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1. INTRODUCTION

In 1959, Palais [1] proved that the necessary and sufficient conditions for a
function f : R* — R" to be a diffeomorphism of R” onto itself are

(1) det J/(x) = 0 and
(2)  limyg,o || f (@)l = oo,

where R™ denotes the Euclidean n-space, J{x) denotes the Jacobian matrix
of f, and || x |2 = Y7, ;2. This powerful theorem has played a fundamental
role in many recent research works in nonlinear network theory [2-9]. On
many occasions, however, Palais’ theorem is used only to show that a function
possesses a continuous global inverse £, and the differentiability of the
inverse map is not really essential. Since there exist many globally one-to-one
functions which fail to satisfy condition (1) of Palais’ theorem, our objective
in this paper is to derive weaker global inversion theorems which do not
require the Jacobian to be nonzero everywhere. Since we will be concerned
exclusively with functions from R” into R%, the following classical theorem
due to Brouwer shows that the class of globally one-to-one and continuous
functions from R” into R" is identical to the class of globally homeomorphic
functions from R” into R™:

Traeorem 1.1 (Invariance of Domain [10]). If A is open in R™ and
[+ A-— R is one-to-one and continuous, then f(A) is open and f is a homeo-
mor phism.
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In view of this theorem, we will be concerned with theorems on global
homeomorphisms in this paper. Unless otherwise stated, all functions are
assumed to be from the Euclidean n-space R™ into R™ and are of class C'.

Our main result in Section 2 consists of a weaker form of Palais’ Theorem
vanish
on a set of isolated points. In Section 3, we study the properties of a class of
global homeomorphic functions which arise frequently in nonlinear network
theory; namely, the class of “increasing functions.”” Several theorems will
be presented which guarantee that a vector-valued function is increasing.
Unlike the results in Section 2, most of the theorems in this section are valid
not only for vector-valued functions from R" into R*, but also from an open
convex subset K C R" into R". The hypothesis in these theorems clearly
reveals that the class of increasing functions is a natural generalization of the
class of functions which are expressible as the gradient of a strictly convex
scalar-potential function [11-12]. The main result in this section consists of a
sufficient condition which replaces the requirement that the Jacobian matrix
be positive definite by an “almost-positive definite” requirement to be
defined in Section 3. Finally, in Section 4 we consider a class of “quasi-
increasing” functions which need not be increasing or decreasing, but are
nevertheless globally homeomorphic.
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2. SurrICIENT CONDITIONS FOR GLOBAL-HOMEOMORPHIC ONTO FUNCTIONS

A mapping f: X — Y is called a “local homeomorphism” if for each
v € X, a neighborhood of x is mapped homeomorphically by f onto a neigh-
borhood of f(x). In order to prove our main theorem on global homeomor-
phism, it is convenient to introduce the notion of a covering map [I, 13]:

DerinitioN 2.1. Let X and Y be a connected and locally connected
topological space. If f is a mapping of X onto Y with the property that each
v e Y has a neighborhood V7 such that each component of f~1(}) is mapped
homeomorphically onto V' by f, then f is called a “‘covering map” and (X, f)
is called a “‘covering space” of the space Y. In this case, the cardinal number #
of the set f~1(y) is the same for all y € Y. If n is a finite integer, then f is
called a finite covering, or more specifically, an n-covering.

It is well known that every homeomorphic onto function f: X — Y is a
covering map and every covering map is a local homeomorphism {13].
However, the converse is not true: A local homeomorphism need not be a
covering map and a covering map need not be a homeomorphic onto function.
Hence, an n-covering map lies somewhere in between a local homeomorphism
and a global homeomorphism. A [-covering map, of course, must necessarily
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be a global homeomorphic onto function. The following standard results on
covering maps will be needed in the proof of our global inversion theorem and
are reproduced here for handy reference:

Levmma 2.1 [1]. Letf: X— Y, X =Y = R", be a local homeomorphism.
A necessary and sufficient condition that f be a finite covering is that

lim || f(x)] = co.

llzf|>e0

Furthermore, if f is a finite covering, then the set
Y, ={yeY: fYy) contains at least m distinct poinis}

is either empty or equal to Y for each positive integer m.

Lemma 2.2 [13]. Let f: X — Y, X =Y = R, be a covering map. If A
is any component of f ~{(Y'), then A is open and f restricted to A is a 1-covering of
Y, e, f: A— Y is bijective.

We are now ready to state the main result in this section.

THEOREM 2.1. Let f: X —Y, X =Y =R" n =2, be a C* map. Let
S={xeR":det J{x) =0} and T ={xecR*:x¢S}. Then the following
conditions are sufficient for f to be a homeomorphism of R® onto R :

(1) det J{x) > O for all x€ T and S is at most a set of isolated points.
(2) limygy,e | f(#)] = 0.

Proof. Consider first the case n = 1. Suppose f : R — R! is not one-to-
one. Then there exist two distinct points x; and x, such that f(x,) = f(x,).
Let x; << %, . Condition (1) implies that there exists an interval (a, b) with
% < a < b < x, such that f'(x) > 0 on (a, b). Since fis C?, we can write

fw) —f) = [ F@ = [ fe@de>o,

which is a contradiction. Hence, f is one-to-one. By Theorem 1.1, f is a
homeomorphism on R!. Moreover, in view of Condition (2) and Lemma 2.1,
fis a homeomorphism of R! onto R™.

It remains to consider # > 3. Let p be a point in .S. There exists an open
neighborhood U, about p in R™ such that U, N .S = {p}: Since det J/(x) > 0
on U, except at the isolated point p where det J{(x) = 0, it follows from a
recent result by Church and Hemmingsen [14] that f is a local homeomor-
phism on U, , for each p € S. Since det J(x) > 0 for each x € T, f is a local
homeomorphism on R" for all n > 3. In view of Lemma 2.1, we know f is a
finite covering. Let 4 be any component of f~1(Y). Then it follows from
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Lemma 2.2 that 4 is open in R" and f restricted to A4 is a bijective map onto
R". By Theorem 1.1, f restricted to A4 is a homeomorphism of 4 onto Y.
Hence, if we can show that 4 = X, then we would have completed the proof
of this theorem.

