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Motivated by the theory of superconductivity and more precisely by the problem
of the onset of superconductivity in dimension two, a lot of papers devoted to the
analysis in a semi-classical regime of the lowest eigenvalue of the Schrodinger
operator with magnetic field have appeared recently. Here we mention the works by
Bernoff-Sternberg, Lu—Pan and Del Pino—Felmer—Sternberg. This partially reco-
vers questions analyzed in a different context by the authors around the question of
the so called magnetic bottles. Our aim is to analyze the former results, to treat
them in a more systematic way and to improve them by giving sharper estimates of
the remainder. In particular, we improve significantly the lower bounds and as a
by-product we solve a conjecture proposed by Bernoff-Sternberg concerning the
localization of the ground state inside the boundary in the case with constant
magnetic fields. © 2001 Academic Press
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1. INTRODUCTION

We would like to discuss the spectrum of various self-adjoint realizations
of the Schrodinger operator

P, 4 o= (hD, _A1)2+(th2 —4,)%,

in an open set 2 = R?, where 4> 0 is a small parameter. Note that in the
case of the problems considered in superconductivity the parameter 4 is
proportional to the inverse of the intensity of some external field but the
question which is posed in this theory is actually a semi-classical question,
that is the question of analyzing the behavior of the spectrum as #— 0
(more specifically the asymptotic behavior of the ground state energy and
the localization of the ground state).

We have shown in [HeMo2] (note that the former spelling of the second
author was Abderemane Mohamed), that, in the case when Q2 = R? and in
the semiclassical regime, the potential 4 |B(x)| plays the role of an effective
electric potential. By this we mean that, very roughly, the analysis of the
Schrédinger operator, —h*4+ h |B(x)|, could give some good insight on the
localization of the ground state.

For PDE specialists, this is strongly related to Garding—Melin—
Hormander lower bounds (see [Mel], [HeRo]) for the operator

Ph,AD, = (th1 _AlDt)2+(th2 _AZDt)Za

in 2 xR.
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Although the case with boundary is not explicitly discussed in the
previous literature ([HeMo2]), one gets similar results (in the case with
boundary), for the Dirichlet problem, at least under the additional condition

b<b, (1.1)
where we have used the notations:
inf |B(x)|=b, inf |B(x)|="b'". (1.2)
xeQ xe0Q
THEOREM 1.1.  Under the condition (1.1), the lowest eigenvalue 1V (h) of
the Dirichlet realization Py, , o of P, 4 q satisfies:

A0O(h)
h

=b+o(1). (1.3)

The points where the minima of |B| are obtained are called the magnetic
wells. The decay outside the minima of |B| is related to the Agmon distance
associated with |B|—b.

We recall that the estimate is quite easy to prove, when the dimension is
2 and when B has a constant sign due to the inequality:

+h J B(x) |u(x)|* < (P, qu|u), Yue Cy(Q). (1.4)

Here - | -) denotes the scalar product in L*(2) and ||-|| will denote the
corresponding L? norm.

When B does not have a constant sign, a similar estimate is obtained but
with a remainder estimate (See [HeMo2, Theorem 3.1]) in O(A°/*). The
most difficult case when the dimension is greater than 2 is also treated.

As in the case when B = 0, where we discussed various results according
to the properties of V' near the minimum, one can discuss various results
according to the properties of |B(x)| near the minimum (see [HeMo2],
[Mon]).

As we shall see later, this property is no longer true in the case of the
Neumann problem. The infimum of |B(x)| over Q is no longer the good
measure for analyzing the bottom of the spectrum—also when (1.1) is
satisfied. When the condition (1.1) is not satisfied, the situation is less clear.

First we observe by comparison between Neumann and Dirichlet that,
when (1.1) is satisfied, we have, for the lowest eigenvalue u(h) of the
Neumann realization P} , , of P, , o, the same upper bound as for AV(h).
But this is also true when the condition is not satisfied (if one comes back
for example to the proof by Helffer-Mohamed [HeMo2], which is done,
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after a suitable gauge transform, by construction of gaussian quasimodes).
This was also stated more recently by Lu-Pan [LuPa2] (Lemma 6.1) with
a similar proof.

THEOREM 1.2. The lowest eigenvalue u(h) of the Neumann realization
Py 4 o0 Of P, 4 q satisfies:

)
h

<b+o(1). (1.5

The problem is that the corresponding lower bound is no longer always
true.

The aim of this paper is to discuss all these results and give some impro-
vements in the case of the Dirichlet realization and of the Neumann
realization. We shall in particular show how the technique of the Agmon
estimates developed in [HeSjl] and [HeMo2] will give the localization of
the groundstate in a rather more accurate form than in the previous works
of Lu-Pan [LuPa2] and Del Pino-Felmer—Sternberg [PiFeSt]. Perhaps
the more significant result is the proof (cf. Theorems 10.6 and 11.1) of the
following conjectured property :

THEOREM 1.3. Let us assume that the magnetic field is constant and not
zero. Then any normalized groundstate of the Neumann realization of P, 4
is exponentially localized as h— 0 in the neighborhood of the points of the
boundary with maximal curvature.

Contents. The paper is organized as follows.

In Section 2, we establish rough results under very weak assumptions on
the potential. This extends a result established for the case with electric
field [BeHeVe] and was partially motivated by a question of S. Zelditch.
In Sections 3 and 4, we analyze the reference models corresponding to the
half plane and to the disk. Section 5 continues the general description of
the state of the art and exhibits new questions. In Section 6, we recall the
method of the Agmon estimates in the most basic cases and show how it
gives at a low price results concerning the concentration of the eigenvalues
near the boundary (under specific conditions) or in the interior. We pursue
in this section the analysis of the decay inside the boundary when some
general condition on the magnetic field is satisfied. Section 7 treats the
Dirichlet case or the Neumann case, when one can a priori show that the
groundstate is localized inside a compact of the open set 2. We in particu-
lar give a two-term expansion of the groundstate energy, improving a one
term expansion given in [HeMo2]. Section 8 discusses the Dirichlet
problem when the boundary plays an important role, that is when the
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minimum of the magnetic field is attained at the boundary. Section 9 comes
back to the analysis of the Neumann problem; we recover with a better
control error term the upper bounds of [BeSt], [LuPa2], [PiFeSt] (this is
not simply an academic problem but could have consequence in the super-
conductivity problems) and improve the lower bound of [LuPal] in the
generic case. The two last sections 10 and 11 are devoted to the case of the
constant magnetic case and to the complete proof of the conjecture of
[BeSt].

Finally, the two appendices recall the now well-known results which are
frequently used along the paper.

2. VERY ROUGH LOWER BOUNDS

Let us start the analysis of the question with very rough estimates. In the
case of Dirichlet and if B(x) # 0 (say for example B(x) > 0), we can use?
(1.4) which gives a comparison between self-adjoint operators in the form
(for any p € [0, 1])

Py 4 = p(Py )+ (1—p) hB(x). 2.1)

In order to find a lower bound for the smallest eigenvalue of the Dirichlet
realization, it is enough to apply for a suitable p a rough lower bound for
the operator:

p(Py 1)+ (1=p) hB(x).

Using Kato’s inequality (cf for example [ CFKS]), we can look for a lower
bound for the operator:

—ph* A5 +(1—p) hB(x).
We recall that this inequality gives, for any real potential V', the comparison
inf Sp(PP , o +V) > inf Sp(—h* 45 +V), (2.2)
and that a similar result is true in the case of Neumann (see [ HHOO]):
inf Sp(P} , o +V) = inf Sp(—h* A% + V). (2.3)

We shall show as a quite preliminary result the following proposition.

2S. Zelditch transmitted to one of us (July 1999) a question of this type coming from
geometry.
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ProrosITION 2.1.  Under the condition that x+ B(x) is >0, non con-
stant and analytic, then there exists 6 € 10,5 ] and C > 0 such that:

1
AO(h) ~bh > i (2.4)

Proof. Using well known lower bounds for the Schrodinger operator
—ed+V (see [BeHeVe]) (related to the Cwickel-Lieb—Rosenblyum estimate)
with & = ph and V(x) =} (B(x)—b), we start from the property that there
exists 6 € 10, 1] and C such that, Vp € 10,11,

30U~ (1= p) b > 5 (PP ph) .
This can be rewritten in the form
2Oy —hb > é P 0RO _pph
or
AO(hy—hb > p'~h <é hl‘g—bp">.

If we take p=yh'~?/% and yb small enough, we get (2.4) for i small
enough.

Remark 2.2. The optimality of this inequality will be discussed later in
particular cases. In particular, we will discuss the case when B(x) =5 and
the case when B(x)—b has a non degenerate minimum.

Remark 2.3. When b =0, we can take p =3, and get, for some 6 > 0:
AD(h) = l /s
C

Results in [HeMo2], [Mon], [Ue2] or [ LuPal] show that it is optimal.

Remark 2.4. Note finally that if B=0 in a simply connected open set
o (with @ < Q), then

A0(h) < 10(w) 12,

where 1(w) is the lowest eigenvalue of the Dirichlet Laplacian in c.
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3. THE BASIC MODELS IN THE HALF-PLANE

Let us consider in a regular domain © of R? the Neumann (or Dirichlet)
realization of the operator

b \? b \?
Ph,bAo,Q = (thl —§x2> +<th2 +§x1> 5 (3.1)

with
Ay (x1, %) = (3 x5, —5 X1). (3.2)
Note that, by Neumann realization, we mean the condition
v-(hV—ibA)) u=0 on 0%, (3.3

where v is the external normal at the boundary.

The parameter / is the semiclassical parameter and b is the constant
magnetic field. Of course, as we have seen already, replacing (4, b) by (1,2
does not really change the problem. We have indeed:

Ph, bdy — thl,bAo/h~ (3-4)

Here b is assumed to be different from 0 and, without loss of generality, we
can assume:

b>0. (3.5)

So the problem of analyzing (for fixed b) the semiclassical limit z — 0 is the
same as the problem of analyzing (for fixed 4> 0) the large field limit
b— +o0.

Let us denote by u(h, b, Q) and AV(h, b, Q) the bottoms of the spectrum
of the Neumann or Dirichlet realization of P, ,,, in Q. Depending on Q,
this may correspond to an eigenvalue (if Q is bounded) or to a point in the
essential spectrum (for example if 2 = R? or 2 = R?2). Let us recall that

£ Oh, b, R?) = AO(h, b, R) = hb, (3.6)

where b is an eigenvalue with infinite multiplicity.
We note that in the Dirichlet case, we have by monotonicity the lower
bound:

A0k, b, Q) = AD(h, b, R?) = hb. (3.7)

Such a lower bound is false in the case of the Neumann problem and this
makes the problem more interesting.
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The analysis in R = {(x,, x,) € R*| x, > 0} is less known and will play
an important role in our discussion.
First we observe by construction of quasimodes and (3.7) that:

AO(h, b, R2) = hb. (3.8)

Let us now analyze the Neumann case.
We take 2 =1 and first perform a gauge transformation which leads to
the analysis of the operator

§,= D% +(D, —bx,)’, (3.9)

with Dirichlet or Neumann conditions. Note that we now get the standard
Neumann condition on x, = 0.

In order to make the spectral analysis of the operator, we can perform a
partial Fourier transform and we get

S,(t, 0, D,; B) = D>+ (5 —bt)?, (3.10)

considered as an operator on R% = {(z, 5) € R*|#> 0} with Dirichlet or
Neumann conditions on ¢ = 0.

A scaling shows that it is enough to consider the case b =1 and then we
recover the general case by multiplication by b.

The analysis of the spectrum is then reduced to the spectral analysis of
an &-family of differential operators

H(t,D,; &) := D>+ (t—&)~ (3.11)

We shall consider the Dirichlet and Neumann realizations of this operator
in R* respectively denoted by H”¢ and H"-°. Let us observe that the
operator is unitary equivalent to the corresponding realization of the
harmonic oscillator D? +¢? in ]—¢, +oo[.

The Dirichlet spectrum of P, , is obtained by

Sp(P?,) = {AeR* |3 e Rs.t. Ae Sp(H>?)} (3.12)

and similarly for Neumann. The eigenvalues of H” ¢ and H" ¢ are analytic
with respect to ¢ and not constant. Hence one obtains easily (See Reed—
Simon, Vol. IV [ReSi]) that we get a priori a continuous band spectrum in
the two cases. The analysis of the bottom of the spectrum is an immediate
consequence of the analysis of the lowest eigenvalue of H”¢ or H":¢ as a
function of ¢&.

Here the answer is quite different for Dirichlet and Neumann.

For Dirichlet, the lowest eigenvalue 1)(¢) decays monotonically from
+ooto 1 as & goes from —oo to + co.
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For Neumann, the lowest eigenvalue 4i®(&) decays monotonically from
+o0 to 1 as & goes from —oo to 0. Then one can show [DaHe] that there
exists &, > 0 such that 2V(¢) continues to decay monotonically till some
value

0, :=AV(&) <1 (3.13)

and increases again monotonically to 1 as £ - + oo (see Appendix A for
more details) and we get

PROPOSITION 3.1.  The spectrum of the Dirichlet realization in R is:
Sp(PZbAO’Ri) = [bh, +oo[. (3.14)
The spectrum of the Neumann realization in R is
SP(Py 54,52 ) = [6Ooh, o0, (3.15)
with
0<, <1. (3.16)

The fact that the bottom of the spectrum of the Neumann problem is
strictly lower that the bottom of the problem in R? will play a quite impor-
tant role in the discussion.

Remark 3.2. The analysis of the Dirichlet problem in the half-plane
appears also in the study of the quantum Hall effect. We refer to [ DePu]
and to [ FrGrWa] for more general domains.

Remark 3.3. The case of a domain with a corner was recently analyzed
in [Ja] and [Pan]. It is in particular proved that in domains with right
angles, we have

1(b, 2) < 6,b+0(b),
for some O, satisfying:
0<6,<06,.

This inequality is obtained by the choice of a suitable quasimode. This 6,
is the lowest eigenvalue of the Neumann realization in:

Ri, = {(x1, x,) e R?| x; >0, x, > 0}.

The localization of the ground state in the corners is also obtained by this
author.
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4. THE CASE OF THE DISC IN THE CONSTANT
MAGNETIC CASE

We first present the results by L. Erdos ([Erl], [Er2]) and give an
alternative proof for improving some of the statements. When considering
lower bounds, it is useful to mention the following result obtained by
L. Erdos :

ProrosiTION 4.1.  For any planar domain Q2 and b > 0, we have
A0, Q) = AV(b, D(0, R)), 4.1
where D(0, R) is the disk with same area as £2,
nR? = Area(Q),

and AV(b, Q) is the lowest eigenvalue of the Dirichlet realization of the
Schrédinger operator with constant magnetic field b > 0.
Moreover the equality in (4.1) occurs if and only if Q = D(0, R).

