
Journal of Pure and Applied Algebra 216 (2012) 2586–2600

Contents lists available at SciVerse ScienceDirect

Journal of Pure and Applied Algebra

journal homepage: www.elsevier.com/locate/jpaa

Unitary grassmannians
Nikita A. Karpenko
Université Pierre et Marie Curie, Institut de Mathématiques de Jussieu, Paris, France

a r t i c l e i n f o

Article history:
Received 10 October 2011
Received in revised form 7 February 2012
Available online 18 April 2012
Communicated by C.A. Weibel

MSC: 14L17; 14C25

a b s t r a c t

We study projective homogeneous varieties under an action of a projective unitary group
(of outer type). We are especially interested in the case of (unitary) grassmannians of
totally isotropic subspaces of a hermitian form over a field, the main result saying that
these grassmannians are 2-incompressible if the hermitian form is generic. Applications to
orthogonal grassmannians are provided.
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1. Introduction

In this paper, we study Chow rings, Chowmotives, and incompressibility properties of projective homogeneous varieties
under an action of an adjoint absolutely simple affine algebraic group of type A over an arbitrary field F . Such a group can
be realized as the F-group of K -automorphisms of an Azumaya K -algebra with an F-linear unitary involution, where K is
a quadratic étale F-algebra. The case where K is split is pretty much studied in the literature (the varieties arising in that
case are the generalized Severi–Brauer varieties and, more generally, varieties of flags of right ideals of a central simple
F-algebra). In the present paper, we are concentrated on the opposite case: K is a field, but the central simple K -algebra is
split, i.e., isomorphic to the algebra of endomorphisms of a finite-dimensional vector space V over K . The involution on the
algebra in this case is adjoint to some non-degenerate K/F-hermitian form on V .

Let K/F be a separable quadratic field extension, V a vector space over K endowedwith a non-degenerate K/F-hermitian
form h. By a Jacobson theorem (cf. Corollary 9.2), this classical object is completely determined by an evenmore classical one:
the quadratic form v → h(v, v) on V considered this time as a vector space over F . Moreover, the quadratic forms arising
this way from K/F-hermitian forms, are easily described as the tensor products of a non-degenerate (diagonal) bilinear form
by the norm form of K/F (which is a non-degenerate binary quadratic form, the quadratic form associated to the hermitian
form ⟨1⟩ on K ).

Although thiswell-known and elementary observation shows that the study of hermitian forms is equivalent to the study
of the ‘‘binary divisible’’ quadratic forms, it does not show that the hermitian forms are not interesting because they are just
a more complicated replacement for a well-understood thing. Quite the contrary, first of all this observation shows that the
binary divisible quadratic forms form an important class of quadratic forms. On the other hand, this observation provides
a hope that the world around hermitian forms might give additional tools to study such quadratic forms. And indeed, it
turns out that the projective homogeneous varieties related to hermitian forms (in particular, the unitary grassmannians)
are more suitable (in particular, more ‘‘economical’’) geometric objects related to the binary divisible quadratic forms if
compared with the orthogonal grassmannians – the geometric objects commonly attached to quadratic forms. The present
paper demonstrates and exploits these phenomena.

Themain result of the paper is Theorem 8.1 saying that the unitary grassmannians associated to a generic hermitian form
are 2-incompressible1 and that essential parts of their motives are indecomposable. The main application (which was the
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1 We refer to [21] for the definition and main properties of incompressibility and, more generally, of canonical dimension of (projective homogeneous)
varieties.

0022-4049/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2012.03.024

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82123684?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.jpaa.2012.03.024
http://www.elsevier.com/locate/jpaa
http://www.elsevier.com/locate/jpaa
mailto:karpenko@math.jussieu.fr
http://www.math.jussieu.fr/~karpenko
http://www.math.jussieu.fr/~karpenko
http://www.math.jussieu.fr/~karpenko
http://www.math.jussieu.fr/~karpenko
http://www.math.jussieu.fr/~karpenko
http://www.math.jussieu.fr/~karpenko
http://dx.doi.org/10.1016/j.jpaa.2012.03.024


N.A. Karpenko / Journal of Pure and Applied Algebra 216 (2012) 2586–2600 2587

initial motivation) is Corollary 9.4, computing the J-invariant of the quadratic form attached to the generic hermitian form
and therefore the minimal value of J-invariant of a quadratic form arising from a hermitian one (of a fixed dimension). To
avoid confusion, let us note that we are using the original notion of J-invariant, introduced by Vishik in [32, Definition 5.11],
and not the modified version of [9]; see Section 9 for details.

Another striking application (in the opposite direction: fromquadratic forms to hermitian ones) is the computation of the
modulo 2 reduced Chow ring of a unitary grassmannians in terms of the Chow ring of the orthogonal grassmanniansmade in
Corollary 9.10 (for odd-dimensional hermitian forms see Example 9.12). This computation is particularly interesting in the
hyperbolic case because the Chow ring of orthogonal grassmannians of hyperbolic forms is very well studied and described,
see e.g. [5,33].

We start in Section 2 with a completely elementary computation of the subring of the invariant elements under a
permutation involution on a polynomial ring. It becomes clear already at this point that one can make the life much more
agreeable working modulo the norms. This principle will be constantly present in the sequel.

The reason of making the above computation becomes clear in Section 3 where we are interested in the T -equivariant
Chow ring of the point Spec F for certain quasi-split torus T : this Chow ring is identified with the subring of Section 2. Our
base field F appearing for the first time (after Introduction) at this point, is (and remains until the end of the paper) of
arbitrary characteristic.

In Section 4, themain objects of our study begin to appear. The torus T (or Gm ×T – depending on parity of n) considered
in Section 3, turns out to be a maximal torus in a Borel subgroup B of a non-split quasi-split adjoint absolutely simple affine
algebraic group G of type An. Consequently, as already noticed in [23], the T -equivariant Chow group CHT (Spec F) appears
in a computation of the reduced Chow group of the complete flag variety E/B given by a generic (in the sense of [12])G-torsor
E (where B ⊂ G is a Borel subgroup). Having shown that the ring CHT (Spec F) is generated modulo the norms by elements
of codimension ≤2, we get the same statement for the reduced Chow group CH(E/B) (Proposition 4.7). Killing in a generic
way a (certain) Tits algebra, we come to the complete flag variety of a (generic) hermitian form while keeping the above
property (Corollary 4.8).

Next we would like to get from the complete flag variety to the maximal grassmannian. Clearly, this can be achieved by
projecting complete flags to their maximal component. But unlikely the case of the orthogonal group, such a projection here
is not a chain of projective bundles. It is a chain of quadratic Weil transfers of projective bundles. So, we make some general
study of quadratic Weil transfers of projective bundles in Section 5.2 Once again, working modulo norms makes it possible
to get a very simple (and very similar to the classical case of a projective bundle) description of the Chow ring.

We apply this description in Section 6 getting a description of the reduced Chow group of a generic maximal unitary
grassmannian. We still get the generation by codimension ≤2, but at the same time the components of codimension 1
and 2 vanish, showing that the reduced Chow group modulo norms is trivial in positive codimensions (Proposition 6.1).
This description actually shows that such a grassmannian is 2-incompressible. More than this, an essential part of its Chow
motive (with coefficient in F2) is indecomposable. But the last two statements belong already to Section 8 and are valid for
all (generic) grassmannians, not only for the maximal one. Before we come to them, we need a definition of the essential
part and some general observations on isotropic grassmannians, made in Section 7.

The notion of the essential motive of a unitary grassmannian, introduced in Definition 7.5, gives one more justification
for working ‘‘modulo norms’’: the reduced Chow group of the essential motive is identified with the reduced Chow group
of the variety modulo the norms.

The proof of Theorem 8.1, the main result of the paper, closely follows [16] (see also [17]), where a similar result is
proved for the orthogonal grassmannians. The difference is in the case of the maximal grassmannian (the induction base of
the proof), which constitutes the main part of the present paper while in [16] (and in [17]) it was served by a reference.

The final Section 9 establishes and exploits the connection with the quadratic forms. It starts by (I suppose) well-known
Lemma 9.1 and classically known Corollary 9.2. Corollary 9.3 is just a translation of Lemma 9.1 to the language of upper
motives. The first interesting result is Corollary 9.4 (discussed above already) computing the minimal possible value of the
J-invariant of a quadratic form split by a given separable quadratic field extension. This result was not accessible bymethods
of quadratic forms themselves, but transferring the problem to the world of hermitian forms, we come to a problem about
a generic hermitian form (without any additional condition) which we can solve because such a hermitian form can be
obtained from a generic torsor with a help of generic killing of a Tits algebra.3

The motivic indecomposability which we have in the generic case by Theorem 8.1 gives an isomorphism of motives of
Proposition 9.5 (in generic and therefore in general case) which implies an isomorphism of Chow groups of Corollary 9.10.
This isomorphism of Chow groups is interesting even in the quasi-split case: for instance, Examples 9.11 and 9.12 provide a
description by generators and relations for the Chow group of a quasi-split maximal unitary grassmannian (in terms of such
description known in the orthogonal case, [9, Section 86]).

