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1. Introduction

Consider the impulsive difference equation
Adx(n) +pmx(n—1) =0, n#n,k=1,2,3...

x(ng) = ax(ne — 1), k=1,2,3... (1)
Ax(ng) = bpAx(ng — 1), k=1,2,3...
A2x(ng) = A%x(n — 1), k=1,2,3...

where a, > 0,b, > 0,c, > 0,p(n) > 0,p(n) £ 0,0 <ng <ny <Ny < -+- <N < ---and limg, o Ny = 00, T €

N, Ax(n) = x(n+ 1) — x(n).

It is well known that equations with impulses have been considered by many authors. The theory of impulsive
differential/difference equations is emerging as an important area of investigation, since it is much richer than the
corresponding theory of differential/difference equations without impulse effects. Moreover, such equations may exhibit
several real-world phenomena, such as rhythmical beating, merging of solutions, and noncontinuity of solutions.

In recent years, there has been increasing interest in the oscillation/nonoscillation of impulsive differential/difference
equations, and numerous papers have been published on this class of equations and good results were obtained (see [1-8,
10-15] etc. and the references therein). But there are fewer papers on impulsive difference equations [5-7].

For example, in [5], Mingshu Peng researched the equation

A(rn—1|A(xn—l - Xn—r—1)|a_1A(xn—1 - xn—r—l)) +f(n, Xn, Xn—l) = O’
rnk|A(xnk - xnk—r)|a_lA(Xnk - xnk—r) = Mk(rnk—1 |A(xnk—1 - xnk—t—l)|a_1A(xnk—l - xnk—r—l))'
He obtained sufficient conditions for oscillation of all solutions of the equation.
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In [3], Wu Xiu-Li et al. discussed the equation
[r®OX' O +pO)x' () + Q(t, x(t)) =0, t>ty,t#t, k=1,2,...,
X)) =gx(t), X)) = X (&),
x(ty) = Xo, X (tf) = xy.
They also investigated the oscillation of the above equation.
In [10], Wan and Mao paid attention to the following system

X" () +pt)x(t) =0, t>to,t#t,k=1,2,3...
X)) = ax(t), X)) =bxX'(t), X' = ax’(t),
x(ty) =x0, X () =xp, X'(ty) = xg.
The sufficient conditions are obtained for all solutions either oscillating or asymptotically tending to zero.
In this paper, we study Eq. (1) and we get some sufficient conditions for the oscillation of solutions of Eq. (1).

Definition 1. By a solution of (1) we mean a real-valued sequence {x,} definedon {ng — 7,np —t+ 1,np — 7 + 2, ...}
which satisfies (1) for n > ny.

Definition 2. A solution of Eq. (1) is said to be nonoscillatory if the solution is eventually positive or eventually negative;
otherwise, the solution is said to be oscillatory.

This paper is organized as follows. In Section 2, we shall offer some lemmas and theorems. To illustrate our results, some
examples are included in Section 3.

2. Main results

In order to prove our theorems, we need the following lemmas.

Lemma 1. Assume that x(n) is a solution of (1), and the following conditions are satisfied:

H1: (ny — ng) + b1(ny — ny) + biby(n3 — nz) + - - - + bibzbz - - - by (Mg 1 — M) + - -+ = 00,

H2: (ny —ng) +c1(ny — ny) +cica(n3 — ) + -+ - + 16263+ - Cy (M1 — M) + - - - = 00, for some i € {1, 2}, there exists
N > ng such that A" x(n) > 0(< 0), Alx(n) > 0(< 0) for n > N. Then A" x(n) > 0(< 0) holds for sufficiently large n.

Proof. We only prove the conclusion under the assumption that A*x(n) > 0, Al x(n) > 0. Without loss of the generality,
suppose N = ng. From A™!x(n) > 0, we know that A x(n) is monotonically nondecreasing in [ng, ng41), k=0, 1,2, ....
Hence

Alx(n) > A'x(ny),  n € [, Meyr).

Summing the above inequality from ny to n,47 — 1, we have

AT %) = AT x(m) + AT () (e — ). )
So
AT x(np) > AT () + A () (np — my),
thus
AT x(n3) > ATTX(n) + ATX(n2) (n3 — 1)
> AT x(ny) + ATx(ny)(np — ny) +dy Al x(ny — 1) (n3 — ny)
> AT x(my) + A'x(n1) (2 — my) + dy ATX(n1) (3 — 1)
where

By induction, we get
AT x() = AT k() + ATx() (12 — ) + da(n3 —np) + -+ dads - - iy (0 — 1),
From (H1) or (H2), we know that there exists ! such that A™"" x(ny) > 0 for k > I. Since A x(n) > 0, we get
ATTx() > AT x(ng) > 0, n € [ng, Megq), N > M.

