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! is enough to stabilize exponentially the whole system provided the velocities of waves
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propagations are the same. This result is significative only from the mathematical point
of view since in practice the velocities of waves propagations are always different. In

Il;z:zzr(:;stem that direction we show that when the velocities are not the same, the system is not
Lack of exponential decay exponentially stable and we prove that the solution in this case goes to zero polynomially,
Semigroups with rates that can be improved by taking more regular initial data. Finally, we give some
Finite difference numerical result to verify our analytical results.
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1. Introduction

In this paper we consider the Bresse system with frictional damping effective only in one equation of the system.
Our main result is to prove that in general the system is not exponentially stable. More precisely, we show the expo-
nential stability if and only if the velocities of waves propagations are equals, which never happens in the practice. This
means that to physical applications we never have exponential stability and when the velocities are different we prove
that the solution decays polynomially to zero, with rates that depends on the initial data and some relationships between
the coefficients.

The Bresse system is also known as the circular arch problem and is given by the following equations:

P19t = Qx +IN + Fq, (1.1)

P2 = My — Q + Fa, (1.2)

P1Wee = Ny —1Q + F3, (1.3)
where

N = ko(wx —lp), Q=«(px+Iw+v),  M=byy. (14)

We use N, Q and M to denote the axial force, the shear force and the bending moment. By w, ¢ and ¥ we are denoting
the longitudinal, vertical and shear angle displacements. See Fig. 1. Here p; = pA, p2 = pl, ko = EA, k =k'GA, b=EI and
I =R~'. To material properties, we use p for density, E for the modulus of elasticity, G for the shear modulus, k' for
the shear factor, A for the cross-sectional area, I for the second moment of area of the cross-section and R for the radius
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Fig. 1. The circular arch.

of curvature and we assume that all this quantities are positives. To more details on the system (1.1)-(1.4) see Lagnese et
al. [3].
Finally by F; we are denoting external forces and therefore the motion equations are given by

plf/)tt_K((/)x+w+lw)x_’<01(wx_l(p)=F1» in]0,00[X]O,L[, (1‘5)
P2Vt — b + Kk (ox + ¥ +1w) =F2, in]0,00[ x 10, L[, (1.6)
P1Wee — Ko(Wx — l@)x + kl(@x + ¥ +1w) =F3, in]0,00[ x ]0, L[. (1.7)

We consider the following initial conditions

90,)=¢0, @0, )=¢1, YO, )=v%o, Y(0,)=v1, w0, )=wo,  w(0,)=wy
and Dirichlet boundary conditions

@, 0=, L)=y(E 0 =y(E L)=wE,0) =w(,L)=0 in]0, oo, (1.8)
or Dirichlet-Neumann boundary conditions
(£, 0) = @(t, L) = P (t, 0) = Yx(t, L) = wx(t, 0) = wx(t,L) =0 in ]O, ool. (1.9)

The boundary conditions (1.9) make the calculations easier, because do not introduce pointwise terms when we apply
the multiplicative techniques. Dirichlet boundary conditions (in all the equations) are more complicated because of the
boundary terms, but by using observability result we can estimate them. The final remark about the boundary condition
is that we use Dirichlet-Neumann-Neumann to prove the lack of exponential stability of the corresponding semigroup.
The same result must be true for other boundaries conditions but as well as we know there is no a formal proof to this

fact. In that follows we consider F; = F3 =0 and F, = —y 1, with ¥ > 0. For this case, making | = R~! — 0 we obtain
that
P1@ — k(@Px+¥)x =0, in]0,00[ x ]O, L[, (110)
P2Yit — bk + kK (Px+ ) + ¥ ¥ =0, in]0, 00[ x 10, L[, (111)
P1Wi —KoWxx =0, in]0, oo x 10, L[ (112)

where Eq. (1.12) can be negligible (see [9]) and the lack of exponential decay to Eqgs. (1.10)-(1.11) was assured by Mufioz
Rivera and Racke [6] using boundary conditions of type Dirichlet-Neumann.

Concerning the asymptotic behavior of the Bresse system (or circular arch problem) we have only a few results. The most
important is due to Liu and Rao [4], where the authors proved to thermoelastic Bresse system (with two dissipative mech-
anisms) that the solutions decays exponentially to zero if and only if the velocities of waves propagations are the same.
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Otherwise the solution decays polynomially to zero with rates t =€ or t~5*¢ provided the boundary conditions is Dirichlet-
Neumann-Neumann or Dirichlet-Dirichlet-Dirichlet type respectively.