2 This is already needed in the previous section at the moment we are generically killing the Tits algebra, because this is a central simple algebra over
an extension of the base field.
3 Actually, we use the name generic hermitian form in a more concrete and narrow sense (defined before Corollary 4.8) in the main body of the article.

At this (non-formal) point, speaking about ‘‘generic’’ we mean a versality property in the spirit of [30, Definition 5.1(2)].
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2. Invariants under a permutation involution

Let R be a commutative associative unital ring. For any integer r ≥ 0, let us consider the polynomial R-algebra in
2r variables S := R[a1, b1, . . . , ar , br ]. Let σ be the involution (i.e., a self-inverse automorphism) of the R-algebra S
interchanging for every i = 1, . . . , r the variables ai and bi. We write Sσ

⊂ S for the subalgebra of σ -invariant elements.
The subset (1 + σ)S := {s + σ(s) | s ∈ S} ⊂ Sσ , the image of the norm homomorphism N : S → S, s → s + σ(s) (this

is a homomorphism of R-modules), is contained in Sσ and is an ideal of Sσ .

Lemma 2.1. The quotient Sσ /(1 + σ)S is generated as R-algebra by the classes of the products aibi, i = 1, . . . , r.

Proof. Induction on r . The statement is trivial for r = 0.
To pass from r −1 to r ≥ 1, let S ′ be the R-subalgebra R[a1, b1, . . . , ar−1, br−1] of S. The S ′-module S is free with the basis

{airb
j
r}i,j≥0 so that an element


i,j≥0 αijairb

j
r ∈ S with αij ∈ S ′ is σ -invariant if and only if σ(αij) = αji for any i, j. It follows

that the S ′σ /(1 + σ)S ′-algebra Sσ /(1 + σ)S is generated by the class of arbr . �

Remark 2.2. In general, the R-algebra Sσ itself is not generated by polynomials of degree≤2. Taking for instance R = Z and
r = 3, we have a σ -invariant integral polynomial P := a1a2a3 + b1b2b3 which cannot be written as a polynomial in the
σ -invariant polynomials of degree≤2 in a1, b1, a2, b2, a3, b3. Indeed, let us refer as elementary polynomial to any σ -invariant
monomial (with coefficient 1) and to any polynomial of the formM +σ(M), whereM is a non-σ -invariant monomial (with
coefficient 1). Any degree 3 product of elementary polynomials of degree 1 or 2 either has no monomial with repeated
indices of variables (only has monomials like a1a2b3, but no monomials like a1b1a3 or a21a3) or consists only of monomials
with repeated indices. If P is a linear combination of such productswith coefficients±1 (which is the case if P is a polynomial
in the σ -invariant polynomials of degree ≤2), then the part of the combination given by the products of the second type
is 0. Each product in the remaining part of the decomposition, as any product of the first type, has the following property:
it is a sum of even number of degree 3 elementary polynomials. In particular, P is a linear combination with coefficients
±1 of an even number of elementary polynomials. Any cancellation keeps the parity of this number. However P is just one
elementary polynomial.

On the other hand, Sσ is generated by its degree 1 and 2 components as far as 2 is invertible in R: this can be shown by
induction using the identity

2(fgh + f ′g ′h′) = (fg + f ′g ′)(h + h′) − (fh′
+ f ′h)(g + g ′) + (gh + g ′h′)(f + f ′).

3. Some equivariant Chow groups of the point

Let F be a field. We recall the computation of the Gm-equivariant Chow ring

CHGm(Spec F),

c.f. [7, Lemma 4]. For generalities on equivariant Chow groups and rings, we refer to [8,4].
The F-torus Gm acts by multiplication on the affine line A1

= A1
F over F . For any integer l ≥ 1, we consider the

diagonal action ofGm onAl. By the homotopy invariance of the equivariant Chow groups, the pull-back ring homomorphism
CHGm(Spec F) → CHGm(Al) is an isomorphism. By the localization sequence, the pull-back ring homomorphism
CHGm(Al) → CHGm(Ul) to the Gm-invariant open subset Ul := Al

\ {0} is bijective in codimensions < l (because the
complement of Ul in Al is of codimension l). It follows that the ring homomorphism CHGm(Spec F) → CHGm(Ul) is bijective
in codimensions < l. Since Gm acts freely on Ul and Ul/Gm = Pl−1, the ring CHGm(Ul) is identified with the usual Chow ring
CH(Pl−1). It follows that the ring CHGm(Spec F) is freely generated by the element h ∈ CH1

Gm
(Spec F) corresponding to the

class of a rational point in CH1(P1) under the isomorphism CH1
Gm

(Spec F) → CH1(P1).
Now we fix an étale F-algebra L (see [24, Section 18A] for generalities on étale algebras) and consider the Weil transfer

RL/FGm (see [24, 20.5] where it is called corestriction) with respect to L/F of the L-torus Gm. The F-torus RL/FGm is quasi-
split, and any quasi-split F-torus is isomorphic to RL/FGm for an appropriate choice of L. We would like to describe the
graded (by codimension) ring CHRL/F Gm(Spec F).

We fix a separable closure Fsep of F , write Γ for the Galois group of Fsep/F , and X for the Γ -set of the F-algebra
homomorphisms L → Fsep. We consider the following graded rings: the polynomial ring Z[X] in variables indexed by the
elements of X and its subring Z[X]

Γ of Γ -invariant elements.
Let us do a computation for CHRL/F Gm(Spec F) similar to the above computation of CHGm(Spec F). The torus RL/FGm

acts by multiplication on the affine F-space RL/FA1 (of dimension #X = dimF L). For any integer l ≥ 1, we consider the
diagonal action of RL/FGm on the affine F-space RL/F (Al) = (RL/FA1)l. The action on the open RL/FGm-invariant subset
Ul := RL/F (Al

\ {0}) is free, and Ul/RL/FGm = RL/FPl−1. We get a ring homomorphism CHRL/F Gm(Spec F) → CH(RL/FPl−1)

which is bijective in codimensions < l (because the complement of Ul in RL/FAl is of codimension l).
Since the integral Chow motive (for generalities on motives wee [9, Chapter XII]) of the variety RL/FPl−1 is a sum

of shifts of the motives of Spec K for certain subfields K ⊂ Fsep finite over F (see [20] or [22]), the ring homomor-
phism CH(RL/FPl−1) → CH(RL/FPl−1)Fsep identifies the ring CH(RL/FPl−1) with the subring of Γ -invariant elements in
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CH(RL/FPl−1)Fsep . It remains to identify the Fsep-variety (RL/FPl−1)Fsep with the product of copies of Pl−1 indexed by the el-
ements of the set X and therefore to identify CH(RL/FPl−1)Fsep with the tensor product of the indexed by the elements of X
copies of CH(Pl−1). Therefore we obtain an isomorphism of graded rings

CHRL/F Gm(Spec F) = Z[X]
Γ . (3.1)

Remark 3.2. Any element L → Fsep of X gives a homomorphism of Fsep-algebras LFsep → Fsep and therefore a character of
the Fsep-torus (RL/FGm)Fsep . The obtained map X → (RL/FGm)Fsep

∗ (to the group of characters) induces an isomorphism
of graded Γ -rings Z[X] → S


(RL/FGm)Fsep

∗

to the symmetric ring of the abelian group (RL/FGm)Fsep

∗. Therefore the
isomorphism (3.1) gives rise to an (actually independent of the choice of L) isomorphism

CHT (Spec F) = S(TFsep
∗)Γ

(for any quasi-split F-torus T ).

Let now K be a separable quadratic field extension of F . Applying the isomorphism (3.1) to the étale F-algebra L = K×r ,
since RL/FGm = (RK/FGm)×r , we get

Lemma 3.3. Let T := (RK/FGm)×r for some r ≥ 1. There is an isomorphism of the graded ring CHT (Spec F) with the subring of
σ -invariant elements of the ring

Z[a1, b1, . . . , ar , br ]

(where σ is the ring involution exchanging ai and bi for each i = 1, . . . , r) such that the image of the normmap CHT (Spec K) →

CHT (Spec F) corresponds to the image of the map 1 + σ : Z[a1, b1, . . . , ar , br ] → Z[a1, b1, . . . , ar , br ]σ . �

Note that the image of the normmapCHT (Spec K) → CHT (Spec F) is an ideal of the destination ring. Applying Lemma2.1,
we get

Corollary 3.4. The ring CHT (Spec F) modulo the ideal of norms from Spec K is generated by elements of codimension 2. �

Similarly, applying isomorphism (3.1) to the étale F-algebra L = F ×K×r and then Lemma 2.1 with R being a ring integral
polynomials in one variable, we get

Corollary 3.5. The ring CHGm×T (Spec F) (for T as in Lemma 3.3) modulo the ideal of norms from Spec K is generated by elements
of codimension 1 and 2. �

4. Generic varieties of complete flags

Let G be a quasi-split semisimple affine algebraic group over a field F . Let K/F a minimal field extension such that GK is
split. (This is a finite Galois field extension uniquely determined up to an isomorphism by G. Our main case of interest will
be the case where G is non-split adjoint and simple of type An−1, n ≥ 2; in this case the extension K/F is quadratic.)

Let P ⊂ G be a parabolic subgroup.

Lemma 4.1. For any field extension L/F , the change of field homomorphism CH(G/P) → CH(GL/PL) is injective. It is moreover
bijective provided that K ⊗F L is a field.

