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Abstract An improved method to determine cutting force coefficients for bull-nose cutters is pro-

posed based on the semi-mechanistic cutting force model. Due to variations of cutting speed along

the tool axis in bull-nose milling, they affect coefficients significantly and may bring remarkable dis-

crepancies in the prediction of cutting forces. Firstly, the bull-nose cutter is regarded as a finite num-

ber of axial discs piled up along the tool axis, and the rigid cutting force model is exerted. Then

through discretization along cutting edges, the cutting force related to each element is recalculated,

which equals to differential force value between the current and previous elements. In addition,

coefficient identification adopts the cubic polynomial fitting method with the slice elevation as its

horizontal axis. By calculating relations of cutting speed and cutting depth, the influences of speed

variations on cutting force can be derived. Thereby, several tests are conducted to calibrate the coef-

ficients using the improved method, which are applied to later force predictions. Eventually, exper-

imental evaluations are discussed to verify the effectiveness. Compared to the conventional method,

the results are more accurate and show satisfactory consistency with the simulations. For further

applications, the method is instructive to predict the cutting forces in bull-nose milling with lead

or tilt angles and can be extended to the selection of cutting parameters.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.
1. Introduction

Bull-nose cutters have been applied to manufacturing of com-

plicated parts with free-form surfaces extensively, where cut-
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ting force acts as an essential parameter. It is the basis for
judging the deflection, vibration of tool-workpiece system, tool

wear, breakage, tool life span, and surface integrity of ma-
chined parts.1–5 Meanwhile, it is recognized that the quantity
and distribution of milling forces are significantly affected by

dynamic factors especially in multi-fluted operations. So far,
considerable studies have been conducted in accurate force
predictions with various cutter and test types.

According to early studies,3–8 cutting force predictions are

mainly characterized by three methods: analytical, mechanis-
tic, and numerical methods. However, the first model has less
accuracy and the third is time-consuming. The second one

gives intermediate advantages based on different cutting
conditions and cutter types. Cheng and Tsay1 established
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Fig. 1 Geometry of the bull-nose cutter.
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relationships between instantaneous cutting force coefficients
and other cutting parameters, and analyzed different degrees
of influential factors. Gonzalo and Beristain2 introduced an in-

verse method to instantaneous cutting force calculation by
solving relative equations and explained the influences of rake
angle and chip thickness on cutting coefficients. Additionally,

a convolution integral approach was utilized to contrive the
shearing and ploughing cutting constants with average cutting
forces. Then it was precisely verified through experiments by

being compared with the accuracy of lumped cutting force
model in ball-end milling.3 Wan and Zhang4 put forward a cal-
ibration method of instantaneous cutting force coefficients
based on the lumped force model for general end mills. Similar

works have also been done on identification of dynamic cut-
ting force coefficients considering the influences of regenerative
chip thickness, velocity, process damping, etc.5 Later, a cutting

force prediction method and derived algorithm made it possi-
ble to determine cutting force coefficients without restrictions
in cutting geometry.6 Currently, another interest in machining

process modeling is the finite element method (FEM) based on
specific software that provides simulation functionalities with
different helical mills.7

Most of the mentioned works focus on different cutting
force models and cutter types in the process of cutting force
coefficient identification. However, the calibration is either
inaccurate with low practicability, or just suitable for certain

tool types. Additionally, the influences of cutting speed vari-
ations along the tool axis are not taken into the force mod-
eling or coefficient identification processes. The goal of this

research is to present an improved calibration approach
based on a semi-mechanical force model. During the process,
cutting force on each disc is recalculated corresponding to its

elevation z for bull-nose milling. By doing this, the identifica-
tion procedure is improved which incorporates the influences
of different cutting speeds along the tool axis. Then, cutting

force comparisons supported by tests are made to illustrate
the validity of the improved method compared with the con-
ventional approach. The method shows good computational
efficiency, and force predictions are proved in good agree-

ment with measured data. According to analysis, the pre-
sented identification method can be further extended to
predict cutting forces in tool-workpiece inclination condi-

tions, which is part of the ongoing endeavor.

