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Sufhicient conditions for continuability, boundedness, and convergence to zero
of solutions of {a(t)x’) -+ h(t, x, x’) + q(¢) f(x) g(x’) = e(t, x, x") are given.

1. INTRODUCTION

In this paper we discuss the boundedness and covergence to zero of solutions
of the forced second-order nonlinear differential equation

(a(t) &) + A2, x, &") + q(1) f (%) g(*') = e(t, x, &7). )

Problems of this type for less general equations have been studied by many
authors particularly when e(z, x, x’) = 0. Recent contributions to this area
include [1-29]. In addition to relaxing the conditions that most other authors
require on the functions in (*), none of the results in this paper explicitly
require that the forcing term e(t, x, x) be “‘small.”

In Section 2 we present some new continuability and boundedness resuits for
Eq. (*). In addition to obtaining some further boundedness results in Section 3,
we obtain sufficient conditions for solutions of (*) to converge to zero. We will
relate the results here to the recent work of Grimmer [10], Hammett [11], and
Londen [20]. We conclude the paper with some extensions of results of Wong
[27, 28] and the present authors [7].

2. CONTINUABILITY AND BOUNDEDNESS

Consider the equation

(alt) &') -+ (e, 5, %) + q(t) F(2) g(=") = elt, %, ) (1)
* Supported by Mississippi State University Biological and Physical Sciences Research
Institute.
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where 4, ¢: [t;, ) >R, f,g: R— R, and Ak, e:[t,, ) X R* - R are con-
tinuous, a(t) > 0, ¢(¢) > 0, and g(x") > 0. It will be convenient to write Eq. (1)
as the system

¥ =y,
Y =(=a@®)y — h(t, x,y) — () f(x) 8(¥) + et %, y))/a(?)-

Let ¢'(#), = max{q'(¢), 0} and ¢'(z)_ = max{—q’(t), 0} so that ¢'(t) = ¢'(t), —
¢'(t)_ . Define F(x) = [ f(s) ds, G(y) = 4 [5/g(s)] ds and assume that there is a
continuous function 7: [t,, o) —> R such that

| e(t, x, y)| <r(t), 3
h(t, x,3)y =0, 4

and there are nonnegative constants m and # such that

v 1/g(y) < m 4 nG(y). (5)

)

Tueorem 1. If conditions (3)—(5) hold, a'(t) = 0, F(x) is bounded from below,
and G(y) — o0 as | y | — oo, then all solutions of (2) can be defined for all t > ¢, .

Proof. Suppose that (x(2), ¥(#)) is a solution of (2) with finite escape time,
i.e., there exists T > ¢, such that lim, [| #(#)| - | ¥(t)]] = +co. Since F(x)
is bounded from below, F(x) > —K for some K > 0. Define V(x,y,t) =
G(»)/g(t) - (F() + K)fa(t); then V' — —G() ¢ (1)g(t) — a'(2) y*/2() () a(t)
— k(t, x, ) y/g(v) q(t) a(t) + e(t, %, ¥) y/g(¥) ¢(2) a(t) — (F(x) + K) a'(t)/a(t) <
g(0)- Gt + r(t) 1y llg(y) ) alt) < ¢'(t)_ G(3)faXt) + mr(D)a(t) alt) +
nr(t) G(y)/q(t) a(t). Integrating and noting that r(2)/q(?) a(t) is bounded on
[ty, T] we have G(y()a(t) < V(1) < K, + [¢, {1a'(5)-la(s) + mr(s)ja(s)] x
G(y(s))/q(s)} ds for some K; > 0. From Gronwall’s mequahty we have
GO(O)/a(t) < Ky exp [}, [4'6)_la(s) -+ nr(s)a(s)] ds < Ky exp [, [(5)-fals) +
nr(s)/a(s)] ds < K, << 0. Thus G( y(t)) is bounded on [t,, T) so y(t) =x'(t) is
bounded on [#,, T). An integration shows that x(t) is also bounded on [t,, T)
and so we have a contradiction to the assumption that (x(2), ¥(t)) is a solution of
(2) with finite escape time.

Remark. 1f e(t, x, y) = 0 in Theorem 1, then condition (5) can be dropped.

Remark. We can drop the condition on a’(¢) by requiring a stronger condi-
tion on g(v), namely, that there are positive constants M and & such that

Ylg(y) < MG(y)  foriy[ =k (6)

The proof of this result involves more details than the proof of Theorem 1, so
we omit it noting only that (6) implies (5).
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The above continuability theorem improves other known results of this type
for Eq. (1) in that our conditions on f and g are less restrictive than those usually
required. We have not asked that xf(x) >0 if x 50 or F(x) >0 as most
authors (see for example Baker [1] or Burton and Grimmer [3]), but only
require that F(x) be bounded from below. Also, conditions (5) and (6) are less
restrictive than bounding g from above and below or asking that y2/g(y) <<
MG(y) for all y (see [3]). These comments apply to the boundedness results in
this paper as well.

Next, we given some sufficient conditions for all solutions of (1) to be bounded.
The first two of these, as well as some of the theorems in the next section, serve
to further illustrate the interplay between the roles of a(#) and g(x') in Eq. (1).

Treorem 2. Suppose (4) and (5) hold with n > 0,

a(t) =20 and  a(t) < a, N
and | (1, x, y)| < a(t) ¢'(H)/nq(2). If
F(x) > 0 as [x | o0, (8)

then all solutions of (1) are bounded.