Proof. By Chernousov et al. [6], the Chow motive (with integer coefficients) of the F-variety G/P decomposes in a finite
direct sum of shifts of themotive of the F-varieties Spec K ′, where K ′ runs over intermediate fields of the extension K/F . �

Corollary 4.2. The action of G(F) on CH(G/P) is trivial.

Proof. By Lemma 4.1, wemay assume that F is algebraically closed. In this case, by Humphreys [13, Theorem of Section 26.3
in Chapter IX], the group G(F) is generated by the subgroups G(F), where G runs over subgroups of G isomorphic to Ga or
Gm. To finish the proof it suffices to show that for G = Ga as well as for G = Gm, given an action of G on a smooth variety
X over a field F (which needs not to be algebraically closed anymore), the induced action of G(F) on CH(X) is trivial.

To show this, we proceed similarly to [10, Proof of Lemma 4.3]. Note that the pull-back CH(X) → CH(G×X)with respect
to the projection G × X → X is an isomorphism: for G = Ga this is so by homotopy invariance of Chow groups [9, Theorem
57.13]; for G = Gm the homotopy invariance together with the localization [9, Proposition 57.9] give the surjectivity, and
for injectivity consider a section of the projection given by a rational point on Gm.

It follows that the pull-back in∗

g : CH(G × X) → CH(X) with respect to the section X → G × X given by an element
g ∈ G(F) is the inverse of the above isomorphism and, in particular, does not depend on g . On the other hand, the action of
g on CH(X) is the composition

CH(X) −−−−→ CH(G × X)
in∗

g
−−−−→ CH(X),

where the first map is the pull-back with respect to the action morphism G × X → X of G on X . Therefore the action of g
on CH(X) coincides with the action of 1 which is trivial. �
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For any G-torsor (i.e., a principle G-homogeneous space) E over F , we construct a homomorphism

CH(E/P) → CH(G/P)

as the composition of three ones: the change of field homomorphism

CH(E/P) → CH(EF(E)/PF(E)),

the pull-back

CH(EF(E)/PF(E)) → CH(GF(E)/PF(E))

with respect to the morphism GF(E)/PF(E) → EF(E)/PF(E) induced by the G-equivariant morphism GF(E) → EF(E) taking the
identity of G to the generic point of E, and the inverse

CH(GF(E)/PF(E)) → CH(G/P)

of the change of field homomorphism CH(G/P) → CH(GF(E)/PF(E)) which is an isomorphism by Lemma 4.1 because F is
algebraically closed in F(E).

More generally, the homomorphism CH(E/P) → CH(G/P) is defined for any G-torsor E over a regular field extension
F̃/F : since K ⊗F F̃ is a field, the change of fields homomorphism CH(G/P) → CH(GF̃/PF̃ ) is an isomorphism.
Lemma 4.3. Let S be a smooth geometrically irreducible F-variety and let E be a G-torsor over S. For a point s ∈ S(L) of S in a
regular field extension L/F , let Es be the G-torsor over L given by the fiber of E → S over s. Then the image ofCH(Es/P) → CH(G/P)
contains the image of CH(Eθ/P) → CH(G/P), where θ ∈ S(F(S)) is the generic point of S.
Proof. Let x ∈ S be the image of the point Spec L under themorphism s : Spec L → S. Since x is regular, there exists a system
of local parameters on S around x. Therefore the fields F(S) and F(x) are connected by a finite chain of discrete valuation
fields, where each next field is the residue field of the previous one. Using the specialization homomorphisms on Chow
groups as in [11, Example 20.3.1], we get a homomorphism CH(Eθ/P) → CH(Ex/P). Composing it with the change of fields
homomorphism CH(Ex/P) → CH(Es/P), we get a homomorphism CH(Eθ/P) → CH(Es/P) which forms a commutative
triangle with the homomorphisms to CH(G/P) and the required inclusion follows.

To prove that the triangle is commutative, it suffices to prove that the similar triangle based on the specialization
homomorphism CH(Eθ/P) → CH(Ex/P) commutes in the following situation: R is a discrete valuation F-algebra with the
residue field F ; E is a G-torsor over R; x is the closed and θ the generic point of Spec R. Moreover, extending F to F(Ex), we
may assume that the torsor Ex is split. In this case, by [1, Proposition 8.1], the torsor ER̂ over the completion R̂ of R is split.
Therefore the triangle with CH(Eθ̂/P) → CH(Ex̂/P), where θ̂ and x̂ are the generic and closed points of Spec R̂, commutes
(the homomorphism CH(E/P) → CH(G/P) induced by any trivialization of a split torsor E is the identity by Corollary 4.2).
Commutativity of the diagram

CH(Eθ/P) −−−−→ CH(Ex/P) 
CH(Eθ̂/P) −−−−→ CH(Ex̂/P)

finishes the proof. �

Let B ⊂ G be a Borel subgroup and T ⊂ B a maximal torus. The following statement is well-known in the case of split G.
In our quasi-split case, the proof is almost the same:
Lemma 4.4. For any G-torsor E, the pull-back CH(E/B) → CH(E/T ) with respect to the projection E/T → E/B is an
isomorphism. In particular, the image of CH(E/B) → CH(G/B) is identified with the image of CH(E/T ) → CH(G/T ).
Proof. Let U be the unipotent part of B. By Borel [2, Theorem 10.6 of Chapter III], U is a normal subgroup of G possessing a
finite increasing chain of normal subgroupsUi with each successive quotients isomorphic toGa, and B is a semidirect product
of U by T . Since H1(L, Ga) is trivial for any field extension L/F , the fiber over any point of the projection

E/(Ui−1 o T ) → E/(Ui o T )

is isomorphic to an affine line so that the pull-back of Chow groups is an isomorphism by the homotopy invariance of Chow
groups, [9, Theorem 57.13]. �

From now on, let G be a non-split quasi-split adjoint absolutely simple affine algebraic group over a field F of type An−1,
n ≥ 2, becoming split over a separable quadratic field extension K/F . We set r := ⌊n/2⌋ (the floor of n/2).
Lemma 4.5. The group G contains a Borel subgroup B and a maximal torus T ⊂ B such that

T ≃


Gm × (RGm)×(r−1), if n is even (i.e., n = 2r);
(RGm)×r , if n is odd (i.e., n = 2r + 1),

where R = RK/F is the Weil transfer with respect to the field extension K/F .
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Proof. In the case ofn = 2r , let hbe the orthogonal sumof r copies of theK/F-hermitianhyperbolic plane (theK/F-hermitian

form on the vector space K 2 of the matrix

0 1
1 0


). In the case of n = 2r + 1, we let h be the orthogonal sum of r copies

of the hyperbolic plane and of the K/F-hermitian space ⟨1⟩. In both cases, h is a hermitian form on the K -vector space K n.
Up to an isomorphism, G is the F-group of automorphisms of the K -algebra EndK (K n) with the (unitary) adjoint involution.
We may assume that G is this group of automorphisms.

For n = 2r , we have a homomorphismα : (RGm)×r
→ G, mapping an F-point (λ1, . . . , λr) ∈ (RGm)×r(F) = K×

×· · ·×

K× to the automorphismof EndK K n which is the conjugation by the diagonal automorphism (λ1, σ (λ1)
−1, . . . , λr , σ (λr)

−1)
of K n preserving h, where σ is the non-trivial automorphism of K/F . An F-point (λ1, . . . , λr) is in the kernel of α if and only
if λ1 = σ(λ1)

−1
= · · · = λr = σ(λr)

−1. It follows that Kerα is the kernel R(1)Gm of the norm map RGm → Gm sitting
in (RGm)×r diagonally. The quotient (RGm)×r/Kerα is therefore a torus isomorphic to Gm × (RGm)×(r−1) and to a closed
subgroup T ⊂ G. Since the dimension of the torus T is 2r − 1 = n− 1 and n− 1 is the rank of G, the torus T is maximal in G.

For n = 2r+1, any F-point (λ, λ1, . . . , λr) ∈ R(1)Gm(F)×(RGm)×r(F) produces a preserving h diagonal automorphism
(λ, λ1, σ (λ1)

−1, . . . , λr , σ (λr)
−1) of K n. The kernel of the resulting homomorphism R(1)Gm × (RGm)×r

→ G is R(1)Gm,
and the quotient by the kernel is the required torus (RGm)×r (of dimension 2r = n − 1).

The torus T constructed in both cases is contained in the Borel subgroup B of Gwhich is the stabilizer of the flag of length
r of subspaces in K n where the ith subspace is the sum of the first i odd summands of K n. �

Remark 4.6. Actually, for any quasi-split semisimple adjoint affine algebraic group G and for any Borel subgroup B of G
(which exists because G is quasi-split), any maximal torus T of B (is maximal in G and) is isomorphic to RL/FGm, where L is
an étale F-algebra with the Γ -set HomF-alg(L, Fsep) isomorphic to the set of vertices of the Dynkin diagram of G. Indeed, this
set of vertices is the set X ⊂ (TFsep)

∗ of simple roots given by B, and we get that T ≃ RL/FGm, because X is a permutation
basis of (TFsep)

∗ (X generates (TFsep)
∗ because G is adjoint).