In this paper we consider only one dissipative mechanism and we get a polynomial decay t=5*¢ for any boundary
condition. Additionally we show some numerical results by using the finite difference method that, in particular, is locking
free.

The methods we use to show the lack of exponential stability are based on Gearhart-Herbst-Priiss—-Huang theorem to
dissipative systems. See references classical [1,8].

Theorem 1.1. Let S(t) = e be a Co-semigroup of contractions on Hilbert space. Then S(t) is exponentially stable if and only if

p(A) D {iB: peR}=iR (113)

and
lim |[(ipl—.A)~! 114
‘ﬂllgloou (il —.A) “L(H) < (114)
hold, where p(A) is the resolvent set of A.

On the other hand our result on the polynomial stability is based on the result of Z. Liu and B. Rao’s theorem on stability.
See [5].

Theorem 1.2. Let S(t) = eA! be a Co-semigroup on a Hilbert space. If

1
iRC p(A) and sup — || GBI — A)~! <M 115
p(A) \ﬁl?pl 5 ||( B ) ”ﬁ(?—{) (115)

for some |, then there exist Cj, such that

k
Int\’
||etAUo|| < Ck(nT> Int||Uollp4k)- (1.16)

The remaining part of this paper is organized as follows. In Section 2 we show the well possedness of the Bresse
system. In Section 3 we show the lack of exponential stability. In Section 4 we show the exponential stability since that the
velocities of waves propagations are equals. In Section 5 we show the polynomial rate of decay for the general case. Finally,
in Section 6 we show some numerical results.

2. The semigroup setting

We rewrite the initial-boundary value problem (1.5)-(1.8) or (1.5)-(1.9) as a first-order system for U := (¢, ¢, ¥,
¥t, w, wy)’, where the prime is used to denote the transpose. Then U satisfies

Ur=AU, Ut=0)=Uy, (2.1)
where Ug := (¢o, ¢1, Yo, ¥1, Wo, w1)’ and A4; is the (formal) differential operator
0 Ig 0 0 0 0
K/p193 —kol*la/p1 O K/ P10y 0 (k +Kko)ldy 0
0 0 0 Iy 0 0
Aj = 2.2
! K/ P2y 0 b/p202—k/pla —y/p2la  —kl/mla O (22)
0 0 0 0 0 Iy
—(Ko+)l/p10x 0 lclg/ ;1 0 Ko/p192 —Pklg 0
where I is the identity operator. Let
Hi:=H(0,L) x L?(0, L) x H1(0, L) x L2(0, L) x H}(0, L) x L2(0, L),
Hy := Hy(0,L) x L*(0, L) x HA(0, L) x L*(0, L) x H}(0, L) x L*(0, L) (24)
be the Hilbert space with norm given by
~ ~ ~ . /12
U113, = (0. . v 0. w. W) |3,
L
— ~2 72 ~12 2 2 2
=f{,01|g0| + P21V |° 4 p11WI* + blYxl* + Kl + ¥ +1w|* + kol wx — lp|*} dx. (2.5)

0
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Here we consider,

L
Li(O,L):!feLz(o,L); /f(x)dx:O], Hl0,L)=H'0,L)NL2(0, L). (2.6)
0

The domain of A; for i =1, 2 is given by:

DA ={VeH|p,v.weH? §eH) ¥, WeH., y,wyeH} (2.7)
D(A) ={V eHa| @, ¥.weH*NH, §,v,WeH). (2.8)

It is not difficult to see that A4; is a dissipative operator in the space H; for which 0 € o(.A4;). More precisely we have

L
(AiU,U)Hi:—y/|J|2dx<O, i=1,2. (2.9)
0

Therefore from Lummer Phillips theorem we have that A is the infinitesimal generator of a contraction Co semi-
group.

In that follows we omit the index i of the operator A;, and we consider only Dirichlet boundary condition. The exception
is for Section 3, where the proof is valid only for A = A;. For the operator 4, the lack of exponential stability must be
true also, but our method cannot be applied. Finally, we remark that to prove the exponential and polynomial decay to .4
is simpler and we omit here.