In the case of the disk, L. Erdds observes that AV(b, D(0, R)) is equal to
the lowest eigenvalue of the Dirichlet realization of the two dimensional
harmonic oscillator : —4+r%/4 in D(0, R).

This one is equal to 2A(]—R,+R[) where 1®(]—R,+R[) is the
groundstate energy of the one dimensional harmonic oscillator —(d/(dx?)) +
; x* in the interval ]— R, + R[ with Dirichlet condition.

In the one-dimensional case, we can then apply semi-classical techniques
developped in this context in [Bo], [BoHe] for getting the following
improvement of [Erl] and [Er2]:

ProPOSITION 4.2. In the case of Dirichlet conditions in 1—R,+ R[, the
lowest eigenvalue of the Dirichlet realization of —d*/dx*+ x*/4 satisfies, in
the limit R — + oo:

J®(1=R,+R[)—}~ 21 1R exp(~} R?). 4.2)

The proof is quite similar to the proof given in [Bo] (pp. 250-254) for
treating the Neuman case [ Bo] (Formula (2.23)) and [ BoHe]:

ProOPOSITION 4.3. In the case of Neumann conditions in 1— R,+ R[, the
lowest eigenvalue of the Neumann realization of —d*/dx*+ x*/4 satisfies, in
the limit R - + oo:

AP(1—R,+R[)—i~ —2212R exp(— R?). 4.3)
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As is expected, we observe that the boundary effect is very small as
R— 4+

JO(]=R,+R[)—AV(]—R,+R[) ~ 227 >R exp(—L R?),

as R tends to oo.
Coming back to our initial problem, this gives using the scaling
invariance :

PROPOSITION 4.4. In the regime R \/E large, we have the asymptotic:
R2
AW(b, D0, R))—b ~2n—1b2R exp<—b7>. 4.4)

Remark 4.5. It is a natural question to ask for an isoperimetric
inequality in the case of Neumann, that is if the inequality (b, Q) >
uP(b, D(0, R)) is true. But the recent results by Sternberg and coauthors
[BeSt], [PiFeSt] that we shall discuss here, compared with those of
Bauman-—Phillips-Tang [BaPhTa], contradict this result. Playing with the
maximal curvature at the boundary and keeping fixed the area, one can
indeed (in the semiclassical regime) get a contradiction with this isoperime-
tric inequality (see Theorem 5.2 in this paper) in the regime b large.

Remark 4.6. In the paper by Baumann-Phillips-Tang [BaPhTa]
(Theorem 6.1, p. 24) (see also [PiFeSt]) the authors propose the following
asymptotic as b is large:

1
#(b, D(O, R)) = Opb—2M = b +0(1). @.5)

Here we recall that @, is introduced in (3.13) and M; >0 is a universal
constant which will be made explicit in Appendix A (cf (A.6) and (A.9)).
We shall give an alternative proof in Section 11.

Remark 4.7. Another interesting result is the case of the exterior of the
disk. One can first observe that the bottom of the essential spectrum is
equal to b. One can show that, when b is large, there is at least one eigen-
value below b. Moreover the groundstate energy will satisfy:

1
#(b, D(O, R)) = b +2M; — b2 +0(1). (4.6)

This last result, which seems new, will be proven in Section 11.

Finally, let us observe that, due to the homogeneity, we get for free the
following semi-classical corollaries of respectively (4.4) and (4.5).
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PROPOSITION 4.8. The lowest eigenvalue of P;, 4, D0, R) Satisfies as h— 0:

3 1_3_1 R2
AO(h, b, D(0, R))—bh ~ 237~3b3h* R exp (-bz—h) @.7)

PROPOSITION 4.9. The lowest eigenvalue of P} 4 p. r) Satisfies as h — 0:

2
1 O(h, b, D(0, R)) = @Obh—EM3bfh% +Oh). (4.8)

5. SEMICLASSICAL QUESTIONS: FORMER RESULTS

We now consider the questions which are considered in superconducti-
vity. In the case of a bounded regular open set, del Pino, Felmer and
Sternberg [ PiFeSt] obtain the following results.

THEOREM 5.1. Let Q c R? be a bounded, open, simply connected domain
with a C*® boundary 012. Let A be a potential in Q such that B(x)=b> 0. If
w, is a sequence of groundstates for the Neumann realization of P} , o in Q
associated with the lowest eigenvalue uV(h). Then, there exist hy >0 and
constants ¢, > 0 and c, > 0 such that

1 .
e, (%) < ¢ llupll2o) €XP(—coh~2 dist(x, 02) ), 5.1
for all x e Q.
Moreover if Q is not a disc, then we have:
lim (min |u,(x)|) =0. 5.2
h>0 xedQ
h>0

The second theorem proved by Bernoff-Sternberg [BeSt] (see also
[LuPa3]) gives an upper bound of u”(k). The localization (5.2) is a weak
version of a much stronger result which will be proved in Section 11.

THEOREM 5.2. Under the assumptions of Theorem 5.1, we have:
1O < Ogh— 2k, Mshi +o(h3). (5.3)

Here x,,, is the value of the maximal curvature which is assumed to be
strictly positive and M is a universal constant (cf (A.9)).

The proof is essentially a consequence of the construction of matched
solutions. Let us just mention that in suitable coordinates (s,¢) (=0
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defining the boundary) (see Appendix B) in a neighborhood of a point of
maximal curvature (s = 0 defining this point), the solution takes the form:

u:=¢(h~2t) exp —yh~is-exp ih [ Do(s, £) + h2 D, (s, )].  (5.4)

Note that it is coherent with the result given, in the case of the disc, by
Bauman—Phillips—Tang [ BaPhTa] which was already discussed in (4.5). We
will come back to these two results in Sections 10 and 11.

This result is completed by a theorem by Lu—Pan [ LuPa2] which is valid
for general magnetic fields:

THEOREM 5.3.

W
im A

h—> +0 h

=min(O,b', b). (5.5)

Remark 5.4. 1. Although it is not completely proved in these previous
contributions, the localization of the Neumann groundstate is far from the
boundary when

b<@,b'.

This will be shown in this paper.

2. When b> 60,0, one will show that the groundstate is localized
near the boundary. This is for example the case when the magnetic field is
constant (which is analyzed in [ PiFeSt]).

3. It is interesting to have a better localization (than for example
(5.2) in the constant magnetic field case) inside the boundary. One can wait
for example for exponential decay outside the minima of |B|,,, assuming
they are isolated. Preliminary arguments are given by [PiFeSt] in the case
B = const. but we shall come back to the problem in Sections 10 and 11.

4. When b’ >0 and b =0, the analysis by [HeMo2] is relevant. The
case when b’ = 0 and |B(x)| > 0 in £ is treated in [ LuPa2].

5. Note that Giorgi—Phillips [GiPh] and Ueki [Ue2] give earlier
weaker lower bounds which have independent interest.

6. IMS TYPE DECOMPOSITION AND AGMON’S ESTIMATES

6.1. Preliminaries

We recall in this section the technique of the Agmon estimates and show
how they give rather easily rough results which will be improved later. In
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the semi-classical context, this technique was mainly developed by Helffer—
Sjostrand [HeSj1], [HeSj4] but the inspiration comes from former results
due to many authors: Lithner, Agmon [Ag], and Simon [Si] among
others.

In the Dirichlet case, the inequality (1.4) was (at least when the condition
B(x) > 0 is satisfied) the starting point of the analysis of the decay. This is
no longer the case when Neumann boundary conditions are assumed, but
we can keep the general strategy as developped in [HeMo2].

We assume that Q is a bounded, regular open set and that

B(x) > 0. (6.1)

One could also consider unbounded domains but in this case one has to
add some assumption at oo, permitting the essential spectrum to be
localized.

6.2. Upper Bounds

Using suitable quasimodes, one can get:
1 O(h) < min(b, O,b") h+ Chi. (6.2)

We will show an improved version of this property later but note that
Lu-Pan give at least the weaker

u@(h) < min(b, Oyb") h+o(h), (6.3)

which is enough for our analysis of the decay. Note also that the upper
bound involving inf B can also be obtained by using [ HeMo2].
Further improvements of (6.2) will be given in Theorem 9.1.

6.3. Lower Bounds

Let 0 < p < 1. We first claim that there exists C such that, for any ¢, > 0,
we can, by scaling a standard partition of unity of R?, and by restricting it
to Q, find a partition of unity xj’ satisfying in Q,

Y lglP=1, (6.4)
j
Y IVXIP< Cey®h™™, (6.5)
j

and

supp(x;) = Q; = B(z;, &h’), (6.6)
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where B(c, r) denotes the open disc in R? of center ¢ and radius ». Moreover,
we can add the property that:

either supp y; N 02 = 7, either z; € 0Q. (6.7

According to the two alternatives in (6.7), we can decompose the sum in
(6.4) in the form

=2+
int bnd
where “int” is in reference to the j’s such that z; € 2 and “bnd” is in refer-
ence to the j’s such that z; € 0Q.
The second point is to implement this partition of unity in the following
way:

o W)=Y a(jw—n Y IVijlul®,  Vue H'(Q). (6.8)

Here g} (or g} 4, if we want to keep the reference to the magnetic potential)
denotes the quadratic form

g ((u) = j h Vu—iAu|? dx, (6.9)
Q

and we recall that | - || denotes the L?*-norm in Q.

This formula is usually called IMS formula (see [ CFKS]) but is actually
much older (see for example [ Mel]).

If ay, , is the associated sesquilinear form, (6.8) is the consequence of the
identity, for any function y € C*(Q) and any u € H'(Q):

qn 4(u) =Re ay (u, Y'u)+h* |||Vl ull}2q, - (6.10)

We will also use later the property that, for any function y € C*(Q) and
any u in the domain of P}, ,, that is for any u in the space D(P} , o)
i={ve H(Q)|v-(0—id) ujo =0}:

‘]hN,A(X”) = Re<PhN,A,Qu | X2u>L2(Q) +h? 1Vl u||iz(g) . (6.11)
We can rewrite the right hand side of (6.8) as the sum of three (types of)

terms.

@) =Y, GG +Y, e (gw) =k Y IVl ul’,  Yue H(Q).
bnd j

int

6.12)
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For the last term in the right hand side of (6.12), we get using (6.5):
R2Y IV ull® < Ch* g5 ull . (6.13)
j

This measures the price to pay when using a fine partition of unity: If p is
large, the error is as big as 4*>~*. We shall see later what could be the best
choice of p or of g, for our various problems (note that the play with g,
large will be only interesting when p =1).

The first term in the right hand side of (6.12) can be estimated from
below by using (1.4). The support of )(j?u is indeed contained in Q. So we
have:

Y gi(x'w)=hY jB(x) " dx. (6.14)

int int

The second term in the right hand side of (6.12) is the more delicate and
corresponds to the specificity of the Neumann problem. We have to find a
lower bound for g,,( X;’u) for some j such that z; € 9Q. We emphasize that z;
depends on 4, so we have to be careful in the control of the uniformity.

Let z be a point in 0L2. The boundary being regular, we can, by a change
of coordinates in a small neighborhood of this point, rewrite the form g, ,
for u’s with support in this neighborhood of z:

@)= Vg iy i+ Au(%) ) (1hDs, 1+ A(%) ) det(g(%)? d.

Here we can assume that the new cordinates of z are (0, 0) and we can
also assume that the matrix g is the identity at z:

gk’ [(0) = 5k,e-

Of course g depends on z, but all the estimates we could need on the
derivatives of g will be uniform in z.

The game is now to compare for u’s with support in a ball of the type
B(z, 2C¢gyh*) g, 4 with the quadratic form:

@a(@ = [ 10, ~3 BE) %) ul+1(ihd,, +1 BE) x,) uf* d.

We have omitted for simplicity the tildes in the right hand side. The com-
parison is not direct but as an intermediate step, we have to use a gauge
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transformation (multiplication by exp—i(¢;/h)) associated to a C* func-
tion ¢; such that

Wy =Wy, ; _d¢ja
with
Anew,j(zj) = O,
| Ay, ;(X) =3 (B(z;) (=2, x))| < C |x]*.

In this formula, w, is the one-form attached to the vector field 4: w, :=
A, dx, + A4, dx,. Let us emphasize that C is independent of j. Let us also
introduce for the next formula: A;i" = %(B(zj)(—xz, X;)).

Following line by line the computations of [HeMo2], we get:

) > (1= CHe2 o) ¢ LA1) (exp— )
—Ch™e2 |||x|? xjul’®
> (1—Ch¥e?— Ceoh?) g"[ A" ] <exp—% 4, Xj?u>
— Ch* 72 | bl
We can now use the result concerning the half -plane in order to get:

Gh,4(j) > (1= CH8> = Ceh?) WO, [ B(z)) |y }ul* dx—Ch* ™2 | lul’
(6.15)

‘We now put together all the estimates and obtain:

G4 >hY, [ BG) |l dx

int

+(1—Ch¥e?—Ce,h?) hO, ¥ f B(z,) |y"ul? dx

bnd

_ Ch4p—298—2 z ")(71’4"2

bnd

— Ceh? ¥ ||u|™. (6.16)
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We have now to optimize our choices of p, 6 and ¢, ¢,. If we just want to
get a lower bound of the spectrum, we can first write:

gn, 4(u) = h min(b, ©,b") ||u||®
—(Ch®* 12 £ Cegh” '+ Ch* %72+ Cey*h>~ %) ||ul|>

Taking p=3,0 =3, e =¢, = 1, we get:
@, 4() > (min(b, Oyb') h—Ch?) |ul]>. (6.17)

So, taking u = uj,, where u;, is a groundstate, we obtain from (6.17):

ProrosiTION 6.1.  There exist constants C >0 and hy > 0 such that, for
allhe 10, hy]-

1 DO(h) = (min(b, @,b')) h—Chs. (6.18)

This result is not optimal. We shall show in Theorem 9.1 a stronger
estimate of the remainder in @(4*/?). In the case of a constant magnetic
field, we shall actually determine the coefficient of 4*? as suggested by the
computations of [ BeSt] and [ PiFeSt]. This will be done in Sections 10 and 11.

But for the control of the decay, we need also to take in (6.16) p =1,
6 =3, e=1and ¢, large. This gives an estimate which may look weaker but
will be more efficient.

ProPOSITION 6.2. There exists C and hy and, for all &, > 0, there exists
C(gy) such that, for h € 10, hy ], the following inequality

a4 >hY, [ BG) |jul® dx

int

—C(e)h Y, j|;(;?u|2dx

bnd

Ch

—=Zy j|xj?u|2dx (6.19)
80 int

is satisfied, for all u e H'(Q).