In particular, for G as in Lemma 4.5, T has the required isomorphism type because in this case the action of Γ on X
factors through the Galois group of the quadratic separable field extension K/F whose the non-trivial element exchanges
the vertices which are symmetric with respect to the middle of the diagram. It follows that L ≃ K×r for n = 2r + 1 and
L ≃ F × K×(r−1) for n = 2r (note that #X = n − 1).

For the rest of this section, we fix a torus T ⊂ G and a Borel subgroup B ⊂ G containing T as in Lemma 4.5.
Let E be a generic principle homogeneous space of G as defined in [25, Section 3]. Thus E is the generic fiber of certain

G-torsor over certain smooth geometrically irreducible F-variety having the versal property of [30, Definition 5.1(2)] (we
only need the weak version [30, Remark 5.8] of the versality).

In particular, E is a G-torsor over a regular field extension of F , not over F itself. For the sake of simplicity of notation, we
let now F be the field of definition of E (and K be the quadratic extension of the new F given by the tensor product of the
old K and the new F over the old F ).

Proposition 4.7. For E as right above, the image of CH(E/B) in the quotient

CH(G/B)/ Im

CH(GK/BK ) → CH(G/B)


is generated (as a ring) by elements of codimension 1 and 2.

Proof. By Lemma 4.4, the image of

CH(E/B) → CH(G/B)/ Im

CH(GK/BK ) → CH(G/B)


is identified with the image of

CH(E/T ) → CH(G/T )/ Im

CH(GK/TK ) → CH(G/T )


.

By Karpenko [23, Theorem 6.4], the image of CH(E/T ) in CH(G/T ) is identified with the image of CHT (Spec F) in CHT (G) =

CH(G/T ). The image of

CHT (Spec F) → CH(G/T )/ Im

CH(GK/TK ) → CH(G/T )


coincides with the image of the quotient

CHT (Spec F)/ Im

CHT (Spec K) → CHT (Spec F)


.

This quotient is generated by its elements of codimension 1 and 2 by Corollaries 3.4 and 3.5. �

Note that for anyG-torsor E over F , the kernel of the homomorphismCH(E/B) → CH(G/B) is the torsion subgroup so that
its image is identifiedwith the ChowgroupCH(E/B)modulo torsionwhichwedenote by CH(E/B) (and call the reducedChow
group). Furthermore, if E is given by a hermitian form h, then it splits over K ; therefore the image of the homomorphism of
CH(E/B) to CH(G/B) modulo the norms is identified with the ring CH(E/B)/N , where N := Im


CH(EK/BK ) → CH(E/B)


is

the norm ideal.
We are going to consider a generic hermitian form h of dimension n (for a fixed separable quadratic field extension

K/F ) bywhichwemean the diagonal K(t1, . . . , tn)/F(t1, . . . , tn)-hermitian form ⟨t1, . . . , tn⟩, where t1, . . . , tn are variables.
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(For a justification of this definition, note that any hermitian form can be diagonalized, [27, Theorem6.3 of Chapter 7], so that
an arbitrary n-dimensional K/F-hermitian form is a specialization of h.) Changing notation, wewrite now F for F(t1, . . . , tn)
and K for K(t1, . . . , tn).

Corollary 4.8. Let Y be the variety of complete flags of totally isotropic subspaces of the defined above generic hermitian form h.
Then the image of

CH(Y ) → CH(G/B)/ Im

CH(GK/BK ) → CH(G/B)


is generated (as a ring) by the elements of codimension 1 and 2. Equivalently, the ring CH(Y )/N is generated by codimension 1
and 2.

Proof. By the specialization argument as in Lemma 4.3, for any regular field extension F ′/F and any n-dimensional K ′/F ′-
hermitian form h′, where K ′

:= K ⊗F F ′, the image of CH(Y ) → CH(G/B) is contained in the image of CH(Y ′) → CH(G/B),
where Y ′ is the variety of complete flags of h′. Similarly, the image of CH(E/B) → CH(G/B) is contained in the image of
CH(Y ′) → CH(G/B) for the G-torsor E constructed below. This G-torsor E is given by certain n-dimensional K ′/F ′-hermitian
form h′. It follows that the image of CH(Y ) → CH(G/B) coincides with the image of CH(E/B) → CH(G/B) so that the
graded rings CH(Y )/N and CH(E/B)/N are isomorphic and it suffices to show that the latter ring is generated by elements
of codimension ≤2.

To construct the G-torsor E, let us take a generic principle G-homogeneous space E ′ of [25, Section 3] and climb over the
function field of the Weil transfer of the Severi–Brauer variety of the corresponding central simple algebra. In more details,
the torsor E ′ (changing notation, wemay assume that it is defined over F ) corresponds to a degree n central simple K -algebra
A endowed with an F-linear unitary involution τ , [24, Section 29D]. Over the function field F(X) of the Weil transfer X with
respect to K/F of the Severi–Brauer K -variety of A, the algebra A splits and the involution τ becomes adjoint with respect
to some K(X)/F(X)-hermitian form. We set E := E ′

F(X).
Writing now Y for the F-variety of complete flags of right τ -isotropic ideals in A, our aim is to show that CH(YF(X))modulo

torsion and norms is generated by codimensions ≤2. Since the variety Y is isomorphic to E ′/B, we know by Proposition 4.7
that CH(Y ) is so. The projection Y ×X → Y is aWeil transfer of a projective bundle like the one considered in Section 5. The
CH(Y )-algebra CH(Y × X) is generated by codimension 2 by Proposition 5.4. Since the pull-back CH(Y × X) → CH(YF(X)) is
surjective, the CH(Y )-algebra CH(YF(X)) is generated by codimension 2. �

5. Weil transfer of projective bundles

Let K/F be a separable quadratic field extension. Let X be a smooth geometrically irreducible F-variety. Let E be a vector
bundle over XK . We are going to consider theWeil transfer Y → X of the projective bundle P → XK of E with respect to the
base changemorphism XK → X . We refer to [3, Section 7.6] and [28, Section 4] for generalities onWeil transfers of schemes
(also calledWeil restriction and corestriction in the literature).

We will need the following statement, where P can be any variety with a morphism to XK :

Lemma 5.1. The Weil transfer of P with respect to XK → X can be obtained as the Weil transfer with respect to K/F
(which produces an RK/F (XK )-scheme) followed by the base change with respect to the ‘‘diagonal’’ morphism X → RK/F (XK )
corresponding to the identity under the identificationMorF (X, RK/F (XK )) = MorK (XK , XK ).

Proof. Wewrite R for RK/F . Let Y be the fibered product RP ×RXK X . To show that Y is the Weil transfer of P with respect
to XK → X , it suffices to check that for any X-scheme S, the set MorX (S, Y ) is naturally identified with the set MorXK (SK , P)
(note that SK := S ×F Spec K = S ×X XK ). By properties of the fibered product, we have a natural identification

MorX (S, Y ) = MorRXK (S, RP). (5.2)

The set on the right hand side of this equality is a subset of the set MorF (S, RP) which is naturally identified with the set
MorK (SK , P). The subset

MorRXK (S, RP) ⊂ MorF (S, RP)

corresponds under this identification to the subset MorXK (SK , P) ⊂ MorK (SK , P):

MorRXK (S, RP) = MorXK (SK , P). (5.3)

Indeed, by naturalness of the identification MorF (S, RP) = MorK (SK , P) in the right argument, the morphism SK → XK
corresponding to the composition of a given morphism S → RP with the morphism RP → RXK , is the composition
SK → P → XK . Also note that the morphism SK → XK corresponding to the morphism

(S → RXK ) = (S → X → RXK )

is obtained from S → X by the base change (to see it use the naturalness of the identification Mor(S, RXK ) = Mor(SK , XK )
in the left argument).

Composing identifications (5.2) and (5.3), we get the identification required. �
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For any integer i, we have a map CHi(P) → CH2i(Y ) (just a map, not a homomorphism) defined as the composition of
the map CHi(P) → CH2i(RK/FP) of [20, Section 3] followed by the pull-back homomorphism CH2i(RK/FP) → CH2i(Y ) (we
have in mind the construction of Y given in Lemma 5.1 here). The first Chern class of the tautological line vector bundle on
P (the tautological vector bundle on P corresponds to the locally free OP -module OP(−1)) gives us therefore an element
c ∈ CH2(Y ).

Proposition 5.4. The CH(X)-algebra CH(Y )/ Im

CH(YK ) → CH(Y )


is generated by the class of the element c.

Proof. Westart by the casewhere X = Spec F . In this case, the ring CH(Y ) is identifiedwith the subring Rσ of theσ -invariant
elements in the ring R := CH(Pr−1

×Pr−1), where r is the rank of the vector bundle E and σ is the factor exchange involution
on R. The image of the norm map is the image of the homomorphism (1 + σ) : R → Rσ . The ring Rσ is generated by two
elements: h × h and 1 × h + h × 1. Therefore the quotient Rσ /(1 + σ)R is generated the class of h × h which is the class
corresponding to the element c of the statement.