3. The lack of exponential stability

Our starting point is to show that the semigroup associated to the Bresse system is not exponential stable. To show this
we will consider Dirichlet-Neumann-Neumann boundary condition given by (1.9). We use Theorem 1.1 to prove the lack of
exponential stability, that is we show that there exists a sequence of values A, such that

|Gl = A7 ) = 00 (3.1)

It is equivalent to prove that there exist a sequence of data F;, € H and a sequence of complex numbers 1, € iR, with
[ Fullg <1 such that

| Ol = AT Fy |4, — 00 (3.2)
N ——
Un
where
AUy — AU, =Fy (3.3)

with U, not bounded. Rewriting the spectral equation in term of its components we have

hp — @ = f1eHy, (34)
PG — Kk (px + ¥ +1w)x — kol(wy — lp) = fo € L2, (3.5)
My — = f3eH], (36)
P2A — b + K (@ + ¥ +1w) + y i = fae L2, (37)
AW — W= fseH], (3.8)
PIAW — Ko(Wx — @)y + Kl(@x + ¥ +1w) = fo € L2. (3.9)
Under the above notations we established the main result of this section.
Theorem 3.1. Let us suppose that

p1 K

— £ —, 0or K #Kp, (3.10)
P2 7 b *

then the semigroup associated to system (1.5)-(1.7) with boundary condition (1.9) is not exponentially stable.
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Proof. We will prove that there exists a sequence of imaginary number A, and functions F,, € H, with [|F, [ <

ing (3.2). To do this, we take f; = f3 = f5 = 0. Using the equation to eliminate the terms @, ¥ and W we get

01120 — K (@x + ¥ +1W)x — kol(wy — @) = fr € L2,

02020 — b + K (@x + ¥ +1W) + YAy = fa e L2,

112w — ko(Wy — L)y + Kl(@x + ¥ +1w) = fo € L2,
Taking f2, f4, f6 as

fa(x) = sin(%x), fax) =« cos(%x), fe(x) =0.

Because of the boundary conditions given in (1.9) we can suppose that

¢=Asin<%x>, ¢=Bcos<%x>, W=Ccos<¥x).

Therefore, to find a solution of system (3.11)—(3.13) is equivalent to find the solution of the following system,

2
[pmz +x<$> +xolz]A +K¥B —H%C(K +K) =1,

2
K%A—i— [,oz)\2+b<%> +yk+K]B+KIC=a,

2
T T

I(k +K0)”TA +1kB + [mxz +/<0<”T> +/<12]c =0.
First, let us assume that

p1 K

— -, K = Ky.

02 7 b
Now we take A = A, such that

2
p1A? +K<MTJT> + K2 =2/cl%

therefore the above system can be written as

T T T
2K1“TA +K“TB +2;<1“Tc =1,

2
K%A—i— |:p2}»2+b(%> +yA+K]B+;cIC=0,

ZKI%A +IkB +2x1%c -0

where we consider o = 0. Subtracting Eq. (3.19) to Eq. (3.21) we get
nw 1
Kk— —lk|B=1 = B=—7FF—.
[ L } K (BE 1)
From (3.21) we get that
c l
T o BT BT

Substitution into (3.20) yields

A=—

2
1751 l 2 75,1 1
KT e 4l p2+(*E Ak | ———.
K[ i } 21(—‘1”—1)+["2 * (L ) T +K]x(—“{’—l>

Recalling the definition of 1, we get

2
i ! 02\ [ T P2, U 02 2} 1
=+ | (== ) =) + =2+ yrt k- kP | .
K[L } 2B =1y [( o) (T) + a4y 2 k(T

485

verify-

(3.11)
(3.12)
(3.13)

(3.14)

(3.15)

(3.16)

(317)

(3.18)

(3.19)

(3.20)

(3.21)
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Therefore as u — oo we get

1
K P1

and also

as 1 — oo, which means that

L
UL, > x/|wx —lop|* dx
0

2

L
BK/H:CE—IA] sin(ﬂx) dx
L L
0
2
>elc® Al Lo o
L 2

as | — oo. Therefore there is not exponential stability. Now let us assume that the coefficients satisfy

K
—_ =, K # Ko.
p2 b
Here we will assume that o = 1. Multiplying Eq. (3.18) by « /l(k + ko) we get

2 2
i K K 2 i 2
K—A B A Kol — kl“|{C=0.
L +K+Ko +I(K+K0)[p1 * 0( L ) - ]

Now we will choose A such that

2
K 2 id 2
A I“l=«l
I(K+KO)[01 +K0< L ) e ] “

that is to say, A is such that

2 2
p12? +K0<MTJT) +klP =Pk +ko) = p1r? +Ko<¥> —kol* =0.
Therefore, system (3.16)-(3.18) can be rewriting as
2
|:(K —Ko)<¥> +2K0[{|A +/<%B+1%C(K o) =1, (3.22)
2
KMAJr[b(l—@)(M) +yk—&K012+K]B+KlC:O, (3.23)
L K L £1
2
Py B+kIC=1. (3.24)
L K+ Ko