Proof. Since F(x)— oo as | x| — o0, F(x) is bounded from below, say
F(x) 2= —K for some K > 0. Letting V(x, y, t) = ¢(t) (F(x) + K)/a(t) + G(»)
we have 17 < (F(x) 4 K) ¢'(t)/a(t) + e(t, %, y) y/g(y) at) < q'(2) [q(t) (F(x) -+
K)/a(t) — | v i/ng(¥)]/g(). Integrating "’ and using (5) we have | ¥(2)|/g(3(2)) -+
ng(t) (F(x(2)) + K)fa(t) < m + nV(t) <m + nV(ty) + [, {q(s) [nq(s) (F(x(s)) +
K)/a(s) -+ | v(s)l/e(v(sN]/q(s)} ds. Applying Gron\tavall’s inequality we have
| 7(2)11g(3(0)) + nq(2) (F(x(2)) + K)/a(t) < Ky exp [, [q'(s)/q(s)] ds = Kq(t)/q(t,).
Hence nq(t) F(x(t))/a(t) < K q(t)/q(ty) so F(x(t)) is bounded for t > t,. The

conclusion of the theorem follows from (8).
THEOREM 3. Suppose (4), (6), and (8) hold,
(@G e ds < o and  alt) < a, 9)
Y,

and | e(t, x, v)| < a(t) ¢'(t)/Mq(t). Then all solutions of (1) are bounded.

Proof. Condition (6) implies that there exists 4 > 0 such that v2/g(y) <
A — MG(y) for all y. Notice also that if | y | < 1, then | y |/g(¥) < B for some
B >0, and if |y | =1, then |y |/g(y) <3%g(y) so |y l/g(y) < B -+ ¥*g(y)
for all y. By (8), F(x) > —K for some K > 0. If M > 1, define V{(x,v,¢) =
q(?) (F(x) - K)/a(t) + G(y) + A 4 B. Then V' <Z ¢'(2) [q(t) (F(x) + K)/a(t) -
YIIMg())q(r) + a'(1). [q(t) (F(x) + K)a(t) +~ y¥g(¥)la(t) < ¢'(t) x



298 GRAEF AND SPIKES

[9®) (F(x) + K)/a(t) 4 (4 + B)/M + G(y))/q(t) + '(2)- [9(t) (F(x) + K)/a(?)
+ 4 + MG(y))/a(t) < (¢(1)/q(t) + Ma'(2)-|a(t)) [q(t) (F(x) + K)/a(t) + A+
B + G(y)] since M == 1. Integrating, we have V() < V(t,) + jt [q'(s)/q(s) +
Ma'(s) [a(s)] V(s) ds so V(1) < V(t) exp Jiy [©)als) + Ma(s)ja()] ds <
K, exp L [q'(5)/q(s)] ds = Kyq()/q(t,). The boundedness of x(t) follows as in
the proof ‘of the previous theorem.

If M <1, define V(x,y,t) = q(t) (F(x) + K)/a(t) + G(») + (4 + B)/M.
Then V' < ¢/(2) [a(t) (F(x) + K)ja(t) + (4 + B)/M + G(3)] g(t) + a'(t)- x
o) (F(x) + K)jalt) + 4 + MG(»)alt) < (¢'®)a(t) + a'(t)_la(t)) V since
M < 1. The remainder of the proof follows as before.

The following corollary is a rather immediate consequence of the previous
two theorems.

CoRrOLLARY 4. If, in addition to the hypotheses of either Theorem 2 or Theo-
rem 3, we have q(t) < g, and G(y) — oo as | y | — oo, then all solutions of system
(2) are bounded.

Proof. From the proof of Theorem 2 we have V' < ¢'(¢) [V + m[n]/q(z) so
V() < V) + Ji, [46) V9la@)] ds -+ m Ing(0)gtg)jn.  Hence V(1) <
K, exp f . [q (s)/q(s)] ds < Kyqo/q(ts) << 0. The boundedness of 3(¢) then
follows from the boundedness of G( (). A similar proof holds for Theorem 3.

Notice that Theorems 2 and 3 do not explicitly require that e(¢, x, x') be
small; most authors ask that (¢, x, x') = e(t) and f:; | e(s)} ds << o0. However, in
order to obtain that solutions of system (2) are bounded, it was necessary to
bound ¢(t) from above. This immediately implies that J‘Z | (s, %(s), ¥'(5))} ds < 0.
It would be interesting to see if, under condition (7) or (9), solutions of (2) can be
bounded without requiring ¢(¢) to be bounded from above. The authors are not
aware of such a result for even the equation (a(t) x') + ¢(¢) f(x) = 0.

The previous two theorems offer alternative generalizations of a result obtained
by the authors in {8]. The following theorem is patterned somewhat after a
theorem in [9]; however, it is not a direct generalization of that result.

THEOREM 5. Suppose conditions (4), (6), (8), and (9) hold and there is a
continuous functionr: [ty , ©0) — R and a constant w > 0 such that | e(t, x,y) y | <
a0 g, [5 T ()jr(s)] ds < oo, [ [1fre(s)] ds < oo, H() =r(B)ig(t) is
bounded, and J':: [H'(s)_{H(s)] ds << 0. Then all solutions of (1) are bounded.

Proof. As before, F(x) > —K for some K > 0 so let Vix, y, t) = G(»)/r(?)
+ (F(%) + K)/a(t) H(2). Then V' < r'(t)-G(y)/r’(2) + &'(t)-y*/g(y) r(2) a(t) -+
et, x,y) y/g(¥) r(8) at) + H'(t)_(F(x) +- K)/a(t) HX() + a'(8)- (F(x) + K)/a*(?)
H() < (r(0)_jr(t) + HQ)_JHE) + ¢()_]at) V + a(t) ylg(y) r(2) alt) +
q(t)/r'+(t) a(t). Now the condition | f [r'(s)_{r(s)] ds < co implies 7(¢) = r, > 0,
and similarly, H(¢) = H, > 0 and a(t) = a, > 0. Thus choosing 4 as in the
proof of Theorem 3, we have V' < [#'(¢)_fr(t) + H'(t)_/H(t) + (M + 1) X



BOUNDEDNESS AND CONVERGENCE 299

a'(t)_la@)] V + Ad'(t)_ja(t) r, + 1/re(t) Hya, . Integrating and applying Gron-
wall’s inequality we again obtain that V'(?) is bounded. The conclusion of the
theorem follows as before.