We complete the proof. O

Lemma 2. Let x(n) be a solution of Eq. (1) and, (H1) and (H2) hold, for some i € {1, 2, 3}, there exists a constant N(N > ny),
such that x(n) > 0, Al x(n) < 0, A'x(n) % 0 in any interval [n, co). Then A™!x(n) > 0 holds for sufficiently large n.
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Proof. Without loss of generality, we assume N = ng. We first prove that for any n, > ny, A'x(n) > 0 holds. Otherwise,
we can choose nj > ny, such that AT x(nj) < 0.From A'x(n) < 0, we get that A='x(n) is nonincreasing in any [ny, Mgt1)-
By the condition, there exists n; > n; such that A'x(n) # 0,n; < n < n; + 1. We assume | = j. Hence

AT (1) = djpy AT X4 = 1) < djyr A7 x() <0, (3)
where
Cit1, i=3,
dip1 = ybj1, 1=2
Qjy1, i=1.

So

Aiilx(n) < A™! x(Mjp1) <0, n €[N, njgo).
By induction, A x(n) < 0 holds for n € [Nj+q, Nj+q+1), Where g € N. Then Alx(n) < 0, A7'x(n) < 0,n € [1j41, 00).
By Lemma 1, we get that A2 x(n) < 0 holds for sufficiently large n. Using Lemma 1 repeatedly, we get x(n) < 0, this

contradicts x(n) > 0. So A" x(n) > 0 holds for any ny. Since djy1 > 0, AT x(n) is nonincreasing in [ny, niy1), we have
that A™ ! x(n) > 0 holds eventually. The proof is complete. O

From Lemmas 1 and 2, we obtain the following lemma.

Lemma 3. Let x(n) > 0 be a solution of Eq. (1), (H1) and (H2) hold, then for sufficiently large n either (i) or (ii) holds, where
(i) A%x(n) > 0, Ax(n) > 0; (i) A*x(n) > 0, Ax(n) < 0.

Lemma 4. Assume that x(n) > 0 (< 0) forn > N > ngy. Moreover, assume that x(n) is monotonically nonincreasing
(monotonically nondecreasing) in [ny, ng+1)(ng > n*) for sufficiently large n*, Z,j’il[x(nk) — x(ng — 1)] converges. Then there
exists a finite limit

lim x(n) = «a > 0(< 0).
n—oo

Proof. Let g = ZL][X(”k) — x(ng — 1], lim_, o, g = c. Define a function
y() = —gc+x(m), n e [n, ),k €N. (4)
Next we will prove that y(n) is nonincreasing and bounded on [ng, c0). From the definition of y(n), we get
Y1 = 1) = =g + X1 — 1) = =gk — [X(Mey1) = X1 — D]+ X(Mpey1)
= —&kt1 + X(Mg1) = Y (M)
Foranyng < a < b < oo, if there is k such that a, b € [n, ni41), then
y(@ = —gk +x(a) = —gk + x(b) = y(b).

If there exist m,k € N suchthat0 < m < kanda € [ny, tmt1), b € [Nk, Ngy1), from the nonincreasing of x(n) on
[k, Mkx1), Y1 — 1) = y(Ne41), we obtain

y@) = —gn+x(a) > —gn +x(Mpp1 — 1) =y(Mpq — 1)
y() = —g +x(ng) > —g + x(b) = y(b).

So y(n) is nonincreasing on [ng, 00), and y(n) has a lower bound. Therefore, lim,_, o, y(n) = A,lim;_, o, X(n) =A4+c > 0. O

v

Theorem 1. Assume that (H1) and (H2) hold, Ziil |ax — 1] converges, > n®p(n) = oo, then every bounded solution of
Eq. (1) either oscillates or tends asymptotically to zero with fixed sign.

Proof. Let x(1) > 0 be a bounded solution of Eq. (1). By Lemma 3, either (i) A?x(n) > 0, Ax(n) > 0; or (ii) A%x(n) >
0, Ax(n) < 0holds forn > Nj.

