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Abstract

Let §2 be a measurable subset of a compact group G of positive Haar measure. Let p:7m — uy be a
non-negative function defined on the dual space G and let LZ(M) be the corresponding Hilbert space which
consists of elements (7 )z esuppy satisfying > iz Tr(§z&5) < 0o, where £ is a linear operator on the
representation space of 7, and is equipped with the inner product: ((§7), (7)) = Y pr Tr(§xnk). We
show that the Fourier transform gives an isometric isomorphism from L2(.Q) onto Lz(p,) if and only if the
restrictions to £2 of all matrix coordinate functions /{47 7;j, T € supp i, constitute an orthonormal basis
for L2(£2). Finally compact connected Lie groups case is studied.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let £2 be an open connected domain of finite volume in R”. Let IL% be the partial deriv-
J

atives with domain CZ°(£2), the space of smooth functions on §2 with compact support con-
tained in §2. With some regularity conditions on 2, Fuglede showed that the partial derivatives
} a?c] AU ll% can be extended to n commuting self-adjoint operators Hjy, ..., H, on LZ(.Q) is
equivalent to the existence of a subset A of R” such that the restrictions of the exponentials e
A € A, to £2 form an orthogonal base for L2(£2) [2, Theorem I]. And this result was further stud-

ied by several authors in the cases of certain domains in R” or in abelian groups [2,5,6]. More
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generally, when £2 is a measurable subset of a locally compact abelian group M and £2 has finite
and positive measure, in [6, Corollary 1.11] Pedersen showed that if 1 is a positive regular Borel
measure on the dual group M of M and put A = supp u, then the following are equivalent:

(i) Fourier transform yields an isometric isomorphism from Lz(.Q) onto Lz(ll//} TR
(i) w({A}) =1 for all A € A and the restrictions A|p’s, A € A, form an orthonormal basis for
L2(£2).

This paper is motivated by their works. We are going to study in the case of compact groups.
Throughout the paper G will denote a compact group with normalized Haar measure dx and £2
will denote a measurable subset of G of positive Haar measure. For a Borel subset E of G, write
|E| for its measure. The inner product on L>(§2) is given by

(f. ®)r22) = / fgdx,
2

where f, g € L*>(£2). By regarding L?(£2) as a subspace of L*(G), i.e. 2. put f = 0 outside §2 for
f € L%(£2), we note that I 122y = I fll2 ) for f e L?(£2). Let G be the dual space of G.
It is well known that G is a discrete space under the hull-kernel topology. For f € L!(G), we
recall that the Fourier transform of f is defined by

-~

f(ﬂ)=/f(x)n(x71)dx, Teg.

Form € G, put dr the multiplicity of 7 and if {e;} is an orthonormal basis for Hy, the matrix
coordinate functions of 7 are givenby 7;; (x) = (7 (x)ej,e;), x € G,i, j=1,...,dy. From now
on, 7;; j always denotes the restriction to £2 of m;;. Notice that for f € LZ(Q) and T € G the
(ij)th entry of f (7r) is equal to

o~

[f ] =(f, jle)Lz(_Q) (1.1)
For a non-negativ/ei function u on 6, we associate a Hilbert space L2(w) as follows (see [3,
28.24]): for m € G, write u, = u(mw) and let A be the support of u, i.e. A ={m | ur # 0}.
Let B(H;) be the space of bounded operators on the (finite-dimensional) Hilbert representation
space H,. We define

L () = {(&z Tr(525;) < 00}-

TeA TeA

And the inner product on L?(1) is given by

(Gr)s 1) 2y = D 1 Te(5nm)-

TeA

Then L?(u) becomes a Hilbert space. The following is an analogue of the Pedersen’s definition
[6, Definition 1.3] for non-abelian compact groups.
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Definition 1.1. A measurable subset 2 of G of positive measure is called a spectral set if there
exists a non-negative function u on G satisfying the following two conditions:

(a) foreach f € L%(£2), its Fourier transform fe L*(w), namely,

Y i Te(F ) F o)) < 003
TeA

[l

(B) Fourier transform yields an isometric isomorphism from L%(£2) onto LZ(M).