Remark. 1f in Theorem 5 we replace condition (9) by condition (7), then (6)
can be dropped.

3. BOUNDEDNESS AND CONVERGENCE TO ZERO

In this section we obtain some further boundedness results as well as sufficient
conditions for solutions of (1) to converge to zero. The quotient H(t) = r(2)/q(?)
plays a significant role in some of these results. Other authors, for example,
Chang 4], Jones [13, 14}, Lalli [19], Wong [26], and Zarghamee and Mehri [29],
utilized the quotient a(¢)/g(¢). The present authors [7-9] obtained some results
of this type for less general equations, and in [8, 9] H(t) was required to be
monotonic. Wong [27, 28] gave sufficient conditions for all oscillatory solutions
of a less general unforced version of (1) to converge to zero. In Theorems 12 and
13 we extend these results to Eq. (1).

The theorems in this section only pertain to the continuable solutions of (1).
Since the previous section contained some sufficient conditions for solutions to
be continuable, we could combine those results with the ones in this section
and thus eliminate this provision. We will use the same classification of solutions
that was used in [7-9]. That is, a solution x(t) of (1) will be called nonoscillatory
if there exists t, > #, such that x(#) = 0 for ¢ > #;; the solution will be called
oscillatory if for any given #, 2> #; there exist t, and ¢, satisfying t, < ¢, <1,
x(t,) > 0, and x(#;) < 0; and it will be called a Z-type solution if it has arbi-
trarily large zeros but is ultimately nonnegative or nonpositive.

The following lemma will be used in proving the convergence to zero of the
nonoscillatory solutions of (1). We make the following additional assumptions on
Eq. (1). Assume that:

(1) xf(x) > 0if x % 0 and f(x) is bounded away from zero if x is bounded
away from zero;
(i1) condition (3) holds and r(¢)/g(¢) — 0 as # — cc;
(i) if x is bounded, then there exists a continuous function k and ¢, > ¢,

such that | A(z, x, ¥)| << &(t) g(») for (2, x, y) in [#; , 00) X R?and k(t)/q(t) — O as
1> 00;

(iv) g(»)=c¢>0, [;g(s)ds = oo, and [; [1/a(s)] ds = co.

LemMA 6. If (i)-(iv) hold and x(t) is a bounded nonoscillatory solution of (1),
then iminf,_ | 2(¢)! = 0.
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Proof. Let x(t) be a bounded nonoscillatory solution of (1), say 0 < x(¢) < B
for t > T >1t,, and let A(t) and #, > T be determined by (iii). Suppose that
lim inf, . x(t) # 0. Then there exists t, >> ¢, such that x(¢) is bounded away from
zero for ¢t 2=, . Hence by (i), f(x(t)) > 4 > 0 for t > t,. Choose t, > ¢, so
that r(t)/cq(t) << A/4 and k(t)/q(t) < A/4 for t =1t,. From (1) we have
(a(t) ') Jg(x') = elt, x, #)[g(') — h(t, x, ¥)]e(x') — qt) f(x) < r(B)fc + k() —
Aq(t) < q(t) [r(t)/eq(t) + k(t)/q(t) — A} < —Aqg(2)/2 for t > t, . Thus (a(¢) x'Y’
<< —Acq(t)/2 <0 for t >t,. Integrating, we have a(?) x'(f) < a(t,) x'(t;) —
f,ta [Acq(s)/2] ds — —c0 as t— o0, so there exists #, > #, such that x'(£) <0
for t>=1,. Since (a(t)x') <0, x'(t) << a(ty) x'(t,)/a(t) for t >1t,. Hence
x(2) < x(2y) + a(ty) x'(2,) f:4 [1/a(s)] ds > —c0 as t-- oo, contradicting the
fact that x(t) > O for ¢ > T. A similar argument holds if x(t) <0 for t > T.

The following two examples illustrate that condition (iii) above is essential.

ExampLe 1. Consider the equation
x4t 4 xft = 1/2 + 2/83, t>0.

Here g(x") = 1 and A(t, x, x") = t&" and we see that all the hypotheses of Lemma
6 are satisfied except (iii) since we do not have | A(t, x, ') << k(2) g(x'). This
equation has the bounded nonoscillatory solution x(z) = (¢ + 1)/¢ which does
not have lim inf,,, x(¢) = 0.

ExampLE 2. The equation
& +tx Al F (Rt = (1 28+t +1)/8, >0,

satisfies all the conditions of Lemma 6 except (iii). Here | A2, x, x')] = ¢ | &' | <
1l - (2)?] = tg(x'), but k(t)/q(t) = 2 -» 0 as t — oo. Again, x(¢) = (¢ + 1)/t
is a bounded nonoscillatory solution of this equation.