Subtracting Eq. (3.24) to (3.23) we conclude that

2
[b(l _ @)(ﬂ) Fya— &Komﬂ}gz_]
K L £1 K + Ko

which implies that

2
b(l - @>(ﬂ> B— —1
K L

as . — oo. Substituting this expression into (3.22)-(3.23) we get
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2
1
[(x—x@(ﬂ) +2Kolzi|A+lﬂC(K+Ko):1 —0<—>, (3.25)
L L "
1
cMEa ke =140 — ). (3.26)
L 2
So we have
2
1
—2xo[<ﬂ> —12]A=—ﬂﬂ+1—o<—>. (3.27)
L K L "

From where it follows that
75,4 K + Ko
—A— .

L 2KKQ

(3.28)

From (3.24) we conclude that

1 K+ Ko
Kkl 2K0
Using the same argument as above we conclude that
IUpllH — oc.

So we have not exponential stability. O
4. Exponential stability

In this section we will prove the semigroup associates to system (1.5)-(1.7) with boundary conditions (1.8) is exponential
stable provided

&_K

=—, and Kk =ko. (4.1)
o2 b
To simplify notation we will put
1K K
onpz—pT, vo=‘1——. (4.2)
Ko
Our starting point will be the resolvent equation
A — @ = f1 € Hy, (4.3)
P1AG — K (@x + ¥ +1w)x — kol(Wyx — @) = fa € L2, (44)
M- =f3eH, (4.5)
P21 — b + K (@ + ¥ +1w) + y i = fae L2, (4.6)
AW —W=fseH, (4.7)
PIMW — Ko(Wy — @)y + Kl(py + ¥ +1w) = fo € 2. (48)
Multiplying (4.3), (4.5), (4.7) by —k (@x + ¥ +1w)y, —bvxx and —ko(wy — @)y respectively and Eqgs. (4.4), (4.6), (4.8) by
?, J and W respectively adding the product resulting and taking the real part we get
ReA|UI5, + ¥ V17, = Re(F, Uy (4.9)
Taking L =i we get
VIV =Re(F, U)y. (410)

Remark 4.1. Note that iR C o(A). In fact, if A =iB € o (A), from identity (4.10) we have that {5 = 0. Therefore we have that
¥ = 0. From Eq. (4.6) we get that ¢y + lw = 0. Substituting this identity into (4.4) and (4.8) we conclude that
P12 = kol(Wy — 1), p1AW = ko(Wx — lg)y.

The above relation implies that ¢x —Iw = 0. Since ¢x + Iw =0 we have that ¢ =0 and w = 0. Therefore there is not
imaginary eigenvalues.
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Lemma 4.2. Under the above notations we have

L
%/ dx+/c12f|w|2dx<C||<px+1/f+lw||%z+C||w||§z+ﬁ2 IFII3,.
0
/I\ﬁxl dx <cl|¥lip2llox+ ¥ + w2 +cllFllx U |-
Proof. Multiplying Eq. (4.4) by ¢ we get that
L
/ |32 d :—KRe/(gox—i—W—i—lw)xgodx—/(olRe/(wx lga)gadx—kRe/fypdx
0

L
KRe/.(<px+1//+lw)goxdx+KolRef wx + lp|? dx—i—Re/fz(pdx
0

L L

Kf|(px+1//+lw|2dx—KRe/(<px+1//+lw)(w+lw)dx+K01Re/W((px+1p+lw)dx
0 0

L

—KolRefw(w+lW)dx+/colzRe/|(p|2dx+Re/f2¢dx
0 0 0
L

<KRef|<px+1//+lw|2dx—KRe/(<px+1//+lw)(1/f+lw)dx+KolRe/W((px+1p+lw)dx
0 0
L

—KolRefWde—l—KolzRe/|(p|2dx+Re/f2¢dx,
0 0

which implies that

L L L L
p1/|€0'|2dx+l<12/|w|2dx</c/|g0x+w+lw|2dx—KRe/(g0x+1//+lw)1de
0 0 0

L

L
+KolRe/W((px+1/l+lW)dX—KolR /
0 0

L
+K012/|<p|2dx+Re/f2¢dx.
0 0

From where it follows that

L
%/|a|2dx+/c12f|w|2dx<cn<px+1/f+1w||§z+C||w||§z IF 113,

,32

(411)