In this case, (£2, ) is called a spectral pair and p is called an exponent for £2.

One of the main results in this paper, Theorem 3.3 gives a characterization of a spectral set.

On the other hand, the notion of “integrability property” for open subsets of locally compact
groups was described by Fuglede [2], Jorgensen [4] and Pedersen [6, Definition 1.1]. Recall that
an open subset §2 of a locally compact group G is said to have “integrability property” if there
exits a unitary representation 7 of G on L?(£2) satisfying the following condition: for every x
in £2, there exist an open neighborhood E of x and an open neighborhood F of the identity of G
such that yt € £2 for all (y,t) € E x F, in addition, forany t € F and f € Lz(.Q) we have

(n(t)f) (y)=f(t) ae.foryinkE.

For convenience, we shall call such representation (7, L%(£2)) locally right regular. Suppose
further that G is a second countable connected Lie group and §2 is an open subset of G.
In [6, Proposition 1.2], Pedersen claimed that £2 has the integrability property if and only if
there exits a unitary representation 7 of G on L?(£2) satisfying X¢(z) = %(p(z exphX)|p=0 =
%ﬂ(exphX)(mh:o(z), for ¢ € C°(£2), z € §2 and X in the Lie algebra of G. But there is no
detailed proof in his paper. Indeed, if (7, L?(£2)) is a locally right regular representation, then it
is easy to see that for X in the Lie algebra of G,

Xo(2) = }}% %(n(exphX)(p(z) - go(z)) a.e . forze 2

because G is second countable. But it seems that it is not clear whether ¢ € Domdnx (X) for
@ € C°(82), where the domain of dx (X) is given by

{s e L*(2) ‘ dn(X)E = girr}) %(n(exphX)E — &) exists in Lz(.Q)}.

We shall show that it is in this case for a certain representation U (see (2.1)) which is associated
with a spectral pair in a compact Lie group. Indeed we obtain that ¢ is a C* vector for this
associated representation U, for any ¢ in C2°(§2). Furthermore, we show that if (§2, u) is a
spectral pair in a compact Lie group, then the restrictions 7,5’s of all matrix coordinate functions
for w € supp u are C* vectors for U.

Remark 1.2. In view of the present results in this paper, it is plausible to extend them to a larger
class of groups. Now let 7" be a measurable subset of a locally compact group K with finite
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non-zero Haar measure and let u be a positive measure on the dual space K. We call (7, )

a spectral pair if the Fourier transform maps from L!(7) N L?(Y) into Sfpp . Hr ® Hz du ()

and it extends to an isometry from L?(Y") onto ffpp uHn ® Hz du(m), roughly speaking,
f (o) is a Hilbert—Schmidt operator on H, and Sy f()g(x)dx = fsuppuTr[f(n)§(n)*]du(n)
for f,g € LM NLYY); o € supp i (see [1, Section 7.4] for the strict notion). For the fur-
ther investigation, it may be interesting to study how to characterize spectral pairs in this general
setting, for example, in the case of nilpotent Lie groups.

2. Spectral pairs

For a spectral pair (£2, 1), we associate a pair of representations U and V of G on L2(£2) as
follows:

(UO fY ) =n(@t) f(m), and Q2.1
(V) f) ) = For @), 2.2)

where 7 € A:=suppu,t € G and f € L>(£2).
It is easy to see that U and V both are algebraic unitary representations of G. In fact we have
the following.

Proposition 2.1. For a spectral pair ($2, (1), with the above notation, both U and V are strongly
continuous unitary representations. Moreover, we have

Uz@d,,n and vz@dﬂﬁ,

TeA TeA

where T denotes the contragredient representation of w. Therefore V is the contragredient rep-
resentation of U.