2. Computation scheme

2.1. Geometry of bull-nose cutter

The envelope of a bull-nose cutter is derived from the general-
ized end mill model. By assigning certain values to seven
parameters D, R, Rr, Rz, a, b and h defined in a generic tool,4

the bull-nose mill8,9 can be obtained in Fig. 1. To facilitate
computations, two separated zones are divided: the toroidal
surface MN

_

with variable helical angles and surface NS
_

with
constant lead resembling cylindrical tools, respectively.

Cutting speed varies along the cutting flute in the MN
_

zone
of a bull-nose cutter, which affects force predictions signifi-
cantly. Meanwhile, chip load, instantaneous undeformed chip

thickness, and cutting force components should be identified to
evaluate cutting forces acting on each cutting edge wrapped
around the cutter contour. The geometry of a tool can be re-
garded as a finite number of axial discs piled up along the tool
axis. Since the cutting force varies in different discs, for each

horizontal layer, the force is regarded as an independent ele-
ment. Then the total one can be obtained through integration
along the tool axis. From previous literature,10–12 three cutting

force components (tangential, axial, and radial) can be ex-
pressed as

dFt;jð/; zÞ ¼ Ktchi;jðzÞdbþ Kteds

dFr;jð/; zÞ ¼ Krchi;jðzÞdbþ Kreds

dFa;jð/; zÞ ¼ Kachi;jðzÞdbþ Kaeds

8><
>: ð1Þ

In order to clearly represent and calculate related parame-
ters, a coordinate system is established with its X-axis tangent

to the feed direction and Z-axis parallel to the tool axis. There-
fore, the vector from the cutter tip to an arbitrary point on the
cutting edge can be written as

rj ¼ xjiþ yjjþ zjk ¼ rðujÞðsinujiþ cosujjÞ þ zðujÞk ð2Þ

where uj refers to the radial immersion angle on the jth cutting

edge at the elevation z. As the cutter rotates, its helical angle
and radial immersion angle change too. Suppose the first cut-
ting edge j = 1 to be the reference edge and its helical angle at

elevation z = 0 to be u, so the radial immersion angle of the
jth cutting edge at elevation z is shown as

ujðzÞ ¼ uþ
Xj

n¼1
upj � wðzÞ ð3Þ

where upj is the pitch angle defined as upj = 2p/N and w(z)
represents the radial lag angle caused by the local helical angle.
It is necessary to calculate the undeformed chip thickness
based on the analysis of cutter geometric modeling and kine-

matics. If the position of one cutting edge is defined, the unde-
formed chip thickness is expressed according to the radial and
axial immersion angles

hð/jÞ ¼ stj sin/j sin j ð4Þ

where stj (stj = 60v/(Nn)) is the feed per tooth, vmeans the feed
velocity, and n represents the spindle rotation speed (rpm).
Additionally, /j and j refer to the radial and axial immersion

angles, respectively. According to the periphery features of a
bull-nose cutter, the analytic expressions of two subdivided
zones are shown



Fig. 2 Immersion angle, cutting force components, cutting

width, and chip load at point P in a bull-nose end mill.
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rðzÞ ¼ D
2
� Rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � ðR� zÞ2

q
zoneMN

_

rðzÞ ¼ D
2

zoneNS
_

8<
: ð5Þ

In cutter manufacturing industries, some bull-nose cutters

have a constant helical angle, while some with a constant lead
that makes the grinding process much simpler. The helix on a
bull-nose cutter resembles consequences of projecting a helical

line onto the toroidal surface along the direction which is ver-
tical to the tool axis. The helical angle varies along the flute
due to the changing radial radius in the MN zone. While i0
is the invariable helical angle in the cylindrical part, i(z) refers
to the changing angle in the toroidal zone and is defined as

iðzÞ ¼ tan�1
ðrðzÞ � RrÞ tan i0

R

� �
ð6Þ

where r(z) is the cutter radius at elevation z, and R is the cir-
cular radius. The arcMN is tangent to OM and NS with its cir-
cle center at point P, a radial offset of Rr and the arc radius of