Recently Hammett [11] obtained sufficient conditions for the nonoscillatory
solutions of (1) to converge to zero in case

h(t, %, &') = 0, ox)y=1, e(t, x, x') == (t),
and
f | e(s)] ds < 0.

to

In addition to making other improvements, Grimmer [10] was able to relax
Hammett’s condition on the size of e(¢) by only requiring that E(2) = _[:0 e(s) ds
be bounded. Although Londen [20] weakened some of Hammett’s other
hypotheses, he still required f:o | e(s)| ds << co. Our results on the convergence
to zero of the nonoscillatory solutions of (1), namely Theorems 7-9 below, will
allow for large forcing terms; we may even have e{t)— o0 as t— 0. The
theorems obtained here are not direct generalizations of those in [10, 11} or [20].
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In fact, as we will show by some examples, our results are in some sense inde-
pendent of those in [10, 11, and 20].

In what follows it will be convenient to have the following notation at our
disposal.

Condition W. If x(t) is a nonoscillatory or Z-type solution of (1), then
lim,,, &) =0.
Also, we define p(t) = exp(— ﬁa [q'(s)-/q(s)] ds and  b(t) == exp(—
jt a'(s)_‘a(s)] ds) and notice that p(¢) < 1 and b(t) <C

ToeEOREM 7. Suppose conditions (3), (4), (8), and (9) hold,

[ ©)-fa@1ds < e, (10)

[ ")) ds < o, (11)

and there is a positive constant N such that

y*lg(y) < N. (12)
Then all solutions of (1) are bounded. If, in addition (i1)-(iv) hold, then Condition W
holds.

Proof. From (8), F(x) > —K for some K > 0. Let V(x,y, 1) =
B1) plt) [(F(x) + K)falt) -+ G(3)/g(®)]; then V" == b(t) p(t) {—(F(x) + K) x
a(1)/a(t) — G(3) 4 (O)gt) — a'(2) 3*1e(») a(t) alt) — A1, %, 3) /g(3) a(t) a(t) -+
ot v, ) y:&(y) q(t) a(t) — [(F(x) + K)/a(t) + G(3)/q(D)] (a'(t)_[a(t) + ¢'(2)-/
AN} < B(1) P {—(F(x) + K) d(t).[a¥(t) — G(3) ¢(2).Ja(t) — (F(x) + K) =
q'(1).1q(t) a(t) — G(y) a'(r)_[q(t) a(t) -+ a'()_y*[g(y) 4(t) a(t) - e(t, x, ¥) y[g(¥) ¥
a(t) alt)} <= b(1) p(t) {@'(1)_ *lg(3) a(t) alt) + r(2) | ¥ /a(») q(2) a(t)}. Now (9) and
(10) imply that ¢(2) = ¢, > 0, p(t) = p, > 0, a(t) = a; > 0 and b(¢) = b, > 0.
Also, v ".g(») i1s bounded for | v | <1 and |y [/g(v) < ¥v¥g(y)if (y| =1 s0
(v lig(y) = Ny for all y.

Integratmg " we have V() << V(i) + (Nigy) ﬂo [a'(s)_{a(s)] ds +
(Nyfay) L r(9)/g(s)] ds < K; << oo for all t2=1t,. Hence F(x(t)) <

Ka(h); b(t)p(t) < K,a,/b,p, for t == t, and so by (8), x(z) is bounded.

Next let x(1) be a nonoscillatory or Z-type solution of (1). Note that by (i)
we can choose K = 0. Since lim inf,,, | #(t)] = 0 by Lemma 6, if x(¢) is ulti-
mately monotonic, we are done. If x(¢) is not ultimately monotonic let ¢ > 0
be given and choose ¢, > ¢, so that (iii) is satisfied for ¢ > #,, y(#) = 0,
PGt < aipieSas, [ 1619 Jao] d < b3 and [ [jao) s <
a,b,p,€/3a, N, . Then integrating V"' forz > t;, we have F(x(t)) < a(t) V(t)/b(t)p(t)
aV(O)bipy < aV(t)/bypy + (aZN/ql ) X [1, (@ () fa(s)] ds + (anN,fa,b )
f, [r(s)iq(s)] ds << e for t == ¢, . This implies that lim,,, x(t) == 0 since bv (i)

(\(r)) — 0 if and only if \c(t) — 0.
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TreEOREM 8. Suppose conditions (3)-(4), (7)~(8), and (10)~(11) hold, and there
is a positive constant L such that

|y 1/g(y) <L. (13)

Then all solutions of (1) are bounded. Under the additional assumptions (i}-(iv),
Condition W holds.

Proof. We will use the same notation for constants introduced in the proof of
Theorem 7. Let V(x, y,t) = p(t) [(F(x) + K)/a(t) + G(»)/q(t)]; then V' <
() e(t, x, ¥) y/g(y) q(t) a(t). Now a’'(t) > 0 implies a(?) = a, > 0, so integrating
V'’ we obtain V() < V() + (L/ay) Ito [r(s)/q(s)] ds << oo so x(t) is bounded.

Now let x(t) be a nonoscillatory or Z-type solution of (1) and € > 0 be given.
Following the argument used in the proof of the previous theorem, choose
t, > t, so that (ili) is satisfied, ¥(t;) = 0, F(x(#;)) < a;pie/2a,, and
ft [r()/g(s)] ds << a,pye/2a,L. Integrating, we have F(x(t)) < a(t) V(2)/p(t) < <
azF(x(tl))/alp1 + (a.La,py) _]}l [r(s)/q(s)]) ds < efort 2> t,. Hence lim,_, x(t) =

TuEOREM 9. If conditions (3)~(4), (6), and (8)-(10) hold, g(y) = ¢ > 0, and
| oy ds < oo, (14)

then all solutions of (1) are bounded. Moreover, if (1)~(iv) hold, then Condition W is
satisfied.