In order to do the general case, we apply a variant of [33, Statement 2.13]. Let for a moment X and Y be arbitrary smooth
F-varieties with irreducible X . For a morphism π : Y → X , consider the (finite) filtration

CH(Y ) = F 0 CH(Y ) ⊃ F 1 CH(Y ) ⊃ . . .

on CH(Y )with F i CH(Y ) being the subgroup generated by the classes of cycles on Y whose image in X has codimension≥ i.
For any point x ∈ X , let Yx be the fiber of π over x. For any i, let X (i) be the set of points of X of codimension i. There is a
surjection

x∈X(i)
CH(Yx) → F i CH(Y )/F i+1 CH(Y ), (5.5)

mapping an element α ∈ CH(Yx) to the classmoduloF i+1 CH(Y ) of the image under the push-forward CH(YT ) → F i CH(Y )
of an arbitrary preimage of α under the pull-back epimorphism CH(YT ) →→ CH(Yx), where T ⊂ X is the closure of x and
YT := Y ×X T ↩→ Y is the preimage of T under Y → X . �

Lemma 5.6 (cf. [33, Statement 2.13]). Let π : Y → X be as above and let ζ be the generic point of X. Let B ⊂ CH(Y ) be a
CH(X)-submodule such that

(a) the composition B ↩→ CH(Y ) → CH(Yζ ) is surjective and
(b) for any x ∈ X either the specialization homomorphism sx : CH(Yζ ) → CH(Yx) is surjective or the image of CH(Yx) →

F i CH(Y )/F i+1 CH(Y ) is contained in the image of B ∩ F i CH(Y ) → F i CH(Y )/F i+1 CH(Y ).

Then B = CH(Y ).

Proof. We are repeating the proof of [33, Statement 2.13] making necessary modifications. If the specialization
homomorphism sx is surjective for a point x ∈ X (i), then the image of CH(Yx) under (5.5) is contained in the image of
[T ] · B ⊂ F i CH(Y ) ∩ B in the quotient F i CH(Y )/F i+1 CH(Y ). Otherwise, we know already by the hypothesis that it is
contained in the image of B ∩ F i CH(Y ).

We are turning back to the proof of Proposition 5.4 and our particular Y → X . We apply Lemma 5.6, taking for B the
CH(X)-submodule of CH(Y ) generated by the powers of c and the image of CH(YK ) → CH(Y ). For any x ∈ X , the fiber Yx is
isomorphic to the Weil transfer of Pr−1 with respect to the quadratic étale F(x)-algebra F(x) ⊗F K . If ζ is the generic point,
F(ζ ) ⊗F K is a field. Therefore condition (a) of Lemma 5.6, requiring that the homomorphism B → CH(Yζ ) is surjective, is
satisfied.

Condition (b) of Lemma 5.6 is satisfied as well. Indeed, the specialization homomorphism CH(Yζ ) → CH(Yx), x ∈ X , is
surjective if the residue field of the point x does not contain a subfield isomorphic to K . We finish the proof by showing
that in the opposite case the image of CH(Yx) → F i CH(Y )/F i+1 CH(Y ) (for i such that x ∈ X (i)) is in the image of
F i CH(YK ) → F i CH(Y )/F i+1 CH(Y ).

Let T be the closure of x in X . Let YT = Y ×X T ↩→ Y be the preimage of T under Y → X . The image of the homomorphism
CH(Yx) → F i CH(Y )/F i+1 CH(Y ) coincides with the image of the homomorphism CH(YT ) → F i CH(Y )/F i+1 CH(Y )
induced by the push-forward. Since x is the generic point of T and F(x) = F(T ) ⊃ K , a non-empty open subset U ⊂ T
possesses a morphism to Spec K . Its preimage YU ⊂ YT is open and also possesses a morphism to Spec K . Therefore
(YU)K ≃ YU


YU (as F-varieties) and, in particular, the push-forward CH(YU)K → CH(YU) is surjective.

The varieties and morphisms in play fit in the following commutative diagram:

YK Y X

(YT )K YT T

(YU)K YU U

// //

?�
OO

// //
?�
OO

?�
OO

?�
OO

//
?�
OO

//
?�
OO
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It follows that the image of the push-forward CH(YT )K → CH(YT ) generates CH(YT ) modulo the image of CH(YT \ YU).
Since the image of CH(YT \ YU) → CH(Y ) is in F i+1 CH(Y ), it follows that the image of CH(YT ) → F i CH(Y )/F i+1 CH(Y ) is
contained in the image of F i CH(YK ) → F i CH(Y )/F i+1 CH(Y ). �

Wewrite CH(Y )/N for the reduced Chow ring CH(Y ) modulo the norm ideal N := Im

CH(YK ) → CH(Y )


. In particular,

CH(X)/N is defined as CH(X)/ Im

CH(XK ) → CH(X)


.

As a particular case of the map CHi(P) → CH2i(Y ) considered right before Proposition 5.4, we have a map CHi(XK ) →

CH2i(X) and we write ci ∈ CH2i(X) for the class of the image of the Chern class ci(E) ∈ CHi(XK ).

Corollary 5.7. The CH(X)/N-algebra CH(Y )/N is generated by the class of c subject to the only one relation
r

i=0 cic
r−i

= 0,
where r is the rank of the vector bundle E .

Proof. Let σ be the non-trivial automorphism of K/F . The variety YK is identified with the product P ×XK P ′, where P ′
→ XK

is the base change of P → XK by the automorphism of XK induced by σ ; clearly, P ′
→ XK is the projective bundle of the

vector bundle E ′ obtained from E by the base changed induced by σ . It follows that the CH(XK )-algebra CH(YK ) is generated
by two elements a := c1(OP(−1)) and b := c1(OP ′(−1)) subject to two relations:

r
i=0

(−1)ici(E) · ar−i
= 0 and

r
i=0

(−1)ici(E ′) · br−i
= 0. (5.8)

The action of σ on CH(XK ) exchanges the Chern classes of E with the Chern classes of E ′. The action of σ on CH(YK )
exchanges a with b. Therefore the product of relations (5.8) considered in the group CH(YK ) modulo the image of the
composition CH(YK ) → CH(Y ) → CH(YK ) gives the relation

r
i=0

ci(E)ci(E ′) · (ab)r−i
= 0.

Note that ab ∈ CH(YK ) is the image of c ∈ CH(Y ) and ci(E)ci(E ′) ∈ CH(XK ) is the image of ci ∈ CH(X). Therefore, the
relation between the powers of c of Corollary 5.7 holds in CH(Y )/N because it holds in CH(YK )/N ⊃ CH(Y )/N . (Here,
abusing notation, we write CH(YK )/N for the quotient of CH(YK ) by its subgroup N := Im


CH(YK ) → CH(Y )


.)

In particular, the CH(X)/N-module CH(Y )/N is generated by 1, c, . . . , cr−1. Themodule generators are free, because they
are free in CH(YK )σ /N ⊃ CH(Y )/N (see below). It follows that the relation is the only one.

To finish the proof, let us consider the subgroup CH(YK )σ of the σ -invariant elements in CH(YK ). This subgroup contains
N and the quotient CH(YK )σ /N is a CH(XK )σ /N-algebra generated by c subject to the one relation. In particular, the elements
1, c, . . . , cr−1 are free over CH(XK )σ /N and therefore also free over CH(X)/N ⊂ CH(XK )σ /N . �

Remark 5.9. The element ci ∈ CH2i(X), defined right before Corollary 5.7, can be also defined as the Chern class c2i(E → X),
where E → X is the vector bundle obtained by composition of the vector bundle E → XK and the trivial vector bundle
XK → X (to see the structure of the vector bundle on XK → X , note that the morphism XK → X is a base change of the
rank 2 trivial vector bundle Spec K → Spec F ). Although c2i(E → X) is different from ci, their classes in CH(X)/N coincide,
because the image of c2i(E → X) in CH(XK ) (which is easy to compute because the vector bundle E → X over XK is
isomorphic to E ⊕ E ′) is congruent modulo N to ci.

Similarly, the element c can be defined as the 2nd Chern class of the rank 2 vector bundle on Y obtained as the Weil
transfer of the rank 1 tautological vector bundle on P .

6. Generic maximal unitary grassmannians

Let now h be a generic K/F-hermitian form of dimension n ≥ 2 (defined right before Corollary 4.8). Let r := ⌊n/2⌋.
We consider the variety X of r-dimensional totally isotropic subspaces in h. We keep the notation G of the second half of
Section 4: G is a non-split quasi-split adjoint absolutely simple affine algebraic group over a field F of type An−1 becoming
split over K . Let P be a parabolic subgroup in G representing the conjugacy class corresponding to X .

The aim of this section is to describe the image of the homomorphism

CH(X) → CH(G/P)/ Im

CH(GK/PK ) → CH(G/P)


(constructed (in a more general situation) right before Lemma 4.3). We recall that the G-torsor given by h splits over K ;
therefore the image of the above homomorphism is identified with the ring CH(X)/N , where N := Im


CH(XK ) → CH(X)


.

(So, CH(X)/N is the ring CH(X) modulo the sum of the ideal of the torsion elements and the ideal of the norms.)

Proposition 6.1. The components of positive codimension of the ring CH(X)/N are trivial.
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Proof. Let I = [1, r] = {1, 2, . . . , r}. For every J ⊂ I we consider the variety XJ of flags of totally isotropic subspaces in h
of dimensions given by J .