6.4. Agmon’s Estimates

We continue to follow the proof given in [ HeMo2] and will explain the
modifications needed in order to treat Neumann problems.
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We first observe that if @ is a real and uniformly Lipschitzian function

and if u is in the domain of the Neuman realization of P, ,, then we have
by a simple integration by part (see (6.10)):

29
Re<P,,’Au, exp—lu>
hz
= Re<<l—1V—A>u, <ﬁV—A>exp2$u>
i i h2
h (0] h (0] (0]
= <<—V—A>exp U, (—V—A)exp—,u>—h ”|V¢| exp—su
i h2 i hz hz

2

. (6.20)

2

D )
=q,[4] <exp;u>—h HlV@l exp; u

We now take u =u, an eigenfunction attached to the lowest ecigenvalue
uP(h). This gives:

uO(h) (6.21)

2 ¢ dj 5
= ‘Ih,A<eXP—1u)—h H |V®| exp — u
h2 h2

€X ¢u
ph%

It remains to reimplement the previous inequality in this new one and to
use the upper bound (6.2).

Let us take @(x)=a max(d(x, 022), h 2), where a >0 has to be deter-
mined. Let us use Proposition 6.2. We first write:

2
. A(exph1 u>>h; JB(x) exph dx
@ 2

ex —u| dx
bnd P h2

dj 2

e 2 J Xt "l dx. (6.22)

int

Let us first consider the case B(x) = b. The inequality (6.2) becomes:
1 D(h) < Oybh+ Chi. (6.23)
Using (6.20), we finally obtain:

<b(1—@0) Ch4—£—<x >Zf
8

0 int

dx<C(eO)Z f|xju| dx.
(6.24)

]
exp 1){,
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Taking ¢, large enough and

a<./b(1—6,)

we finally obtain the estimate

| < C llull, (6.25)

d(x, 02
H exp o 25 02

for some new constant C > 0.
Note that we just need a weak upper bound of u“(%) in order to make

the argument correct. In particular, the remainder Chi in (6.24) can be
replaced by o(1) without changing the argument. This is the upper bound
obtained in [ LuPa2].

Let us now show how to go from an L*estimate to an L®-estimate.
Using (6.21), we first get:

2

0]
Gh, 4 <3XP ; u> <Ch (6.26)

€X Qu
ph%

This gives, together with (6.25), an estimate in H' norm. Coming back to
the second order differential equation satisfied by exp(®/A4'/?) and using
that @ is constant near the boundary®, we can use the regularity of the
Neumann problem for getting a control in H?. This gives finally (through
the Sobolev injection theorem) the proof in the constant magnetic field case
of the following theorem:

THEOREM 6.3. Let us assume that the condition
O, <b (6.27)

is satisfied.
There exists C >0, a >0 and v e R, such that if u, is the ground state of
P, . then:

d(x, 02
exp“%luﬁx»«h-v lulz, VxeQ. (6.28)

3
The condition (6.27) is always satisfied when B is constant because b = b’
and 6, < 1. In this case, this is essentially similar to the result of [PiFeSt],

* Actually, we need first to use a regularized @ in order to make the argument rigorous.
Another way, would be to use L” estimates.
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which was recalled in Theorem 5.1 modulo possibly a negative power of 4.
These authors use indeed a normalization by the L®-norm.

The proof when B is not constant is essentially the same. The inequality
(6.24) becomes:

2
dx<C(g) Y '[|)(;'u|2dx.

bnd

c
<b—@0b’—o(1)——2—<x2
&

0

)z 1

int

exp L

T XU

h2
(6.29)

We can then conclude in the same way (modulo the proof of (6.2) which
will be given later or using the result of Lu-Pan (6.3)).

Remark 6.4. On the contrary, when b < ®,b’' the ground state decays
exponentially outside neighborhoods of points where B(x) = b.

Remark 6.5. In the case when the boundary has right corners (i.e. there
exists near these points of the boundary, a local diffeomorphism, whose
differential is a rotation at the corner), similar results can be proved* using
for example the distance to the corner points instead of the distance at the
boundary. We only need to show that: ®, <@, in the case of a constant
magnetic field in order to have the following condition satisfied

6,b" < min(b, @,b'), (6.30)

where b” is the infimum of B(x) over the various right corner points. Other
results devoted to the case of three dimensional domains with regular
boundaries [LuPa5] or with edges and corners [Pan] appear recently.
These results were also announced in [ LuPa4].

6.5. Decay Inside the Boundary

We first treat the “easy” case when (6.27) is satisfied and when B(x)
restricted to 022 has only isolated minima. What we would like is to recover
in a more precise way the statements of [LuPa2] (Proposition 7.2 and
Theorem 7.3). Let us first remember what we got from (6.16) by taking
p=2and 0 =4.

G ZhY [ B xjul dx+(1—Chi) h0, Y, [ B(z)) |jul® dx
bnd

int

—Ch3 Y. | xhull>—Cha Y Ny jull™ (6.31)
bnd

int

4See [Ja]. This is true at least for the H' estimates. In the proof we describe above, one has
probably to be careful with the regularity theorems in domain with corners.
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We now apply this inequality with u = exp(®,/h'*) u, where u, is the
ground state.

This gives (cf (6.21)):
0] 2 (0] (0] 2
pO(h) |exp— wy| = gy 4 <exp — U )— H IV®| exp — u, (6.32)
hz hz hz
Combining the two estimates and (6.2), we obtain:
1 ¢h 2
0=h) J(B(x)—@ob'—Ch?—lV(ﬁlz) 1 exp;u dx
1 i D, |?
+(1—=Ch3) h®, Y, f (B(x)—b'—Chs —|VD|?) xj? exp ? u| dx.
bnd 2
(6.33)

We have just to choose a suitable @ for getting the right estimate. Let us
remember that we have already obtained a good control inside €2 under the
condition @b’ < b. So it is enough to give a control in a neighborhood A~
of 0Q of size ~ h*3. Outside this neighborhood, we know indeed already
that the ground state is exponentially small. In this neighborhood, we can
assume that we have local coordinates (¢, s) introduced in Appendix B (the
neighborhood being described by {(z,s)|0<t< Ch*?®}). Changing pos-
sibly the decomposition Y ,,, +> .., We can assume that Z,,,,,,(xj?f >1on
this neighborhood and vanishes outside a neighborhood of the same type
A, By taking @ = o, x(¢) d(s) = x(t) ¢(s) where d,, is the Agmon distance
inside 0Q to the set of minima’s attached to the degenerate Agmon metric
(B(s,0)—b") ds* «a, is strictly positive and sufficiently small and y(z)
localizes near the boundary, we obtain, for some constant C >0, the
inequality:

1 D |?
0= j (B(s, 0)—b'—Chi—C |¢'(5)|%) ){;’ exp ; u,| dx. (6.34)
bnd 2
This leads to a decay® in the form
dj 2
> [ [xhexp | dx<C,exp i, (635)
bnd h2 hz

*We do not try to be optimal in the measure of the decay.
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for any ¢ > 0, or

2
dx <C, exp hi e 122 (6.36)

I, i
Actually, we can extend this inequality to an A-independent tubular neigh-
borhood of 9Q. Combining with the decay outside 0, this leads to the
following localization theorem:

(e
eXp —T U
ph% h

THEOREM 6.6. Let
p(0Q) ={we Q| B(w)="1'}. (6.37)

Let us assume that @b’ <b. Then, there exists o, >0 and, for any ¢>0,
constants C(&) and hy(e) such that a normalized groundstate u, satisfies

Uy

H o,d(z, p(09))
eXp———1——

< C(e) exp hi , (6.38)

for all he 10, hy(¢)]. Here, the “distance” d is defined by:
d(z, p(0Q)) = d(z, 0Q) + x(d(z, 02)) dyo(s(2)). (6.39)

As in [HeSjl], assuming the non degeneracy of the minima of s+
B(s, 0), one can probably improve the estimate and get the existence of
C > 0 such that:

u, | < C exp Chs. (6.40)

H %,d(z, p(09))
exXp———1——

Remark 6.7. This theorem gives an accurate version of the result given
in [LuPa2].

Of course these estimates are not sufficient to treat the problem con-
sidered in [PiFeSt], when B = const. >0, where we would like to prove
localization near the points of maximal curvature. When B is constant, the
effect of localization is more difficult to show. We shall see that the effective
potential creating the localization is —4%%«(s) where x(s) is the curvature
at the point s of the boundary. One hopes to show a decay in exp—y/A'/*
for some i defined on 0Q and related to the metric (., —k(s)) g(s) ds?,
where g is some strictly positive density. But this supposes finer estimates
with remainders in o(4*/?), which will be given in Section 10.
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7. A SHARP SEMI-CLASSICAL ESTIMATE OF THE
GROUNDSTATE ENERGY FOR THE TWO

DIMENSIONAL MAGNETIC
DIRICHLET PROBLEM

7.1. Main Theorems

Let Qc R? be a regular bounded open set and let 4= (4,, 4,) in
C'(2; R?) such that

04, _ 04,
B@)i= 2 (@) =5, ()20 (7.1)

For any he]0,1], P, ,, denotes the Dirichlet self-adjoint operator,
defined on L*(Q), associated to (hD—A)* (D = D, = (D,; D,)).
The associated sesquilinear form will be denoted by g7, , o
‘IZA,Q (w) = ||hDu—Au||iz(Q) > Vue H<1)(Q) (7.2)
The associated self-adjoint operator on L*(R2) is

P, ou=(hD—A)u, VueHAQ)n HL)RQ). (7.3)

When Q = R?, this self-adjoint operator on L*(R?) will be denoted by P, ,.
We recall that —i[hD, —A,, hD,— A,] = hB > 0 leads to the estimate

RIBulg < G ao(@).  Vue HY(Q). (7.4)

THEOREM 7.1. If Ae C'(2; R?) and if B> 0, then for any t€ 10, h7'[,
hinf Sp(—th*43 + (1 —th) B) < inf Sp(P}, 1 o)- (7.5
Here —Ag = P7, o is the Laplace operator on © with Dirichlet bound-

ary condition and, for an operator P, Sp(P) denotes its spectrum. We will
omit the superscript D when there is no possible confusion.

Proof. The estimate (7.4) leads to
thP, 4o+ (1—Tth)hB< P, , o, Vrel[0,h7]. (7.6)

Then we use (2.2) and this gives (7.5). |
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We will be interested in the special case when B(z) € C3*M(Q) satisfies,
for some z, € 2,

B(z)>b:=B(z)) >0, VzeQ\{z}, (7.7)
and we assume that the minimum is non degenerate:
Hess B(z,) > 0. (7.8)
We introduce in this case the notation:
a = Tr(} Hess B(z,)) "/~ (7.9)

If we use the estimate (7.5) with t = a?/(4b?), then the assumptions (7.7)
and (7.8) and the well known result giving the semi-classical estimate of the
ground state of the Schrodinger operator

—th*4,+(1—1h) B
(see for example [ HeSj1], [Si] or [Hel]), guarantee that
inf Sp(—th? Ay + (1 —th) B) = (1 —th) b+ht'*a+ O(h?)

2

_p & 2
= bt h+ O, (7.10)

So from (7.10) and (7.5), we obtain the existence of a constant C >0
such that:

2
hb+Z—b h*—Ch* <inf Sp(P, , o). (7.11)

This estimate is actually not optimal and will be improved by the following
theorem.

THEOREM 7.2. If Ae C*M(Q; R?), with M >0, and if the hypotheses
(7.7) and (7.8) are satisfied, then there exists a constant C > 0 such that

2
—CH <t Sp(Py )| b s |hECHR (1)
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The upper bound in (7.12) follows from the following theorem.

THEOREM 7.3. Under the assumptions (7.7) and (7.8), then the lowest
eigenvalue A V(h) of Py, , o satisfies

2
A0 < bh+;—b R+ 0(h), (1.13)

ash— 0%,

Here a and b are introduced in (7.7) and (71.9).

The left hand side of the estimate (7.12) will follow as in (7.11) from (7.6)
but without using (2.2). The magnetic field near z, will not be neglected. So
in (7.5) we will take P, 41 o instead of —h?4,,, where 4'(z) = (—; by, 3 bx).

For that, we will use the following theorem.

THEOREM 7.4. Let Ae C*(Q;R?) and V € C¥(Q; R) such that, for some
Z, € Q,

04, _ 04,

B(z)=§(z)—g(z)>B(zo)=b>0, VzeQ (7.14)
V(z)>V(z), Vze Q\{z}, (7.15)
Hess V' (z,) > 0.
Let p € [0, 1] be given and let us consider the Dirichlet operator
Py uv.e =Pp a0 —hB(2)+hV(2).
Then there exists a constant C = C, > 0 such that
inf Sp(Py 4v.0)—h"V(zo)+h'*? % < Ch¥») (7.16)
with
d(p)=infG+3 p, 2, 1+2p) (7.17)
ay =Tr(} Hess V(z,))'/%, (7.18)

As a matter of fact, if we take in (7.6) T = h~'/2, then we get the following
corollary.

COROLLARY 7.5.
h'? inf Sp(Py 4 o —hB(z) +h"/*V (z) < inf Sp(P}, 4 o)
with V(z) = B(z).
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So (7.14) and (7.15) are satisfied, when (7.7) and (7.8) are satisfied.
Formula (7.16) with p =] gives the lower bound of (7.12).

Remark 7.6.

1. Theorem 7.4 is valid for a constant magnetic field.

2. Under the assumptions of Theorem 7.2, Theorem 7.4 can also be
applied to P, , , by taking p =1 and V(z) = B(z).

But in this case we get that
inf Sp(P, 4 o) = hb+ O(h°).

Remark 71.7. Theorem 7.4 is valid if we change the definition of P, , ;. o
into:

Py av.a=Pyso—bh+hV(z).
Remark 7.8. The results of Theorem 7.4, when p € [0, 1[, are valid for

the modified Neumann operator P} , associated to the quadratic form,
defined on H'(Q) by:

T a,v,0 () = fﬂ {IlAD, — 4,(2) +i(hD, — 4,(2)) 1 u(2)|* + 1’V (2) |(2)|*} dz.

It is also the case for the Neumann operator Py, , o +h’V (z) —hb
associated to the quadratic form

Ihao()= fg {|h Du(z) — A(2) u(2)|>+ [’V (2) — hb] |u(2)|’} dz,
Vue HY(Q).

But the reader should not forget that (7.4) is not valid for Neumann
operator.

Let us prove this last remark. Let y be a cut-off function supported in Q,
such that y(z) =1 in a neighborhood of z,.
Let us consider the partition of unity (8,(z)), j € {0, 1}:

8(2) = (D[ 1*(2) + (1= x(2))*17"2,
81(2) = 1=y (D + (1= x(2))* ]2
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Then, by the so called IMS Formula (see for example [ HeMo2] or the
discussion in Section 6 (6.8 or (6.10)), there exists a constant C; > 0, such
that

|th,A, v,o()— [Q;IZA, v,0(Gou) + th,A, v.o (1]
< Clh2 ”””iz(g) s Vue Hl(g)»
and, thanks to (7.15)), there exists é > 0 such that:
th,A, V,Q (S1u)—h'V(z) ||91u||iz(g) > oh’ ||91u||iz(g) > Yue HI(Q)

Combining with the theorem, this gives the lower bound.
But the upper bound is an immediate consequence of the min-max
principle. We get indeed easily that

inf SP(PQTA, V,Q) <inf Sp(P, 4 v,0)

for any open subset ¢ of Q containing z,.