Proof. Defining V7 as in the proof of Theorem 7, differentiating, and inte-
grating we have 8(2) p(t) G(¥(1)/a(t) < V(t) + fs, 15(s) p(s) [a'(5)- y%(s) +
7(5) | ¥(){1/g(¥(s)) g(s) a(s)} ds. If |  |/(q(1))/* = 1, then | y |[(g($))/* < y*/q(t) <
Yet) + 1 if [y [[(g@))2 <1, then |y[{qgt))'/* <1+ 3%/q(t). By (6),

y?g(y) < A + MG(y) for all y. Hence b(2) p(t) v2(2)/g(¥(t)) q(¢) < Ab(t) x

p(1)/a(t) + Mb(t) p(z) G(x(1)/g(t) < Ab(t) p(1)]a(t) + MV(te) + M [, {b(s) X
2(s) [a'(s)-Jals) -+ r(s)/(g(s))'/* a(s)] y3(s)/g(¥(s)) q(s)} ds + M Ji, (s) p(s)
7()/g((s) (¢(s))*/2 a(s)] ds. Now M I, Tb(s) £(s) 7()/g(¥(s)) (g2 a()] ds <
(M]ecay) J1, (@)} ds < Ky < oo so b(t) p(t) y3(2)]g(x(2)) 4(6) < K,
exp It [a' (s) Ja(s) -+ r(s)/(g(s))*/? a,] ds < K; << co. Thus V(t) < V() +
K, J"t [a (s)-fa(s) + 7()/(g(s))*/2 ay] ds + K; << K, < o0. Thus all solutions are
bounded.

Let x(t) be a nonoscillatory or Z-type solution of (1) and let ¢ > 0 be given.
Choose t; > £, so that (iii) is satisfied, y(t;) = 0, F(x(t,)) < a,b,ps¢/3a,,
_[t [a'(s)-/al(s)] ds < by p1¢/3a,K;, and It [r(s)/(q(s))*/*] ds < a, 11’1“ 3ay(cK;+1).
Then F(x(t)) < a(t) V(0)[b(1) p() < aV(t)fbypy + (@K /b1 1) J1, 1@ (s)/a(s)] ds

+ (a.Ks/ab,p1) ftl [r()Ng(s))/?] ds + (ay/arby prc) ftl [’(3)/(4(3))1/2] ds < e for
t > t, . Again we see that Condition W holds.
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We will now consider some examples which will show the relationship
between our results and those in [10, 11, 20].

Exampre 3. The equation
X4 B[R+ 1] a =t t >0,
satisfies Theorems 7 and 8 and the equation
X" - t5x = tsin ¢, t >0,

satisfies Theorem 9, but none of the results in [10, 11] or [20] apply to either of
these equations. On the other hand, the equation

() +tx=1/2, t>0,

satisfies Theorem 1 in [10], the Theorem in {11], and Theorem 2 in [20], but
none of the results in this paper apply.

ExampLE 4. Consider the equation
A"+ x% = e(t), t>1,

where e(2) = (62 + 1 4 3sint + 3 sin® ¢ + sin® ¢t + 62 sin t — t!sint —
4#3 cos 1)/t8. From the results in [10, 11, 20] we can conclude that all nonoscilla-
tory solutions converge to zero. In addition to obtaining this same conclusion
from Theorem 9 above, we also have that all Z-type solutions converge to zero,
and here x(2) = (1 + sin #)/£2 is such a solution. Moreover, notice that Theorem
9 also applies to the damped equation

2" + x'e[(x') + 1]Int + & = e(2), t > 1,
where ¢(t) is as above, whereas the results in [10, 11] or [20] do not.

Remark. Notice that by the results in [10, 11] or [20] all nonoscillatory
solutions of
X" 4 x = 2e, t >0,

converge to zero, but the equation
X" 4 elx’ 4 x = e, t >0,

has the nonoscillatory solution x(t) = 1 + e¢~* which does not converge to zero.
This is somewhat surprising since one often expects that the addition of positive
damping (in the sense that (4) holds) preserves such properties.

The remainder of the theorems in this paper give sufficient conditions for the
oscillatory and Z-type solutions of (1) to converge to zero. The first two of
these, like the previous three theorems, extend results contained in [7].
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TueoreM 10.  Assume that conditions (3)~(4) and (9)-(12) hold,

xf(x) >0 if  x#0, (15)
q(t)— © as t— o0, (16)

and,
[ blge ds < . (17)

If x(t) is an oscillatory or Z-type solution of (1), then lim,,, x(t) = 0.

Proof. Let x(t) be an oscillatory or Z-type solution of (1). From (17) we
have G(y) < K, for some K; > 0 and (12) implies that | y |/g(y) << N, for all y.
Now let € >0 and choose # =1, so that a,K;/b,;p:q(t) < ¢/3 for ¢t =1,
%(ty) =0, ft [@'(s)- [a(s)] ds < b, pyg,¢/3a,N, and jt Ir( (8)/g(s)] ds << azb, pre/3asN,.
Define V" as in the proof of Theorem 7 with K = 0 differentiate, and then inte-
grate for t > #; to obtain F(x(2)) << a,V(2)/bipy < (ao/bipy) {G(¥(ty))/q(t;) +
ﬁ; [Na'(s)_|a(s) ¢ + Nyr(s)/g(s) a,] ds} < e for ¢t = ¢, . Thus lim,,, () = 0.

TuroreM 11. If conditions (3)~(4), (7), (10)~(11), (13), and (15)~(17) hold,
and x(t) is an oscillatory or Z-type solution of (1), then lim,, ., x(f) = 0.

