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Abstract 

Let 2” be the ordered set obtained from the Boolean lattice 2” by deleting both the 
greatest and the least elements. Definef(n) to be the minimum number k such that there is 
a partition of 2” into k antichains of the same size except for at most one antichain of a 
smaller size. In the paper we examine the asymptotic behavior of f(n) and we show that 
c1 n < f(n) < c2n2 for some constants c1 and c2 and n sufficiently large. Moreover, we prove for 
all ordered sets P of size less than 5, a conjecture that for n sufficiently large there is a partition 
of 2” into ordered sets isomorphic to P if and only if some obvious divisibility conditions are 
satisfied. 

1. Introduction 

Let 2” be the ordered set of all subsets of { 1,2, . . . , n} ordered by set inclusion. It was 

conjectured by Sands [5] that 2” can be partitioned into chains of size 2k, for 

n sufficiently large given k. The conjecture was strengthened by Griggs [2] who 

suspected that for n sufficiently large given m, 2” can be partitioned into chains of size 

m except for at most m- 1 elements that also form a chain. This stronger conjecture 

was proved for m =4 (the simplest nontrivial case) by Griggs et al. [3] and for 

arbitrary m by Lone [4]. 

In this paper we deal with a variation of the dual problem: (Q) Can, for n suffi- 

ciently large given m, the ordered set 2” be partitioned into antichains of size m except 

for at most m- 1 elements which also form an antichain? 

An obvious answer to the above question is no (with exception of the trivial case 

m = 1) because the greatest and the least elements of 2” belong to l-element antichains 

only. The answer is less trivial; however, when we delete both the greatest and the least 

elements from 2”. Denote the ordered set obtained this way by 2”. We show (see 

Theorem 2.1) that the answer to the question (Q) is yes this time. Even more turns out 

to be true (see Theorem 2.2), specifically m need not be a constant but we can let 

m grow exponentially with respect to y1 and the answer to (Q) still remains yes. 
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Denote by m(n) the maximum integer m such that 2Y can be partitioned into 

antichains of size m except for at most m - 1 elements which also form an antichain. 

Instead of asking about the behavior of the function m(n) we can ask about the 

behavior off(n), wheref(n) is the minimum numberfsuch that there is a partition of 

2” intofantichains of the same size except for at most one antichain of a smaller size. 

Clearly,f(n)=r(2”-2)/m(n)]. 

We prove (Corollary 2.5) thatf(n) <cn2 for every constant c > 1 and n large. On the 

other hand,f(n) > n - 1 because the longest chains in 2” have n - 1 elements. It is easy 

to improve this lower bound slightly but we are not able to disprove that there is 

a constant c1 such that f(n) <cln for n large. Therefore, the following problem 

remains open. 

Problem. Find the asymptotic behavior off(n). 

Section 3 of this paper is devoted to supporting the following conjecture 

that generalizes some results on partitions of 2” contained in both this paper 

and [4]. 

Conjecture 1.1 (Lone [4]). Let P be an ordered set. For n sufficiently large the ground 

set of 2”_ can be partitioned into subsets generating ordered sets isomorphic to P if 

and only if 2”-2=0 (modJPJ). 

If P is an antichain then the conjecture is true by our Theorem 2.1. Moreover, a very 

slight modification of the proof of the main theorem in [4] shows that the conjecture 

holds if P is a chain. In this paper we prove the conjecture for P = 2k, k = 1,2, . . . , and 

for all ordered sets P of size less than 5. 

2. Antichains 

Denote by Liy i= 1,2, . . . . n-l, the ith level of 21, i.e. the set {AE~“_: IAl=i}. 

Theorem 2.1. For each positive integer m and n am+ 1, the ordered set 2: can be 

partitioned into antichains of size m except for at most m - 1 elements which also form an 

antichain. 

Proof. Let X be the ground set of 2’5, i.e. X= (8 # A $ { 1,2, . . . , n}}. We introduce 

a lexicographic linear order <L on X. For A, BEX, we define A GLB if ) Al < I BI or 

I A I = I B I and max (A -B) < max(B - A), where max C stands for the maximum num- 

berin Cc{l,...,n}. 