Suppose 4 is a proper subset of X. Since 4 is open in .\, A is an open
proper subset of X. Let € X be a boundary point of 4 and let 3, be an
open connected neighborhood of f(8). Since f is a finite covering map on .\,
J1(M,) has a finite and nonzero number of components. Let N, be a compo-
nent of f~1(M,) that contains the point b. Let N, -= 4 N f-Y(M,). Since f
is continuous, f ! is open. Hence, both N, and N,* are open and connected.
Also note that f maps both N, and N,* topologically onto M, . Since N,
is an open set that contains b, the set NV, N 4 is not empty. It follows that
Ny N N* 18 not empty, for otherwise there will be at least one point x; in
N, N A and a point x, in N,* such that f(x,) = f (x,) € M, and f restricted
to .4 will not be one-to-one on A4, which is a contradiction. Since both N, and
N, * are connected, we have N, = N, *. Hence, b is in N,* and, therefore, is
in 4. This implies that 4 cannot be an open proper subset of X. That is, 4 is
closed in .X. We have A4 is both open and closed in X, and 4 is nonempty.
Therefore, we can conclude that 4 := X" This completes the proof of Theo-
rem 2.1,

We remark that Condition 1 of Theorem 2.1 is not necessary for f to be a
homeomorphism on R" However, the following lemma shows that
Condition 2 of Theorem 2.1 is also a necessary condition:

Lemma 23, Letf: X — Y, X =Y = Rr. If fis a homeomorphic function

of R™ onto R", then
Lo 1] f ()] = 0.

Proof. We first note that if f is a homeomorphic onto function, then f -1
is also a homeomorphic onto function from Y to X. Let y be an arbitrary
point in ¥ and I C Y be an open connected set containing y. Let U == f (V).
Since f-1 is continuous and I is connected, it follows that U is connected.
Since 1 is a homeomorphism on Y, f~1is open on ¥, hence U is open in X.
It is well known that the restriction of a continuous function to an open
connected set is continuous. Hence, f and f * are continuous mappings on {/
and V', respectively. In order to show that f maps U onto V" homeomorphi-
cally, we only need to show that f maps U univalently onto V. But this is
trivial because (1) f is one-to-one on X, so f is one-to-one on U, (2} in view
of our definition for U, corresponding to each point v in V, thereisa w in U
such that f(u) = o, where # = f (). Since ¥ is an arbitrary point in Y, we
have shown that f has the property that for each v in Y, there is a neighbor-
hood V" about y such that f maps f~*(¥') onto V" homeomorphically. This
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implies that f is a covering map. Moreover, f is a 1-covering map since f is a
homeomorphism on X. By Lemma 2.1, we have the conclusion of this
lemma.

An immediate consequence of Theorem 2.1 is the following global implicit
function theorem:

CorRoLLARY 2.1. Letf: X X Z—Y, ie., f(x,2) =y where x€ X = R",
zeZ=Rm" yeY=R" n>=1 and n+ m =~ 2. Suppose | satisfies the
following two conditions :

(1) det &ffox = 0 for all x and z and det of/ox = O on at most a set of
isolated points in X X Z.

(2) limyg,o | f(x, 2)l| = 00 for all 2.

Then there exists a unique continuous function g such that x = g(y, z) for all
(y,2)inY X Z.

Proof. The following proof is virtually identical to that given by Kuh and
Hajj [7] for their version of the global inversion theorem which is based upon
Palais’ theorem. Let us define the following vectors:

[ s[5 =[]

2 z
Then
o o
. ox 0z
Ji(®) =
0 1

and det Jx(%) = det 9f/ox. Now conditions (1) and (2) imply the following:

(1) det Jx(%) > O for all £ and det J{(%) = O on at most a set of isolated
points in X X Z.

2y limnﬁu-mo ||f(a”c)H = 0.

It follows from Theorem 2.1 that f is a homeomorphism of R* X R™ onto
itself, and hence we have a unique, continuous function § = f1 such that

2(F) = %; ie,

- e-s0= [543

forall § = (y, 2)in R* X R™. Consequently, we obtain the first z components
as x = g(y, 2) for all x and 2, and g is a unique, continuous function for all
(¥, 2) in R* x R™. 'This completes the proof.
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By requiring the function f in Theorem 2.1 to be of class C", n = 3, it
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next [15]:

DerinttioN 2.2, Let U be a nonempty subset of R”. Then U is said to be
of dimension zero if and only if U is a totally disconnected set. The empty set
and only the empty set has dimension —1.

TrHeoreM 2.2. Let f: X —>Y, X =Y =R" n+2, be a C" map. Let
S ={xeRv:det J{x) =0} and T ={xcR":xe€S}. Then the following
conditions are sufficient for f to be a homeomorphism of R™ onto R™:

(1) det J{x) >0 for all x € T and S is a set of dimension 0 or —1.
(2) limygy . || f (%) = oo.

Proof. We first show the theorem is true for the case # = 1. From Condi-
tion (1), S is a set of dimension 0 or —1, hence, for any two distinct points a
and b in R, say a < b, there is some point ¢, a <C ¢ <C b, such that f'(c) > 0.
Since f is C1, we have f” is continuous. Hence, there is a neighborhood V,
about the point ¢ scuh that for any x in IV, , we have f'(x) > 0.

Suppose f is not one-to-one. Then there exists at least two distinct points &,
and x, such that f(x,) = f(x,). From the preceding paragraph, we know that
there is an interval (d; , dy), %, << d; << d, << x, such that f'(x) > 0 for all
xin (dy , d,). But

dg

P =) = | F@dr= [ fedr=o.

This is absurd. Hence, f is one-to-one on X. Theorem 1.1 says that fis a
homeomorphism. In view of Condition (2) and Lemma 2.1, f is a homeomor-
phism of R! onto itself. For the case # > 3, it suffices to prove that f is a local
homeomorphism on R” because the remaining proof then follows exactly
that of Theorem 2.1. In this case, the fact that f is a local homeomorphism
follows from another recent result by Church [16-17], provided that n > 3.
This completes the proof of Theorem 2.2.

We remark that the first part of Condition (1) of Theorems 2.1 and 2.2 can
obviously be replaced by det J{x) << 0. We also remark that the converse of
Theorem 2.2 is true for the case n = 1, i.e., Conditions (1) and (2) are both
necessary and sufficient for the function f in Theorem 2.2 to be a homeomor-
phism of R onto R1. For otherwise, S must have dimension > 0 and hence
must contain a nonempty open interval (a, b). This would imply

& =f@+ [ FOdy=1@, Vrs(@b),

409/39/3-6
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which is absurd. For the case n > 3, the converse of Theorem 2.2, and for that
matter, Theorem 2.1, is obviously not true since Condition (1) of both
theorems is not necessary. There are many homeomorphic onto mappings
with their Jacobian vanishing on an (n — 1)-dimensional set. The following
simple example is a case in point:

Let f: R® — R®be defined by

= filw) = a®,
Yo = folx) = 2%,
Yy = fo(x) = 2 + x5 + 5.