Proof. Let x(2) be an oscillatory or Z-type solution of (1) and define I” as in
the proof of Theorem 8 with K = 0. Now G(¥) < K] for some K; > 0 so for a
given € > O choose t; > t, such that G((t))/q(t) < pi€/2asfort = ¢, , x(t;) =0,
and ft (r(s){q(s)] ds << ayp,¢[2a,L.. Then dlfferentlatmg and integrating ¥ we
have - F(s(t) < aV(t))py + (@Llarpy) [L, [/(s)la@] ds < ¢ for t>1, so
limy,. x(2) = 0.

The next two theorems generalize some results obtained by Wong [27, 28].
We need to make the following additional assumptions on Eq. {1). Assume that

O<e<g(y)<C and |a'(t)] <ay, (18)
H(t) =r(t)jg(t)—>0 as 11— o0, (19)
xf (x) = dF(x) (20)

for some positive constant d, and there is a continuous function &: [¢,, ®} — R
such that ‘

| A2, x, )| < k() and RB)g(t)—0  as t— . (21)

Treorem 12.  Suppose conditions (3)~(4), (8)~(10), (14)~(16), and (18)-(21)
hold. If

J;t (g7 (s)" | ds = o(ln ¢(2)),  t— oo, (22)

then every oscillatory or Z-type solution x(t) of (1) satisfies lim,,q x(t) = 0.
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Proof For t>=z>1ty define T (x, > t) == F(x)/a(t) - G(¥)q(t)
I ThGs, 505, 3(9) )05 265) al] ds — [1 Tes, ), 3() 35V lel30) a(5)
a(s)] ds. We will first show that 77(¢) approaches a finite limit as ¢ — o0, Now
V. = —a (O F@)a0) -~ 4() GO — at) ¥ig) al) at) < a(0_F()
az(t) + q'(1)_ G(»)/¢¥1) —}— a'(t)_ y¥/eq(t) a(t). Integrating, we haveF(‘c(t)) la(t) -+
GOy(O)la(t) < Vil#) -+ [1 [@6)- F(s)Ja¥s) + ¢~ GOs)igis) -+ a'(s)- >
V¥(s)/eq(s) a(s)] ds + f [r(s) | y(s)l/casq(s)] ds. Condition (18) 1mphes that
3° < 2CG(y),and since | GO < (3%a) + 1)2, we have gt -
CG(J’) /9(t) + 1. Thus F(x(t))/a(t) -+ G( (1)/g(t) < V(=) J:la'(s)- F(x S))
@)+ g6 GOONEN &+ [t 2CGHEW) Jegts) s
J. fCr(s) GO eaa@P] ds + [ (15 jcatale) ] ds © Ky - J: 11 -
2C/e) a'(s)_Ja(s) + ¢'(9)_la(s) + Cr(s)leay(g(s) ) [F(x(5))als) ~ G(3(s))/q(5)]
ds. By Gronwall’s inequality, (9), (10), and (14) we have F(x(t))/(alt)

Gls(0)al) < K < oo. It follows that | 5(0(g0)* == CCOONA(0 -~ | =
CK, 4 1= Integratmg V., we have V (¢ )< VA2) TI& f {@'(s)- /a(s) +
£ 4 K J2 10/(9)_Jeas)] ds < K, . Thus [2 [h(s, 2(5), (5)) ¥(5)i8((5))
gs) as)] ds < Vi) + i [els, 3(5), 3(5)) H)e(2) ) a@)] ds < K, -
K, f {r(s)/ cal(q(s))l/z] ds < K.

Rewrltmg V. in the form V, = —F(x) [a'(t), — a'(t)_}/a*(®) — G(» )

[ (0. —d O VD —~ a0, — a () Jg(3) g at) and integrating e
obtain 1 [a/(5), F:)jaXo)] ds + [} [g6). GO ds + 2 [H6) -

@(9).Je(3(5) a(9) a)) ds < V.(3) + I} (a(9)- Fs()a*o)] ds - [ [g6).
G()gHs)] ds -+ [2 [¥(5) a'(5)-e((s)) (s) als)] ds ~+ [° [els, a(5), ¥(s)) (s)
8(¥(5)) q(s) a(s)] ds. From what we have already done we see that each of the
integrals on the right-hand side of the above inequality converges, so each of
the integrals on the left-hand side converges as well. Therefore, if we integrate
this form of 17, , we will have that V/ (#) is equal to a constant plus the
sum of three convergent integrals, and it follows that F".(t) has a finite limit
as 1 — oo.

Now let x(¢) be an oscillatory or Z-type solution of (1). T hen by Theorem 9
x(t) is bounded, say | x(#)] <. B. Let R(#) = 1/q(t), N = 2C + de, and P(t) =
NV (t) -+ R(t) x}/2 — R'(t) xy. Then P'(t) = —Na'(2) F(vc), a¥(t) — Ng'(t) -
G(3)/gt) — Na'()*/g(y) q(t) alt) + R'(E) 22 — ¢'(t) a'(t) sy/g?(t) alt) —
¢(0) M, %,9) %g0) alt) — ¢'(8) F(5) g(3) xla(t) alt) = ¢'(1) et, x, 7) 31g%(t) alt)
q'(2) ¥*/g*(t). First we see that —Na'(t) F(x)/a®(t) — Na'(t) ¥*/g(y) q(t) a(t) =
NK,a'(t)_fa(t) 4 2NCG(y) a'(t)_[cq(t) a(t) < NKy(1 + 2C/c) a'(t). la(t) -~
Ry (1)_fa(?). Next, we have —q'(8) a'(t) xvfa(t) ¢(t) < | ¢(8)] asB | ¥ \/gt) @, =
a;BKoq'(1)./(q())°* a; + a;BRoq'(1)_[(¢())*7 ay < a,BKyq'(1)/(q())*"* ay -+
2a,BK3q (1) _[(9())*"* ay < a;BKyq'(1)/(q(2))*"* a1 -+ kyg'(1)_[q(t)  since  (10)
bounds g(t), and hence (¢())*/3, from below. Since x(¢) is bounded, | f(x(?))| is
bounded so W(t) = —Ng'(2) G(»)/g*(2) — ¢'(¢) (%) 8(¥) x/a(t) a(t) + q'(1) y*/g*(t)
< —Ng(t) G(9)/g¥(t) — deq'(t). F(x)/q(2) a(t) + f(x) &(3) xq'(t)-/q(t) a(t) -+
2CG(y) ¢'(0)+/9%(t) < —Ng'(2) G()/g¥(t) — deq (1) F(x)/q(t) a(t) + ksq'()-/q(2)
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+ 2C4() GO + 20K @-falt) < —deg'(t) G ee) — deg () P
a(t) alt) + kug'()_Jq(2).