We claim that if A c B for some A, BEX, A #B, then there are at least 

n - 2 members of X between A and B in the linear order GL. Note that 
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AEL~ v ... u L,_ z when A G B and A # B. To prove the claim we consider three 

cases. 

Case 1: AELi, i=2 ,..., n-3. 

Suppose first that the greatest element in A is less than n. Then every CELi which 

contains n is after A in the order <L (and obviously before B because BE Lj for some 

j > i). There are exactly 

n-l ( 1 i-l 
2 n-2 

such c’s. 

Thus, assume now that the greatest element in A is n. Then every CELi+l which 

does not contain n is before B in the order <L (and clearly after A) because i+ 1 <j. 

We have exactly 

n-l ( ) i+l 
an-2 

such c’s so we are done in Case 1. 

Case 2: AEL~. 

Let A=(r) for some r=l,..., n. Then by the definition of GL, AdL{l,r} GLB. 

Our claim follows now from the observation that there are exactly n-r + (‘2’) B n - 2 

members of X between A and { 1, r} in the order d L. 

Case 3: AeL,_z. 

Then BE L, _ 1. This case is dual to the previous one because A GL B if and only if 

B Q =A, where c is the complement of C, for each C G { 1, . . . , n}. Therefore, it can be 

dealt with analogously. 

It follows from the claim that each set of m < n - 1 successive elements in the linear 

order <r. forms an antichain in 2!. Consequently, 2” can be partitioned into 

antichains of size m except for at most m-l elements which also form an 

antichain. 0 

In the next theorem we shall show that if n is large enough then some stronger 

statement than Theorem 2.1 is true. We will prove that the ordered set 22 can be 

partitioned into antichains of size m, except for at most one antichain of a smaller size, 

for each m<A2”fn2, where A is a constant. As a consequence we get an exponential 

lower bound for m(n), namely m(n) > A2”/n2. More precisely we shall prove the 

following theorem. 

Theorem 2.2. For every real number c> 1, there is an integer no=q,(c) such that if 

n > n, then, for every m < r 2”/cn2 1, the ordered set 2” can be partitioned into antichains 

of size m except for at most m- 1 elements which also form an antichain. 

Before proving Theorem 2.2 we shall need two auxiliary lemmas. 
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Lemma 2.3. Let i =r n/2 - afi 1, where a is a constant. Then 

ILil= r = ~C-z”“2”/&(1 +0(l)), 
0 lr 

as n-+co. 

The proof of this lemma is based on Stirling’s formula. We leave it to the reader. 

Lemma 2.4. Let G be a bipartite graph with vertex classes X and Y such that degcv = x 

for every VEX, deg,v = y for every VE Y and x < y. Then G has a factor whose every 

component is a star with either L y/x 1 or [y/x 1 leaves and with the center in a 

vertex of Y. 

Proof. The proof follows immediately from a much stronger theorem by de Werra 

[I]: For every k a bipartite graph G is a union of k edge-disjoint graphs G1, . . . , Gk such 

that L Wego v)lk 1 d deg,, v <r Wego v)lk 1 f or each VEV(G). We get the assertion by 

taking k=x. 0 

Proof of Theorem 2.2. Let d be any real number such that 1 <d <c and define a to be 

the real number such that 

JZa 

s e J n d+l 
-x2dx=T.l;i_. 

0 

Denote by 1 the smallest integer such that both the number (11:) of elements in L, 

containing 1 and the number (“;I) of elements in Ll not containing 1 are at least 

2”/cn2. By Lemma 2.3 I is well-defined and 1 <r n/2-a& 1 if n is sufficiently large. 

Let Sj={{j}uAELi: A~{j+l,j+2 ,..., n>} for every i,j=l,..., n! Clearly, the 

family {S!, . . . . S;-‘+’ } is a partition of Li and, by the definition of 1, 

1 S{ 1 < 2”/cn2 for i=l,...,Z-1. (1) 

For i=l, 1+1, . . . . n-l, let Ri (or Qi) be any subset of S! (or Li-S!) such that 

IRiI=IQil=r2”/cn21. (2) 

Define a bipartite graph Gi whose vertex classes are L1 and Li, where 

n/2-afi<i<n/2. A pair BC, BEL,, CELi, is an edge in Gi if B $ C. The degree of 

every vertex in L, (or in Li) is (“; ’ ) (or n - i). Since n - i < (‘; ’ ) for n sufficiently large, 

by Lemma 2.4 Gi has a factor whose every component is a star of size either 
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and with the center in a vertex of L,. Denote by M{ the set of leaves of the star with 

the center in {j}, j= 1, . . . , n. Clearly, the family { Mi, . . . , MT} is a partition of Li. 