By induction on l ∈ I , we prove the following statement: the ring CH(X[l, r])/N (where N here is the image of norm
homomorphism for X[l, r]) is generated by its elements of codimensions 1, its elements of codimension 2, and the Chern
classes of the tautological rank 2l vector bundle Tl on X[l, r]. Note that this statement for l = r gives the statement
of Proposition 6.1 because X{r} = X and we have the following triviality statements for the generators: according to
[14, Proposition 3.9] the elements of codimension 2 as well as the Chern classes of positive codimension of the tautological
vector bundle on G/P are trivial in CH(G/P)/N; for odd n, again by Karpenko and Zhykhovich [14, Proposition 3.9], the
elements of codimension 1 are also trivial in CH(G/P)/N; finally, if n is even, the elements of codimension 1 in CH(X)
become trivial in CH(G/P)/N by Lemma 6.2 below (because the discriminant of our hermitian form h is non-trivial).

The induction base l = 1 is given by Corollary 4.8. Now, assuming that l ≥ 2, let us do the passage from l − 1 to l.
The projection X[l−1, r] → X[l, r] is the Weil transfer of a projective bundle (namely, of the projective bundle over

(X[l, r])K given by the dual of (any)one of two rank l tautological vector bundles on (X[l, r])K ). Therefore, by Corollary 5.7, the
CH(X[l, r])/N-algebra CH(X[l−1, r])/N is generated by certain codimension 2 element c subject to one relation

l
i=0 cic

l−i
= 0,

where ci := c2i(Tl) (see Remark 5.9). In particular, the CH(X[l, r])/N-module CH(X[l−1, r])/N is free of rank l.
Now let C ⊂ CH(X[l, r])/N be the subring generated by all ci together with the elements of codimensions 1, 2. The

coefficients of the above relation are then in C . Therefore the subring of CH(X[l−1, r])/N generated by C and c is also free
(now as a C-module) of rank l. On the other hand, this subring coincides with the total ring by the induction hypothesis.
Indeed, it contains all the elements of codimension 1, 2 in CH(X[l−1, r])/N because any such element is a polynomial in c
with coefficients of codimension ≤2 in CH(X[l, r])/N . It also contains the Chern classes of the tautological rank 2(l − 1)
vector bundle Tl−1 on X[l−1, r] because c = c2(Tl/Tl−1) so that the Chern classes of Tl−1 are expressible in terms of ci and c
(note that the odd Chern classes of Tl and of Tl/Tl−1 are trivial in CH(X[l−1, r] K )/N ⊃ CH(X[l−1, r])/N).

It follows that C = CH(X[l, r])/N . �

We terminate this section by a study of the case of n = 2r . We do not assume anymore that our n-dimensional hermitian
form h is generic, it is arbitrary. We still write X for the variety of r-dimensional totally isotropic subspaces in h. The variety
XK is identified with the K -grassmannian of r-planes in V (the vector space of definition of h). Let E be the tautological
bundle on the grassmannian. For any i ≥ 0, we set ci := ci(E) ∈ CHi(XK ). The ring CH(XK ) is generated by the elements ci.
In particular, CH1(XK ) is (an infinite cyclic group) generated by c1. We recall that CH(X) stands for the reduced Chow group
and coincides with the image of CH(X) → CH(XK ).

The discriminant disc h of the hermitian form h is the class in F×/N(K×) of the signed determinant

(−1)n(n−1)/2
· det(h(ei, ej))i,j∈[1, n]

of the Gram matrix of h in a basis e1, . . . , en of V .

Lemma 6.2. The group CH
1
(X) is generated by

c1, if disc h is trivial;
2c1, if disc h is non-trivial.

Proof. The cokernel of CH1(X) → CH1(XK ) is isomorphic to the kernel of Br(F) → Br(F(X)). This kernel is generated by
the class of the discriminant algebra of h, [26]. The discriminant algebra of h is the quaternion algebra given by the quadratic
extension K/F , the non-trivial automorphism of K/F and disc h. Its Brauer class is always killed by 2 and is non-trivial if and
only if disc h is non-trivial. �

7. Essential motives of unitary grassmannians

We fix the following notation. Let K/F be a separable quadratic field extension. Let n be an integer ≥0. Let V be a vector
space over K of dimension n. Let h be a K/F-hermitian form on V . For any integer r , let Xr be the F-variety of r-dimensional
totally isotropic subspaces in V (Xr is a closed subvariety of the Weil transfer with respect to K/F of the K -grassmannian of
r-planes in V ; X0 = Spec F ; Xr = ∅ for r outside of the interval [0, n/2]).

We are working with the Grothendieck Chow motives with coefficients in F2, [9, Chapter XII]. We write M(X) for the
motive of a smooth projective F-variety X . We are constantly (and without any further reference) using the Krull–Schmidt
principle for the motives of quasi-homogeneous varieties, [22, Corollary 2.2].

Lemma 7.1 ([19, Theorem 15.8]). Assume that the hermitian formh is isotropic: n is≥2 and h ≃ H⊥h′, whereH is the hyperbolic
plane, h′ a hermitian form of dimension n − 2. For any integer r one has

M(Xr) ≃ M(X ′

r−1) ⊕ M(X ′

r)(i) ⊕ M(X ′

r−1)(j) ⊕ M,

where X ′

r−1 and X ′
r are the varieties of h′, i = (dim Xr − dim X ′

r)/2, j = dim Xr − dim X ′

r−1, and M is a sum of shifts of the
F-motive of Spec K.



2596 N.A. Karpenko / Journal of Pure and Applied Algebra 216 (2012) 2586–2600

The following Corollary is also a consequence of a general result of [22] or of [6]:

Corollary 7.2. If h is split (meaning hyperbolic for even n or ‘‘almost hyperbolic’’ for odd n), then M(Xr) is a sum of shifts of the
motives of Spec F and of Spec K . �

Corollary 7.3. There is a decomposition M(Xr) ≃ Mr ⊕ M such that the motive M is a sum of shifts of M(Spec K) and for any
field extension L/F with split hL the motive Mr is split (meaning is a sum of Tate motives).

Proof. Apply [15, Proposition 4.1] inductively to E := F(X⌊n/2⌋) and S := Spec K . Note that the variety SE is still irreducible
and has indecomposable motive because K ⊗F E is a field. The hermitian form hE is split. Since X⌊n/2⌋(K) ≠ ∅, the sumM of
all copies of shifts of M(Spec K) present in the complete decomposition of M(Xr) over E, can be extracted from M(Xr) over
F . The remaining partMr of the motive of Xr has the desired property. �

Remark 7.4. The reduced Chow group (homological or cohomological one) of the motive M (as a subgroup of Ch(Xr)) is
the image N of the norm map Ch((Xr)K ) → Ch(Xr) (it is evidently contained in N and coincides in fact with N because N
intersects the reduced Chow group of Mr trivially). Therefore the reduced Chow group of Mr is identified with the quotient
Ch(Xr)/N . Here Ch(Xr) stands for the Chowgroupwith coefficients inF2 of the varietyXr and the reduced Chowgroup Ch(Xr)

is CH(Xr) modulo 2 or, equivalently, the image of Ch(Xr) → Ch(X̄r). In the quasi-split case (the case where h is hyperbolic
or almost hyperbolic), the reduced Chow group in the above statements can be replaced by the usual Chow group (still
modulo 2). We refer to [9, Section 64] for the definition of homological and cohomological Chow group of a motive. The
coincidence of descriptions of homological and cohomological Chow groups for the motivesM andMr is explained by their
symmetry:M ≃ M∗(dim Xr) (and the same forMr ), whereM∗ is the dualmotive, [9, Section 65].

Definition 7.5. The motive Mr (defined by Xr uniquely up to an isomorphism) will be called the essential motive of Xr (or
the essential part of the motive of Xr ).

It follows that the decomposition of the essential motive in the isotropic case has precisely the same shape as the
decomposition of the motive of an isotropic orthogonal grassmannian [16]:

Corollary 7.6. Under the hypotheses of Lemma 7.1, one has

Mr ≃ M ′

r−1 ⊕ M ′

r(i) ⊕ M ′

r−1(j),

where M ′

r−1 and M ′
r are the essential motives of X ′

r−1 and X ′
r , i = (dim Xr − dim X ′

r)/2, j = dim Xr − dim X ′

r−1. �

According to the general result of [22], any summand of the complete motivic decomposition of the variety Xr is a shift
of the upper motive U(Xs) for some s ≥ r or a shift of the motive of the F-variety Spec K . Therefore we get

Corollary 7.7. Any summand of the complete decomposition of the essential motive Mr is a shift of the upper motive U(Xs) for
some s ≥ r. �

Remark 7.8. A motive is split if it is isomorphic to a finite direct sum of Tate motives. A motive is geometrically split if it
becomes split over an extension of the base field. Dimension dim P of a geometrically split motive P is themaximum of |i− j|
for i and j running over the integers such that the Tate motives M(Spec L)(i) and M(Spec L)(j) are direct summands of PL,
where L/F is a field extension splitting N .

Since the field F is algebraically closed in the function field L := F(X⌊n/2⌋) and the motive of (Xr)L contains the Tate
summands F2 and F2(dim Xr), these Tate motives are summands of (Mr)L. It follows that dimMr = dim Xr .