R. Therefore, the cutter profile reaches tangential continuous,
and the lag angle is the function of elevation z. The radial off-
set at elevation z and the axial immersion angle j(z) located in

different zones can be expressed as

wðzÞ ¼ z
R tan i0 jðzÞ ¼ arccos R�z

R
zoneMN

_

wðzÞ ¼ 2z tan i0
D jðzÞ ¼ p

2
zoneNS

_

8<
: ð7Þ
2.2. Mechanistic cutting force model

Cutting forces are modeled in terms of two fundamental fac-

tors: shearing effects taking place in the shear zone and edge
effects induced by plowing or ploughing at cutting edges. Six
force coefficients need to be identified through experiments

and mathematical analysis for a particular cutter vs. workpiece
material under specific cutting conditions. Then cutting force is
attained with the information of six coefficients, undeformed

chip thickness, etc. Meanwhile, the current model focuses on
dividing a cutting edge into small discrete discs and applying
mathematical formulations to each element. After the calcula-
tion of cutting force on each element, resultant force is the

summation of all the units on each cutting edge. The adopted
model is based on a previous study by Lee and Altintas.13

Three differential force components acting on the infinites-

imal cutting edge segment can be expressed as
dFs;j ¼ Kschi;jdbþ Ksedsðs ¼ t; r; aÞ, where Kse and Ksc are
the cutting coefficients related to edge rubbing and chip shear-

ing mechanisms, respectively. hi,j refers to the instantaneous
undeformed chip thickness. Cutting width db (db= dz/sin
j(z)) is the projected length of an infinitesimal cutting flute

along the direction of cutting velocity shown in Fig. 2. ds
can be derived from Eq. (8) which is relevant to the elevation
z and defined as the edge length of the current engaged
element.14

dsðzÞ ¼ dz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrðzÞw0ðzÞÞ2 þ ðr0ðzÞÞ2 þ 1

q
ð8Þ

As the cutter rotates, cutting force components on every slice
are calculated by discretizing cutting flutes into infinite ele-

ments. After obtaining tangential, radial, and axial cutting
force components by integrating, the forces in a Cartesian
coordinate system are derived through coordinate transforma-
tion from orthogonal to oblique cutting. The forces for multi-

fluted cutters can be obtained by summing the forces acting on
individual flutes in the cut. The mapping of cutting forces is
shown as

Fi;j;x

Fi;j;y

Fi;j;z

2
64

3
75 ¼ T

Fi;j;t

Fi;j;r

Fi;j;a

2
64

3
75 ð9Þ

where

T ¼
� cos/i;j � sinj sin/i;j � cos j sin/i;j

sin/i;j � sinj cos/i;j � cosj cos/i;j

0 cos j � sinj

2
64

3
75
2.3. Identification of specific force coefficients

A vast of geometric parameters should be determined such as
shearing angle, shearing strength, and friction index when

using the identification method of friction and pressure loads
on the rake face.15 These factors could bring uncertain effects
and the determination procedure could be sophisticated. Thus,

an improved semi-mechanistic method with higher accuracy is
adopted. It is assumed that the average cutting forces from
experiments are the input factors to derive cutting force coef-

ficients. The illustration of the analytical equation for average
cutting force is

F ¼ 1

/p

Z /ex

/st

Z z1

0

dFd/ ð10Þ

where /st and /ex represent the start and exit angles, respec-
tively. The axial integration limits for each flute are determined

from the cutter-workpiece engagement area. In slot millings,
/st = 0, /ex = p . Since the cutting material removed is con-
stant in one cutter tooth period regardless of helical angles,



Fig. 3 Flowchart of the identification process.