Proof. For m € A, let & = B(Hy). And the inner product on &, is given by (A, B)g, =
ir Tr(AB*), where A, B € &;. Define the representation u™ of G on &, by u™ (t)A = n(t)A,
A€&;. ThenU =@, u”. From this we see that U is strongly continuous. On the other hand,
one can directly check that the character y,~ (i.e. x,= (t) = Tru™ (t)) of u™ is equal to dy; x, . This
implies that ™ = d . Hence we have U = ), _ , d . Similarly, if we define the representa-
tion v™ of G on &; by v (t) = A (1)*, A€ &, then we have V=P, v™ and yur = dyr X7
Hence V is strongly continuous and v = d . The proof is finished. O

Lemma 2.2. Let (£2, ) be a spectral pair. Let U be the associated representation of G as
in (2.1). If E is a measurable subset of §2 and an element t € G satisfies |Et \ 2| =0, namely,
the set Et is almost contained in $2, then for any f € L>(£2), we have

(UDF)y) = f(yt) ae. foryinE.

Furthermore, if §2 is open, then $2 has the integrability property and U is a locally right regular
representation.
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Proof. Lett € G be an element which satisfies |E? \ 2| =0. Fix f € L%(£2). Let @ € L®(E).

—

Since p(-t=1)(6) = (t " @(o) forall o € @, we see that

/(U(t)f)(x)@dx =UWOf. ) 120y = (/. U(t_])w)Lz(.Q) = (. (U(’_l)wnﬂ(u)

E

—

= _ -1
=(f.o(t 1))L2(p,) =(fro( ))LZ(Q)'
If we put F'(x) = f(x) for x € £2, otherwise, set F'(x) = 0, then the above last equality becomes
(foolt™) 2o = f Fp(xt—hdx = f F(xD)p(x)dx = f fOnpx) dx.
G G E

The last equality follows from |Et \ £2| = 0. Therefore (U(¢t) f)(y) = f(yt) a.e. for y in E. And
the last assertion is obtained immediately. O

Remark 2.3. Following the similar arguments as in Lemma 2.2, if an element 7 in G satisfies
lt='E\ £2| =0 and V is the representation of G as in (2.2), then for any f € L%(£2), we have
VO )= f@t'y)ae. foryin E.
3. Orthogonality relations on domains

Throughout this section, (£2, ) denotes a spectral pair and §;; denotes the Kronecker symbol,
i.e.§;j =1fori = j, otherwise, §;; = 0. Let U, V be the associated representations as in (2.1) and

(2.2), respectively. Before going to show the main theorem, we need the following calculations
later. For 7,0 e suppp and t € G, (1.1) gives

(UOFabsGnn) 122 = [(UOF ) ()], = [0 OFar(0)],,,

=Y o O[Tap©@)],,, =D our)Fab: Gmr) 12y (3.1

Similarly, we have

(VO Tabs Gn) 20y = D 0rm (17") Gt G ) 12(02)- (3.2)
r

Proposition 3.1. Ler (2, 1) be a spectral pair in a compact group G. Let A be the support of (.
Then for m and o € A, we have

8am8bnM;1 ifr =o,

(7? b,g )LZ 0 :{
@5 Tmn L) 0 otherwise,

wherea,b=1,...,d; andm,n=1,...,d,.
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Proof. For 7,0 € A, (3.1) gives
ZUnr(I)(ﬁab» Omr)[2(2) = (U(t)ﬁab, amn)Lz(Q) = (U(t_l)gmny ﬁab)LZ(Q)
=Y (1) (Fas Fnn) 12(2) (3.3)
P

forallt € G.
Then the orthogonality relations on compact groups [3, Theorem 27.19] implies that

(ﬁaba gmn)LZ 0R) — 0 (34)
(£2)

forany 7,0 € A withw 2 0.
Asnm =o,fixa,b,m,n=1,...,d;. (3.3) infers that

Znnr (t)(ﬁab» ﬁmr)Lz(Q) = anb(t)(ﬁar» ﬁmn)LZ(_Q) (3.5)
r r

forall r € G.
By observing the coefficient of m,,(¢) in (3.5), using the orthogonality relations on compact
groups again, we see that