The proof remains the same for the operator Py , o +h"V(z)—hb.

Later we will assume that z, =0 when giving the proof of the above
Theorems 7.2 and 7.4.

7.2. Some Estimates on Eigenfunctions

We take the hypotheses of Theorem 7.4. The quadratic form associated
to P, 4y o is defined on H () by:

Ghov, o) = a0+ [ [=hBE)+IV ()] u() dz

= L) {I[hD, — 4,(z)+i(h D, — 4,(2))] u(z)|*+ 1"V (2) |u(2)|*} dz.
(7.19)

Let A(h) be an eigenvalue of P, , , , and u, be an associated eigenfunction.
Let ¢,(z) denotes the Agmon distance of z to the well

U, ={weQ; iV (w)—A(h) <0},
associated to the Agmon metric [AV (w)— A(h)], dz>.

ProposITION 7.9. Foranyee ]0,1],

(1=&) [ [0V (2) = A1, 5O uy(2)]” dz

SLZ [A7V (2) = A(m)]- |uy(2)|* dz. (7.20)
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Proof. Asin [HeMo2], we use the formula (already used in (6.21)),
. a.v,0(e%uy) = A(h) lle®uy || 22y +h* lle?u, Vol 12, , (7.21)
for any real Lipschitz function ¢.

Observing that |V¢,(z)|* < [A’V(z)—A(h)], and using (7.4) and (7.21),
we get

L (h?V (2)— A(h) — e[ h*V (2) — A(h) ], } €O/ u,(2))|2 dz <O,

which is exactly (7.20), if we observe that, in the support of [A”V (z) — A(h)]_,
we have ¢,(z) =0. ||

A rough upper bound of the ground state energy. We take a magnetic
potential 4 such that

A(z) = 3(=by, bx) + O(|z|?). (7.22)

This is always possible thanks to (7.14) (see for example [ HeMol ]).
Let us consider the test function u%(z) = y(z)e*/®_ where y a cut-off

function with support in 2 and y(z) =1 in a neighborhood of z, =0. We
get easily using (7.15) and (7.22) that
G, a,v,0(Up) —hV (0) lupl| 720y < CA'™ lupll 2y »
$0
inf Sp(P, 4y 0)—hV(0) < Ch'*. (1.23)
So we have proved that, if AV(%) is a groundstate energy, then

AD(R) = h?V (0) + O(h' ). (7.24)

Then, the assumption (7.15) ensures, by comparing the Agmon metric with
the one associated to the metric |z|* dz?, that, for C large enough,

Ch*? |2 < §(2), if h'’C<|z. (7.25)

A direct consequence of (7.20) and (7.25) is the following lemma.

LemMmA 7.10.  For any fixed real k>0, |||z|* u,]| 2, < C(R¥>+h*C=P+P/%)
”uh”L2(Q)'
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Proof of Lemma 7.10. Let C, > 1 be fixed and large enough, and let us
define the following domains

Q) ,={ze ||z <C\h'?}, (7.26)
Q. ,={zeQ|Ch"> < |z| <2C,hCP/4, (7.27)

and
Q,,={zeQ|2C,h* P/ < 2|}, (7.28)

By (7.24), (7.25), (7.27) and (7.28), if C, is large enough, then
h? |z|*/C < h*V (z) — AD(h), VzeQ, ,u,, (7.29)
and
h*V (z) —AD(h) < Ch* |z|?, Vze 2, ,. (7.30)
Hence, by immediate comparison, we have for some constant C > 0,
$n(z) SCh? 2|, VzeQ,. (7.31)
In particular this implies for some constant C > 0,
¢u(z) < Ch V2, . (7.32)

Using (7.29) and (7.20) with ¢ = 1/2, we first get:
W[, R m@Pdz<C [ V@)= W] )l dz
<C L) [h7V (2)— AO(h)] exp ¢ (2) /B |u, ()| dz
<C[ VR =A"0)], exp $u(2)/h ()P dz
<2C L} [h?V (2) — AD(h) ] |u,(2)|? dz.

Now, we observe that the support of [’V (z)—A"(h)]_ is contained in
€., and using the behavior of V' in £, , near 0 and (7.24), we get, for
A Qo’h:

|V (2) — AO(h)| < h? |V (2) =V (0)]| + Ch'*+* < Ch'*».
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So we have proved, for some suitable constant C
hﬂj |2|? |uh(z)|2dz<0h1+ﬂj |, (2)|? dz.
Qi Q
Dividing by 4”, we obtain:
[P @I dz<Cr | () dz. (7.33)
Qi p Q
This estimate and (7.27) leads to

[ 1 @I dz < CRUED2 [ o ()] dz
Lh oh

< Cpt+t=ne-p/2 j |, (2)|? dz. (7.34)
Q

For the integral on £, ,, we use also (7.20) with e =1/2. If
©(h) = sup{|z|* [V (2) = AD(W)]1 e O z€ Q, 4],

then
fﬂ |21 |u,(2)|? dz < C(h) fg [h?V (2)— Ah)], e |u,(2)|? dz
< C(h) fg [h?V (2)—Ah)]_ |up(2)|? dz
< Ch'*r1(h) fﬂ |, (2)|? dz.

For the estimate of 7(%), we use (7.24), (7.25), (7.28) and (7.29). This leads to:

w(h) <Ch™* sup{tk’le*("_lwzt)/c; R > 4CTY

< Ch—/?+(k—1)(2—/7)/2'

So there exists a constant C > 0 such that:

LZ |2|%* |uy (2)|? dz < Ch'*+E-DC-p12 jg |u,(2)|? dz. (7.35)
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For the integral on €, ,, we use (7.26) and get:
f |2 |, (2)|? dz < Ch* j |, (2)|? dz. (7.36)
Q0,1 0, n

Hence Lemma 7.10 comes from (7.34)—(7.36). |

Proof of Theorem 7.4. Let us introduce
A'(z) = 3(=by, bx)
and
V5(2) =V (0)+3z- (Hess V(0)) - z.
We can suppose that ' (0) =0, so
Py yv.a=0.
Note that we have also
V(2)=V,(2) = O(l2]). (7.37)

So using (7.19), (7.22), and (7.37), there exists a constant C > 0, such that,
for any 2 € 10, 1] and any u € Hy(R),
|1, 4,v,2(W) = Gn 4", v, (W)
< C[(qh,A, V,Q(u))1/2 | |Z|3 u||L2(Q) +|l |Z|3 u||2+hp | |Z|3/2 u||§2(9)].
(7.38)

The estimate (7.24) (with V(0) = 0) of the ground state energy A(h) of
P, 4 v o, Lemma 7.10 applied to the associated ground state u, and (7.38)
show that

|‘1h, 4l Vz,!l(uh) - i(l)(h) ety ||iz(g)|
< CLAPI) 7 Nlupll 2oy X Nzl will 2oy + 21 w1+ A2 1217 w4l 720 ]

< C~'|:h2 + R4 "“h"iz(g) . (7.39)
So

inf Sp(P, 4'.v,.0) < inf SP(P, 4.y, o) +Ch®,
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with

do(p) =infG+3 p, 2).

As the potentials A'(z) and V,(z) satisfy also the assumptions of
Theorem 7.4, we have in the same way:

inf Sp(P;, 4,v.0) <Inf Sp(P; 4 1,.0) + Ch?,
Hence:
|inf Sp(P, 4., @) —Inf Sp(P, 41,5, 0)| < Ch™?. (7.40)

But Proposition 7.9 and Lemma 7.10 are also available for the operator
P, 415, in R?. The groundstate of P, ,1 ;, has an exponential decay.

Lemma 7.10 applied to the groundstates of P, 41, and P, 41 ,, , leads
also to

linf Sp(P, 41.5,)—inf Sp(P, 415, )| SChY,  Vk>0.  (7.41)

But one can explicitly compute the spectrum in the case of Schrodinger
operator with constant magnetic field and positive quadratic potential; see
for example [Mel] (Theorem 2.4, p. 121) for the lower bound of the
spectrum, or [ MatUe] (Theorem 2.2, p. 222) and [Par]. In particular we
get

inf Sp(B;, 41,,) = (), (7.42)

where:

h
wi(p) = h"V(Zo)—hb+7 [ty +b>—[(h’ty +b%)*—4h* d, ]'/?]'
2

+% [h*t, + b2+ [(h't, +b*)*—4h* d, ]V/*]V?, (7.43)
2
with
ty = Tr(i Hess V(z,)), (7.44)
d, = det(3 Hess V' (z,)). (7.45)

A simple computation shows that:

2

ti(p) =hPV(z0)+h1+P;—;+(9(h1+2"). (7.46)

So (7.16) comes from (7.40), (7.41) and (7.42). |
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7.3. Polynomial Magnetic Approximation

We begin now the first step of the proof of Theorem 7.3. We recall that,
with p =1 and V' (z) = B(z), we can write

Ph,A,Q = Ph,A,V,.Q'

We assume that the hypotheses of Theorem 7.3 are satisfied. Let A(h) be
a lowest eigenvalue of P, , , and u, an associated eigenfunction. Let us
remember that we have proved (7.24) which becomes in our case

AO(h) = hb+ O(h?). (7.47)
The estimate of Lemma 7.10 becomes
I[lz1* uhlliz(.()) < C(H"+h* D) |lu, "iz(g) > Vk = 0. (7.48)
We can assume that the magnetic potential satisfies
div(4) =0 and A(0)=0. (7.49)

Let me Z a fixed integer, 1 <m <4+ M, and let us denote by 4™ the
Taylor expansion (up to order m) of the magnetic potential:

z* 04
a! 0z*

A"(z)= Y (0). (7.50)

lo] <m
LemMA 7.11. Let y € C7(R?) be a cut-off function such that
supp y = £
and
0 ¢ supp(1 — ).
Then there exists C and hy such that
NPy, am = 2ADR)) guall S CRE™ " ||, Vhe b,

where || || = |- || .2w?-

Proof. Let us first prove that, if k € Z* is fixed, then

[ |Z|k (hD—A) uh”LZ(Q) < Ch*+3/4 ||”h||L2(9)~ (7.51)
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Using that

(hD— A)[|z|* (hD— A) u,] = AP(h) |z|* w, —2ihk |z|* 72 [z2(hD— A)] u,,
and (7.48), we get that

Izl (hD — A) w1720y < CAD(R) B D2 |luy | 72q
+Ch [[|zl* (hD—A) uy 20 | 1217wyl 2cey-

So we deduce
| |Z|k (hD—A) “h”iz(g) < Cll(l)(h) hekD/2 ”uhlliz(ﬂ) +Ch? | |Z|k_1 uh”iz(ﬂ) .

Using (7.47) and once more (7.48) we get (7.51).
Let us now write, (with R” = A4— A™). As div 4 =0, then div R” =0 and

P, 4»=P, ,+2R"(hD—A)+|R"|".
As |z|7™! R™(z) is bounded in R, (7.48) and (7.51) show that
(B, = —AVR)) x wll < CRE™*I |y | 2 g
We finally recall that a consequence of (7.48) is that, for any k € Z,
Il = (14 Oh")) llugl 2y - (7.52)

This ends the proof of Lemma 7.11. ||

Lemma 7.11 ensures that

distance(A"(h), Sp(P, 4m)) < ChC™+I/4, (7.53)
Let us introduce:
z* 0*B 6A'” 6A'”
B"(z) = — 7.54
@= T G O=7 (7.54)
Assumption (7.7) ensures that, if m > 2, then
D s — (2)| > 4o as |z| - oo. (7.55)
o] <m—1

So, a general result in the representation theory of nilpotent Lie algebra of
[HeNol] says that P, ,» has compact resolvent, (see [MoNo] or [HeMol]
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for an analytic proof). More precisely, there exists a constant C such that,
for all v e C7(R?),

2

< C|(hD—A™) o> (7.56)

0*B™  |1/(ad+2)
e @
4

Y D/ v

lo] <m—1

Conversely, if 4,,(h) is an eigenvalue of P, , satisfying (7.47), and if uj' is
an associated eigenfunction satisfying (7.48), then we will get as for (7.53),
that

distance(4,,(h), Sp(P, 4 o) < ChPm+d/4, (7.57)

So, if we want to analyze the bottom of the spectrum of P, , , modulo an
error of order O(h®"*+/%) we just have to study the bottom of the spec-
trum of P, ,». In order to determine the coefficient of 4” in the expansion,
we will choose in the next subsections: m > 4.

7.4. Some Simplifications

We make some simplifications which do not change the spectrum of
P, 4 0 Or By 4m.

We can always take orthonormal coordinates in R? such that, in a
neighborhood of z, =0,

B(z) = b+oax*+ By*+ 0(|z]?). (7.58)

We can also choose a gauge A(z) such that
A4,(2)=0 and  A,(z)= bx+§ A fxp L 0iEY.  (1.59)
So AT =0 and we can write

A™(z) = bx+ i S,(2), (7.60)

J
with
Si(z) = > S;,2',
=

and in particular:

Sy(z) = g X+ Bxy’.
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By scaling we get that
Sp(Py, 4m) = h Sp(Q,(z, D.)), (7.61)
m 2
0,(z, D,) = D*+ [ D,—bx—hY hU=VS(z) } )
j=3

We are now going to apply some metaplectic transformations. We recall
that these transformations are unitary and consequently preserve the spec-
trum of the operators. Note also that they preserve the functions of the
form f(z) = p(z) €@~ %@ with p and the ¢; polynomial, the g, real and
homogeneous of degree j, g,(z) > 0 if z # 0.