This function f has a global inverse on R?; namely,

L Us L3
X¥1=X1 Xo =Yo2

oy =y3 —y1° — »
Hence, f : R® — R3is a homeomorphic onto mapping. But det J(x) = 9x,%x,2
vanishes on two 2-dimensional hyperplanes: one defined by x; = 0 and the
other defined by x, = 0. However, the following theorem gives a partial
converse to both Theorems 2.1 and 2.2:

THEOREM 2.3. Letf: X — Y, X =Y = R" be a C" map. If f is a homeo-
morphism of R™ onto itself, then

(1) either det Ji(x) =0 or det J(x) <0, and there does not exist an
n-dimensional open set N C X such that det J,(x) = 0Vxe N.

(2)  limygyse || f(x)] = oo.

Proof. It suffices to prove only Property (1) because Property (2) follows
immediately from Lemma 2.3. Since f is a homeomorphism of R onto itself, it
is one-to-one and open on X. This implies that f is a light and open map [18].
Moreover, since f is C", it follows from Corollary 1.7 in Church [17] that
either det J«{(x) > 0 or det J;(x) < 0.

Suppose there is an z-dimensional open set N C X such that det J{x) =0
for all x in N.

Let % be a point in NV and let r be small enough so that B(&, 7), an open
ball centered at & with radius r, is contained in N. Then (£ + r2) is in N
for all z in B(0, 1) C R". Hence, det J{& + rz) = 0 whenever || z|| < 1.

Let us define a mapping f : B(0, 1) C R* — R» by fiz) =f(& + rz2) for 2
in B(0, 1). f is C™ since f is and det J#(2) = 0 on B(0, 1). It had been shown
in [6] that if an n-dimensional vector-valued function # is a homeomorphism
on an n-dimensional open ball B, then det J,(x) = 0 on B. Hence f cannot be



GLOBAL HOMEOMORPHISM 607

a homeomorphism on B(0, 1) C R*. In view of Theorem 1.1, fis not one-to-
one on B(0, 1). That is, there exists at least a pair of distinct points 2; and 2,
in B(0, 1) such that f(2)) = f(z,). This implies that (& + rz) = f(& -+ ray),
or that f is not one-to-one on X. This is a contradiction. Hence, our conclu-
sion follows.

We remark that although Theorem 2.3 is only a partial converse to Theo-
rems 2.1 and 2.2, it is as far as one can go because there exist many homeo-
morphic onto functions whose Jacobians vanish on an (# - - 1)-dimensional
set.

As a consequence of Theorem 2.3, the following partial converse to the
global implicit function theorem in Corollary 2.1 can be given:

zeZ = RmandyecY = R*, be a C® map. If there exists a unique C° mapping
g: Y » Z— X, ie., g(y, 2) = x, then

1o limy ., | f(x, 2)]| = o for all z in Z.

2. limyy . [ g(y, 2)| = oo for all 5 in Z.
If, in addition, f is C*, then either det(0f/6x) = 0 or det(dffox) << O for all
(x, 2). Moreover, there does not exist an (n — m)-dimensional open set

NCX » Z such that det[of (x, 2)/éx] = O for all (x, z) in N.
Proof. Let

St R 4 P A P R

X=X X Z=Rrm and V=Y x Z =R+,
Then,

[ -[-% fo=['57)-E]-s

z z

Hence, we have §: ¥ — X and f: X — ¥ such that fod($) =9 for all §
in R* and § o f(&) = & for all & in R**™, This implies that § = f-* and
f = gL on R**™. Hence, § and f are both one-to-one and onto. Since they are
C?® maps, Theorem 1.1 indicates that both f and g are homeomorphisms on
Rr+m, Hence, they are homeomorphism of R"*” onto itself. By Lemma 2.3,
we have

lim /(@) = oo (2:1)
and
lim | ¢(5)| = - (22)

i
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But (2.1) implies that
I f(x, 2)| 41} 2 || = oo. (2:3)

lim
(x| +l2l)—»o

Let = be an arbitrary point in Z with || || < c0. Then (2.3) implies that
lim || f(#, 2)|| = oo. 2.4

llfl->e0
Hence, (2.4) is true for all 2 in Z. Similarly, we can show that

lim || g(y, )| = 0.

[yl
If fis C, then f is C" also. Since
of(x,2)  Of(x, 2)
det Ji&) — det | O® % | _ det ff(a’;—z)
0 I

our conclusion follows from Theorem 2.3.

On first thought, one might be tempted to surmise that Theorems 2.1 and
2.2 might also hold for the case # = 2. Unfortunately, the following counter-
example shows that this is not possible.

CoOUNTEREXAMPLE. Let f: R?— R? be defined by

filx) = a2 — 253,

Jo(%) = 2%, .

It can be easily verified that det J(x) = O only at the origin. Hence, S is
isolated and of dimension 0. Moreover, limy,;, || f(x)]| = co. However, the
function f is not one-to-one for the two points (1, 1) and (—1, —1) both
map to the same point (0, 2).

The fact that Theorems 2.1 and 2.2 are not valid for z = 2 and yet are
true for n > 3 is somewhat surprising. This unexpected result has its origin
in a recent result by Church and Hemmingsen [14] to the effect that the
branch points of a mapping from R” to R" for n > 3 form a perfect set.

Both Theorems 2.1 and 2.2 require a norm condition on the function f.
Our next theorem replaces this with a condition on the inverse map.