Define 

q= 
5mad 

1 1 d-l 

and let p =p(i), 1 <p dq, be the unique integer such that n/2 - afip/q < 

i =z n/2 - afi (p - 1)/q. By Lemma 2.3 

- 7 
Define Mi=M{--(R,uQi). Divide each set Mi into ~~=rJ~e-~(~p/q)~dJ% 1 almost 

equal parts (i.e. into parts whose sizes differ by at most 1) and denote the resulting sets 

by N{,r,N;,, ,..., Ni,,,. Obviously, the sets Ni,k, n/2-a$<i<n/2, j=l,..., n, 

k=l , . . . , mi, are pairwise disjoint, N i,, G L, and, by (2) and (3), 

IN{,,l~2”/dn2(1+o(1))3r2”/cn21 (4) 

if n is sufficiently large. 

For a fixed j, the number of the sets N_i,k is equal to 

rn/2i-1 

c 
mi 2 

i=rn/2-aJfil 

11 f$ 1 

(5) 
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NotethatS::,uN~~,,,foreveryi,=1,...,1-l,j=1,...,n,n/2-a~~iz<n/2and 

k=l , . . . , mil, is an antichain in 2Y because j belongs to each set in Sil, j belongs to no 

set in N{* k , and iI <i,. Since I-l<n/2-a&<((d/20)+(9/20))n(l-o(l)), for 

nlarge,accordingto(5)wecanchooseforeveryi,=l,...,I-landj=l,...,naset 

N!Z(il),k(il) such that the chosen sets are pairwise different. Let 0: = Sj u Nj2,, kcij, for 

i=l ,..., 1-1, j=l,..., n. Define C{ to be any subset of the antichain Dj containing 

Si whose size is a multiple of m. It exists since m d r 2”/cn2 1 and, by (4), 

for n sufficiently large. Let C= Uf:: Uy=i Ci. Obviously, 

l-l l-l n I-1 n 

~lL~~~lj~ls~~c~i~lj~lD~ilnl~~~’ Li. 

By the self-duality of 2”) there exist pairwise disjoint antichains C{, for 

i=n-l+l,..., n-l andj=l,..., n of sizes that are multiplies of m and 

n-l n-l 

u Li_CCC U Lij 
i=n-1+1 i=Ln/2]+1 

where C= Undo_,‘_,+, Uy=i z. 

To prove the theorem it suffices to show that the ordered set A, = 2” -(Cu C) can 

be partitioned into antichains of size m except for at most m- 1 elements which 

also form an antichain. Note that A,, G U 1:: Li and Ri u Qi c Lin A, for every 

i=l,l+l,..., n-l. 

Let P be a permutation of A, such that for ii < i, the elements of A, n Li, appear in 

P before the elements of A, n Li,, the elements of Qi appear before all the remaining 

elements of A, n Li and the elements of Ri appear after all the remaining elements of 

A, n Li. By the definitions of Ri and Qi> RiU Qi+ 1 is an antichain for 

i=l, l+ 1, . . . , n - I - 1. Thus, by (2), each subsequence of r 2”/cn2 1 successive terms in 

P forms an antichain. Consequently, for every m Q r 2”/cn2 1 A, can be partitioned 

into antichains of size m except for at most m- 1 elements which also form an 

antichain. 0 

The following corollary is an immediate consequence of Theorem 2.2. 

Corollary 2.5. For every real number c > 1 there is an integer nl = n, (c) such that for 

n 2 n, the ordered set 2: can be partitioned into not more than cn2 antichains of the same 

size except for at most one antichain of a smaller size. 