(ﬁab7ﬁmn)L2 2 =0 3.6)
(£2)

form € Aandn #b.
By the same argument for the representation V, (3.2) implies that

anm (naba nrn)L2(Q) (V(t)ﬁab»ﬁmn)Lz(g) = (V(t_l)%mnaﬁab)LZ(Q)
= Znar (nraa 7Tmn)L2(_Q) (3.7

forallt € G.
Hence by observing the coefficient of 7, ¢ Hin(3.7),ifm # a, then

(ﬁab’ %mn)LZ(Q) =0. (3.8)

Combing (3.6) and (3.8), we assert that

(Fabs Tmn) 12(2) =0 (3.9)

for m € A and (ab) # (mn).
Finally it remains to show that ””ab”Lz(Q) =y forme Aanda,b=1,...,d;.Form € A

and a,b=1,...,d;, by the surjectivity of the Fourier transform ~: L2(.Q) — LZ(M), we can
find a function ¢ € L%(£2) so that for T € A, we have

Spmban  ifm =1,
o = et 7=

0 otherwise.
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In particular, we have (v, ﬁab)Lz(g) = {ﬁ(n)ba = 1. This implies that 77, # 0 in L2(£2). On the
other hand, the isometric property of the Fourier transform, (1.1), (3.4), and (3.9) imply:

1Fab 1720y = 1Tabll2y = D 1o Tr(Tan ()T ab(0)*) = s Tr(Tab (1) T ap (7))
ogeA

~ ~ 2 ~
= MU Z|(7Tab7 nsr)L2(Q)| = MU ||7Tab||12(9)-

r,s

2 —

12@) = Mx !, This completes the proof. O

Since Zyp Z 0, |7as ||

Corollary 3.2. Let 2 be a spectral set. If u is an exponent for §2, then we have d; < iy, for all
7 in the support of .

Proof. For w € supp p, Proposition 3.1 and the orthogonality relations on compact groups assert

= 1ZabllL2(2) = I7anll 126y = d; "/, Therefore we have dy < Ur. O

that !
Theorem 3.3. Let 2 be a measurable subset of a compact group G of positive measure. Let
be a non-negative function on G. Then (82, 11) is a spectral pair if and only if the set { /1ty Tap |
mesuppu; a,b=1,...,dy} forms an orthonormal base for L*>(£2).

Proof. Suppose that (£2, u) is a spectral pair. Put A = supp w. Proposition 3.1 shows that the
set {\/IxTap | T € supppu; a,b=1,...,dy} forms an orthonormal subset of L2(£2). Hence we
need to show that this set is total in L2(£2). In fact, if f € L*(2) and (/, ﬁab)Lz(Q) =0, for
allme A,and a,b=1,...,dy, then (1.1) asserts that f(n)ab =0, forall m € A and a,b =
1,...,dr. Then f =0 follows from the injectivity of the Fourier transform. Conversely, from
the assumption, we can directly check that (ﬁabvé\jk)Lz(u) = (b, 5jk)L2(g) for ,0 in A.
Hence the Fourier transform is an isometry from L2(.Q) into Lz(u). And (1.1) implies that this
transformation is surjective. O

Remark 3.4. Write [r] for the unitary equivalence class of 7 and for a set of irreducible unitary
representations A of G, put [A] = {[x]| e /i}. Going back the construction of L2 (1), strictly
speaking, we select a fixed element in each [r] € supp ;. Nevertheless, it is easy to see that
up to unitary equivalence, L?(u) does not depend on such selections. Hence the definition of a
spectral pair (£2, u) depends only on the unitary equivalence class of [7] in supp u. From this
observation and Theorem 3.3, now for the sets & and A of irreducible unitary representations
of G with [£] = [A], we can assert that if for each element 7 € A, there is ¢; > 0 such that
{crmij | € A; i,j=1,...,dy} forms an orthonormal basis for L?(£2), then = shares the
same property. Obviously, this assertion holds for the case of abelian groups, but it seems that
this is not clear for the non-abelian case without employing Theorem 3.3. We give the following

informative example of the non-abelian case.