THEOREM 2.4. Letf: X — Y, X =Y = R*, be a one-to-one and continu-
ous map. Suppose that given any e >0, there exists a 6 >0 such that
g — %y || << € for every || f(xy) — f(xy)|| << 8. Then f is a homeomorphism of
R™ onto itself.
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Proof. f is one-to-one on X implies f~1 exists on f(X). Moreover, f !
is uniformly continuous on f(X) because given any e > 0, there exists a
8 > 0 such that {|fYy,) — f Uyl = % — 3!l < ¢ whenever
|35 = 3l = £ — (sl < 8, where we have let y, = f(x), i — 1,2,

Let {x;} be a sequence in X such that || x; || — 20 as & — o0 and consider
the sequence {y, = f(x,;)}. Suppose the sequence {y,} is bounded, i.c.,
Py = f(x)ll < B << oo for all k. Then there exists a Cauchy subse-
quence {y,} which converges to a point y,, where ||,/ << B. From a
standard result in analysis [19], we know that the image of a Cauchy sequence
under a uniformly continuous mapping is Cauchyv. Hence, the subsequence

is a contradiction. Therefore, the sequence {y, == f(x,)} cannot be bounded.
This implies that limg, . |[f(x)] = c0. Moreover, since f is one-to-one
and continuous, it follows again from Theorem .1 and Lemma 2.1 that fis a
homeomorphism of R® onto R". This completes the proof.

Remark. Let f: R*— R* If f—1 exists on f(R") and is uniformly continu-
ous, then we have

lim | f(®)] = oo.

Helfaoe

3. PrOPERTIES AND CHARACTERIZATIONS OF INCREASING FUNCTIONS

Our objective in this section is to characterize an important class of homeo-
morphic vector-valued functions in Euclidean n-space which are frequently
encountered in the physical sciences [20, 21]. These functions are usually
called “monotone operators” and have been treated extensively in more
general spaces by Minty [22] and Browder [23]. Since the term monotone
operator or monotone function has been used in the literature under various
different definitions [18, 22-26] which, unfortunately, are not consistent
with one another, we have adopted the following concise and unambiguous
terminologies:

DeriniTION 3.1, Let f: X — Y, XCR" Y = R". Let the following
inner product be denoted by

(@) — f (), %y — 230 = aulixy , ).
Then f is said to be:
(a) increasing on X, or simply an increasing function if and only if

a(x; , %) > 0, Va,, x,e X and Xy F Xy
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(b) nondecreasing on X, or simply a nondecreasing function if and only if
oy , %) = 0, YV, , %, € X
(c) decreasing on X, or simply a decreasing function if and only if
afxy , x5) < 0, Vo, 2,6 X and  x; £ x;
(d) nonincreasing on X, or simply a nonincreasing function if and only if

0‘(‘7("1 ’ xz) < 0) Vxl y X2 € X.

Since each property in this section concerning an increasing (nondecreasing)
function has an obvious corresponding property concerning a decreasing
(nonincreasing) function, all results will be stated only in terms of increasing
or nondecreasing functions.

Lemma 3.1, Let f: U— R", where U is an open convex subset of R*.

(@) If f is increasing on U, then f is one-to-ome on U.
(b) If f is continuous and increasing on U, then f is a homeomorphism on U
and its inverse function f~1 : f(U)— U is also increasing on f(U).

Proof. To prove (a), suppose the contrary. Then there exists two distinct
points x and v in U such that f(x) = f(y). If we let

N = (y — *)'flx+ Ny — %)),

then g(1) = g(0). But f is increasing on U implies that g(1) — g(0) > 0, hence
the contradiction. To prove (b), we use Theorem 1.1 to assert that f is a
homeomorphism on U. To show that ! is increasing on f(U), let y; and y,
be two arbitrary but distinct points in f(U). Let y, = f{%,) and y, = f(x,).
Then

M) — X2 y1 — Yo == (% — %5, f(%1) — fx)> > 0.

This completes the proof of Lemma 3.1.

DeFinNITION 3.2, Letf: X— Y, XCR" Y = R” Then f is said to be a
state function on X, or simply a state function, if, and only if, the Jacobian
matrix Jx(x) is symmetric for all x € X.

DerinrrioN 3.3. Let f: U— R!, where U is an open convex subset of
R». Then f is said to be
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(a) strictly convex on U, or simply a strictly convex function if, and only if,

FQx 4 (1 =X y) < M)+ (1 - 1) f(»)
Y,y - xe U and O <A< |

(b) convex on U, or simply a convex function if and only if the inequality
sign in (a) 1s replaced by “<".

The following relationship between increasing and strictly convex func-
tions had been proved in [6] and is reproduced here for handy reference:

TueorReM 3.1. Let U be an open convex subset of R" and ¢ : U -~ R be a
CYmap. Let  ~= N on U. Then f is increasing on U if and only if ¢ is strictly
convex on U.

It is well known that a scalar function ¢ : U — R defined on an open con-
vex set is strictly convex if the Hessian matrix H (x) of ¢ [which is also the
Jacobian matrix [/(x) of f = Ve] is positive definite [26]. Our next objective
is to weaken this hypothesis by allowing the Hessian to vanish on a set of
isolated points.

Lemma 3.2. Let U be an open convex subset of R and let ¢ : U — R be a
C2 scalar function.Let S = {x e U : ¢"(x) =0t and T ={xc U :x ¢ S}. Then
@ s strictly convex on U if and only if ¢"(x) > O for all x in T and S is at most
a set of isolated points.

Proof. Suppose ¢"(x) > 0 for all x in T and S is a set of isolated points.
Then for any two distinct points % and v in U with # > v, we have

v — @) = [ ') > 0. (3.1)

Let w = (I — A) p + Ag where A€ (0, 1), p and ¢ are any two distinct points
in U. It follows from (3.1) that

#w) —o(0) = [ ) dx < g/(e) (& — p), (3.2)

q
#lq) — @) = [ ¢/(x) dx > ¢'(w) (g — ). (33)
Multiplying (3.2) by (I — A) and (3.3) by A and adding, we obtain

P((1 — N p +29) <(1 =) e(p) + Ae(g) (3.4)

for all p =~ ¢ in U. Hence g is strictly convex on U.
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To prove the converse, let ¢ be strictly convex on U and suppose there
exists a nonempty interval (a, b) C U such that ¢”(x) < 0 for all x in (a, ).
If we let w = (1 — A) p 4 Ag where A€ (0, 1), p and ¢ are any two distinct
points in (a, b), then

#) = o(2) = [ ¢ dx > p') (0 — 1), (3.5)
#0) — o) = [ 9/ dx <g/(w) (g — ) (36)

Multiplying (3.5) by (1 — A) and (3.6) by A and adding, we obtain

(1 =) p +2a9) = (1 — ) o(p) + Ap(g)- (3.7)

This implies ¢ is not strictly convex on U, which is a contradiction. Hence,
there cannot exist a nonempty open interval in U on which ¢” <C 0. Therefore,
¢"(x) << 0 can occur at most on a set of isolated points. Suppose there is a
point C such that ¢"(C) < 0. Since ¢” is continuous, there is an interval N
about ¢ such that ¢”(x) < O for all x in V. This is a contradiction. Hence,
@"(x) = 0 for all x and ¢"(x) = 0 can occur on at most a set of isolated points.