Using Fourier-transform and translation and writing

Qh(27 Dz) = Qh(xa Vs Dxa Dy)’

we get that
Sp(Qh(Zﬂ Dz)) = Sp(Qh(xa _Dfa Dxa é))

7.62
“so(viiptoinig)) OO

So

Sp(B;, 4m) = h-Sp(H,(x, ¢, Dy, D)),
m 2
Hh(-xa é’ Dxa DC) = D)zc +[bx+h Z h(j73)/2T]"(x’ éa Dxa D.f):| s
j=3

j=

(7.63)

with T;(x, ¢, D,, D;) = S;(x +£, —D;+3D,). The differential operator T,
has the following form

T,(x,¢, D, D:) =xL(&, D)+ My(&, D)+ M,(x, D)+ M,(&, D,, D)
+M;(x, D,, D;)+M,(x, &, D,), (7.64)

where L(&, D;) an operator with compact resolvent,

L(&, D) =53 &+ BD},

B

o
Mo(éa Df) =W€3+Z éDZ,
_(X

M, (x, Dx)_3x3+léxD§,
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My(& D D) =—2E D e,

b?
_ B
M;(x, D, D;) =2 i xD.D;,
Mix, & D) = S D,
Using the notation w = (x, &), we can write
Hh(w9 Dw)=H(})x(w9 Dw)+VI/h(w7 Dw)7 (765)
with
Hj(w,D,)=D%+x*[b+hL(&, D;)]?, (7.66)
and

W,(w, D,)=+h z [x(b+hL(E, D;)) My(w, D,)
+M,(w, D,) x(b+hL(¢, D;))]

+h¥2Y RO x(b+hL(E, D,)) T)(w, D,)

j=4

+T;(w, D,) x(b+hL(¢, D;))]

+h2[ 24: M,(w, Dw)}2

+h2 Y RU9P[M,(w, D,) T)(w, D,)+T/(w, D,) My(w, D,)]

4j

m 2
+h3[ S RU=H1T Dw)] . (7.67)

j=4
The operator Hj)(w, D,) has compact resolvent and

Sp(H}(w, D,)) = {p; x(h) = (b+hp;)(2k—1); (j, k) € (N*)?}, (7.68)
with

d
{u,» =7 Qj-1;je N*} = Sp(L(&, D), (7.69)

and

d = (af)">. (7.70)
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The eigenfuction of H)(w, D,) associated to the eigenvalue W (h) is

5ew) = ()" (.1 (D)2 (1 ()2 X) @ ()2 E), - (7.71)

where the ¢;(x) are the normalized eigenfunctions of the harmonic oscillator
Dl +x?,
—x2/2

(Pj(x) = Pj(x) e

and p;(x) is the Hermite polynomial function of order j—1. We recall in
particular that:

p(x)=n""%

7.5. End of the Proof of Theorem 7.3
Then, by (7.65)—(7.71), we have
Hh(w’ Dw) d/i’, l(w) = :ul, l(h) lp];, 1 (W) +I/I/h(wa Dw) lllill, l(w)’ (772)
and we can write, using the expansion of W, (w, D,,) given above in (7.67):

W,(w, D,) Y} ;(w) = hb[xM(w, D,)+M(w, D,)) x]1 ¥/} ,(w)+ O(h?),
(7.73)

in L*(R?), where

M(w,D,) = 24: M,(w,D,).

£=0
Because we need only an upper bound, it is enough to consider:
A= <hb[xM(w, D,)+M(w, D,) x1¥1 (W) | Y1 1(w)).

By (7.71), the function ¥/} (1, £) is even in the x variable, so the expan-
sion of the M,(w, D,) given below (7.64) entails

04 =b{[xM(w, D,)+M,(w, D,) x] l//’111 | ‘/’?1>
+b6{[xM,(w, D,)) + M,(w, D,) x] l//{'1 | ‘H1>

2
=b<[—ax4+£x2D§+ﬁxDﬁx} 1 i‘1>

3 b? b?
v >

2 2
—b<[ b—fxDx§D¢+b—€Dxfo¢] 1
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_2b<[ x +£2x2D2—i£xD }

b2
2
[b/j D.ED; — l'fszi] '1’1> (7.74)
As D2 1 1=ty (D)1 =gy 1 (h) xz) lﬁ ; and x D, ‘Pl 1 =ipy 1 (h) leﬁ'l’,l, we

get from (7.74)

31=25 (| (§ = s ) x* 35 1)

b)
1,1
2 oy 1y ept, 10 (1.75)
b H1,1 (L AW 1,1/ .
Let us recall the formulas
Zsze"‘zdxzn and 4f 4o~ dx = 3.

From the first one and (7.71) with k= 1, we get immediately that, for any
differential operator U(¢, D;),

{Qpuy, 1 (h) x*~1) U(&, D) iy | Y1) =0.
Using again the formulas, we get from (7.75)

_ 3b o pB ) B
=22, ( 3 _P‘“"(”)>+23

| (7.76)
=57 (@+B)+0(h).

Here we have used that u, ,(h) = b+hy,.
Returning to the original metaplectic coordinates, we have found u, , in
Z(R? and of norm 1 in L*(R?) such that:

2

h
(| Prsm =t s =35 @t ) |,

u, > < ChS2. (7.78)

Keeping in mind that (7.68) and (7.69) give that

2 2

h
h,u“(h)+ (oc+ﬂ) hb+h22b
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with a = ()24 (B)"/2, (7.77) and (7.57) show that:
a2
inf Sp(P, 4 o)) < hb+h? %+Ch5/2.

The theorem is proved. ||

8. ON THE DIRICHLET PROBLEM WHEN THE MINIMUM OF
THE MAGNETIC FIELD IS ACHIEVED ON THE BOUNDARY

8.1. Introduction

In this section, instead of the assumption (7.7), we consider the case
when there exists z, € Q2 such that

0<b:=B(z,)) <B(z), VzeQ, (8.1)

is satisfied.

In particular, we have b =b'.

We assume 2 is a bounded open set of class C* and that the magnetic
potential is of class C3 Let A(k) be the groundstate energy of the
Dirichlet operator and let u,(z) € H*(Q) n H}(2) be an associated eigen-
function:

AD(h) = inf Sp(PY 4 o),

(8.2)
PQA,Quh = j.(l)(h) uh.
We know, thanks to (7.4) and (8.1), that
hb < AW(h) (8.3)
and by (7.20) (with p =1 and V' (z) = B(z)), we know also that
(1= | [hB(z)=AC(0)], O |u,(2)]* dz
Q
<f [7B(z)— AV (W)]- | (2)|* dz, (8.4)
Q

for any ¢ € ]0, 1], where ¢,(z) is the Agmon distance of z to the well
U, = {we Q; hB(z)— 2" (h) < 0}

(associated to the metric [AB(z) —AV(h)], dz?).
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The purpose of this subsection is to get bounds of A)(%) and then to
exploit this upper bound and (8.4) for a more explicit asymptotic localiza-
tion of the eigenfunction.

8.2. Rough Lower Bounds

Let us start with lower bounds. The following estimate give the probably
correct behavior as 2 — 0.

ProrosiTION 8.1.  Let us assume that the inequality
0<b < B(z2), Vz e Q, 8.5)

is satisfied. Then, if VB(zy,) # 0, for any z, € 0Q such that B(zy) = b, then
there exists hy > 0 and n, > 0 such that

hb+h**n, <inf Sp(PP 4 o), Vhe 10, hyl. (8.6)
As a matter of fact, (7.6) with t = ph~'/ leads to
ph'2P? 4 (1—ph"hRB<PP,,, Vpe[0,h'?].  (8.7)
If we use Kato’s inequality (2.2) we get that:
hinf Sp(— ph¥' A3 + (1= ph'’?) B) <inf Sp(P, , ). (8.8)

Here —43 = P, , o is the Laplace operator on £ with Dirichlet boundary
condition.

But the assumptions of Proposition 8.1 lead to existence of ¢, > 0 such
that

¢ot(z) +b < B(2) (8.9)

for all z in a neighborhood of 0R2 in Q, where #(z) = dist(z, 0Q).
It is enough to take

0<cy<f,= min 0,B(x),
x € m(0R2)

where
m(0Q) := {x € 02| B(x) = b}. (8.10)

So, if p <h~172/2,

hinf Sp ( —ph3? AD +%° t(z)>+h(1 —ph'?) b <inf Sp(P} . o). (8.11)
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But it is easy to see (see for example [ Mai]), that, for 4 small enough,
¢ \?3 ) Co
—Coph®?+ (ph**)1/3 <5> w, <inf Sp ( —ph3? A5 +5 t(z)>, (8.12)
where @, is the first eigenvalue of the Dirichlet problem on L*(R,),

associated to the Airy differential operator:

2

AL, D)) = ‘. (8.13)

“ar”

The constant C, depends only on ¢, and does not depend on p and 4.
The estimates (8.11) and (8.12), with for example

2/3 3/2
p=<%<%> om*),

give the proof of (8.6).

8.3. Rough Upper Bounds

The purpose of this subsection is to get an upper bound of A(k) and
then to exploit this upper bound and (8.4) for a more explicit asymptotic
localization of the eigenfunction.

THEOREM 8.2. If Q< R? is a bounded open connected set of class C* and
if A belongs to C¥(Q, R?), then, under the assumption (8.1), there exists a
constant C and hy such that

bh < inf Sp(P}, 4 o) < bh+Ch*/*(In(h))?, Vhe]0, h[. (8.14)
The difficulty to get (8.14) without the logarithmic term comes from the
following fact. The model operator at a point of the boundary where B is

minimal is Pj; 40 1= P, 40 5 g With A%(z) =5(—p, x). It is easy to see that
inf Sp(Pjf 40) = bh inf inf Sp(H ") = bh,
feR
where H” ¢ is the Dirichlet operator on R, associated to

d2
—CEZ'F(é—u)Z.
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Unlike the Neumann realization H"¢, the infimum in & of the ground state
energy of H? ¢, which is equal to 1, is not achieved for finite £. So, in order
to construct a quasimode, we have to take & large and in this case the
groundstate eigenfunction of H?”¢ is localized exponentially near u = ¢.
But, in our model, 2 is bounded. So we can only work in 2 and we will
work (due to the scaling) in a domain such that 0 < 2'/%u < &(Q).

Here &(Q2) is a geometrical constant such that the distance to the
boundary in the domain {z € Q|d(z, 0Q) < &(Q)} is regular.

Let us recall from Appendix A that, for the Neumann realization, the
infimum was obtained for some &, in ]0,+oo[.

Proof of Theorem 8.2. Let us work in the system of coordinates
recalled in Appendix B. The assumption (8.1) and the identities (B.7) and
(B.12) show that, in the right gauge,

‘%—i—b(l—tk(O))—l—t%—f(O, 0)‘ < C(s*+ 1), (8.15)

so we can assume that in K,

~ t 1> 0B .
A (w)+1b I—EK(O) +55(0, 0)| < Ct(s*+1%). (8.16)
Let us take the test function
uh(z) = e g =2(w) vi(w), (8.17)

with (w = (s, 1) = ¥(2)), &, € R and v) € C(K; R) (to be chosen suitably).
So by (B3)(B11),

000 \2 Bu0N2
sty {2 sa-mon (2]

+[a (¢, +Zl)2+h2W](1)2)2} aw. (8.18)

Let C, > 0 be fixed large enough. Let y € C7(R; R) be a cut-off function
such that y(x) =1 if [x| < C, and y(x) =0 if |x| > 2C,.
We choose

&, = 2C 12V In(h)| (8.19)
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and, with

0,(t) =b"*h >t —b7'E
oh( ) 1/4 —3/8( h) -1 —1/4 (8'20)
vi(W) =b""h 9, (0,(0)) x(IIn(h)| ™ 0,(2)) X f(h™"").

Here ¢, is defined by

Pi(x) = e

and f is a function in C§'(]—3, 5[; R) such that | f(x)*dx = 1.
So, if 4 is small enough, v) belongs to CP(K; R) and it is easy to check
from (8.16), (8.18)—(8.20) that there exist 4, € 10, 1/¢[ and C; > 0 such that
|9h, A,Q(ug)_hb ||”2||iz(g)| < C1h3/2(ln(h))2, Vhe 10, h[. (8.21)
Moreover,

up e HY@), and  [[udll2q — 11 < CH. (8.22)

The properties (8.22) and (8.21) prove (8.14). |
Remark 8.3. If instead of (8.1) we have, for some z, € 0Q2, assumption
(8.5), and if, for any such z,, we have: VB(z,) # 0, then we get easily from

(8.4) and (8.14) the following localization of the groundstate eigenfunction.
There exist 6 € ]0, 1[ C > 0 and A, such that, for all 4 € ]0, A, ],

lexp 02(2)*2/ k' |w,(2)| | < Ch=€ |l
where we recall that ¢(z) = dist(z, 0Q).

9. ON THE GROUNDSTATE ENERGY OF THE
NEUMANN REALIZATION

9.1. The Upper Bound of the Groundstate Energy

Let 2 and A be as in Section 8. Let P, , be the Neumann operator
associated to the quadratic form

GV a0 =] (0.~ A@)u@)dz  YueH'(@). O
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Let us recall that we have defined
pP(h) = inf Sp(P}, 4 o) .2)
and

8, = inf inf Sp(HY9). 9.3)
feR

The operator H"¢ is the Neuman operator on L*(R,) associated to the
differential operator D2 + (x— &) We recall from Section 3 and Appendix
A that @, is the lower bound of Neumann operator on R, x R associated
to D3+ (D, £x)%

Let us first prove a version of the first part of the theorem by Lu-Pan
recalled in Theorem 5.3 with a better control of the remainder.

THEOREM 9.1. Under the assumptions of Theorem 8.2, but with (8.1)
replaced by

0 < b’ =min B(w), 9.4

wedR
then there exists C, > 0 such that
u®O(h) < Oyb'h+Cyh*?, Vhe ]0,1]. 9.5)

Proof. The proof is similar to the one of Theorem 8.2. The adapted
coordinates near the boundary of Appendix B are still valid. We can
assume (B.11). Let

z, € 0Q2 such that B(z,)=25'. 9.6)

Then (8.15) is valid thanks to (9.4), so we can assume (8.16).
As in the proof of Theorem 8.2, we can take® a test function u{(z) of the
form (8.17), where

Bw) = (B BBy (B) 2 1) 0y x f ), O.7)
&= ()" 1, ©98)

the function f is as in (8.20) and y(¢) is a cut-off function such that
x@)=1if0<t<e/2and y(z) =0if t > ¢,.

The eigenfunction ¢, = ¢, is introduced in Appendix A. Using formulas
(B.3), (B.4) and (8.16), it is then easy to check that (A.1) and (9.7) imply

the existence of C > 0 such that:
14 4,0 (1) — Ob'h Ul 220y | < Ch 9.9)
|[% 22— 11 < Ch*?, )

So (9.9) proves (9.5). |

¢ Similar computations can be found in [BeSt].
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9.2. Rough Lower Bound Estimates

Our aim is to find an equivalent of the estimate (7.4) for the Neumann
quadratic form. We will follow the methods of [HeMo2] .
Let (x,(z)),r be a partition of unity of R*. For example we can take

r=7 %, € C*(R* R) and
supp(x,) =y+[—1,11%,  Vyerl, 9.10)

Yx;@=1 and ¥ |Vg(2) <.