Example 3.5. Let G = SU(2), that is,

G:{(Z ;5))|a|2+|b|2=1}.
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We first recall some basic properties of the representation theory of G. The details can be found
in [1, Section 5.4]. For convenience, write

U (a 45) G
= S .
“b=\p 2

We identify G with the unit sphere S* in C? via U, ; <> (a,b). Then the normalized Haar
measure on G is given by the normalized surface measure o on S>. Following the proof of
[1, Lemma 5.32], one can directly check that for any Borel measurable subset E of $3,if f
is a homogeneous polynomial function in complex variables z,z; w, w of degree m € N, i.e.
f= anﬂyaz“zﬁwywé; a+ B+y+68=m,then

/f(Z/)da(Z’)z )/f(Z)e_”Z|2d4Z, (3.10)
J J

w20 (5m +2

where E = {rZ' | Z' € E, r >0} and d*Z denotes the Lebesgue measure on C2. For m € N, let
H,, be the space of homogeneous polynomials in two complex variables of degree m and it is
endowed with the inner product (&, n) := f 3 Sﬁda Let m,, be the representation of G on H,
given by the natural action of G on C2. Then G = {[rm] | m € N} Under a suitable choice of an
orthonormal basis for H,,, the ( ]k)th matrix coordinate function 7}, (Ua p) of 1y, is the linear
combination of a™~k~Ighp! pk—=h where 0=h<k,051<m—kand h+1=j.In particular,
7.[0()( 1
LA(G) — m+
Now let £2 = {U, | Ima = 0}. We claim that £2 is a spectral set. Note that we have
JodZe W dz = 0if r # 5 and [ 2PZle™Fdz =2 [ 0 220 dz if p — g € 22.
From this and Eq. (3.10), a direct calculation shows that for m,m; € N with m — m € 2Z and
0= j,k<m,0< ji, k; £ my then

Uap) =a™. And we have ||71’m 113 ~— since dim Hy, =m + 1.

m—k—l=hplyk—h _mi—ki—li =zhy 01 Lki—hy
(a a'b'b* ", a a''b''b )L2(G)
— 2(dnl_k_lahbll;k_h, aml_kl_llahlblll;kl_hl)LZ(Q),

whereoghgk,oglgm—k,h+l—jando<h1<k1 0<1, <my—ki, hi+1; = jp. This
implies that (n,{lk,n,{,llkl)Lz(G) — 27k T 1)L2((z) whenever m — m € 27. Therefore {rrjk |
mz=0; j,k=0,1,...,2m} and { 2:1“ |m=0; j,k=0,1,...,2m + 1} both are orthogonal

subsets of L2(£2), moreover,

1

i = 5055
L7 2m+1)

Let

V()—span{n2 |m=0; j,k=0,1,...,2m} and

Vi =span{je  Im20;j,k=0,1,...,2m +1}.
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Note that for f € Vp, since {7?21,1:1 |m=0; j,k=0,1,...,2m} is an orthogonal set and

1

%51 TGP
L@ T 20m+ 1)

we have

17120y = 22 D 2@m + DI(£.75,) 2| (3.11)

m jk

On the other hand, we may regard L*(£2) as a subspace of L?(G). Peter—Weyl theorem implies
that

”f”LZ(Q) ||f||L2(G)
= Z Z(zm + 1)| f nzm)Lz(G)|2 + Z Z(zm + 2)|(f’ T[erlfl-‘rl)Lz(G) |2.