TueoREM 3.2. Let U be an open convex subset of R* and let ¢ : U — R
be a C? scalar function. Then o is strictly convex on U if and only if the quadratic
form

O x,3)=(z—x) H(x+ Mz — x)) (2 — %) (3.8)
is positive for all x and z in U, and for all A € (0, 1) except for at most a set of
tsolated points on which Q(A, x, 2) = 0.

Proof. 'The strict convexity of @ on U is equivalent to the strict convexity
of ¢ on each straight line segment in U. This is equivalent to the strict con-
vexity of the function

gA) =g(x + Az —x), Ae(0, 1),

where x and z are any two distinct points on U. By Lemma 3.2, g(A) is strictly
convex on (0, 1) if, and only if, g”(A) > 0 except for at most a set of isolated
points on which g"(A) = 0. But

g0 = (2 — 0 Hyx + Mz — %) (z — 2) = O\, %, 2).

Hence, g is strictly convex if, and only if Q(A, », 2) is positive for all A € (0, 1)
except for at most a set of isolated points on which Q(}, x, 2) = 0. This
completes the proof of Theorem 3.2.
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The result of Theorem 3.2 motivates the following definitions:

Derinttion 3.4. An#z X nreal matrix 4 which need not be symmetric is
said to be positive definite (positive semidefinite) if, and only if, y*4y > 0
(ytAy =2 0) for all » x | real vectors y 7 0.

DeriniTION 3.5. Let U be a subset of R*. An n x n matrix A(x) is said
to be “almost positive definite” on U if and only if, A(x) is positive definite
for all x in U except for at most a set of isolated points on which A(x) is
positive semidefinite.

CorOLLARY 3.1. Let U be an open convex subset of R and let ¢ : U — R!
be a C* map. If the Hessian matrix H , of @ is almost positive definite on U, then ¢
ts strictly convex on U.

Proof. Let x and 2z be any two distinct points in U, then by hypothesis,
we have for any ¥ = 0 in R,

yHy(x + Mz — )y =0,  Ae(0,1), (3.9)

where the equality sign may hold only on a set of isolated points in (0, 1)
that A takes on. Now if we let y = 2 — xin (3.9), and use the notation in (3.8),
we obtain Q(A, x, 2) > 0 for all x and 2 5= x in U and for all A € (0, 1), except
possibly for a set of isolated points on which Q(A, x, 2) == 0. Hence, by Theo-
rem 3.2, ¢ is strictly convex on U. This completes the proof of Corollary 3.1.

It is well known that if fis a C? state function defined on an open rectangular
subset U/ C R", then there exists a C? scalar potential function ¢ : U — R!
such that f =: Vg [26, 27], where an open rectangular subset of R" is defined
to be the set {x 1 a; < x, <<b;, 1 =1,2,..., n}. The following theorem is a
utilization of state functions:

Tueorem 3.3. Let U be an open rectangular subset of R* and let f : U — R"
be a C1 state function. Then f is increasing on U if and only if the quadratic form

P u,v)= (v — u)t J(u+ Av—w) (v —u) (3.10)

is positive for all u and v == u in U, and for all A € (0, 1) except for at most a set
of isolated points on which P(A, u, v) = 0.

Proof. Since f is a C* state function, there exists a C? potential function
@ : U— R such that f = Vg on U. The conclusion follows immediately
from Theorems 3.1 and 3.2. This completes the proof of Theorem 3.3.
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CoroLLARY 3.2. Let U be an open rectangular subset of R™ and let
f:U— R™ be a C? state function. Then f is increasing on U if [(x) is almost
posttive definite on U.

Proof. Since f is a C! state function, there exists a C? potential function
¢ : U— R such that f = Vg on U [26-27]. By Corollary 3.1, ¢ is strictly
convex on U and hence f is increasing on U by Theorem 3.1. This completes
the proof of Corollary 3.2.

An example of a state function which satisfies the hypothesis of Corollary
3.2 but whose Jacobian matrix is not positive definite is given by

Flx) = [fl(x)] _ [xl + 3% + xz]

Xy o+ %y + %50

Sol)

A simple calculation shows that det [(x) =0 at ¥ = 0 and J{(x) is almost
positive definite on R2. Moreover, f is increasing because

{f@) —f(0),u— o> = (4, — vy + Uy — )"
+ §(uy — 91)? (1 + vy + v,%)
+ Yy — v5)? (? + uyvy, +95%) >0
whenever u =~ v,

However, the converse to Corollary 3.2 is not true and consequently, the
converse to Corollary 3.1 is also not true. The following trivial example will
bear this out:

Let ¢ : R? — R'and f : R? — R? be defined by

1
P(x) = fxt -+ Ja? + 1wt

filx) = %%, fo(x) = x5 + x5%

It is obvious that f = V. Trivially, one can show that f is increasing on R?,
hence g is strictly convex on R? But, a straightforward calculation will show
that J(x) — H_(x) is positive definite for all x in R? except on the line x; =0
and on this line, J{x) = H (x) is positive semidefinite.

If f is not a state function, it will not be possible to generalize the preceding
characterization of an increasing function f in terms of the strict convexity of
some scalar function ¢ because only state functions can be expressed as the
gradient of a potential function. However, the following theorem shows that a
natural generalization of the preceding characterization to nonstate functions
can be achieved through their Jacobian matrices.

TuroreM 3.4. Let U be an open convex subset of R" and let f : U — R" be a
C! function. If J/(x) is almost positive definite on U, then f is increasing on U.
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Proof. Letuand v be any two distinct points in U. Then the points on the
straight line ¢ 4 A(# — v) are in U for A€ [0, 1]. Let

g = (u — ) f(v + Mu — ©)). (3.11)

Since g 1s a C! function on [0, 1] and [/(x) is almost positive definite on U, we
have

g(1) — g(0) = | dg()\) dr = ' (0 — o) J(v + Au — v)) (u — v)dA >
(3.12)
But
g(1) —(0) = (u — ) f(w) — (¥ — 0)" f(2) = (u — ) (f(w) — f(2))-
(3.13)

It follows, therefore, from (3.12) and (3.13) that f is increasing on U. This
completes the proof of Theorem 3.4.