If 7(h) is a function of 4 such that 7(%) € 0, e(Q)[, (¢(£) is the geometric
constant related to 02, and introduced in Section 8), we will define the
functions

Towy(2) = x,(z/2(h)),  Vyel. (9.11)

So we get a new partition of unity such that
X @ =1 Y Vi@ < C(h) .12
bl Y

and supp(,, .s) < 7(h) y+[ —(h), 7(h)]*.
Then, for any u € H'(Q), (see (6.8)), we have:

quXA,Q(u) = Z [qZA,Q(Xy, T(h)u) —h? | |VXy, ’[(h)l u”?f(g)]- (9.13)
7

Let us define

rr(h)(Q) = {7’ erl; SuPP(Xy,r(h)) NQ# @}
I30)(2) = {y € I, (Q); dist(supp(,, .)> 02) > 7(h)} 9.14)
Fi(h)(g) = {)’ € Fr(h)(Q); dist(supp()(y, 1(h)), 0Q) < T(h)}~

We assume that
B(z)>0, VzeQ. 9.15)
Then, for any u e H'(Q),

th,A,Q (Xy, 1(h)“) =h ||Bl/2){y, T(h)u”iz(!)) > Vye Fg(h)(g)' 9.16)
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For any ye I i(,,)(.Q), we use the adapted coordinates and formulas (B.3)
and (B.4).
As in [HeMo2], from the identities (B.7) and (B.12), it is easy to find a
gauge such that
|A(w) + (B(z,, ) 1. 0)| < Cr(h)’, O-17)

for all w = w(z) such that z € supp(y,, .x)-
Here z, ., is chosen in supp(y,, .4 ) such that B(z, .4 ) is maximum on

supp()(y, o(h) ).
Then using that @, is a lower bound of the Neumann operator asso-
ciated to (D, +1)*+ D?, so

J (D, +1) o> +|Dv|* =6, [v]*Tdw >0,  VYoe Co(RxR,).  (9.18)
RxR,
Using also the property, deduced from (B.4), that

‘ j |o]? dz— j |o]? dw‘ < Ce(h) f |2dz,  if supp(v) = Ly, (9.19)

we get easily from (9.17) and (9.18) that, Vy e Fi(h)(.Q), Vee 10,1/2], and
Vue H'(Q),

(1+&)[1+Cz(h)] q;ZA,Q (Xy, r(h)u)
> [ [ICAD, +B(z,,19) 2 o>+ W2 1D, 0, ol
= Ce7 @) I conll e

for any z, ., € supp(,, ) N Q.
So, there exists C > 0, such that, for any ¢ > 0,

(1+&)[1+Cr(h)] QhN,A, Q (Xy, r(h)u)
= hO,[1-Ct(h)] ||Bl/2)Cy, ‘L'(h)u”iz(g) - Cﬁ_l(f(h))4 ||Xy, r(h)u||§,2(9) . (9.20)

We can now get the following proposition.

ProPOSITION 9.2. Under the assumptions of Theorem 8.2, with (8.1)
replaced by (9.15), then

Nan()>[ W@ WP dz,  Vue H(Q), ©0.21)
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forany he 10, 1].
Here W, is defined, for some constant C, > 0, by

W,(z) = hB(z) if dist(z; 0Q) > 2hn*/®
= h®,B(z) — C,h*'* if dist(z; 0Q) < 2%,
and O, € 10, 1] is defined by (9.3).
Proof. We take a partition of unity on R such that
'//g, <« (2) +‘/’% w@ =1, W' cy(@I < C/2(h), for j=0,1, 9.22)

and

Supp(lﬁg’ r(h)) < [7(h)/20, +oo[, supp(l//i 1(h)) < ]—o0, 7(h)/10].
(9.23)

Then, for ¢ = ¢(z) = dist(z; 0€2) in (9.22), we get as (9.13),

1

th,A,Q(u) = Z [QZA,Q((%JU:) ot)u)—h*|| IV wny © DI u||iz(g)],

j=0

(9.24)
for any u € H'(82), and as in (9.16) we have also
i, 4.2 (Yo ey © 1) ) = 1 |B2 (Yo gy © 1) tll gy - 9.25)
Moreover by (9.12) and (9.14), we get:
Y Law@ =1, Vz € supp(Yy, .y © 1) (9.26)

1
yel ) (2)

So, for any u € H(Q),
Ih 40((Wr oy © 1) 1)

= ) [QhN,A,g(Xy, (W, 0 ) 1)

yel 11'(h) ((2)]

—h? N1y © 8) IV u”%}(g)]- 9.27)

Taking 7(h) = h*/® and in (9.20) ¢ = h'/*, we deduce the estimate (9.21) of
Proposition 9.2, from (9.12), (9.20) and (9.22)-(9.27). [
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With Proposition 9.2 and Theorem 9.1, we can recover a more accurate
version of the result of [ LuPa2]. We recall that:

b:=inf B(z) and b := inf B(w).

zeQ €0

CoRrROLLARY 9.3. Under the assumptions of Proposition 9.2 then the first
eigenvalue p"(h) of the Neumann operator Py , , satisfies the following
estimate.

Case 1. 1If
b<6O,b, (9.28)
there exists C;, > 0 and 4, > 0 such that
—Ch* < uV(h)—bh < C, 12, Vhe 10, Ay ]. (9.29)
Case 2. If
b>6,b, (9.30)
there exists C, > 0 and /4, such that
—C Rt < uD(h)—Oyb'h < C 112, Vhe]0, Ay ]. 9.31)
Case 3. 1If
b=06,b, 9-32)
there exists C, > 0 and /4, such that
—C < uD(h)—0,b'h < C, 12, Vhe ]0, hy]. (9.33)

Remark 9.4. Using Agmon’s estimates (see the next proposition), one
can actually improve in Case 1 the left hand side of (9.29) into

—Cexp —;-Sl < uO(h)—bh, (9.34)

for some 0 > 0 and for all 4 in ]0, A, ].

In a particular case, this is related to (4.3).

Note also that for the proof of Case 3, we can use the proof of the upper
bound used in Case 1. In Case 3, the localization of the groundstate is, as
h — 0, in the union of a small neighborhood of the boundary and of the set
where B = b.
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With the estimate (9.21) of Proposition 9.2 we can get also the local-

zation in energy of the groundstate eigenfunction u,(z) of Py, , as
Proposition 7.9.

PrOPOSITION 9.5. Under the assumptions of Proposition 9.2, for any
e€ 10,11,

(1=2) | (W@ —nO(0)], 4 ()] dz
<[ h@—nOM)] W) dz. (9.35)

for any real Lipschitz function ¢, on Q such that

Vo (2)I” < [Wi(2) — 1 P(h)1,.

In Case 1 of Corollary 9.3, the estimate (9.35) and the one (7.20)
associated to the ground state of Dirichlet operator show that the first
eigenvalue of the Neumann operator Pj , , is exponentially closed to the
one of Dirichlet operator P, , .

In Case 2 of Corollary 9.3, we can improve the localization of the
groundstate eigenfunction (9.35) by the following proposition.

PROPOSITION 9.6. Under the assumptions of Proposition 9.2 and if”
6,0’ <b, (9.36)

then, for any k € Z, there exists C,, > 0 such that, Vhe 10, 1],
fﬂ 1(2)* |up(2)|* dz < ChM? |luj|| 22y 937
and
L) 1(2)* |(hD, — A) uy(2)|* dz < Ceh'™™ 2 |yl 12y (9-38)

where t(z) = dist(z; 0Q2) and u,, denotes an eigenfunction associated to the
first eigenvalue of the Neumann operator P} , .

" The condition (9.36) involves only the infimum of B in a compact of Q. We recall indeed
from (3.13) that @, < 1.
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We can always find a function #(z) e C'(Q), such that #(z)/#(z) and
7(z)/t(z) are bounded on Q. Actually, we can in addition take ¢ =7 in the
neighborhood of 0Q2.

So, forgetting the tilde for simplicity, we can assume that #(z) € C'(Q).

We can actually propose two proofs. The first one consists in applying
Theorem 6.3 together with (6.26), observing in addition that u* < k!exp u,
for u > 0. Let us now give an independent and more direct proof. We also
observe that the proposition is true for k = 0. Let us now consider the case
when k> 1.

As t(w) =0, Yo € 0Q, we have the formula

hj 1(2)* B(z) |u}|? dz
=i #2)" [(hD, — 43) u}, (hD,— A4,) u;
—(hD,—A,) u,, (hD,— 4,) u,] dz

—hkj 1(z)F! g(hD —Az)u},—g(th—Al)u}, il dz.
o ox 7 oy

9.39)
We deduce from (9.39) that
h| 02" B@) Wi dz< [ 1)* I(hD, —A) uj” dz
+Ch||t*=D"(hD, — A) ujll )
X [[1% D M | 2 - (9.40)

Writing that

j 1(2)* |(hD, — A) u}|? dz =j (hD, — A) ul - (hD. — A) t*u! dz
Q Q

—ihk f 1(z)*"' [Vt-(hD,— A) u}] @} dz,
Q
or

[ #@ 1D~ ) w P dz= [ P, 4 ouy-TFuj dz
Q Q

—ihk j 1(z)*"' [Vt-(hD,— A) u}] @} dz,
Q
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we get

‘ [ €2 11D — 4) wP— uO(h) 1wy dz
Q
< Ch|t“V2(hD. = A) w2y X Iyl (9.41)

So we get from (9.40) and (9.41) that

L) 1(z)* <B(z)—'u(1)(h)> |ul|? dz

h
< C 1% V*(hD,— A) U;z”ﬁ(g) X ”t(k_l)/ZuIl:”Lz(!))' (9.42)
The upper bound in (9.31), the assumption (9.36) which gives a lower
bound for B(x)— u"(h)/h and (9.42) give the existence of A, > 0 such that,
for all A€ ]0, Ay 1,

1" %u3 222y < C I *~D7(hD, — A) upllpzgy X I * P ujll ). (9.43)

Now we can prove (9.37) by recursion.
If k=1, we use that

I(AD, — A) ujll72@) = P (h) luzll 2@y < Ch llugl72q) -
We get from (9.43) that
||t1/2“111 "LZ(!)) < Ch'* ||“111 ||L2(.Q)- 9.44)
In the same way, (9.41) and (9.44) give (9.37) for k= 1.
Suppose now that me Z, m>1 and that (9.37) is valid for k=m—1.
Then (9.43) with k = m and (9.37) for k =m—1 give
el 20y < CR™* il 2y -

This estimate, together with (9.41) and (9.37) for k=m—1, prove the
estimate (9.37) for k=m. ||

10. THE CASE OF CONSTANT MAGNETIC FIELD IN DOMAINS
WITH POSITIVE CURVATURE

The case of constant magnetic field has been intensively studied. In this
case, the upper bound in (9.31) was established in [ BeSt], the lower bound
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in [BeSt] is less precise than our one in (9.31). But we can still improve the
lower bound in (9.31) when the magnetic field is constant.

10.1. Bounds modulo O(h?)

THEOREM 10.1. Suppose that Q is a bounded open and connected set of
R2 If the magnetic field is constant: B=0b, then there exists a constant
C, >0 and hy >0 such that uV(h), the first eigenvalue of the Neumann
operator associated to (hD, — A)? satisfies

—Coh*? < uW(h) —O,bh < Coh*/?, Vhe ]0, hy], (10.1)
where O, € 10, 1[ is defined by (3.13).

Proof. The upper bound was already obtained in (9.31). For the lower
bound, we use the notations of the proof of Proposition 9.2. Let u; a
normalized groundstate. We take

t(h) = h'/*, (10.2)
So (9.22)(9.23) and (6.10) show that

|QhN,A,9((‘P1,T(h) o 1) uy)— puO(h) (W1, ey © ) ”}x"iz(szﬂ
<INV © Dl sl 72, - (10.3)

On the other hand, if
||uI11||L2(Q) =1,

we consequently obtain, thanks to (10.2), the condition on the support
(9.22) and (9.37),

IV © ) upllizey = 1+ O(H), Vk > 0. (10.4)
Similarly, one can show that:

IV 1, e © Ol willi2e) < Gk, V> 0. (10.5)
This leads to the existence of C > 0 such that:

|Q}IZA,9((‘P1,1(h) ot) ”}z)_ﬂ(l)(h) "(llll,r(h) 1) ullzlliz(g)l < Ch*. (10.6)
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The assumption that the magnetic field is constant allows us to choose a
gauge (in the adapted coordinates introduced in Appendix B), such that in
the formula (B.3) (cf. (B.6)), we have

A(w) = —bt <1—%K(s), 0), (10.7)

which implies
|[A(w) + (bt, 0)| < Ct2. (10.8)

Using the formula (B.3), (B.4) and (9.37)) for k=1 and k=4, we get,
from (10.2)~(10.7), and the fact that (k) = O(h), the existence of C >0
and A, > 0 such that, for any 4 € ]0, A, ],

[, CID,+BY )P+ D, )= ) Wi, s T

< Ch%2, (10.9)
As

[, CICRD, + b0, () s, )P+ D, W (0) (5, )]

> O0bh | (1) (s, OF dw, (10.10)

the estimates (10.4), (10.9) and (10.10) give the existence of C, > 0 such
that

1 O(h) = @bh— Coh*?. ||

10.2. Refined Lower Bounds

We are now able to prove the refined lower bound. We will add two
elements in comparison with the previous proof.

The first point is that we shall use the lower bound obtained in the case
of the disk which is recalled in Proposition 4.9. An alternative will be pre-
sented in the next section using the techniques of the previous subsection.
The second point will be to improve the remainder estimates.

Let us first come back to the case of the disk in the semi-classical
context. Proposition 4.9 (due to [BaPhTa]) and an homogeneity argument
give the existence of C > 0 such that

2
#®(h,b, D(O, R)) > Oybh—— M;b? hi—Ch?R™, (10.11)
if
BR*/h>C.
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We observe also, by using the monotonicity with respect to R,, that the
same inequality is true, for any 0< R, <R, for the problem in
Q(R,, R)={ze D(0,R)||z| > Ry} with the Neumann condition at the
external boundary and the Dirichlet condition at the internal boundary.
Moreover Agmon’s estimates permit to control more precisely the expo-
nentially small variation of the lowest eigenvalue.

This is this second problem which is easier to compare with the general
one. So one can reduce rather easily the general problem to the analysis of
the problem in a tubular neighborhood of 02 where the coordinates (z, s)
analyzed in Appendix B are defined.

In the case of the disk, we observe the relation

r=R—1, 0=s/R,

which is coherent with
rdradf = <1 —%{s) dsndt.

In one case we have k = const. and in general x is not constant. So we have
mainly to compare the two situations. For this we shall introduce near the
boundary of Q a partition of unity and compare in each ball meeting the
boundary the general case with the case with constant curvature. So with
the notation of Subsection 9.2, we introduce 7(4) = #”, and a corresponding
lattice I",). For the moment, we just introduce the condition p <3 in order
that the error term due to the partition of unity in the IMS formula has the
right order.

Let us consider the balls near the boundary. This means that in the sums
over y which will be considered in the next considerations, we shall only
sum over the points of the lattice I, such that the corresponding balls are
contained in a fixed neighborhood of 022 where we can use the special
coordinates. Let us denote by I, this sublattice. We would like to use a
localized version of Proposition 9.6 in order to control the comparison with
the model. This is the aim of the following proposition.