moj.k m.jk

Thus we have

ZZ(2m+l)| (f. 7?2/:1 L2(9)| ZZ(ZmH)l (f. 772/:1+1)L2(9)|2 (3.12)

mjk m jk

because (f, 7, 7) 126y = (f+ T ') 12(g2)- Equations (3.11) and (3.12) yield

~j 2
1132y = D D 2Cm +2)| (£ 1) 2|

m jk

From this and ||7t2m 11 1% 2@ = 2(2m T2y e deduce that f e V1. Slmllarly, 1f f € Vi, then
Eq. (3.12) still holds. Consequently, Vo = V. In particular, 712m 1€V and 7 7{2 € Vj for all m.
It follows that {7, | m > 0} and {7241 | m = 0} both are orthogonal bases for L?(£2). By
Theorem 3.3 and Remark 3.4, we can now conclude that if we put u® (o) =22m + 1) and
u® (mam1) =0, then (£2, u®) is a spectral pair. Similarly, if we set 1£°% (72,41) = 2(2m + 2)
and 1°%(775,,) = 0, then (£2, 1u°49) is also a spectral pair. Besides ¢ and 11°%, there is no other
exponent for 2 because (750, ﬁgr?+1)L2(Q) = (a®", az’”'l)Lz(Q) #0.

Corollary 3.6. Let (£2, ) be a spectral pair in a compact group G and let U be the associated
representation of G on LZ(Q) as in (2.1). Then for m € suppu; a,b=1,...,d, and x € G,
we have

dx
U(x)ﬁab = Z n‘vb(x)%aw
s=1

Proof. Let w € supp w. Applying Proposition 3.1, for p € supp i, we have

2 Sandpmpy' ifw = p,
[T[ab(,o)]mn — { an bml’Ln p
0 otherwise.
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Therefore we have

(U(x)ﬁabv grs)Lz(_Q) = ((U(x)ﬁab)/\v g\”‘)Lz(//.)

— { Sarl/q?ln(x)sb ifr=o,
0 otherwise

forx e Gand o € suppu, r,s =1,...,ds. Then the result follows from Theorem 3.3. O

Proposition 3.7. If 2 is an almost right G-invariant (respectively almost left G-invariant) spec-
tral subset, that is, |2 A 2t| = 0 (respectively |t$2 A 2| =0) for all t € G, then there exists a
unique exponent for 2.

Proof. Let u, v be the exponents for 2. Suppose that £2 is almost right invariant. Let U*, U"
be the corresponding associated representations of G on L2(.Q) as in (2.1). Then Lemma 2.2
implies that for f € L2(£2) and t € G we have (U* (1) f)(y) = (U" () f)(y) = f(yt) for a.e.
y in £2. Thus we have U"* = U". Proposition 2.1 implies that supp @ = supp v. Now for 7 €
supp i = supp v, by Proposition 3.1, we have u;] = v;l = "ﬁab”i%m Hence, i = v. Similarly
if £2 is almost left invariant and V#, V" are the corresponding representations as in (2.2), then
by Remark 2.3, we have V# = V", Hence the result follows from the similar arguments as in the
almost right invariance case. O

In general, the uniqueness of the exponents for a given spectral set does not hold. We have
Example 3.5 and the following example to show this fact.

Example 3.8. Let G be the circle group and let £2 = {€/27? |0 < 0 < 1/2). If we let x,,(z) = 2"
for z € G and m € Z, then we can directly check that (X241, )72k+1)L2(.(2) = (Y, )YZk)LZ(g) =

30 and (Ra1. X20) 12(2) = sz for 1.k € Z. Put o =2 and piomr1 =0, for m € Z.
We first claim that (§2, @) is a spectral pair. In fact, we have

2 1 2

vay 2 S, T2+

Xuri— Y 21 Xak) 2o Xk
-m<k<m

for all I, m € Z. From this we obtain that ;4 lies in the closed linear span of {2 | k € Z}
because 1 + 31_2 + iz 4+ = %2 Hence if f € L%(2) satisfies (f, sz)Lz(_Q) =0forall k € Z,
then we have (f, X21+1)L2(Q) =0, for all £ € Z. Therefore in this case, we have (f, Xm)LZ(G) =
(fs Xm) 22 = 0, for all m € Z. According to the Peter—Weyl theorem, f must be 0. Therefore
the set {~/2X2« | k € Z} forms an orthonormal basis for L2(£2). Hence (£2, w) is a spectral pair
follows from Theorem 3.3. On the other hand, if we put vy,,11 =2 and vy, =0 for m € Z, then
by the same argument as above, (§2, v) is also a spectral pair.