An example of a nonstate function which satisfies the hypothesis of Theo-
rem 3.4 is given by

_ [HE et e 2
ORI R

Let the nonsymmetric Jacobian matrix J{x) be resolved into a symmetric
part A(x) and a skew-symmetric part B(x)

I B T Y B
= A(x) + B(x).

Clearly, A(x) is almost positive definite, and hence so is J{(x). To verify that f
is indeed increasing, we found

) — f(0), u — ) = (uy — vy + ug— o) 4§ [(uy — 01)* (uy* + 042, -+ 04%)
+ (Uy — 0g)? (U2 -+ uvy + 0,2)] >0 forallu == o,

Although the converse of Theorem 3.4 is not true, the following theorem
shows that not much improvement is possible:

THEOREM 3.5. Let U be an open convex subset of R and let f : U — R" be a
C! function. If J{x) is positive semidefinite for all x in U, then f is nondecreasing
on U.
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Proof. 'The proof of Theorem 3.5 follows mutatis mutandis from the proof
of Theorem 3.4 and is, therefore, omitted.

LemMA 3.3. Let U be an open convex subset of R™ and f: U — R™ be a
C* map. If f is nondecreasing on U, then J(x) is positive semidefinite on U.

Proof. Suppose there exists a point x, in U and a pair of distinct vectors
x; and x, in R" such that the quadratic form

O(xg 5 %y, %) = (%3 — x1)* Jo(%) (5 — 27)

is negative. Then there exists a neighborhood about x, which contains an open
ball B(x, , ) C U such that for every 2 in B(x, , r), we have Q(z, %, , x,) < 0.
Since B(x, , ) is an n-dimensional ball, for each y in R”, there exists a vector
¥1in B(x,, r) and o > O such that y = o(y — «,). Hence, we have two vectors
% and &, in B(x, , r) such that x; = a,(®, — %) and x, = ay(%, — &,), where
a; >0, a, > 0. Let a = max{a, , a,}. Then we can find &, and %, in B(x,, 7)
such that x; = a(%; — x,) and x, = a(%, — x,). Thus

Xy — Xy = a(fy — &). (3.14)

Since #; and &, are in B(x,, 7), the points [# + A(&, — £;)] with A in [0, 1]
are in B(xq , 7). Hence, for A in [0, 1], we have

p p N 4 g 1. . .
O(%y + A(Ey — £y), 4y, &) = EQ(xl + A&y — £y), 21, x5) < 0. (3.15)

Consider the following scalar function:
g = (& — &) f (R + ME: — &), Ae[0, 1]

Then, g(1) — g(0) = (&, — %) [ f(%) — f(£,)] = 0 because f is nondecreas-
ing on U. But g(1) — g(0) = g'(**) for some A* in (0, 1). Hence, we have

8(1) — £(0) = g'(A%) = (£, — &))" /(& + 2% — £)) (£, — &)

(3.16)
= Q& + A*(£;, — &), £, £) <0,
which is a contradiction. Hence, there does not exist a point x, in U and a pair
of vectors x; and x, in R" such that O(x,, %, x,) << 0. Therefore,
O(2q , %y, %) 2= 0 for all xyin U and %, , x, in R". This implies that [(x)is a
positive semidefinite matrix for all x in U.
The preceding results can be summarized as follows:
Let U be an open convex subset of R® and let f : U — R" be a C* function.
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Consider the following properties:
(A) Ji(x) is positive definite on U.
(B) J(x) 1s almost positive definite on U.
(C) f 1s increasing on U.
(D) f1s nondecreasing on U.

(E) JAx) 1s positive semidefinite on U.

Then we have the following results:

(4) = (B) = () = (D) < (E).

4. PROPERTIES AND CHARACTERIZATION OF QuaAsI-INCREASING FUNCTIONS

Our objective in this section is to study the properties of a class of homeo-
morphic functions, called “quasi-increasing functions,” which includes the
class of increasing functions as a proper subset. Our main motivation is to
derive weaker global inversion theorems which allow the Jacobian of an
appropriately transformed homeomorphic function to vanish on hyperplanes,
rather than on a set of isolated points.

DerFmviTioN 4.1. An s X n matrix A4 is said to be a class-E matrix if, and
only if, each row and each column of 4 have one and only one nonzero element
which is either 1 or —1.

Notice that premultiplication (postmultiplication) of a matrix [ by a
class-E matrix 4 is equivalent to a permutation of the rows (columns) of |
with certain rows (columns) of J multiplied by — 1. In this respect, class-E
matrices act like elementary matrices [28]. The following two important
properties of class-E matrices can be shown trivially:

I. If E, and E, are class-E matrices, then E,E, is a class-E matrix. Con-
versely, if E, is a class-E matrix, there are two class-F matrices, E, and E,
such that B,E, = F, .

2. Every class-E matrix is an orthogonal matrix.

DeriniTION 4.2, A function f: R® — R" is said to be quasi-increasing if,
and onlyif, there exist two class-E matrices E, and E, such that the transformed
function f : R* —> R" defined by f(x) — E, f o (E,x) is an increasing function.

LevMa 4.1.  Every quasi-increasing function f is a homeomorphic function.

Proof. By definition, the transformed function f(x) = E,f o (Ey) is
increasing and hence by Lemma 3.1(b), is homeomorphic in R". Since class-E£



618 CHUA AND LAM

matrices are nonsingular, the function f o (Eyx) — E;%f(x) is also homeo-
morphic in R”. If we let & = Ex, then x = E;'2 is well defined and hence
f(2) is homeomorphic in R™. This completes the proof.

The following lemma is an important observation for the development of
this section:

LemMma 4.2. Let E, and E, be two class-E matrices of order n and
f:UCR"— R"be a Ct map on U. Then E, J,(x) E, is positive definite (semi-
definite) at a point x € U if, and only if, E, Jx) is positive definite (semi-
definite) at x, where E, = E,E, .

Proof. Since the proofs of the positive definite part and the positive semi-
definite part are similar, it suffices to prove the positive definite part only.

Since E, is nonsingular, so is E,!. Hence, for every vector 2 % 0 in R™,
there is a vector s %= 0 in R” such that 2 = E,%. So, we have the following:

O(2) = 2'E, J (%) Bz = s'EE, J{(x) B Ey's = s'E, J{(x) s = P(s).