ProposITION 10.2.  Under the assumptions of Proposition 9.2, then, for
any ke N, Yhe ]0,h,], there exist sequences (a,(y,h)), and (b.(y, h)),
uniformly bounded in €* with respect to h, such that, Vyel ’,(,,),

[ 1 b dz <@ ) W2 i3y (10.12)
and

Lz t(z)k |(hD,—A) Xy, o(h) u,ll(z)|2 dz < bi(y, h)2 A ||u,1,||iz(g). (10.13)
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Proof. The assertion (10.12) is a consequence of (9.37) and of the
property that there exists C such that:

2
> X <C.

’
veT 1

For the second one we observe that:
[, 1@ 1D, = 4) 2,y i (D) dz <2 [ 12)* 11, 0 (D, — A) w}(2)|* dz

+2h fg t(Z)k |VXy, 1(h)u}1,(z)|2 dz.

The first term of the right hand side is immediate to control using (9.38).
The second term is controlled by h2~%**/2¢(y, h)? with (c(y, h)) uniformly
in ¢, that is satisfying >, i le(y, B)|* is bounded independently of
he 10, hy]. So this is of the right order when p <. |

Let us now consider the various errors which we have to control when
comparing with the case with constant curvature. We work near the
boundary in the adapted coordinates introduced in Appendix B. We have
to compare more carefully, for each y, the expressions j |(hD, —A) %, . uy)?
(1—1x(s)) ds dt and | |(hD,—A") x, .a usl* (1—1K(s,)) ds dt, where (using
the notations of Appendix B)

1= —bt < —1—%16(.5'), 0>, A7 = —bt < —1—%x(sy), o).

These errors are of the following type. The first term to consider is

ri(y, h) = O(h”) f () |(hD, = A) 1, <y wal® dz,

where we have used that x(s) —x(s,) = O(h”).
This should lead (using (10.13) with k = 1) to a remainder of order

r(y, h) = O(h"*2) a, (, h)?,

with 3, a,(y, h)* < C, for some C independent of .
The next type of term is like

ra(p, 1) = OG?) [ £ [(hD. = A) 1, cinui)|- |1, cnth] 2.

or like

ry( ) = [ £ 100D, = 4) 1, )16, coy4i] 4.
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For r,, we can use Cauchy—Schwarz and (10.13) with k = 4. This leads to:
R ) = 003 a, (3, h) by, ).
For r;, we can use Cauchy—Schwarz and (10.13) with k = 6. This leads to:
r3(7, h) = O(h®) a,(y, h) be(y, ).

The last type of remainder is

ra(p ) = OG) [ |y cpup|? dz,

which can be treated by (10.12) and leads to:
74(% h) = (9(th+2) a4(ys h)2

Summing up over y € Iy, this shows that we will have the general case,
if we have the case of the disk with an error given by: O(h**3/?) + O(h*~%).

The optimal p seems to be obtainesd when: p+3=2—2p. This leads to the

choice p =3 and to an error in O(h53).

So we have proved:

THEOREM 10.3. If B=b and if k(w) > 0 for all w € 0Q, then we have:
1 D(h) = Oybh—2M,k,,, b2h? + O(h?). (10.14)
Remark 10.4. We are obliged for the moment to assume that x(s) > 0.
This is not natural. We shall eliminate this artificial condition in the next

section.

10.3. Localization of the Groundstate

ProrosiTiON 10.5.  Under the assumptions of Theorem 10.3, we have
Wi W@ W dz  YueH'(@, (1015

forany he ]0, 1].
Here W) is defined, for some constant Cy > 0, by:

W(z) = bh if dist(z; 0Q) > 2hs
= @ybh—2M:bix(s) h2 —Coh  if dist(z; 0Q) < 2hs.
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In particular, we have, using also the upper bound of u®(#):
Th 4,0 (up) —pO(h) > L) W i(2) = u () |u;(2)|* dz,

>2M3b%h%j (K —K(5) — Coh8) [ul]2dz.  (10.16)

0

As for the proof of Theorem 6.6 (cf. also (6.36)) we get:

THEOREM 10.6. Under the assumptions of Theorem 10.3, one has the
Sfollowing localization. There exist 6 > 0 and for any ¢ >0, C, >0 and h, >0
such that, for all he 10, h,]:

h g

” d(x,n(2Q),h) ,
eXpo—— 71— U

<C, exp hi . (10.17)

7 7

Here n(0Q) is the set
n(0Q) = {z € 0Q | K(2) = Ky } (10.18)
of the points of maximal curvature
d(x, n(0Q), h) = dyn(s(x), n(32)) x(d(x, dR)) +h-1d(x, 0Q), (10.19)

and dyg(s, n(0RQ)) is the Agmon distance to n(dQ) attached to the metric
(Kmax _K(S)) dsz‘

The proof is similar to the proof given in Section 6 (see also the course
[Hel], Chap. 3).
As an immediate corollary, we have:

CorOLLARY 10.7.  Under the assumptions of Theorem 10.3, then, for any
neighborhood ¥ (0Q) of n(0R2) in L2, there exists n >0 and C > 0 such that,
ash—0,

j ul(x)|2 dx < C exp —nh~i.
o\ 7 (2)

10.4. Upper Bounds Modulo (O(h%).

Let us recall in this section the result obtained in [ BeSt] and established
more precisely in [PiFeSt].
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PROPOSITION 10.8. When R is of class C*, there exists a constant C, such
that

1 O(h) < Opbh—2M 3k, b 2h3+ Coh T/, (10.20)

max

Here K, is the maximum of the scalar curvature of 02 and M, is defined in

(A.6).

Remark 10.9. In [BeSt], the authors propose a formal expansion
modulo o(4?). In [PiFeSt], the authors give a proof of the remainder in
O(h?) under the stronger assumption that there is one point where the cur-
vature is maximal is non degenerate. In [ LuPal], another estimate of the
remainder is obtained in their appendix. Our proof gives a better remainder
estimate than in [LuPal], weaker than in [PiFeSt] but does not use an
assumption of non degeneracy.

Proof of Proposition 10.8. To prove (10.20), we take in the proof of
Theorem 9.1 a point z, € 02 such that x(s(z,)) = k,,,.. We take instead of
(9.7), with the notations of Appendix A,

max*

v (w) = b R~ 8gh(B12R=12E) (8- £(R7Y/5s), (10.21)
with
g"(x) = @o(x) = h'2(D) 7 Ky 1 (%) (10.22)
The functions y and f are as in (9.7), and
Y, = R¥“[H 0, — K301, (10.23)
with
Hyu(x) = (x—&)* u(x) — &3 (x — &) u(x) +u'(x),

and

K, =£R (H,90) ¢, dx.

Here R™ % is the regularized resolvent which vanishes on ¢, and is equal to
[H"%—6,]" on {p,} *.
Using the lemma, one gets:

K, =—2M,.

Then ,(x) is a well defined real function. It is standard to show that
x,(x) e LA(R, ), Vk e N.
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Let us introduce

2
H"=a3*(1) [bt = <1 —% Ko >—h1/2b‘/2éo ] +h%ay'(t) D,[ay(t) Du].

(10.24)
with a,(¢) = 1 — K, L.
We get easily that
4R aa(@) =" B) " [ HIUNE ) U 1) di| < T
(10.25)
and that
eepll 2y — 1| < CR', (10.26)
with

UM(g)(2) = (b)/* h™'/*g(b'*h™"%r), Vg € LX(R,).
Then, for any ¢ € [0, ¢] and for any g € H*(R,),
|(H"g—Hig(t)— Hi ) (1) < CL*(bt—h'/*b' &) + 7 |(bt —h'/*b' &)

+ 1+t (bt —h'Pb'2E) | +hi’] ()],
(10.27)

with
Hig=(bt—h'?p"?¢))?+h> D g

and

H' g = 21K, (bt — h'/*b'2E )2 — b, t (bt — B 2D 2E) + il D,g.
So

UMY HIU"=bh[L+6,],
and
UMH* H'U"=b"x

max

h3?H,.

The estimates (10.25) and (10.27) (applied to g=g") prove easily the
existence of C > 0 such that

|gh 4,0 (u3) = [Oobh—2M 316, b *H*1*] Ul 120y | < CH* |1l 22y

and (10.20) follows. ||
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11. AN ALTERNATIVE PROOF AND EXTENSION TO
NON-CONVEX DOMAINS

The previous proof was based on a result by Baumann—Phillips-Tang
[BaPhTa] (see also [PiFeSt] for an alternative proof). We give now a
more direct proof which permits to avoid the unnatural technical condition
k(w) > 0. This could in particular be applied to the Neumann problem in
the exterior of the disk.

THEOREM 11.1. When R is of class C*, Theorems 10.3 and 10.6 are true
without the assumption that the curvature is always strictly positive.

We begin as in the proof of the left-hand side of (10.1). Instead of (10.2),
we take

t(h)=h" with l<é<) (11.1)

(6 will be fixed later), so (10.6) and (10.4) are still valid. We can no longer
use the result of [ BaPhTa] and it will not be enough to localize in balls (or
squares) and we choose to localize in rectangles of size #° in the normal
direction and of size #'/° in the tangential direction.

We use the partition of unity defined in (9.10)—(9.12) and we get as in
9.27)

q}IZA,Q(wl,r(h)u}ln) = z QhN,A,g(Xy,hl/“‘pl,r(h)”ilz)

1
yel ) (2)

- z | |VXy,h1/6| l/’l,r(h)u}l:”iz(g) . (11.2)

1
veTl gy (2)

We deduce from (11.2) that

QhN,A,n(l//Lz(h)”;l)_ z th,A,Q(Xy,h'/"’Wl,T(h)“;l,) < Ch? ||¢1,T(h)u;l"iz(9)'
Yefi(h) ()] (11 3)

But it is easy to see from (B.18) that, for any ye I’ i(,,)(.Q),

qIIZA,.Q(Xy,hl/“pl,-r(h)u}I:)_jK( » ay(’)[h2 |D1(Xy,h1/6¢1,1(h)u}x)|2
”

+(1+2x,1) |(hD; _Ay(t))(Xy,h‘/GWl,z(h)u;l,)P] ds dt

< Ch'/$ L} [ |(hD—A)(Xy,hl/6wl,r(h)ullt)|2+(t3+t4) |Xy,h1/5¢1,r(h)u111|2] dz.
(11.4)
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Here K(p, h) =]1—2h"%+s,, 5,4+ 2h"°[ x 10, h°[, where s, = s5(z,) for some
z, € 0 such that Vz € supp(y,, 1), [s—s,| <3 h'/S.
Moreover,

K, = K(s,),

a,(t) =1—K,t,
"f) = — _K
A'(t) = bt< > t>.

We proceed like in Subsection 10.2 for the control of this remainder.
Summing (11.4) and taking into account (9.26), (11.3), (9.37) (with
k=1,2) and (10.4) or alternatively using Proposition 10.2, we get that

RaoWrwu)= X[ @O0 DGt )l

Ve Fi(h) ©)
+(1+2x, 1) [(hD, — A(2)) (ty, /W01, cyun)|*] ds dt
< ChP (2% 2(h) ull1||i2(g) . (11.5)
Our result being semi-classical (4 — 0), we assume that 24'/¢ < 7 for simplicity.

Let us consider, for some y € I'},, the term appearing in the left hand
side of (11.5):

f ay(t)[hz |Dt(Xy,hl/6lpl,r(h)ullt)|2
K(y, h)
+ (1425, 1) |(hDy — A7)y, 215 1, )] ds dit.

We get, by taking the partial Fourier transform s+ k, that, for any y in
I (),

[ @) U D et o))
K@y, b
o+ (14 216,8) [(BD, — A (D) 1y w1V, )| s it
> [ a(0) 1w il ds d, (11.6)
K(y, h)

with

#i(h) = inf inf Sp(H};P,). (11.7)
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Here H}5, is the self-adjoint operator on L*(]0, 4°[; a,(¢) dt) associated to
the differential operator

H,, .= hza;l(t) D,(a,(t) D, )+ (1+2x, t)(hk— A7(1))?, (11.8)
with domain

D(H;"") = {ve H*(]0, h[); v'(0) = v(h°) = 0}. (11.9)

||Xy,h1/6 ‘/’1,:(};)“2;”22(9) - ay(t) |Xy,h1/6 llll,r(h)u}ltlz ds dt
K(y, h)
”
< ChYS ey, wss ¥, anttill 2y (11.10)
we get from (11.5), (11.6) and (11.10) that

D 4,0 W cpn) > (inf pi(h))

Y€l 1) (2)

X [||¢1,1(h)”/1.||iz(g) —Ch'/¢ ||ll/2¢1,r(h)”/1.||iz(g)]

—Chs ”lﬁl,r(h)“};”2- (11.11)

Then (9.37) (with k= 1), (10.4) and (11.11) show the existence of C and 4,
such that, for all 2 e ]0, A, ],

q;ZA,Q(‘pl,T(h)ul‘ll) = ( ifllf wi(h)[1 _Ch2/3] "lpl,z(h)u}t”iz(g)

YL ()
5
—Chs ||1//1,r(h)ui1,||iz(9)- (11.12)
The estimates (10.6), (10.4) and (11.12) prove that

m()> inf  pl(H[1—-Ch*]-Chs. (11.13)

YT ) (2)

But it is easy to see, noting that y appears only through «(s,) which stays in
a compact interval, that there exists C > 0 such that, for all y,

ui(h) < Ch. (11.14)
So (11.13) and (11.14) give us the existence of C > 0, such that:

uOhy>  inf  pl(h)—ChS", (11.15)

1
Y el ) (2)

Therefore it remains to analyze uj (k).
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By scaling, that is using the change of variables ¢ = 4'/2 b~'/%7, we have
just to study, for any £e R and for any a e [—C, C], the ground state
energy of the self-adjoint operator H»-?¢  which is defined as an
unbounded operator on L*(]0, b/*h°~/?[; (1 —h'?at) dt), by associating to
the differential operator

*\?
H =D+ (t—&)*+ih'?*a(1—h"?at) ™! D, 4+ 2h'at <t—f—h1/2a E)

4

—h‘/zoctz(t—é)+hoc2tz, (11.16)

the realization whose domain is
D(HY "¢y = {ve H]0, b2h*~"/7[); v'(0) = v(b2h*~/?) = 0}.  (11.17)
Note that H)'?¢ still depend on & by its domain and that H depend
actually on ah'/2,
If « = b7, and & = —h'/?b~'/’k, then
Sp(H %) = bh Sp(H}->%). (11.18)
We choose

seli i (11.19)

We observe that this is compatible with (11.1) In this case, it is easy to see
that

Iy (HP6) =y (HY P) < CH#2 (14 (HYP€)). (1120

For a bounded from below self-adjoint operator 7 with compact resolvent,
(#;(T')) denotes its increasing sequence of eigenvalues.