We first prove that (i) does not hold. Otherwise, Ax(ny) = ¥ > 0 holds for some n; > Ng. From A% x(n) > 0, we know
that Ax(n) is monotonically increasing for n € [ngyi_1, ngyi)(i € N). Forn € [ny, nge1),

Ax(n) > Ax(ny) =y > 0,
in particular,

Ax(Ngy1 — 1) >y > 0.
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Forn € [ny41, Niy2),
AX(n) > Ax(Miy1) = b1 Ax(Mggq — 1) > by > 0.

In particular, Ax(ng2 — 1) > b1y > 0.
By induction for n € [Nyym, Ng+m+1) (M > 2), we get

Ax(n) > bpmbiym—1bigm—2 - - bep1y > 0,
o)
Ax(Nermt1) > brermt1berm -+ - by > 0.
Summing the inequality Ax(n) > y from ny to ngq — 1,
X(Mgt1) = X(ng) + ¥ (N1 — 1)
Summing the inequality Ax(n) > byy1y from nyyq to ngyp — 1,
X(Miy2) = X(Miy1) + b1y (g2 — Miy1)
> x(m) + ¥ (M1 — M) + b1y (Mg — Ngeyr)-
By induction, for any m > 2,
X(Meym) = (M) + ¥ (M1 — M) + b1y (Mg — Mier1) + -+ + bierm—1bierm—2 -+ - D1 Y (i — Megm—1).

Considering the condition (H1), we know that the inequality above leads to a contradiction. Therefore, Ax(n) < 0, that is
case (ii) holds.

Now we consider case (ii).

Ax(n) < 0 shows that x(n) is strictly monotonically decreasing. From the facts that Z,fil |ax — 1| converges and x(n) is

bounded, we get that Z;j;’] |ax — 1|x(n, — 1) converges. Consequently,
o0 o0
D lag = Ux(n — 1) = Y x(m) — x(nc — 1))
k=1 k=1

converges. SO Z;:;[x(nk) — x(ng — 1)] converges. From Lemma 4, lim;,_, o, X(1) = «, where 0 < o < oo. We shall prove
o = 0. Otherwise, @ > 0, then there exists ny > ng such thatx(n — t) > % for n > ny. From (1),

A% x(n) = —p(mx(n — 1) < = p(n).
The above inequality times n® is

n® A3x(n) < —%n(z)p(n).

Summing the above inequality from n; to ng,,,;, — 1,

Ns4m—1 o Ns4m—1
(2) A3 2)

n'“ A”x(n —— n n. 5
> m<—= > 1@ )
ng ng

That is
a Ns+m—1 ngy1—1 ngyp—1 nsym—1
2) 2) A3 2) A3 2) A3
—— n n) > n'“ A” x(n) + n A’ x(n) 4+ -+ n'“ A”x(n
2%: p(n) %j (n) ;} (n) n;; (n)

= ngi)m N X(Nsym) — 2NsymAX (N + 1) + 2x(Nsym + 2)
— n§2) A% x(ng) + 2nAx(ng + 1) — 2x(ng + 2).
According to Ax(n) < 0, A% x(n) > 0, we get

Ns4m—1
o
) Z n®p(n) > 2x(ngm + 2) — n? A? x(ng) + 2nAx(ng + 1) — 2x(ng + 2).

ng

Let m — oo. Since > n®p(n) = oo, this contradicts the fact that x(n) is bounded. So @ = 0. The proof is complete. O

Theorem 2. Assume that (H1) and (H2) hold, Y2, |a, — 1| converges, Y_> p(n) = oo, a:—f] <1,n —ng_q > v+ 1, then
every solution of Eq. (1) either oscillates or tends asymptotically to zero with fixed sign.
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Proof. We suppose that x(n) > 0is a solution of Eq. (1). From Lemma 3, for n > N, either

(i) A% x(n) > 0, Ax(n) > 0, or (ii) A% x(n) > 0, Ax(n) < 0 holds.

We first prove that case (i) does not hold. Otherwise, there exists ny_, > ng, such that Ax(n) > 0 forn € [n;_,, 00). Let

u(n) = X(ﬁz_’;(f)j), then u(n) > 0.
A3 x(n)
Au(n) < ——— = —p(n) <0,
x(n—1)
wm) A% x(ny) aAix(ng—1) A% x(mq)
’ = =
VT x—t—1) 7 x(p—t—1) (1)
Cie A% x(ng—1) & Ax(mer) G

QG_1X(Mg—1 — 1) Gy x(y — 7 — 1) @

Hence u(n) is nonincreasing and nonnegative in [ny4i_1, ng+i)(i € N).
Summing Au(n) < —p(n) from ny to n+1 — 1, we get

My1—1

u(npr) <um) — Y p(n).

ng

Similarly to this, we have

u(ng_1).