4. Lie groups case
In this section, we are going to investigate the spectral pairs in compact Lie groups. We refer

to [8, Section X.1], [9, Chapter 0] and [7] for the basic tools that will be used later. When L is
a connected Lie group (not necessarily compact) with its Lie algebra [ and §2 is an open subset
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of L, for X € [, then i X may be regarded as a symmetric operator in L2(£2) with domain C(£2).
It is known that for any strongly unitary representation (7, H;) of L, the infinitesimal generator
dn(X) of the one parameter unitary group & — exphX, ie. dn(X) = dihrr(exp hX)|p—o, is a
skew-adjoint operator [9, Chapter 0, Theorem 1.5]. Also recall that a vector § € Hy is said to be
a C™ vector for 7 if the map x — 7w (x)§ is a C* map from L to Hy. It is equivalent to say
that the map x — (7 (x)&, n) is a C* map on L, for any n € H; [9, Chapter 0, Lemma 3.1]. It is
known that the space of all C* vectors for 7 is contained in the domain of dz (X) for any X € [
[9, Chapter 0, Proposition 2.6]. Moreover, the space of all C* vectors for 7 is dense in Hy [9,
Chapter 0, p. 11]. In particular, if H; is of finite dimension, then every vector in H; is a C*
vector. On the other hand, we shall use the following result of Jorgensen later. In [4, Theorem 2],
Jorgensen showed that for an open connected subset §2 of L, if £2 has finite measure and p is a
strongly continuous unitary representation of L on L?(£2) such that p is multiplicative, namely,
pxX)(fg) = () fpx)g) forx e G and f, g € L?(£2) with fg e L?(£2), and dp(X) is an
extension of X for any X € [, then §2 is a fundamental domain for a discrete subgroup of L.

Theorem 4.1. Assume that G is a second countable compact connected Lie group and S2 is an
open spectral subset of G with an exponent . Let U be the associated representation of G on
L2(£2) as before. We have

(i) If o € C°(82), then ¢ is a C*™-vector for U.
(ii) For X in the Lie algebra g of G, then the operator dU (i X) is an self-adjoint extension of
the vector field i X.
(iii) If $2 is connected and U is multiplicative, then 2 is a fundamental domain for a finite
subgroup of G.
(iv) For any w € suppp and a,b=1,...,dy, then T, is a C™ vector for U. Consequently,
Tap lies in the domain of dU (X) for any X € g.

Proof. (i) Let ¢ € C2°(£2) and let X € g. Choose finitely many open subsets §21,..., 2y of
£2 which cover the support of ¢, and open symmetric neighborhoods Wi, ..., Wy of the iden-
tity of G, such that £2; VT/i C 2, forall i =1,..., N. Using the partition of unity for the cover
{£21,..., 2y}, we can decompose ¢ as vazlgoi with ¢; € C°(82;), i =1,..., N. We now
fix some £2;. Take a symmetric open neighborhood W; of the identity such that W; C VT/,- and
(supp ¢; ) W; C £2;. We claim that the map y — U (y)g; is a C* map from W; to L2(£2;). In fact,

recall that for X € g, we have
o1
Xgi(z) = }}l_r)r})z(wi(zewhx) —¢i(z)) forze ;.

