,tn) <|S|+ la(zs,y5,t )| lQll)

) h c . |a'y(1:11 y_,,,tn)l
<RI+ gy (g9 peeaslia)

<IPl+ ¢ (prcied+ Fied)

and
oo

l +1_7| + (zz,y,, n) %,
< n
<+ la(% e
< Wil + ————[0;
Wil e
< Wil +h < 1@l
- ’ la( hyav )H‘S|—oo *
< Wil + b (@4l

§|<5| —0
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By Section 3.3(i),

i1, Yj
BTy = Wy — alzs, vy, tn) (U + 27,) — 2eEitta¥intn) o

L —a
a(Tit1, Yjr tn) 7 vz v ta) P,

and applying (4.3), (4.4), and (4.6),

t
Fry| = Wy ~ a(zi,y;,ta) (U +ZJ)—————“1($’“’”” m O~ ay (e g, ta) PP
(IH-I Y5y 71)

az(mz+17 Yj, tn)
a‘(z’i-l-ly y_‘}) tn)

i |+|a xuy]’ (| !+I I

@751

+ |ay(xi’y:iv tn)l IPt:’,Lj

aI(It-{—l, Yj, t )

< |W; oY tn)[(|U] +12;
< Wil + la(@s, yj, tn)| (U] + 1 Z4]) + a(Tir1,Y5,tn)

oy
+ Iay(zi,y]—, tn)l IPl‘
1
< Wil 41 (|Uz-| +1Z1+ i + IR-I>

C C

=1Wi1+n(15l R+ gl + (14 7= ) IPd).

1
|P:| + g]Qz’I + |Pi|>

Similarly,

?4-1,_7 = Q:] + (WZLJ - (a'y (ziayjat ) :n‘ + a’(l"hyj’ )Z:J + F::z])) h
= Q:] + (W:}_f, - (ay (ziayjatn) P + a(x'ny]atn) ZZJ + VVZ,}
n n ax(-'l?z-(-l,y],tn)
—al(r;,yi,tn Ul-I-Zz _———
( Y ) ( 2 ’J) a($i+17yjatn)
- ay (mi’yj; tn) P;:l])) h
n az(xw-laijt ) n)
= Q7 + | a(zi,y;, Ul + ———=22 h,
© d ( ( i Yot ) a($z+1,y], n) Q
and it follows that

Az (Tit1,Yjstn)
a(ac1+1,yj,
Gz (Tit1,Yj,tn)
a'(l'l+17 Yj, n)

Q2] < Q2|+ (ra<xi,y,-,tn>l ]+

) »
l@-l) h

<l0i+ (lam,y], U +

<1Qil+ (n|Ui| n ﬁtczil) h
<104+ (el + Do)
Let Az = max{!Rila 'Qllv lWll7 IBI} Then’

1
|R+“]<<LH?>A“
n
H—l,]’— 1+h( |5[_oo £_2>>Ai’

14 hge— )Ah
£16]-co

<
s 143 o+ )

1+1,J| =
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and denoting

1 C 7 C 7 77}
M =max s <, +—, ) C+— 3
’ {5 El-co €2 &80’ 0200 | €

we obtain
Ai < (1 + hMtS)Aiwlv
A; < (1+ hM;)i 4,
< exp(M;) Ag.
Since
C
|F gl—lWi+n w | Ryl + 3 1Q1-|+ L+ g ) 1P
1 C C
<(1+ (1+ ; +—-—)) Ad,
( " [T sl
we have

C c
'FJ|<eXpM5)<1+’I}(1+ +|5| +'|—5T—)>A.

Combining the above expressions,
1 C C
max{|Fi|,|Ai|} < (1+7(1 tEtGED L + (- exp(M;) max{|Fo|, | Ao|}.
4.1. Error Analysis
‘We define the discrete error functions
AR?; = R}, — v(ih, jl,nk),
AQ:Z] = QZ] - q(Zhvjla nk)a
= Pp"; = vy(ih, jl, nk),
AW = WP — vi(ih, jl,nk),
AF}; = F[; — f(ih, jl, nk),
and denote
A; = max{|AR;|,|AQi|, |AP;, |AW;|, [AF|}.
LeMMA 1. There exists a constant C, independent of 8, €, h, I, and k, such that Ag < (C/|8] )
(e+!1+k&).
ProOOF. Applying Theorems 2 and 3, we have

|ARE | = |(J5,0¢) (4, nk) ~ a(jl, nk)| < Cle+1+ k)

and

|APg;| = D, (J58°) (it nk) — ﬂ(]l nk)| < lél(joo(”l)'
Similarly,

|AWg, | = D, (J5,0%) (il nk) ~ a(]l nk)| < Iélcioo(“’k)‘
Finally,

AR, | = |73, ()Gl nk) = 7(jLnk)| < C(e+1+k).