N2 —1
U(ny2) < ulmegr) — ) p(n)

Miet+1

N+1—1 N2 —1 Ngy2—1

<um)— Y pm— Y pm) <u@m)— Y p).
Nk N4+1 ng
By induction, we know
Ngpm—1

U(epm) < u(m) — Y p(n).

Mk

Let m — oo, we get a contradiction. So only case (ii) holds.

Now we consider case (ii). From Ax(n) < 0, we get that x(n) is strictly decreasing in [ny4i_1, nxti) (i € N).

XMy 1) = Q1 XM 1 — 1) < Qeprx (),
X(Ngg2) = QioX(Mpgn — 1) < Qg2 1X(y),

X(Mgi) = QepriX¥(Mpi — 1) < Qpgri@pepiog - - - Gepe1X(),

Since Y o | |a,—1| < ooimplies [[r-, a, < 0o, Ax(n) < 0, we get thatx(n) is bounded on [ng, 50).S0 > o, |a;— 1|x(n;— 1)

=1

converges, further we get that Zf’il[x(ni) — x(n; — 1)] converges. By Lemma 4, we know lim;,_, o x(n) = «, ,0 < @ < 00.
We shall prove & = 0. Otherwise, & > 0, then there exists Ny > Ng such thatx(n) > 5 for n > Nj. From Eq. (1),

A3 x(n) = —p(mx(n — 1) < —%p(n), n > Ni.

Summing the above inequality from n; to ngy, — 1,
Nsym—1 Nsym—1
=5 D Pz Y Ak = AR X(sm) — A% x(ny).
ns ns
Let m — oo, we get a contradiction. So « = 0. The proof is complete.

Theorem 3. Assume that (H1) and (H2) hold,

n—1
lim sup Z (s —n)Pp(s) > 2,

n—oo s=n—t

O
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or

n—1

lim sup Z (s=n+1)%p(s) > 2, (7)

=00 s—p_r

Z;; lay — 1| < oo, then every bounded solution of Eq. (1) oscillates.

Proof. Let x(n) be a positive bounded solution of Eq. (1). From the proof of Theorem 1, we get A3x(n) < 0, A%x(n) >
0, Ax(n) < 0.
Consider the case that (6) holds. Using the discrete Taylor formula, we have that for k, nlargeand k < n

)]
x(k) > (k% A% x(n).

Hence
k—n)®
x(k—1) > % A?x(n —1).
Substituting this into Eq. (1) we have

(k —n)@
2
Summing (8) in k fromn — v ton — 1 we have

A3 x(k) + p(k) Arx(n—1) <O0. (8)

2 _ n—1
W 3 pk—m® <o,

k=n—t

Arx(n) — A% x(n— 1)+
We have
n—1
lim sup Z (s = m)Pp(s) < 2,
n—oo (T

which contradicts (6). The proof corresponding to (7) is similar, so we omit it here. O

3. Examples
Example 1.
1
A3x(n)+ﬁx(n—1):0, n>1,n#2""m=1,2,...,
n

x(2™ = (1 + 2%) x(2™ — 1),

Ax(2™) = (1 + 3%) AxQ2™ — 1),

1
A?x(2™) = (1 + 5m) A?x(2™ —1).

(H1) and (H2) are satisfied, and "2, |a, — 1] = Y2, 55 converges, > 22, n@p(n) = Y02, n® 5 = oo. So every

bounded solution of Eq. (9) either oscillates or tends asymptotically to zero with fixed sign.

Remark. In [9], Li studied the oscillation of higher-order neutral difference equation. The result obtained here includes and
improves the sufficient condition of Theorem 1 in [9].

Example 2.
1
A3x(n)+fx(n—1)=0, n>7,n%#3m,m> 3,
n
1
x(3m) = (1 — —2> xBm —1),
m

Ax(3m) = (1 — l) Ax(3m — 1),
m

Arx(3m) = (1 — l) Arx(3m — 1).
m
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(H1) and (H2) are satisfied, and Y -, |a, — 1| = Y oo, n% converges, Y >, p(n) =Y 02 1 =oo,m—m—g =3>1+1
= 2’

1
C 1— 7
k _ k <1

1
G 1= 5om

So every solution of Eq. (10) either oscillates or tends asymptotically to zero with fixed sign.
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