Now fix y € W;. Regarding C2°(£2;) as a subspace of C*°(G), the Taylor theorem implies that
there exits ¢ > 0 and a bounded function K (4, z) for |h| < ¢ and z € G satisfy the conditions

yexphX e W; and ¢i(xexphX)=¢;(x)+hXe;(x)+ th(h, X)
for all x in G. Therefore for |h| < &, Lemma 2.2 implies that

UyexphX)pi(z) =pi(zyexphX) ae.forze £2;.
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For y € W;, put R(y)¢; (z) = ¢; (zy), z € £2;. Then for 0 < || < ¢, the supports of the mappings
R(y)X¢;, R(yexphX)yp; and R(y)¢; are all contained in £2;. Hence we have

1
HR(y)Xwi - Z(U(y exphX)g; — U(y)¢i)
L2($2;)

1
= |R(NXg; — E(R(y exphX)pi — R(Y)i)

L2(£2)

1
= |R(NXg; — E(R(y exphX)pi — R(Y)ei)

L2(G)

1
= || X¢i — E(R(exphX)rpi —¢i)

L%(G)
< h?sup| K (h, x)|.

Therefore we obtain that

d
EU()} exphX)e; =R()Xyp; in L2(.Ql-) forall ye W; and X € g.
h=0

Hence the map y > U (y)¢; is a C! map from W; to L?(£2;). To repeat the above arguments, we
can show that this map is of class C*°. Now take W = W N --- N Wy. We obtain that the map
y=>Uy)e = ZlN:l U(y)g; is a C* map from W to L?(£2). Since any bounded linear map is
smooth, so for any xo € G, the composition of the maps

X0+ _ _ U (x0)-
y > X, 1y|—> U(x0 1y)(p|—> Uy

is smooth on xo W. It follows that ¢ is a C*° vector for U.

(ii) Since dU(X) is a skew-adjoint operator on L2(£2), for X € g, it remains to show that
dU(X) is an extension of X. Fix X € g. For non-zero 7 € R and ¢ € C°(£2), put Qnp =
%(U (exphX)¢ — ¢). The second countability of G and Lemma 2.2 assert that

}}in}) Onp(z) =Xep(z) ae.forzef2.
Part (i) implies that the space C2°(§2) is contained in the domain of dU (X), that is, the limit

1
}lirr}) z(U(exphX)go — (p) exists in L2(£2) for any ¢ € C2(£2).
=
Hence, dU (X)p = X¢ in L2(£2).
(iii) This is an immediate consequence of Jorgensen’s result and of part (ii).
(iv) Let w € suppu and a,b = 1,..., d;. By Corollary 3.6, we have shown that U (x)7,» =
Zfil 75p(X)Tys for x € G. Also notice that the map x > g, (x) is of class C* on G for

s,b=1,...,d; because 7 is a finite-dimensional representation. Therefore 7, is a C*°-vector
forU. O



648 C.-W. Leung / Journal of Functional Analysis 238 (2006) 636—648

Remark 4.2. In view of the proof of Theorem 4.1, in fact we have shown that the results (i)—(iii)
of the theorem are still held when L is a connected Lie group (not necessarily compact) and
(m, L?(£2)) is a locally right regular representation of L.

References

[1] G.B. Folland, A Course in Abstract Harmonic Analysis, CRC Press, 1995.

[2] B. Fuglede, Commuting self-adjoint partial differential operators, J. Funct. Anal. 16 (1974) 101-121.

[3] E. Hewitt, K. Ross, Abstract Harmonic Analysis, II, Springer-Verlag, 1970.

[4] PE.T. Jorgensen, Partial differential operators and discrete subgroups of a Lie group, Math. Ann. 247 (1980) 101—
110.

[5] PE.T. Jorgensen, A generalization to locally compact abelian groups of a spectral problem for commuting partial
differential operators, J. Pure Appl. Algebra 25 (1982) 297-301.

[6] S. Pedersen, Spectral theory of commuting self-adjoint partial differential operators, J. Funct. Anal. 73 (1987) 122—
134.

[71 N.S. Poulsen, On C°-vectors and intertwining bilinear forms for representations of Lie groups, J. Funct. Anal. 9
(1972) 87-120.

[8] M. Reed, S. Simon, Methods of Modern Mathematical Physics, II, Academic Press, 1975.

[9] MLE. Taylor, Noncommutative Harmonic Analysis, Math. Surveys Monogr., vol. 22, Amer. Math. Soc., 1986.