Fig. 4 Experimental setup.
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the magnitude of average cutting force is irrelevant with helical

angle. Therefore, instantaneous cutting forces can be derived
with the assumption that b is equal to zero

Fxð/Þ
Fyð/Þ
Fzð/Þ

2
64

3
75 ¼ 1

2
stjT1

a1

a2

a3

2
64

3
75þ T2

b1

b2

b3

2
64

3
75 ð11Þ

where / refers to the radial immersion angle and

T1 ¼
�Ktc sinð2/Þ �Krc sin

2 / �Kac sin
2 /

2Ktc sin
2 / �Krc sinð2/Þ �Kac sinð2/Þ

0 �2Kac sin/ 2Krc sin/

2
64

3
75

T2 ¼
�Kte cos/ �Kre sin/ �Kae sin/

Kte sin/ �Kre cos/ �Kae cos/

0 �Kae �Kre cos/

2
64

3
75

Elements as and bs ðs ¼ 1; 2; 3Þ are the constants determined
by the cutter geometry.16 A case in point is that if the cutting
depth exceeds the circular radius, integral equations differ in

upper and lower bounds. Otherwise, by substituting Eq. (2)
into Eq. (1), the prediction derivation of cutting forces is illus-
trated as

�Fx

�Fy

�Fz

2
64

3
75 ¼ stj

/p

C

Ktc

Krc

Kac

2
64

3
75þ 1

/p

D

Kte

Kre

Kae

2
64

3
75 ð12Þ

The matrices C and D depend on process parameters such as
the cutter geometry, radial immersion angle, and cutting

depth, and two separate integration parts are required to deter-
mine the matrix constants. These two independent integral
parts are related to the start and exit angles as well as the axial

depth of cut. By applying the linear fitting method in a range
of different feed rates, it makes coefficient-related values in a
Table 1 Tool parameters.

Item Tool diameter (mm) Arc radius (mm) Cutting

Value 10 2 20
certain cutting depth available. Then cutting force coefficients

with respect to any elevation z can be obtained through exper-
imental data and a non-linear fitting method. Identification
experiments adopt slot milling with the bull-nose cutter to sim-

plify calculations.
After getting the measured average cutting forces of differ-

ent feed rates at constant radial and axial cutting depths, two

corresponding data are fitted through linear approximation.
One degree item is the matrix related to specific cutting coeffi-
cients, while the constant item is associated with edge force

coefficients under a certain cutting depth.
The expressions provide factors to solve six coefficients at

any elevation. Geometric constants are defined by Eq. (13),
while the integrant is characterized by the value of the cutting

depth.

a1 ¼
R z2
z1
dz; a2 ¼

R z2
z1

sin jðzÞdz; a3 ¼
R z2
z1

cosjðzÞdz
b1 ¼

R z2
z1
ds; b2 ¼

R z2
z1

sinjðzÞds; b3 ¼
R z2
z1

cos jðzÞds

K ¼ 1
/p

T3 0

0 T4

� �
T5

8>>>><
>>>>:

ð13Þ

with

T3 ¼
0 �pa2

2
�p
2
a3

pa1
2

0 0

0 2a3 �2a2

2
64

3
75;T4 ¼

0 �2b2 �2b3
2b1 0 0

0 pb3 �pb2

2
64

3
75

Matrix T5 with 6 · 1 elements is a combination of linear and
constant items in the linear fitting procedure. Suppose the dis-

crete cutting depths in experiments are {x1, x2, x3, x4, x5, x6}
with the feed rates of {s1, s2, s3, s4, s5}, and {F1, F2, . . ., F6}
is the parallelism cutting forces. While F in Eq. (12) at different
depths should be changed into �Fs ¼ �Fs;n � �Fs;n�1 (s = x, y, z), n

is the current cutting depth and n � 1 refers to the previous
depth. Since the cutting force components are in three axes,
each element of {F1, F2, . . ., F6} has three components as well.

The force on each span is recalculated based on the forces on
the current and adjacent layers. Taking one force component
in the x direction as an example, the cutting forces adopted

in different discs are
edge height (mm) Toolholder height (mm) Teeth No.