Combining the above inequalities,



Identification of Source Terms 1527

THEOREM 9. If Assumption 4.1 holds, then

| Alloo < My exp(Ms)Ao + Ms(l + k + ) + 2M5(h + 1),

where

2C C 1 1 C 1
Ms =max<{2+ (2+—+-——+—) ( + < +C>,2C,—}.
’ { 7 Bl—co  J0Pe @ € [6]—co 5)SM0g

PROOF. We observe that the mollified solution v(z,y,t) satisfies

v{(i + 1)h, jl,nk) = v(ih, jl,nk) + q(ih, jl,nk) + O (h2) ,

_h__
a(ih, 5i, nk)
q((¢ + 1)h, jl, nk) = q(ih, jl,nk) + h (vt(ih,jl,nk)
0 o
- (ay(xi»yj,tk)E—JgiU(Zh,jl,nk)

9?
» =3 Js,v(ih, jl, nk)
+ JGhiLn)) ) +0 ().

h
a( uy],t )

q(ih, jl, nk)) +0 (hz) ,

-+ a(-'l:i,yj,tk)

vy ((2 + 1)h, jl, nk) = vy (ih, 5, nk) + (qy(ih, jl,nk)
ay(xuij tk)
(xu yj,tlc)

ve((6 + 1)k, jl, nk) = vy(ih, 51, nk) + ae(ih, jl,nk) + O (R?).

a(xia Yi» tk)

We compare the equalities above with those from the marching scheme. Let Cs,, Cs;, and C& rep-
resent the upper bounds, in magnitude, of the higher-order derivatives of the convolution kernels
corresponding to the radii of mollification 4;, 6}, and 31-, respectively, where i = 0,1,..., M. Define
Cs = max;{Cs,, Cs; ,Cj, } We neglect the effect of §-mollification on the already mollified solu-

tion ¢ and its derivatives g, Qy, and f. The error estimates for the numerical variables R ;, Q7

n i3 n
W, P, and F7Y; are as follows:

4,31

ARy ;= AR, + (Riyy; — Bj) — (v((@ + 1)k, 5l nk) — v((ih, 1, nk))

_ ARZ, +h (%;’ o ’;l,nk)q(ih’jl’nk) +0 (W)
= ARY, + m—?lTk) (Q2; — qlih, jl,nk)) + O (h?)
= AR}, + m—’—g’mAQ" +0 (r%).
Thus,
|ARY, ;| < |AR:| + mm@l + 0 (r?)

SIAR + £1AQ +0 ().
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Also,

AQR1,; = AQT; + (21, — Q) — (a((i + Dk, jl, nk) — g(ih, 5l nk))
= AQY; +h(W” (ay(zi,y;,t n) Py 4+ a(Ts,Y5,tn) 27 -+-FJ))

—-h <vt(ih,jl, nk) — (ay(:ci, yj,tk)aingiv(ih,jl,nk)
0? o . 2
+ a(xi,yj,tk)a_?PJJiU(Zh,Jl,nk) + f(ih, jl,nk) ) | + O (h*)
=AQ}; +h <AW{fj — (ay(zs, Y5, ti) AP + AF];

+a{z;, y;,tk) (ZZ]. (,;92.]5 v(ih, ji, nk))) +0 (h2) .

Notice that

02
Z{fj B 2.]5’0(’Lh,_7l nk)‘

0
Dy (Js, ;) — g—JJivy(ih,ﬂ,nk)}
C n 2
Hence,
|AQ?+1,]‘] < |AQ l +h (|AW l + lay (i, yj, tr))| lAP |+ |A ,J'I

8 o
+Ha(zi, v;, )| |25 — B?Jgiv(zh,]l, nk)l) + 0 (h2)

< |AQu] + h(|AW| + |ay(2:, 35, ti) IAP'I +|AK

+ s vy )| (G AP + it + Co?) +0 ()

(4.8)
16]-o0

<|AQi +h (IAWiI L IlAP + |AF

C
+7 <|5| |AP;| + B l+05l2)) +0 (h?)
and

AP, =AP; + (Pﬁ;-l,j - Pi?j) — (vy((i + 1)h, jl, nk) — vy (ik, jl,nk))

h ay(Zi, Yj, tr) h
=ApPr. 4~ @ |gn _¥wIn R/ A0 )\ 7
e * a‘(xi’yﬁt ) ( 3 a(wiayﬁtn) Qz,] G(Ii,yj,tk)