But the mini-max principle (by the same argument as for a Dirichlet
problem) says that

i (HY P = p(&) = m (HY9), (11.21)

where HY¢ is the Neumann operator on L*(R, ) defined in (9.3).
The exponential decay at infinity of the eigenfunctions of H":¢ and the
uniform decay of the lowest eigenfunction for (4, &) e 10, Ay ] x [—J, +J]
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of HY->¢ show also that, for any fixed je N and J >0, there exists
C; ; > 0 such that

Iy (HY >~ (HYO < C, k% V(&) €10, h]x[~1, 7] (11.22)

Now, let us remind (see Appendix A) that the calculus of [DaHe] is valid
for HY-<.

Therefore (11.20), (11.21), (11.22) and (A.4) prove that there exists # > 0
such that

W (HYE) > 0,+hP2, Y&, |E—&| > nhts. (11.23)

Now, if |E—&| <nh’~ /% we use the asymptotic expansion of eigenvalues
for the perturbation of a self-adjoint operator in Chapter 1 of [MoPa] to
determine (&) and ¢, modulo |[&—¢&,|°.

Let us recall how the method works. We expand H":¢, the eigenvalue
(&) and the eigenvector ¢, around &, in powers of (£—¢,). This leads to
formal expansions and we keep as approximate eigenvector the expansion
of order 2. So we take

[e(1) = 05, (D +2(E— &) R™[(1=&) 9, ()]

+A(E—E)? RV {(1—&) RV S[(t—&) 95, ()] —dr 0, (1)}
(11.24)

with
dy=| (1=8) R*OL(=&) 05 (D] ge, (D dr. (11.29)
We recall that R™% is the regularized inverse introduced during the

proof of Proposition 10.8 and we observe for further use that, using the
strict positivity of R on the orthogonal to R- Peys

d, > 0. (11.26)
We get easily that
ILD? +(1=&)?1 fe(6) =[Oy + (&= &)* (1 =4dy)] [ (D@, S C IE=& .
(11.27)

Let us now consider the construction of an approximate eigenvector for
HY-¢. We first observe that

jR (D, +26(2— &) —1(1— &) ] @, (1) X @, (2) dt

) jm (t—&) 92, (1) dt = —2M;.
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‘We now introduce:
Fr) = 'O fe(t) — hPaRY ©{[iD, +2t(t — &)*
— 1t (t—&)) +2M;] (péo(t)}}. (11.28)

Here y"(t) = y(h~°*'’t) where y is a smooth cutoff function satisfying
x(®)=1,ift<1/2,and () =0, if t > 1.

In the same way as for the proof of (11.27), we get from (11.16) and
(11.24):

ILHZ ¢~ [0+ (& —&)* (1-4dy) —20h'’M;] f2(D) |2,
SCLIE=EP+RV2|E=E]. (11.29)
Note that we have used the exponential decay of ¢, that gives also
1/ &, — 1 < CLIE— &l +A"]. (11.30)
The estimates (11.29) and (11.30) show that, if | —&,| < #h°~'*, then
dist([O +(E—&)* (1 —4d,) — 2ah'/>M, ]; Sp(H %))
SCLE=& P +h? €= &1 (11.31)

The localization of the eigenvalues given by (11.20) and (11.22) shows that
the nearest eigenvalue of H "¢ minimizing (11.31) is p, (H2" ), so we have

| (H ) = [0 + (&= &) (1—4d,) —2ah'* M, ]|
SCIE=EP+R?1E=E|]. (11.32)
But the asymptotic expansion of u(&) in powers of (& —¢&;) shows that
2(1—4d,) = pu"(&) > 0. (11.33)
Note also that, using (11.26), we have:
u"(&) < 2. (11.34)
Therefore (A.4), (11.32) and (11.33) prove that, if |£—&,| < #h°~ /4, then

1
m(HY¢) > @o+(é—éo)zT —20h'?M3— Ch'? |E=&|. (11.35)

So (A.4), (11.23) and (11.35) show that, for any 6 € 1, 3[,

1 (HY-6) > 0y — 20h' 2 M, — Ch®+3. (11.36)



MAGNETIC BOTTLES IN CONNECTION WITH SUPERCONDUCTIVITY 671

We conclude by observing that (11.7), (11.15), (11.18) and (11.36) (with the
choice of § = 5/12) give the lower bound (10.14). ||

12. CONCLUSION

We have completed the results obtained by Lu—Pan [LuPal], [LuPa2],
Baumann—Phillips-Tang [BaPhTa], Bernoff-Sternberg [BeSt] and Del
Pino—Felmer-Sternberg [ PiFeSt]. We have in particular achieved the proof
that, in the case of a constant magnetic field, the groundstate is localized
near the points of maximal curvature. This leaves open the question of
localization of the groundstate in the case where there is more than one
isolated point of maximal curvature. We have also completed the analysis
of the Dirichlet probem initiated in our paper [HeMo2], whose intial
motivation was a paper by Montgomery [ Mon].

The analysis of the intermediate boundary conditions between Dirichlet
and Neumann could be interesting (see [LuPa3], [HoSm1] and [HoSm2])
and is physically relevant.

Let us mention for connected results (relative to excited states) the
heuristic results by K. Hornberger and U. Smilansky [HoSml] and
[HoSm2] concerning bulk states and edge states.

As a result of the analysis we have presented, let us also mention that it
is interesting to look at the exterior problem. In particular, in the constant
magnetic field case, one can show that in an interval of the form to
[@,bh+ O(h*?), hb[, we have a discrete spectrum corresponding to states
localized near the boundary (edge states).

Moreover the case of piecewise C* domains has to be achieved in order
to complete the results of Jadallah [Ja] (see [LuPa4] and references
therein).

The analysis of the case of dimension 3 has been less analyzed (although
see [ LuPa4] and [LuPa5]) and it would be interesting to see what replaces
the curvature in this case.

As suggested by J. Sjostrand (and also used in the numerical computa-
tions of [HoSm1]), it could be interesting to develop a theory of reduction
to the boundary.

Computations performed by K. Hornberger and U. Smilansky?® for special
domains confirm (for » =1 and /4 = 0.1) the semi-classical prediction.

Finally, in the spirit of Lu—Pan, the analysis of the non-linear problem in
superconductivity motivating this analysis has to be continued.

8 Many thanks to U. Smilansky and K. Hornberger for accepting to analyze our problem
with their numerical program.
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APPENDICES

A. On an Important Family of Ordinary Differential Equations

Let us recall for the comfort of the reader the main properties (mainly
due to [DaHe] and [BeSt]), concerning the Neumann realization of H":¢
in L*(R,) associated to D2+ (x—¢&)%. We denote by iV(¢) the lowest
eigenvalue of HY ¢ and by ¢, the corresponding strictly positive normal
eigenvalue. More simply we will write u(&) instead of A(¢) in this
appendix. It has been proved that the infimum inf; ., inf Sp(H™¢) intro-
duced in (9.3) is actually a minimum [ DaHe]. Then one can show [ DaHe]
that there exists &, > 0 such that u(&) continues to decay monotonically till
some value @, < 1 and is then increasing monotonically and tending to 1 at
+ 0. So it was obtained that

0, = inf Sp(HY ), (A.D)
and moreover (see [ DaHe] or the proof of Lemma A.1 below) that:
0, =& (A.2)
It is indeed proved in [ DaHe] that
H(&) = —[u(&)—E&] p:(0)™ (A.3)

To get (A.3), we observe that, if 7 > 0, then

o
Il

[ D20 +(1=0 9] pe. o1+ 7) di

—9:(0) @, (1) + (u(E+ 1) — (D) fR Pe(1) Pero(147) dt.

We then take the limit 7 — 0 to get the formula.
From (A.3), it comes that

1'(8o) =28, 92,(0) > 0. (A.4)

Here we recall that u(&,) = &5 = 0, is the strict minimum of & — u(&) on R.
Let ¢, (x) be the normalized strictly positive eigenfunction of H™ %
associated to the eigenvalue 6,.
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We use more simply the notation ¢, instead of ¢, .
It is easy to see that ¢,(x) belongs to (R, ). In particular we have

0o € HX(R,), ¢4(0)=0 and  x*(x) e LX(R,), VkeN. (A.)

We now described some formulas appearing in [ BeSt]. Let M, denote the
centred moment, of order k of the probability measure ¢;(x) dx:

Aa;=La(x—50k¢ﬁx)dn (A.6)

We begin by recalling how one can calculate the moments M, , as done in
[BeSt].

LemMmA A.1. The moments can be expressed by the following formulas:

M,=1, M, =0, (A7)
M=% (AS3)
2
2
0
M, = (”"6( ) S0, (A.9)

More generally, if k > 3, we have

M, = (k— {45 M, + (k—2)[(—=&) " 93(0) + (k—3) M, _,]}.
(A.10)

Proof of Lemma A.1. We use the arguments of [BeSt]. Let L be
defined by:

L=H"%_@,.
We first observe the identity

L(2ppy—p'po) = 9o PP —4((x—&)*—0y) p'—4(x— &) p1, (A.11)
for pe C*(R,), and

[ " o Lvdx=@y(0) v(0),  Vve HY(R,) n LAR,; x*dx). (A.12)
0
So, for any polynomial function p,

fom o L(2ppy,— p'9y) dx = ¢3(0)[2p(0)(E5 —O) —pP(0)].  (A.13)
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When p is the constant polynomial (= 1), (A.11) and (A.13) show that
M, =—¢3(0)(E2—0,)/2, as we know that M, =0 and ¢,(0) # 0, we can
recover (A.2): &, =02,

For p(x) = x—¢, and then for p(x) = (x—¢&,)?, we get in the same way
the value of M, and M,. The general case is obtained by considering

p(x)=(x=&)" 1
B. Coordinates Near the Boundary

For the most accurate estimates, we need to introduce rather standard
adapted coordinates® near the boundary. Let £ be the length of the bound-
ary 0Q and I=1]-%%]. Let M € C*(I; 9R2) be a parametrization of 0Q
such that M(0) =z, and s is the distance inside 02 between M(s) and z,.
We denote by

T(s):=M'(s)

the unit tangent vector of 022 at M(s) and the scalar curvature by x(s),
which can be defined by

T'(s) = x(s) N(s),

where N(s) is the interior normal unit vector of 022 at M (s).
Moreover the parametrization is chosen positive:

det(T'(s), N(s)) =1, Vsel.

From N-T=0 and N-N=1, we get first N -T+N-T'=0 and
N-N'=0.
Consequently, we get:

N'(s) = —k(s) T(s).
For any z € Q, we denote by #(z) the standard distance of z to 0Q:

t(z)= inf |z—o).
€0

So, there exists &, > 0 and a diffeomorphism of class C?,
v Q, - Sé/(Zn) x 10, &[,

such that Y(z) = w = (s(2), ¢(z)) and |z— M (5(2))| = t(z).
We have denoted, for small enough ¢, by Q, the tubular neighborhood
of 0Q

Q, :={z € Q; dist(z, 0Q) < &}
and S} is the circle of radius 7 is identified with [ — 7z, 7r[.

® See for example [PiFeSt].
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So we have the identity
z=M(s(z))+1t(z) N(s(z)), VzeQ, . (B.1)
From this equality, it is easy to check that
T(s(z))=[1—1(z) x(s(z))] Vs(z) and N(s(z)) =Vi(z). (B.2)

So for all u € H'() such that supp(u) = Q

j |(hD, — A) u|? dz

= JK [I(hD, — 4,) v]*+ (1 —tx(s)) " |(hD, — 4;) v]*]1(1 — tx(s)) dw
(B.3)

and
j |u|2dz=jK v]? (1= tre(s)) dw (B.4)

with v(w) = u(y ~'(w)), K =1x]0, &[, w=(s,t) and dw =ds dt.
The magnetic potential A satisfies

A, ds+ A, dt = A, dx+ A4, dy.

So
[aa_iz (W)—aa—;i1 (w) ] dsndt = B(z) dx ndy = B(w)[1—tx(s)] ds ndt,
(B.5)
with Y(z) = w and B is defined by:
B(w) = B(2). (B.6)
This gives:
04, 04,

2y W, ()= B w)[1—1(s)] = B(z, s)(1—tx(s)).  (B.7)
s t
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Then we get the identity between differential operators

(hD,— A)* = a™'[(hD,— A4,) a~'(hD,— 4,) + (hD, — 4;) a(hD, — 4,)],
(B.8)
where a(w) = 1 —tx(s).

The usual Hilbert space L*(£,)) is transformed to L*(K;adw). The
unitary transform U from LX(Q, ; dz) into L*(K; dw), defined by:

&2

U(u)(w) = a'*(w) u(~'(w)), (B.9)

allows us to work in L*(K) and then we get the new identity between
differential operators

a'’(hD,— A)* a = (hD,— A4,) a *(hD,— A,) + (hD, — 4,)*+ h*W,
(B.10)

where W is a scalar function given by:

1 0 1/2 5/2 0 1
W(w)=a‘fwa +a” @a

/2—4a_3[2a1/2]2.

A small computation gives:

1 t 5
Wi(s, t)= ~2 a‘zxz—i a‘%”—z ta (k')

In the new coordinates and using a gauge transform, we can always
assume that the magnetic potential has no normal component in a neigh-
bourhood of 0Q:

A, =0. (B.11)
In this case, we have
0,4, = —B(t, 5)(1—tK(s)), (B.12)

where B was introduced in (B.6).

These changes may be useful for analyzing the situation near the
boundary.

For example, in the Dirichlet case, with the additional condition that the
functions are supported near the boundary, we get the identity

4 4,0() =, (v), (B.13)



MAGNETIC BOTTLES IN CONNECTION WITH SUPERCONDUCTIVITY 677
with v = Uu, u € H(RQ), supp u = Q,(,, and

G2 (v) = J 2\(hD, — A4,) v|? dt ds
n j |hD,v|? dt ds

+h? j W(t, s) |v]? dt ds. (B.14)

But one has to be careful in the Neumann case, because U does not
respect the Neumann condition. In any case, one can use the identity

a4 o(u) =GP (v), (B.15)
with v = Uu, u e H'(Q), supp u = Q,, and

') =[ a2 |(hD,— 4)) vf* dt ds
+ j |hD,v|? dt ds
i j W (t, s)|v|? dt ds

—Lyh? j IoGs. )] ds. (B.16)
‘=

It could be dangerous to forget the last term (boundary term) in
Formula (B.16), when analyzing the asymptotic behavior as 2 — 0 of the
ground state energy. Its contribution is indeed of order (Q(h ). On the con-
trary, the contribution of the third term appears only in the remainder with
the order O(h*). We emphasize that the minimizer of the last functional
does not satisfy the usual Neumann condition but the distorted Neumann
condition:

(0,v)(s, 0) = —1 k(s) v(s, 0). (B.17)

This is actually quite natural if we think of the relation v = Uu.

The constant magnetic field case. In the neighborhood of 02, Q
have (cf (B.8)):

Py qu=a"' {(hDs+bt <l—%l€(s)>>

x[a‘l<hDS+bt<1—%K(s)>>u]+h2Dt(aD,u)}~ (B.18)

€02
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