This implies that Q(z) > 0 for all 2 £ 0 in R" if, and only if, P(s) > 0 for
all s £ 0 in R”. Hence, our conclusion follows.

In view of Lemma 4.2, we can conclude that if f: UC R* —> R" and is a C*
map on U, then E,J{x) E, is almost positive definite on U if and only if
E, J{x) is almost positive definite on U, where E, = E,E,, and E_, E, are
class-E matrices.

THEOREM 4.1. Letf: X— Y, X =Y = R", be a C! map. Suppose there
exists a class-E matrix E, such that E, [(x) is almost positive definite on R™, then f
is quasi-increasing.

Proof. Let E, and E, be two class-E matrices such that £, = E,E, . For
each x in X and y = f(x), let ¥ = Eyu and w = E,y. Then

w = E,f o (Ea) = f(w)
and f: U— W, where U = E;*X = R* and W = E,Y = R", is a C! map.
Moreover,

Jiw) = EoJ; o (Eyu) By = E,J{(%) E, . (4.1)

It follows from the hypothesis and Lemma 4.2 that Ji(u) is almost positive
definite on R™. By Theorem 3.4, f is an increasing function on R"™. Hence, fis
quasi-increasing on R” and the theorem is proved.

An example of a function f: R® — R" which is neither increasing nor
decreasing but which satisfies the hypothesis of Theorem 4.1 is given by

flx) = [fl(x)] = [ X%y + Xy 1 x23]

= s .
— X T X" — Xy

Jox)
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f is neither increasing or decreasing on R? because

“fla)y —f(b),a —b> = —1 when a =b,, a, == 1, by =0
and

Cfl@)—fb),a—b>=1 when a, = b,, a, =1, b, =0.
Let

E, - [0 "1], El,:[ 0 _1] and  E, — [‘ O].

1 0 —1 0 0 —1
Then
1 3¢ 1
BB, and  EJ@=[ T A

A simple computation will show that 4(x) is positive definite except at the
point x; == x, = 0 and at this point, A(x) is positive semidefinite. Hence,
A(x) is almost positive definite on R? and so f is quasi-increasing. Indeed, the
function
; wy ) —u
u) = E, J(Eu) = [ R 2]
J) = EJE = |

is increasing because

(fla) —f(®),a b
= [(ay — b1) — (ay — by)P* + (ay — by)? (ay -+ @by + b47)
+ (az — by)? (@, + ash, + bF) >0

whenever a £ b.

Our next theorem shows that a function f : R® — R" can be quasi-increasing
even if the Jacobian of £ is allowed to vanish on (z — 1)-dimensional hyper-
planes.

THEOREM 4.2. Let f: X — Y, X =Y = R, be a C! map. Suppose there
exists a class-E matrix E, such that E,J{x) is positive definite for all x in R™
except for at most a finite number of hyperplanes of dimension less than or equal to
(n — 1) defined as

n
Z Disx; = 5 i=12,.,m,
=1

where x = (%, Xy ,..., %,); Pi; and ¢q;, j=1,2,...n, i=1,2,..m, are
constants. Let

S, = x:Zpi,-xj:qjg , i=1,2,..,m.

i1
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If for any two distinct vectors o and 8 in each S;, i = 1, 2,..., m, we have

CE[f() —F (B, «— B> >0, (4.2)

then f is quasi-increasing.
Proof. Let E, and E, be two class-E matrices such that £, = E,E, . For
each x in X and y = f(x), let x = Eyu and w = E,y. Then
U= E;’X = R", W=E)Y=R"
and

w=E,y =E,f(x) = E.f o (Ey) =f (u).

That is, f: U—> W, U= W = R", is a C® map. Let r and s be any two
distinct points in R™ Let

gN) =@ — ) fs -+ Ar —s), A0, 1].

Then g is a C* map on [0, 1]. Hence, we have
1 1
&(1) — £(0) = fog’(h) d\ = fo (r — $)t Ji(s + Ar — $)) (r — s) dA

- f =9 By [Eo(s + Mr — )] By(r — 5) dA
: (4.3)
= [ =9 BB Bs + 20 — N By — 9

— [ o = ) Bl Ay = ) (3 — )

where x, = F,r and x, = E;s.

Since I' == {x : ¥ = x, + Mx, — x,), A€ [0, 1]} is a straight line connecting
the points x, and x, = x, , only the following three cases can occur:

(a) I does not intersect any Sy, k =1, 2,..., m;

(b) I intersects some Sy, k=1,2,...,m;

(¢) I'is contained in some S, , say S,l , Slz yeuey Sl” , where

1<b, Ly L, < m,

ie.,

rcs,nsS, —-ns,.
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Notice that a straight line can intersect each hyperplane at most at one point
unless it is contained in that hyperplane. If case (a) or (b) occurs, then, except
for a finite number of A in (0, 1) for which the straight line

I'={x:x=ux+ Nx, — 1), A[0, 1]}

intersects with some hyperplane S;, the matrix E_J{x, + A(x, — x3)) is
positive definite. Hence, (4.3) would imply that

g(1) — g(0) >0,
that 1s,

=)= =9 ) =)= (s)r—> >0, (44)

If case (¢) occurs, then the straight line I" connecting the points x, and x, is
contained in S, NS5, NN Slﬂ . By assumption,

EJf(x) — f(%)] %, — x> > 0.
This implies that
CEE[ fo (Byr) — fo (Ey)], Eyr — Eysd = (Ey fo (Eyr) — Eofo (Bys),r — 5>
=) —=fls)r—s >0
Hence, for any two distinct points 7 and s in R”, we have
)= f@hr—s> >0

That is, f is increasing on R and so f is quasi-increasing. This completes the
proof of Theorem 4.2.

To illustrate the utility of Theorem 4.2, we will present next an example
which applies Theorem 4.2 to show that a function which is neither increasing
nor decreasing can nevertheless be quasi-increasing even though it fails to
satisfy the hypothesis of Theorem 4.1.

Exampre 4.1. Let f: R2— R* where

fx) = [x1 + %5 4 x23] _ [flxy, xz)] .