(qy(zh, jl,nk) — -T(% (ih, jl,nk)) +0 (h?)

h
= AP + ——— ((SZ,- — qy(ih, jl, nk))

a(wz,yg, tn)

_ay(xi’yj’ 2
a(xiyyj» tn) (Q alih. 4t ﬂk))) O (h )

Thus,
|AP, ;| < |AP, ,j|+W(| - qy(ih, jl, nk)|
|ay (i, Yj, tn)] ) 2
e AL KLIA S AN + 0O (h
el Ly A9l ) +O ()
< 18P+ (187 - aihit. k)] + 1ol ) +0 (1),
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Since
|7 — gy (ih, jl,nk)| = ID (JJ;HQ;‘H,J.) — gy (ih, jl, nk)
< | | Q”J]+ C oLt Gl
< I_I_—'AQA + |6|_ool + C512,
we obtain
APz, | < AP+ = ((WC g) |AQ:| + I6liol+c’512>) +0(h?).  (49)
Also,
AWP ;= AWE, + Wiy, — WE) — (0s((6 + 1), 51, nk) — v,(ih, jl, nk))
= AW+ - (Ii’};j,tn)ogjj - = (xi,l;j,tk)qt(ih, il,nk) + O (h?)
= AWD, + 3—%—"—) (07, — ai(ih, jl,nk)) + O (h?)
— AW, + Jf%ﬂ—) (D (J5: QF,) — qulih, 1, nk)) + O (2)
and
W] < AW |+ s [P (J5:Q25) = i L mb)] + O (47
W25 < 1AW+ s D (3 Q35) = i, k) +0 (47)
Moreover,
|D: (J5; Q%) — ae(ih, 5l,nk)| < |6| |AQY, | + — Iéi — k+ Csk?
< |—|AQ1| + |6|_mk + Csk?,
[AWE | < AW+ < (iél |AQ:| + I(sf_’ook+05k2> +0 (h?). (4.10)

Thus,
AF}; = F'; — f(ih, jl, nk)

.z (Tit1,Yj, tn)
—-W" tY(UD 4 Zn ) = By I i an iy Yis ) P
a’(z’nyja n) ( o z,]) a(:ci+1,yj,tn) i3 ay(x'uyj n) i3

— (ve(ih, 31, nk) — a(zs, ¥, tn) (V22 (3R, 51, nk) + vy (iR, 51, nk))
am(xﬂ-layj’ ) . .
22 q(th, §l, nk) — ay(zi, Y, te vy (2R, 5L, nk

a(Zir1, Ujrtn) q(ih, jl,nk) — ay(zi, y;, tn)vy(ih, j )

= (W[”] - vt(ih,jl,nk)) — a(Zs, Y. tn) (( -n‘ — vu(ih,jl,nk))
n . . az($z+1:y]7 'n,)
+ (25 — vyy(Bh, 5l nk)) ) — ————=- (Q; — q(ih, 3l nk
( J yy(1h, 7 ))) a(Tir1, Uyrtn) ( i, q(ih, j ))
- ay(m'i’ij tn) (R:,l] - vy(ih,jl,nk))

= AW}, — a(zi, 5, tn) (( Uy — vge(ih, jl,nk)) + (Zgjj — vy (ih, jl, nk)))

az($z+1,y3, n)AQ

—ay(zi,y4,tn) AP
a(wt+l1y_17 n) y( nY n) i
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and it follows that
|AFT | < |AWE | + 1a(@s, yj, tn)] ([UT = vaz(ih, i, nk)| + | Z2; = vyy (ih, j1,nk)|)

I%(%H,y;, )] "
Talovnas 2] |AQEs] + ley(@ v tn)] [APT]