8. Generic unitary grassmannians

In the statements belowwe use the notion of the essential motive Mr of the variety Xr , introduced in the previous section.
It turns out that in the generic case, this motive is indecomposable:

Theorem 8.1. Let h be a generic K/F-hermitian form of an arbitrary dimension n ≥ 0. For r = 0, 1, . . . , ⌊n/2⌋, the essential
motive Mr of the variety Xr is indecomposable, the variety Xr is 2-incompressible.

Proof. We induct on n in the proof of the first statement. The induction base is the trivial case of n < 2. Now we assume
that n ≥ 2.

We do a descending induction on r . The case of the maximal r = ⌊n/2⌊ is an immediate consequence of Proposition 6.1.
Indeed, one summand of the complete decomposition of the motive Mr for such r is the upper motive U(Xr) of Xr . The
remaining summands (if any) are positive shifts U(Xr)(i) (i > 0) of the upper motive, see Corollary 7.7. But if we have a
summand U(Xr)(i), then the reduced Chow group Ch

i
(Mr) is non-zero. However by Remark 7.4, Ch(Mr) is isomorphic to

CH(Xr)/N which is 0 in positive codimensions by Proposition 6.1.
Now we assume that r < ⌊n/2⌋. Since the case of r = 0 is trivial, we may assume that r ≥ 1 and n ≥ 4.
Let L := F(X1). We have hL ≃ H⊥h′, where h′ is a K(X1)/F(X1)-hermitian form of dimension n−2 andH is the hyperbolic

plane.
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For any integer s, we write X ′
s for the variety Xs of the hermitian form h′, and we write M ′

s for the essential motive of the
variety X ′

s . By Corollary 7.6, the motive (Mr)L decomposes in a sum of three summands:

(Mr)L ≃ M ′

r−1 ⊕ M ′

r(i) ⊕ M ′

r−1(j), (8.2)

where i := (dim Xr − dim X ′
r)/2 and j := dim Xr − dim X ′

r−1. Let us check that each of three summands of decomposition
(8.2) is indecomposable.

Let F ′ be the function field of the variety of 1-dimensional totally isotropic subspaces of theK/F-hermitian form ⟨tn−1, tn⟩.
Then hF ′ ≃ H⊥ ⟨t1, . . . , tn−2⟩ so that we have a motivic decomposition similar to (8.2) where each of the three summands
is indecomposable by the induction hypothesis. Since the field extension F ′(X1)/F ′ is purely transcendental, the complete
decomposition of (Mr)F ′(X1) has only three summands. Since L = F(X1) ⊂ F ′(X1), the complete decomposition of (Mr)L has
at most three summands so that the summands of decomposition (8.2) are indecomposable.

It follows (taking into account the duality like in [16, Remark 1.3], see also [17, Proposition 2.4]) that if the motive Mr
is decomposable (over F ), then it has a summand P with PL ≃ M ′

r(i) = U(X ′
r)(i). Note that U(X ′

r) ≃ U((Xr+1)L). By an
analogue of [16, Lemma 1.2] (see also [17, Proposition 2.4]), P ≃ U(Xr+1)(i), showing that U(Xr+1)L ≃ M ′

r . By the induction
hypothesis, the motiveMr+1 is indecomposable, that is, U(Xr+1) = Mr+1. Therefore we have an isomorphism (Mr+1)L ≃ M ′

r
and, in particular, dim Xr+1 = dim X ′

r (see Remark 7.8). However dim Xr+1 = (r+1)

2n−3(r+1)


, dim X ′

r = r

2(n−2)−3r


,

and the difference is 2n − 2r − 3 ≥ n − 3 > 0 (recall that n ≥ 4 now).
To show that Xr is 2-incompressible, we show that its canonical 2-dimension cdim2 Xr equals dim Xr . By Karpenko

[21, Theorem 5.1], cdim2 Xr = dimU(Xr). By the first part of Theorem 8.1, U(Xr) = Mr . Finally, dimMr = dim Xr (see
Remark 7.8). �

9. Connection with quadratic forms

Let K/F be a separable quadratic field extension, V a finite-dimensional vector space over K , h a non-degenerate K/F-
hermitian form on V . For any v ∈ V the value h(v, v) is in F and the map q : V → F , v → h(v, v) is a non-degenerate
quadratic form on V considered as a vector space over F . Note that the dimension of q is even. The Witt indices of h and q
are related as follows:

Lemma 9.1. i(q) = 2i(h).

Proof. For any integer r ≥ 0, the inequality i(h) ≥ r implies i(q) ≥ 2r . Indeed, if i(h) ≥ r , V contains a totally h-isotropic
L-subspaceW of dimension r . ThisW is also totally q-isotropic and has dimension 2r over F . Therefore i(q) ≥ 2r .

To finish we prove by induction on r ≥ 0 that i(q) ≥ 2r − 1 implies i(h) ≥ r . This is trivial for r = 0. If r > 0 and
i(q) ≥ 2r − 1, then q is isotropic. But any q-isotropic vector is also h isotropic, therefore the K -vector space V decomposes
in a direct sum of h-orthogonal subspaces V = U ⊕ V ′ such that h|U is a hyperbolic plane. The subspaces U and V ′ are
also q-orthogonal and q|U is hyperbolic (of dimension 4). For h′

:= h|V ′ and q′
:= q|V ′ it follows that i(h′) = i(h) − 1 and

i(q′) = i(q) − 2, and we are done by the induction hypothesis applied to h′ (of course, q′ is the quadratic form given by
h′). �

Corollary 9.2 (Jacobson, 1940). If the quadratic forms q1 and q2 corresponding to K/F-hermitian forms h1 and h2 are isomorphic,
then h1 and h2 are also isomorphic.

Proof. The orthogonal sum q1⊥− q2 is the quadratic form corresponding to h1⊥−h2. If q1 and q2 are isomorphic, q1⊥− q2
is hyperbolic, therefore h1⊥ − h2 is also hyperbolic implying that h1 and h2 are isomorphic. �

For any integer r , let Xr be the variety of totally h-isotropic r-dimensional K -subspaces in V and let Yr be the variety
of totally q-isotropic r-dimensional F-subspaces in V . The variety Yn, where n := dim V , is not connected and has two
isomorphic connected components; changing notation, we let Yn be one of its connected component in this case.

Corollary 9.3. For any r, the upper motives of the varieties Xr , Y2r , and Y2r−1 are isomorphic. In particular, these varieties have
the same canonical 2-dimension.

Proof. By Lemma 9.1, each of the three varieties possesses a rational map to each other. Therefore the upper motives are
isomorphic by Karpenko [18, Corollary 2.15]. For the statement on canonical dimension see [21, Theorem 5.1]. �

Let us recall that according to the original definition [32, Definition 5.11(2)] due to A. Vishik of the J-invariant J(q) of a
non-degenerate quadratic form q over F of even dimension 2n, J(q) is a certain subset of the set of integers {0, 1, . . . , n−1}.
Unfortunately, in [9, Section 88], the name J-invariant and the notation J(q) stand for the complement of the above subset
(with the ‘‘excuse’’ that this choice simplifies several formulas involving the J-invariant). In the present paper we are using
the original definition and notation.

Theorem 8.1 with Corollary 9.3 make it possible to compute for any n the smallest (in the sense of inclusion) value of the
J-invariant of a non-degenerate quadratic form given by tensor product an n-dimensional bilinear form by a fixed binary
quadratic form. Only the case of even n is of interest, because the J-invariant is {1, 2, . . . , n−1} (everything but 0) for odd n.
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Corollary 9.4. For any even n ≥ 2, the smallest value of J-invariant discussed right above is {0, 2, 4, . . . , n− 2} (the set of even
integers from 0 till n − 2).

Proof. By Elman et al. [9, Proposition 88.8], the J-invariant of any non-degenerate quadratic form given by tensor product
of an n-dimensional bilinear form by a binary quadratic form, is a subset of the given set. Let K/F be the separable quadratic
field extension given by the discriminant of the fixed binary quadratic form. We consider the generic n-dimensional K/F-
hermitian form h and calculate the J-invariant of the associated quadratic form q. We are using the above notation for the
varieties associated to h and to q.

By Elman et al. [9, Theorem 90.3], the canonical 2-dimension of Yn is dim Yn minus the sum of the elements of the J-
invariant. On the other hand, by Corollary 9.3 and Theorem 8.1, the canonical 2-dimension of Yn is equal to the dimension
of Xn/2 which is

dim Xn/2 = n2/4 = n(n − 1)/2 − (0 + 2 + · · · + (n − 2)).

Therefore the J-invariant is equal to the set indicated. �

Turning back to an arbitrary (not necessarily generic) hermitian form, we have

Proposition 9.5. For any r > 0, the motive Mr ⊕ Mr(dim Y2r−1 − dim Xr) is isomorphic to a summand of the motive of Y2r−1.
If n > 2, then the motive Mr ⊕ Mr(dim Y2r − dim Xr) is isomorphic to a summand of the motive of Y2r . (For n = 2, the motive
Mr is isomorphic to a summand of the motive of Y2r .)