75 4



 

 

 

(a) Real measured cutting forces in cutting depth 0.4 mm 

 

(b) Cutting depth 0.4 mm 
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Fx1

Fx2 � Fx1

Fx3 � Fx2

�
�
�

Fxn � Fxn�1

2
666666666664

3
777777777775

¼

F1

F2

F3

�
�
�
Fn

2
666666666664

3
777777777775

ð14Þ

where {F1, F2, . . ., F6} are the input elements of Eq. (14) which
are considered as the cutting forces in the {1, 2, 3, � � �, n}th
disc. Cutting force coefficients are the differential value corre-

sponding to each elevation span. Therefore, the improved
method makes the force prediction more reliable and accurate
by incorporating the influences of cutting speed variations. It

also proves that the coefficients are effective and fit well with
the measured data through cubic polynomial fitting. The de-
tailed expression can be written as

K ¼ ax3 þ bx2 þ cxþ d ð15Þ

where polynomial coefficients a, b, c, d are determined by
experimental data. In Eq. (15), x refers to the distance along
z-axis. The final expressions of cutting force coefficients K

can be obtained through cubic polynomial fitting. The entire
flowchart of the identification process is listed in Fig. 3.

The accuracy of this identification method is somewhat re-

lated to test number and fitting order, while a cutting depth
interval of 0.2 mm and cubic polynomial fitting is sufficient.
FAM (Flute Average Method) is also applied to eliminate cut-

ter runout effects by averaging sampled points.
 

(c) Real measured cutting forces in cutting depth 0.6 mm 

 

(d) Cutting depth 0.6 mm 

Fig. 5 Comparison of cutting forces by using conventional

coefficients identification method, stj = 0.04 mm/tooth.
3. Simulation and experimental results

In order to obtain cutting force coefficients in bull-nose milling
processes, a series of slot milling experiments are conducted.
The workpiece material is Al-7075 and performed on a 3-axis
milling machine. The force-measure device is a Kistler 9255B

dynamometer shown in Fig. 4. A tool of 12 mm in diameter
is used with 4 evenly spaced teeth and a certain helical angle
of 45 degrees in the cylindrical section as well as 2 mm arc ra-

dius, as shown in Table 1. Cutting parameters are as follows:
spindle speed is 3000 rpm, and a series of feed rates with
0.02, 0.04, 0.06, 0.08, 0.10 mm/tooth are applied under the cut-

ting depth group 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4 mm. Since spin-
dle rotary velocity remains in the stable zone which is chosen
according to stability lobe diagram in literature,17,18 the dy-

namic influences such as vibration or chatter on milling pro-
cess plays a slight role. At a certain cutting depth, full
immersion experiments are repeated in every feed rate with
the combination of the other fixed parameters.

Cutting coefficients should be defined under specific condi-
tions. As they influence cutting forces dramatically, different
identification methods may have varying resultant forces.

Fig. 5 gives force comparisons between theoretical data from
the conventional identification method and measured data
under two cutting depths. The black ellipses marked in

Fig. 5(a and c) refer to the sampled data in Fig. 5(b and d).
It is evident from contrasts in Fig. 5, the conventional

method has a relatively accurate force prediction particularly
in x-axis, whereas, the force deviation remains large to some

extent in Cartesian directions y and z. Predicted forces vary
slightly while measured ones show periodic fluctuations during
the cutter rotation. Only Fy at a 0.6 mm cutting depth gives



(a) Experimental data of shearing coefficients

(b) Fitting of shearing coefficients

(c) Experimental data of edge coefficients

(d) Fitting of edge coefficients

Fig. 6 Cutting force coefficient identification using pro-posed

method.

(a) Shearing coefficients

(b) Edge coefficients

Fig. 7 The relationship between cutting speed and coefficients.
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satisfactory coherence with experiments by keeping the error in
a small range. From the whole perspective, the traditional
method provides accurate average cutting force prediction,

but the error remains larger for instantaneous forces especially
in the peak position. To conclude, conventional identification
method does not offer precise prediction in bull-nose milling

due to the neglect of cutting speed’s influences on the force
prediction.

As cutting speeds vary along the tool axis in the toroidal

surface, cutting coefficient changes as well. If constant cutting
force coefficients are used in force prediction, discrepancies can
be larger by bringing error or obstacle for parameter optimiza-
tion and selections. Detailed information is explored based on

the improved identification method by taking influences of
speeds into the identification process.