< |AW| +n( | 7 — Ve (th, 51, k) | + |Z{fj — vy (ih, jl, nk)|)
+1AQi +7lAP

Since
U7 — vao(ih, jl,nk)| = |D2 (J5.41 RY;) — vaa(ih, jl, nk)|
C
< 2
<% l"i |ARE| + e ——=—h+ C;sh
C c
< AR;| + —5—h 4 Csh?
o, 1Al e G
and
735 — vyy(ih, jl, nk) | = Dy (J5, P J) J5 vy (ih, jl, nk)
c o
< - 2
< T |APJ[+ lél_mHC"l
AP + ——1 + Cs1?,
< IR
we have c o c o
|AF;} < |AW¢]+’I}<—5~§—|AR1'|+ AP+ ——h + +=~—I
1612 o [0]-c0 026 [8]-c0
(4.11)
+Csh? + c,sﬂ) + 21804 +n|AP]
Substituting these into (4.8), we obtain
2C
18215 <1801 +h (28Wi +1 (24 75 ) 18RI 417z |ARS
c 20
+ glAQil +17 (1512 h+ !6|_ool+05h2 +20512>> +0 (h?).
Let A; = max{|AQ|, |]AW;|,|AP;|,|AR;|}. Then, using (4.11),
c C R C C
|AF;| < (1+n(W—-+ 5 + = +1>> A+ (I6I2 5 l+05h2+0,;l2) (4.12)
and
20 c 1 R
AQY, | < 1+h<2+ (2+ +——+—)))Ai
407 = T . R T
C 2C
+hn(w ht =2 B l+C’,;h2+20,;l2))+O(h2)
From (4.7), (4.9), and (4.10),
|AR?, ;| < (1 + h%) A; +0(r?),
1 C A 1
|APE, ;| < ( +hE (m+g> Ai+hs (lél_lerCalz) +0 (r?),
1 ¢ \: , 1/ ¢C . 2
|AWE, 4] < ( +h-€—|—5|—:; Aithy <I6|_mk+Csk >+O(h )
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and if we define

2C Cc 1\ 1/ C n 1
Ms =max{2+ (2+———+—~——+—),—<—+-+0),2 C,—},
? { T olcee "0 " €) E\JOl_ €T 00

we can write
Aipr € (1 + Msh)A; + Msh(l + k + h) + O (h?).
Again, by calculating i iterations,
) sl
Ai <1+ Msh)'A; + Y (1 + Msh)*Msh(l + k + ) + O (h?)

k=0

(1+ Msh)' —1 2
TTMGh=T Msh(l + k + k) + O (h%)

< exp(M;) (Ao +1+k+h).

= (1+ Msh)*Ag +

Applying this to (4.12),
|AF)| < Myexp(Ms) (Bo +1+k+h) +2Ms(h+1).

Since A; = max{A;, |F;|}, there exist constants

C1 = Mj; exp(Ms)
and

Co = Ms(l+ k + h) + 2Ms(h + 1),

such that
[Aljoc < C1A0 + C.

COROLLARY 1. If the hypotheses of the above theorem hold, then for fixed 8, lim p k10 || Alloo
=0.
PROOF. Since Ap < (C/|8]-co)(€ + 1+ k) and ||A]lcc < C1l0¢ + Ca, with C; = M; exp(Ms) and

Ca = Ms(l+k + h) +2Ms(h +1) independent of ¢, I, k, or h, for fixed 4, ||Al|c approaches zero
when €, 1, k, and h tend to zero.

4.2. Numerical Results

The algorithm of Section 3, with parameters Ty = 0.2, Az = Ay = At = 1/64, 1/128, p = 3,
€ = 0.000, 0.005, and 0.010, has been applied to approximately solve the following problem.
Identify u(z,y,t), Vu(z, y,t), and f(zx,y,t) satisfying

uy = Au(z,y,t) + flz,9,t), O<z<zTpx, O0<y<l, 0O0<t<l1
u(0,y,t) = e!*¥ cos(10t), 0<y<1, 0<t<1,
uz(0,y,t) = e *¥ cos(10t), 0<y<l, 0<t<1,
£(0,y,t) = —2¢¥*!(cos(10t) + 5sin(10t)), O0<y<1, 0<t<1.

The exact solution functions are u(z,y,t)=e*+¥*! cos(10t) and f(z,y,t)=—2e>t¥*!(cos(10t)
+ 5sin(10¢)), respectively.
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Table 1. Relative l2 error norms at z = 0.2.

M N T € f u ug Uy Uz Uyy
64 64 64 0.000 0.1469 0.0654 0.1054 0.1061 0.1537 0.1581
64 64 64 0.005 0.1600 0.0773 0.1038 0.1189 0.1973 0.1878
64 64 64 0.010 0.1578 0.0731 0.1005 0.1215 0.1859 0.1894
128 128 128 0.000 0.1421 0.0478 0.0972 0.1060 0.1567 0.1574
128 128 128 0.005 0.1642 0.0765 0.1062 0.1267 0.1974 0.1932
128 128 128 0.010 0.1553 0.0634 0.1035 0.1291 0.1895 0.1804

(a) (b)

Figure 1. Exact and computed temperatures at z = 0.2, with parameters M = N =
T = 128, € = 0.005.

(2) (b)

Figure 2. Exact and computed source terms at = = 0.2, with parameters M = N =
T = 128, € = 0.005.

For these examples, Table 1 and Figures 1 and 2 illustrate, respectively, the quantitative and
qualitative behavior of the method. We observe that continuous dependency with respect to
errors in the data (at z = 0) has been restored.

—
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