(412)

for A =ip large enough and C constant positive. So the first part of Lemma 4.2 follows. Now, multiplying (4.6) by ¢ we get

L L L L L
ﬁ/@@dx—kb/|wx|2dx+/</(<px+1//+Iw)$dx+y/$$dx=/f4lﬁdx
0 0 0 0 0
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therefore,
L L L
3 [ o [ 1R ax+icRe [ty +iTax+clFdU
0 0 0
Using (4.10) and Eq. (4.5) to ¥ for |A| > 1 we get

L
/ Wl dx < cll¥ll2ll@x + ¥ + 1wl 2 +cllF U [l (4.13)
0

from where the second part of the lemma follows. O

Let us denote by

2 2
Iy == [Y(D)|” + [¥x(0) |7, (4.14)
2 2
Iy := |wx(D)|” + |wx(0)|", (4.15)
2 2
Iy = |px(D)]" + |@x(0)|". (4.16)
Lemma 4.3. Under the above notations there exists a positive constant C such that
Iy < Cligx + ¥ + w2 ¥ ll2 + CHUIIY Iz + CHU I Fllag. (417)
Iw < CIUNF, + CIIFII3, (418)
Iy < CIUNF, + CIIFII3,- (4.19)
Additionally we have
I, <CN (4.20)
where
1
N=llgx+ v +IWIIfz +llox + ¥ + W2 1U Il + 1 21Ul + 10T I Fll + EIIFH%{-
Proof. Using Egs. (4.5) and (4.6) we get
—,Ozﬂzl//—b\/fxx‘f—/(((px-f-l/f-i-lw)-i—]/%=p2i/3f3+f4. (4.21)
Multiplying the above expression by qi, where q =x — L/2. Then
L L
Re [ oot v+ wyd=—Rex [ g7+ v+ Iwxd
0

=—Rek | q¥[p1A@ — kol(wx —lp) — f>]dx

o —— _°

L
<c/|t/797|dx+||U||H||F||H+C||U||H||1/f||Lz.
0
Therefore we have that
L
Iy < c/ |91 dx + CllUIIIFll7¢ + CIU a1 ¥ 1l 2 + cllxll .
0

Using Lemma 4.2 and Cauchy-Schwartz inequality the first inequality follows. To get the other inequality let us multiply
Eq. (4.4) by q(¢x + ¥ +1w) and taking real part we get
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L L
o [agtoxt v +widx=piRex [ Ga@+ 9+ fwydx— xolRe [ (we— 1) 7+ W
0 0 0
—Re/fz(gm)dx.
0
Note that
L L L
piRek / G9(@x T ¥ T Iw)dx = —p Re 2 / 0Q(@x T ¥ TIw)dx — pi Reip f 01 (@x 9+ Tw)d
0 0

<@z + @l 2l + I F Ul

Using Lemma 4.2, identity (4.20) follows. Finally, multiplying Eq. (4.8) by q(wx — l¢), and using the same above argument
our conclusion follows. O

Lemma 4.4. For any € > 0 there exists cc > 0, such that the solution of Bresse system satisfies
V@26l < € llgx+ v +IwlF, +€(1+v0/B) U113, + 2 (1 + voB ™) IFII3,.
Proof. From Lemma 4.3 we have that

Iy <cllge+ ¥ + 1wl 2| ¥ll2 +cR

where

R=1¥l2lUllx + N1U =l Fll%-

Therefore from (4.20) and the above inequality we get

12
U X2h) < eI/ (IU Nl + 1 Fllag)
1/2 1/2
[||<px+¢f+lw|| P12+ RY2)(IU 2 + I Flla)
1/2 1/2 1/2 1/2
<cllgx+ ¥ W2 IU T 1L + RV U + g+ ¥ + Wl 21T 122 F llag
=Jo <cUll#IIFll~
+  RV2|Fln
—————
C||U”HHF||H+C||FH%.[
Using inequality (4.10) we get
4/3 2/3
Jo<e||<px+1/f+1w||§z+(W3 s, >(|ﬂ|4/3||1/f|| %)
< Wit 4 S g2 4 Flly U
\e||<px+w+w||L2+2|ﬂ|2|| 13, + ce|BI*IF I 1U 124
<elox+v +Iw(d + lﬁlz||U||H+Ce|ﬁ|m||F||H,
1/2 3/2 3/2 1/2
RV2U [l < cllw 1521015 +c||U|| PIFI,
1/2 3/2 1/2 3/2 3/2 1/2
< ITILIWUIEE + S IF ISV 12 + clu 221 F) Y
18] Iﬁl
1/2 1/2 3/2 1/2 1/2 32 3/2 23/2 1/2
<c(IBIM219 134 )<|ﬂl3/2nun )+|ﬂ| IF 115, |ﬁ|3/2 i3, |ﬂlmnun B2 FII3,