Xy T Xy o Lol x0)

f 1s neither increasing nor decreasing because { f(u) — f(v), 4 — v) = —1
when #=(0,1) and v=(0,0) and <{f(u) —f(v),u-—v> =1 when
u = (1, 1) and v = (2, 1). Moreover, the Jacobian of f vanishes on the line
x, = 0. However, if we choose

0 —1]’ Ea:[ 0 »1]’ and E,,:[l 0]’

Ec:[1 0 -1 0

409/39/3-7
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then it is easily verified that E, = E,E, and E_J{x) is positive definite except
on the line x, == 0, and on this line, {E,[ f(u) — f(v)], (¢ — v)> > 0. Hence,
by Theorem 4.2, f is quasi-increasing and homeomorphic on R2 Indeed,
the inverse function is given by

A ]

By choosing E, = E, = E, = I, the identity matrix, Theorem 4.2 becomes
a sufficient condition for f to be an increasing function while allowing the
Jacobian of J{x) to vanish on a larger set than a set of isolated points. The
next example illustrates this point.

ExampLE 4.2. Let f: R2— R® where

f(x)=[ am’ o & ]

— %+ Xy + %0

It is easily verified that [,(x) is positive definite except on the line x; =0,
and on this line, { f(u) — f(), u — v> > 0. Hence, by Theorem 4.2, f is an

increasing function.

5. CoNCLUDING REMARKS

Several new theorems have been presented for a function f: R — R to
be homeomorphic on R*. Unlike the Palais theorem [1], these global inversion
theorems share a common feature in that the Jacobian of f is allowed to
vanish on at least a set of isolated points. This feature is also preserved in the
global implicit function theorems which follow quite naturally from the
inversion theorems. A version of partial converse to the global inverse (impli-
cit) function theorem is also presented.

The class of increasing functions is seen to be a natural generalization of the
class of state functions associated with strict convex potential functions. A
further generalization leads to the definition of a quasi-increasing function
which behaves in many respects like an increasing function.

ACKNOWLEDGMENTS

The authors would like to thank Professor Jan Mycielski from the University of
Colorado and Professor Edwin Duda from the University of Miami for their assistance
in the proof of Theorem 2.1.



GLOBAL HOMEOMORPHISM 623

REFERENCES

. R. S. Parais, Natural operations on differential forms, Trans. Amer. Math. Soc.

92 (1959), 125-141.

. C. A. HoLtzmanN AND R. W. Liu, On the dynamical equations of nonlinear

network with n-coupled elements, Proc. of the 3rd Annual Allerton Conf. on
Circuit and System Theory, pp. 533-545, Univ. of Illinois, Urbana, IL, 1965.

. T. Ontsurr AND H. WATANABE, State variable analysis of RLC networks containing

nonlinear coupling elements, IEEE Trans. Circuit Theory 16 (1969), 26-38.

. I. W. SanDBERG AND A. N. WiLsoN, JRr., Some theorems on properties of DC

equations of nonlinear networks, Bell System Tech. ]. 48 (1969), 1--34.

. 1. W. SanDBERG, Theorems on the analysis of nonlinear transistor networks,

Bell Svstem Tech. ]. 49 (1970), 95-114.

. L. O. Cuva anp Y.-F. LaMm, “Foundations of nonlinear network theory, Part 1,”

Technical Report No. TR-EE 70-22, Purdue University, Lafayette, IN, June, 1970.

. L. O. Cuua, The linear transformation converter and its application to the

synthesis of nonlinear networks, IEEE Trans. Circuit Theory 17 (1970), 584-594.

. E. S. Kuu anp 1. N. Hajj, Nonlinear Circuit Theory resistive networks, Proc.

IEEE, Vol. 59, March (1971), 340-355.

. T. Fujisawa anp E. S. Kul, Some results on existence and uniqueness of solution

of nonlinear networks, IEEE Trans. Circuit Theory, 18 (1971), 501-506.

. L. Bens, “Topology,” Courant Institute of Mathematical Science, New York

University, New York, 1956.

. R. K. BravroN anD J. K. MoseR, A theory of nonlinear networks—I, 11, Quart.

Appl. Math. 22 (1964), 1-33; 81-104.

. L. O. Cnua, *“Stationary Principles and Potential Functions for Nonlinear Net-

works, Parts I and II,”” Technical Report No. TR-EE 70-35, Purdue University,
Lafayette, IN, September, 1970.

. C. CHEvALLEY, “Theory of Lie Groups,” Princeton University Press, Princeton,

NJ, 1946.

. P. T. CHURCH aND E. HEMMINGSEN, Light open maps on n#-manifolds, Duke Math.

J. 27 (1960), 527-536.

. W. Hurewicz anp H. WaLLman, “Dimension Theory,” Princeton University

Press, Princeton, NJ, 1948.

. P. T. CuurcH, Differentiable open maps, Bull. Amer. Math. Soc. 68 (1962),

468-469.

. P. T. CuurcH, Differentiable open maps on n-manifolds, Trans. Amer. Math. Soc.

109 (1963), 87-100.

. G. T. WHYBCURN, “Topological Analysis,” Princeton University Press, Princeton,

NJ, 1964.

. W. Rupin, “Principles of Mathematical Analysis,” McGraw-Hill, New York, 1964.
. G. J. MinTY, Monotone networks, Proc. Roy. Soc. Ser. A 257 (1960), 194-212.
. C. L. DoLpH, Recent developments in some non-self-adjoint problems of mathe-

matical physics, Bull. Amer. Math. Soc. 67 (1961), 1-69.

. G. J. MiNnTY, Monotone (non-linear) operators in Hilbert space, Duke Math. J.

29 (1962), 341-346.

. F. E. BRowDER, The solvability of nonlinear functional equations, Duke Math. ].

30 (1963), 557-566.

. D. GaLe anDp H. Nikaipo, The jacobian matrix and global univalence of mappings,

Math. Ann. 159 (1965), 81-93.



624 CHUA AND LAM

25. P. T. CuurcH, Differentiable monotone maps on manifolds, Trans. Amer. Math.
Soc. 128 (1967), 185-205.

26. M. S. BURGER AND M. S. BURGER, “Perspectives in Nonlinearity, An Introduction
to Nonlinear Analysis,”” Benjamin, New York, 1968.

27. T. N. ApostoL, ‘“Mathematical Analysis, A Modern Approach to Advanced
Calculus,” Addison-Wesley, Reading, MA, 1957.

28. L. Mirsky, “An Introduction to Linear Algebra,” Oxford University Press,
Oxford, 1955.