Through experiments and data processing, the general

trend of six cutting force coefficients can be drawn up. It is
seen that the ploughing coefficients vary in a relative small
range while the shearing ones have a larger span. Experiments

are sufficient to support coefficient calculations with various
cutting depths as horizontal axis and coefficient values as ver-
tical axis. In Fig. 6, Kte Kre and Kae have small fluctuation
ranges compared with those of the shearing coefficients. The

phenomena can be explained by metal removal mechanism act-
ing on the rake and flank contact areas. Drastic changes of
shearing coefficients in the small axial depth of cut are charac-

terized by the size effect. In addition, the more the cutting
experiments with larger range parameters, the more accurate
the fitting curves with more cost. Thus, when performing tests,

it needs comprehensive consideration and all groups should



(a) Cutting depth 0.4 mm

(b) Cutting depth 0.6 mm

(c) Cutting depth 0.8 mm

Fig. 8 Comparison of cutting forces for down-milling with bull-

nose cutter, stj = 0.04 mm/tooth.
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satisfy the precision requirements. The coefficients are plotted

in Fig. 6(b and d) by using the cubic fitting method.
In Fig. 6, coefficients vary in different cutting depths con-

tinuously, and the cutting speed can be calculated by

v = 2pr(z)n, where r(z) is the function of cutting depth and n
is the known quantity under certain experiment condition.
Therefore, the relations between cutting speeds and coefficients
are established during the identification process shown in

Fig. 7.
The results of verification are shown in Fig. 8 based on the

proposed identification procedure, semi-mechanistic modeling,

and then compared with the measured ones. In general, they
agree well and show satisfactory prediction in spite of some
fluctuations and discrepancies. They may be caused by unsta-

ble factors during experiments such as tool wear, vibration,
accuracy of the force-measure device, or small error in the
adjusting process. Stability lobe diagram (SLD) plots the
boundary between stable and unstable cuts as a function of

spindle speed and cutting depth. With the aid of SLD, the spin-
dle speed is chosen in the stable zone which has diminutive im-
pact on the system especially in small cutting depths. The

whole system presents rigid feature under shallow cutting
depth and tool shank distance, so to some extent, tool deflec-
tion can be ignored. Although developed hydraulic chucks

minimize the runout within 0.02 mm, it still leaves somewhat
uneven chip loads among flutes. This kind of load distribution
was not considered in simulations but can be involved as illus-

trated by Wan and Kline.4,19 The tool used in the tests was
newly made, so the degree of tool wear is minimal. Yet as
far as what the figures show, Fz has the greatest consistency
while some discrepancies exist in x and y directions which do

not influence the overall accuracy and trends.
In the machining process, multiple factors are attributed to

misalignments between the measured and modeled forces.20,21

Despite the existence of these factors, the results obtained from
experiments and simulations verify the validity of the coeffi-
cients identification methods and force models. Fig. 8 illus-

trates that the largest deviation remains in the range of 25%
while the smallest can be in a very close distance within the
two curves. The error of the tests is also below 20% in most

cases, especially for Fx and Fy cutting force components.
4. Conclusions

Expressions of each discretized force component are derived
based on the semi-mechanistic force model, and by integrating
the elements along the tool axis, resultant forces are obtained.
An improved identification method is then proposed to pro-

vide accurate force predictions for bull-nose cutters. Finally,
the model and the approach are tested and validated by com-
paring the experimental results with the simulations.

(1) The traditional coefficient identification method is mod-
ified by taking influences of various cutting speeds into

the force prediction process. With elevation z as the
coefficient-curve horizontal coordinate, it makes the
force coefficients prediction more convenient and accu-
rate compared with the traditional method.

(2) Demonstrations through experiments and theoretical
derivations are adopted to show validity and effective-
ness of the analysis. During the process, six coefficients

along the tool axis are illustrated by using the cubic fit-
ting method for given cutting conditions, cutter, and
workpiece material. However, it is not limited to specific

types and the fitting procedure is determined by real
experimental data.
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(3) It is shown that the results predicted by the force

model and coefficient identification approach corre-
spond well with the experiment outcomes. The method
can also be further employed in cutting force predic-

tions with certain inclination angle or parameter
selections.
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