Let € > 0 be given. Since x(z) is either osc111atory or Z-type, the integrals in
the definition of V ,(t) converge, and conditions (19) and (21) hold, there exists
T > 5 such that )(T) =0, [7 [i(s, #s), () 3(0)e((5) 405) )] ds < <f8,
1 s, +(6), 7(5)) ¥(5)/2(3()) 4(5) a(s)| ds < /8, and Blr(s) + K(B)]/a(t) a, < dee]8
for ¢ > T. Then U(t) = W(t) + ¢(1) s{le(t, %, 9) — e, % »a@latt) alt) <
—deq(t) Vr(la(®) + [deq)a®] [ {ThGs, *(s), ) — es, 5(5), )] )
2(¥(s)) q(s) a(s)}y ds + kog'(1)_[q(t) + dee | ¢'(£)|/8q(t) < —deq'(t), Vr(t)/g(r) +
dog (1) Velt)lg(t) -+ dee | g'(2)|/Aq(t) + doeq'(2)./84() + Esg'(2)_la(2). Since there
exists 4 such that lim,,,, V(t) = 4, we will suppose that 4 > 3¢/4 and let {¢,,}
be an increasing sequence of zeros of y(t) such that ¢, = T and ¢, — o0 as
n— o, Then there exists j > 1 such that V(t) > 5¢/8 for # > t;, . Now V{(2) is
bounded so for t = t; we have U(t) < —5dceq'(t),/8q(t) -+ dceq'(2)./49() -+
deeq (2),/84(2) + kog/(t)_Ja(t) = —deeq'(t),/4a(t) + keg'(t)_fa(t) < —deeg ()]
4(2) -+ heg (8)_la(0).

We then have P'(t) <C kya'(2)_[a(t) + a;BK,q'(t)/(¢(£))*/? a, + | R"(t)| B%2 —
deeq/(1)}4g(t) + keg'(1)_Ja(t), so deeg (5/4(t) + P'(t) < kya'(2)_Jalt) + keg'()
(g(®))*% + | R"(t)] B2 + kyq'(t)_/q(t). Integrating for n > j we obtam
dee In(q(t,)/4 < doe Inq(t)/4 -+ P(t) — P(t,) + by [ir [d(s)Ja(s)] ds
(e — 2t} (542 [ | RY6) ds + ey [ 9(5)-Ja(5)] ds b

N1Vt + | Rt B2 + (BY)) L" | R™(s) ds + By. Since Vy{t,) is
bounded and | R(z,)] < | R"(;)| 4+ f, R"’(s)| ds, we have dce In(q(t,))/4 <
ki + B? J' | R"(s)| ds for each n > j. In view of (16) and (22) this is impossible
so we must have limg,., V() = A < 3¢/4. Thus there exists 77 >> T such that
Vi(t) < Te¢/8 for t = T, and hence F(x(2))/a(t) < 7¢/8 +- _[;- [ e(s, x(s), ¥(s)) ¥(s)/
2(¥(s)) g(s) a(s)| ds << efort > T, . Since a(t) < a,, we have F(x(t)) -~ Qas t-— o0
which implies that x(t) — 0 as ¢ — o0, and the proof of the theorem is now
complete.

Wong [28] proved the previous theorem and Theorem 13 below for the case
a(t) =1, h(t, x, 8y = 0 = e(t, x, '), g(x') = 1, and f(x) = x2"! where n is a
positive integer. In [27] he extended the results in [28] to included functions
f(x) which satisfy conditions (8), (15), and (20).

THEOREM 13. Assume that conditions (3)—(4), (7), (8), (14)(16), and (18)-
(21) kold. If for every w with } << w < 1 we have

[ @ fgeenas < (23)
and ,
L (g =@©)" | ds = o(gt=(r)),  t— oo, (24)

then every oscillatory or Z-type solution x(t) of (1) satisfies lim,, x(t) = 0.
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Proof. Let x(t) be an oscillatory or Z-type solution of (1). First note that
conditions (16) and (23) imply that (10) holds so by Theorem 9 x(t) is bounded,
say | x(¢)] < B. With no loss in generality we may assume that C > dc. Let
N = (4C — dc)[2dc and w = Ndc|(2C +- dc). Then Ndc = 2C — dej2 > 3C/2
and 1)(2C - dc) > 1/3C so w > %. Since Ndc < 2C, we also have that @ < I.
Let € > 0 be given and define I7,(#) as in the proof of the previous theorem. Once
again 17,(t) converges so there exists z > ¢, such that f:o [A(s, x(s), ¥(s)) ¥(s)/
2V a(6) a(5)] ds < Ne(l — w)/15w, [ | efs, 3(5), 5(5)) ¥(5)/&(3(6) g(6) als)] ds <
min{Ne(l — w)/15w, ¢/8}, and Blr(t) + k()}/q(?) a; < Ndece(l — w)/15w for
t > =.