3. Small ordered sets 

In this section we shall prove the Conjecture formulated in the introduction for 

some specific ordered sets P. As was mentioned in the introduction the conjecture 
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holds for antichains and chains. Moreover, the condition 2”- 2 ~0 (mod 11 PI) ex- 

cludes the case 1 P I= 4 so the only ordered sets P that we have to consider in order to 

show that conjecture holds for I PI < 5 are the ordered sets I’, VD and I depicted 

in Fig. 1. 

Let us introduce some more notation. For every ordered set B isomorphic to 2” we 

denote by B_ the ground set of the ordered set obtained from B by deleting both the 

maximum and the minimum elements. We identify the elements of 2” with O-l 

sequences of length n. Every sequence s of length n consisting of the symbols 0, 1 and 

X denotes the set of all sequences of length n with O’s and l’s at the same places as in s. 

For example 0X1X stands for the set (0010, 0011, 0110, 011 l}. Let P, Q and R be 

ordered sets. We write P = Q + R to denote that the ground set of P can be partitioned 

into two subsets inducing the ordered sets Q and R in P. 

Lemma 3.1. For every positive integers k and n, kdn, 

2’t=2”-kX25+2”-k+l. 

Proof. Note that 

2”=2”-kX2k=2n-kX(2k+21)=2n-kx2k+2”-k+l. 

Clearly the greatest element (or the least element) of 2” must belong to the ordered set 

isomorphic to 2”-k+1 because the set 2”-k x 26 does not have a greatest (or least) 

element. Thus, 2” = 2”-k x 2k + 2Ymk+ ‘. 0 

Theorem 3.2. Let P be one of the ordered sets V, VD, I and 2”_ for some positive integer 

m. Then there exists a partition of 2”_ into ordered sets isomorphic to P if and only if 

2”-2~0 (mod)Pl) when P=I, 2’!! and 

2”-2~0 (modlP1) and n # 3 when P= V, VD. 

Proof. Clearly, it suffices to consider the cases of P equal to V, I and 2’!! only because 

V and VD are dual. Necessity is trivial. Note that for P= V, I the condition 2”-2 ~0 

v A I 0 

I V Vu 

Fig. 1 
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(mod 1 PI) is equivalent to n 3 1 (mod 2) and for P= 2’!! it is equivalent to n E 1 

(mod@- 1)). We shall divide the proof of sufficiency into three parts. 

(1) P=I. 

Note that {{ 100,011, IlO}, (001, lOl,OlO>j is the required partition of 2?. Since by 

Lemma 3.1, 2” =2n-3 x 2? +2”_‘, the theorem follows for P=I by induction. 

(2) P=V. 

One can readily check that the set 

~={{10000,10100,10010}, {00100,11100,10110}, {01110,11110,01111}, 

{ 11000,11010,11 lOl}, (01000,01100,01001 j, {00010,00110,01010}, 

{ 10001,11001,10101}, {00101,01101,001 ll}, {00011,01011,1001 l}, 

(00001,11011,10111}} 

is the partition of the ground set of the ordered set 25 into subsets generating ordered 

sets isomorphic to V. 

The ground set of 27 can be partitioned into the sets 

A, = (xxxxxoo) -, AZ =(xxxxxol)_ ) 

A,=(XXXXX10)_, A4 = (XXXXX 11) 

and 

A,={1111100,0000001,1111101,0000010,1111110,0000011}. 

Since Al, A, and A, generate ordered sets isomorphic to 25, they can be partitioned 

into ordered sets isomorphic to V. Let F’ be the partition of A, obtained from F by 

adding ‘11’ after each sequence in each class of the partition F. It is easy to verify that 

F’-{(1000011,1010011,1001011~, {0010011,1110011,1011011}} 

u{{1111100,1111101,1111110},{0000001,1000011,0010011}, 

(0000010,1010011,1001011j, {0000011,1110011,1011011}) 

is a partition of A4 u A5 into subsets inducing I’. 

The theorem for P= V follows now by induction because by Lemma 3.1, 

2”=2”-5x2?+2n-4. 

(3). P=2”. 

The theorem holds trivially for n=m. Since 2” =2”-” x 2’!! +2’Y-(“-‘) by Lemma 

3.1, we are done again by induction. 0 
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