Proof. We start by checking that the statement holds in the generic case. In this case, by Theorem 8.1, themotiveMr is equal
to the uppermotiveU(Xr)which, by Corollary 9.3, is isomorphic toU(Y2r−1) aswell as toU(Y2r), indecomposable summands
of M(Y2r−1) and of M(Y2r). So, Mr is an indecomposable summand of M(Y2r−1) and M(Y2r). By duality [9, Section 65],
Mr(dim Y2r−1−dim Xr) is also an indecomposable summandofM(Y2r−1) andMr(dim Y2r−dim Xr) is also an indecomposable
summand ofM(Y2r). It remains to notice that

dim Y2r−1 − dim Xr = (2r − 1)(2n − 3r + 1) − r(2n − 3r) > 0

for any n and any r ≤ n/2 and that

dim Y2r − dim Xr = r(4n − 6r − 1) − r(2n − 3r) > 0

for any n > 2 and any r ≤ n/2.
In the general case, the given hermitian form h is a specialization of the generic one. The varieties Xr , Y2r−1, and Y2r are

therefore specializations of the corresponding varieties associated to the generic form. By Fulton [11, Proposition 20.3 and
Corollary 20.3], the specialization homomorphism on Chow groups respects multiplication and commutes with pull-backs
and push-forwards so that it also commutes with composition of correspondences. Therefore, specializing projectors we get
projectors and specializing isomorphisms of motives we get isomorphisms of motives. To see that the specialization of the
essential motive is the essential motive, apply Lemma 4.3. �

The following statement has been proved in [29] (the existence of such a decomposition (without the connection of M1
to X1) has been established before [29] in [31, Theorem 5.1]):

Corollary 9.6. M(Y1) = M1 ⊕ M1(1).

Proof. Since dim Y1 − dim X1 = 1, we know by Proposition 9.5 that M1 ⊕ M1(1) is a summand of M(Y1). Comparing the
ranks (the number of summands in the complete decomposition over an algebraic closure) of the motives , we see that
M(Y1) = M1 ⊕ M1(1). �

Remark 9.7. ByTheorem8.1, the decomposition of Corollary 9.6 is complete in the generic case (that is to say, the summands
of the decomposition are indecomposable).

Let us consider the natural closed embedding in : Xr ↩→ Y2r which we have because a totally h-isotropic K -subspace is
also a q-isotropic F-subspace. We will assume that the dimension n of the hermitian form h is even. In this case the image N
of the normhomomorphismCh(Y2r)K → Ch(Y2r) is 0 (because the discriminant of q is trivial and therefore Y2r is a projective
homogeneous variety of inner type), so that Ch(Y2r)/N = Ch(Y2r).

The following observation is due to Maksim Zhykhovich:

Lemma 9.8. The pull-back in∗
: Ch(Y2r) → Ch(Xr)/N is surjective, the push-forward in∗ : Ch(Xr)/N → Ch(Y2r) is injective.

Remark 9.9. In the quasi-split case, another proof of surjectivity of in∗ is given in [14, Lemma 4.1].

Proof (Proof of Lemma 9.8). We are working with motives in this proof. One may use the Chowmotives with coefficients in
F2, but since we are interested in the reduced Chow groups in the end, it is more appropriate to use the Ch-motives: they
are obtained by replacing Ch by Ch in the construction of the Chow motives with coefficients in F2.

Let us also write in for the graph of the embedding in. Let π be a projector on Xr giving the motive Mr . There exists a
correspondence α such that π ◦ int

◦α = π . Indeed, such a correspondence exists in the generic case and can be obtained
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in the general case by specialization like in the end of the proof of Proposition 9.5. Since Ch(Mr) is identified with Ch(Xr)/N ,
we have π∗(x) ≡ x (mod N) for any x ∈ Ch(Xr). It follows that x ≡ π∗(x) = π∗ in∗ α∗(x) ≡ in∗ α∗(x) showing that
in∗

: Ch(Y2r) → Ch(Xr)/N is surjective.
Similarly, there exists a correspondence β such that β ◦ in ◦π = π . It follows that x ≡ β∗ in∗(x) for any x ∈ Ch(Xr)

showing that in∗ : Ch(Xr)/N → Ch(Y2r) is injective. �

Since the composition in∗ ◦ in∗ is the multiplication by the class [Xr ] ∈ Ch(Y2r) and in∗ is a ring homomorphism, we get
Corollary 9.10. The quotient ring Ch(Xr)/N is isomorphic to Ch(Y2r)/I , where the ideal I ⊂ Ch(Y2r) is the annihilator of the
element [Xr ] ∈ Ch(Y2r). �

Example 9.11. Let us consider the case of n = 2r . The ring Ch(Ȳ2r) is generated by certain elements e1, . . . , e2r−1 of
codimensions 1, . . . , 2r − 1 subject to the relations e2i = e2i, where ej := 0 for j > 2r − 1, [32, Section 3] (the notation for
the generators we are using comes from [9, Section 86]). If h is generic, then, according to the famous [32, Main Theorem 5.8]
(also exposed in [9, Theorem87.7]) and Corollary 9.4, the subring Ch(Y2r) ⊂ Ch(Ȳ2r) is generated by the even-codimensional
elements e2, e4, . . . , e2r−2. The class [Xr ] ∈ Ch(Ȳ2r) is rational (that means belongs to Ch(Y2r)) and non-zero (by injectivity
of in∗) so that [Xr ] = e2e4 . . . e2r−2 as this product is the only non-zero rational element in codimension

codimY2r Xr = r(2r − 1) − r2 = r(r − 1) = 2 + 4 + · · · + (2r − 2).

It follows that for n = 2r and hyperbolic h, the ring Ch(Xr)/N (we put the usual Chow group instead of the reduced one
because they both coincide by the reason that h is hyperbolic) is generated by elements e1, e3, e5, . . . , e2r−1 of codimensions
1, 3, 5, . . . , 2r − 1 subject to relations e2i = 0 for any i.

Example 9.12. We briefly describe the situation with an odd n. In this situation, the norm homomorphism Ch(Y2r)K →

Ch(Y2r) can be non-zero. By this reason, Ch(Y2r) in the statements of Lemma 9.8 and Corollary 9.10 has to be replaced by
the quotient Ch(Y2r)/N . In particular, the ring Ch(Xr)/N is naturally isomorphic to the quotient of the ring Ch(Y2r)/N by the
annihilator of [Xr ] ∈ Ch(Y2r)/N .

Nowwe assume that n = 2r + 1. The variety Ȳ2r is a rank 2r projective bundle over Ȳ2r+1 (note that Y2r+1 is themaximal
and Y2r is the previous to themaximal orthogonal grassmannian of q). The ring Ch(Ȳ2r) is generated by elements ei ∈ Chi(Ȳ2r),
i = 1, 2, . . . , 2r and e ∈ Ch1(Ȳ2r) subject to the relations e2i = e2i and e2r+1

= 0. The generators ei ∈ Ch(Ȳ2r) here are pull-
backs of the generators ei ∈ Ch(Ȳ2r+1) of the Chow group of themaximal orthogonal grassmannian (cf. Example 9.11), while
the generator e ∈ Ch(Ȳ2r) is the first Chern class of the tautological vector bundle on the projective bundle Ȳ2r → Ȳ2r+1.
(These generators coincide with the generators for the previous to the maximal orthogonal grassmannian constructed in
[33, Section 2], the generator e being the generator of theW -type and the generators e1, . . . , e2r being the generators of the
Z-type.)

Let now Y ′

2r be the variety Y2r over a field extension of F such that h is almost hyperbolic but K is still a field. The subring
Ch(Y ′

2r) ⊂ Ch(Ȳ2r) is generated by e, e2, . . . , e2r (all the above generators without e1). In particular, the Ch(Y ′

2r)-module
Ch(Ȳ2r) is generated by two elements: 1 and e1. The norm map Ch(Ȳ2r) → Ch(Y ′

2r) is the homomorphism of Ch(Y ′

2r)-
modules mapping 1 to 0 and e1 to e (because the only possibility for the conjugate of e1 is the element e+ e1). In particular,
the image of the norm map is the ideal generated by e. The ring Ch(Y ′

2r)/N is generated by all ei with i ≥ 2 subject to the
relations e2i = e2i. The subring Ch(Y2r)/N ⊂ Ch(Y ′

2r)/N contains the elements e2, e4, . . . , e2r . In the case of generic h, the
subring Ch(Y2r)/N does not contain any ei with odd i: otherwise the canonical dimension of Y2r (and therefore of Xr ) would
be smaller than

dim Y2r − (2 + 4 + · · · + 2r) = r(r + 2) = dim Xr .

It follows that the subring Ch(Y2r)/N is generated by the elements e2, e4, . . . , e2r . In particular, the only non-zero
homogeneous element of dimension dim Xr in Ch(Y2r)/N is the product e2e4 . . . e2r and therefore

[Xr ] = e2e4 . . . e2r ∈ Ch(Y ′

2r)/N.

The annihilator of [Xr ] in Ch(Y ′

2r)/N is therefore the ideal generated by e2, . . . , e2r and it follows that for n = 2r + 1 and
almost hyperbolic h the ring Ch(Xr)/N is generated by elements e3, e5, . . . , e2r−1 subject to relations e2i = 0.
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