The constants K; used below are those developed in the proof of the conver-
gence of }7.(t) in the previous theorem.

Let T(t) = 1/g*(t) and K(t) = NdcT(t) q(t) V (t) + T°(t) x*/2 — T'(t) xy.
Then K'(£) < Nde(1 — w) ¢'(2) V2)/q*(t) — Ndeg'(t) G(p)/g"+(t) + T"(t) «*[2
— wa'(t) ¢'(2) xyla(t) () — wq'(2) A, x, ) x/a(t) ¢+°() — wq'(1) f(x) X
8(y) x(a(t) g°(2) + wq'(2) e(t, %, y) x|a(t) () + wq'(?) y?/g"(2). Now b =
w3 > 1,50 —wa'(2) ¢'(2) xyla(t) ¢+(2) < wasB | ¢ (D) 5 i/ar(g())'/* (1) <
wa,BK, | ¢(1)]/a,g"(2) < ¢’ ())./9°(2) + g’ (1)-19°(t) < &g’ (1)/g°(t) + 2e14'(2)-]
(g2 q“(t) < ¢,q'(1)/g°(t) + c29'(2)_[q"(¢) since (¢(2))*/2 is bounded from below.
Since x{t) is bounded, f(x(2)) is bounded, so —wq'(t) f(x) g(¥) x/a(t) ¢*(t) -+
g/ (1) y21q"(t) < —wdeg'(t), F()/a(t) q°(t) + cog (t)_lg"(t) - 2Cuq'(£), G(3)
¢(t) < —awdeq (£) F(#)/a(t) q°(t) + e,q'(8)_Jg"(t) + 2Cug (t) G(y)la™(t) +
2Cwq (1)~ G(y)/q*+(t) < —wedq (t) F(x)/a(t) ¢“(t) + ¢59'(1)-[9"(2) + 2Cwg'(2)
G(y)/g' () + 2CwKyq'(t)_/q"(t). Hence W(t) = Ndc(l — w) ¢'(2) V(2)/g"(t) —
Ndeg (1) G(3)/g-(t) — wq'(t) () &(3) wlat) ¢*(1) + wg'(t) PIg+(t) <
Nde(1 — w) (1) V8)lg"(t) + (2Cw — Nde) ¢'(t) G(3)jq**(t) — wdeg (1) F(x)]
aft) (1) ~ g (t) Jq(t) < Nde(l — w) g'(t) V(8)/g"(1) — wdleq'(£) G(»)lg™*"(2)
— wdeg (1) F(s)la(t) q"(t) + eag'(0ig(0) < Nae[l — w(l — UN)] ¢(8) V.(0)]
g°(t) + [aedeq (8)lg()] [-{Th(s, 3(s), 3(5)) — (5, 5(5), N Y(S)g((5)) 4(5) a(s)} ds
4 oyq'(t)_:q(t). Letting D == Nde[l — w(l -+ 1/N)] we have U(t) = W(t)
g (6) ([e(t, x, ) — h(t, %, y)]|a(®}a(t) (1) < Dg(@). V.(8)lg"()— Dg'(t)_V ()]
q(2) + de q'(0)] [2Ne(l — w)/15] g*() + cug(1)-q"(2) + Neee(1 — w) | ¢'(2)]/
15¢*(t).

Since I7.(t) converges, suppose that lim, ., V' (¢) = L = 3¢/4. Now x(t) is an
oscillatory or Z-type solution so we let {t,} be an increasing sequence of zeros
of y(#) such that t, — co as # — o0 and 4L[5 < V (t) < 6L/5 for t > t; . Then
U(t) = 6DLg(1).15¢"() + ,q'(t)_g"(t) + 4NdeL(1 — ) | ¢(D)I/15¢(1) <
6DLqg (1)/5q°(t) -+ ceq'()_{g®(t) + 4NdcL(1 — w) ¢'(t)/15¢%(#). Hence K'(t) <
6DLq (1)/59"(t) - 4NdcL(1 — w) ¢'(1)/15¢"(t) -i- | T"(1)] B?|2 -+ a1/ (8)/q"(t) -+
¢q'(1)_/q"(?). Integrating from ¢, to ¢, we have K(z,) << 6DLg*—(t,)/5(1 — =) -~
- 4NdeLg ()15 + (BH2) [i"] T7(5) ds + exge)|(1 — B) + ¢ [ [g(5).]
'q°(9)] ds - e Now K{(t,) = NdcT(t,) q(t,) V.(ts) ~— T'(t,) ¥%(1n)[2 =
4NdcLg'-(t,)/5 + T"(t,) x*(t,)/2, and since b > 1 and [1 - w(l -~ 1/N)]/

409/62/2-6
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(1 —w) =14, we have 2NdcLqg*~*(z,)/15 < B? j' o | T"(s)| ds + ¢y, which is
impossible in view of (16) and (24). Therefore hmt_,t,O A(t) =L < 3¢/4. Hence
there exists 7', > z such that V,(¢) < 7¢/8 for t = T so F(x(2))/a(t) < Te/8 +
IT | e(s, 2(5), ¥(5)) ¥(5)/g((s)) q(s) a(s)] ds < e for t == T, . Since a(t) is bounded
from above, we have that F(x(t)) — 0 as t — oo which implies that x(t) — 0 as
t — oo completing the proof of the theorem.

By combining various theorems in this section we could obtain results which
would guarantee that all solutions of (1) tend to zero as t — o0. We leave the
formulation of such results to the reader.
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