€2

|ﬂ|2 U1, + ce BV 12, + ce BIIF 15,
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From where we get that
=L € 2 10 12
[ px[3=6) < €llox + v + w2, + — T IU 1% + cel BT NF 1% (4.22)
On the other hand, using similar arguments it is not difficult to see that
x=L 2 2 2 2
[Vx@xli=ol < €lox + ¥ +1wli7, + €°[[UI5 + cell Fll%- (4.23)

Multiplying Eq. (4.22) by vy and summing up with (4.23) our conclusion follows. O

Lemma 4.5. Under the above notations we have that the solution of the resolvent system satisfies

Vo + X
||¢x+w+zw||fz<ez(1+ e >||U||%{+c§(1+xﬂﬁ+voﬁlo)||F||%.

Proof. Multiplying Eq. (4.6) by ¢x + v + 1w we get

Cllge+ v+l = —por [ Fige Ty TIwydx—b fwxm T T Tw)dx

ok
o[

+1p+lw)dx+/f4(<px+w+lw)dx+bRe1px<px|x G-

Using (4.4) we get

L L
K ~
5|I¢x+1/f+1w||fz < —Re o2 / x—i—Re—/l/fx[,OM(P—Kol(Wx—l(D)—fz]
0 0

L
+1R/ Ywdx+ C|[Fll#|IU 2 + bRe yx@xl}g
0

L

io X—m f cdx+ CIU T 112

0

—p2Rei

o\r—

—Kolz Re/lﬂx(wx —lp)dx + CIIF [ ]|U [l + bRe yx@xlx=g
0

=/

L
(,02—,01—) / xdx + J1 + CIIF | Ull% + CIU 2197l 2 + b Re yx@xl=6-
0

(4.24)
Note that
L L L
e)»flz@ f (ox+ ¥ +1w)dx —Re A /J(w—i—lw)dx
0 0 0

< St v + Wi + cxoB? 11 + CIUIl P 2 + CIU Il Fll 2
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On the other hand, using Eq. (4.8) we get

L
Re |1 —l—Re/w [01AW + kl(@x + ¥ +1w) — fo]dx
0

/Itﬁllwldx+6/|w||¢x+w+lW|dX+CIIFIIHIIUIIH

<CIU3I PNz + CIU I Fll 2.

Inserting this inequality into Eq. (4.24) using (4.5) and Lemma 4.4 for € < k/4 and || > 1, our conclusion follows.
Remark 4.6. The above lemma in particular implies that

N <8IUNZ +csliox+ v + 1wl +cslIF 11,

Therefore Lemma 4.3 we get that
Iy <8c|U 5, + csllgx + ¥ + 1w, + cslIFI13,.

Lemma 4.7. There exists a positive constant c such that

L L L
f(m&ﬂz + p21 ¥ ? +,01|‘7V|2)dX+Kol/ |wy —l<o|2dx+p11f |
0 0

<€’ UG +c2(1+ xB% +v0B'0) I F I3,
for |B| > 1, large enough.

Proof. Multiplying Eq. (4.4) by (wx — lp) we have

L

Kol/wa—lsolzdx:/[p1/\¢—/<(<ﬂx+1//+IW)x—fz](wx—lfp)dx
0
L

=/01A<Z(wx—lw)dX+/</(sox+w+IW)(wx—lqo)xdx
0 0
L

- / f2(wy —Tg) dx — Re kg Wx[=5

0

L L
<Re/plk<?5v7xd?<+lp1/I@IdeJrCIIUIIHIIFIIH

0 0

K — S
+ 2 Re / (@x+ ¥ + IW)[ P17+ KI@x T 9+ TW) — fo] dx — Re ke gyiwzl=h
0
0

L L
K — ~
<O <1 _K_o> Re/)»<PdeX+lP1/|§0|2dX+ CIUNIIF Il
0 0

L

K2 K
+K—l/|§0x+w+lw|2dx—K—p1 Re wwdx——p1l/|w| dx—Re/c<pxwx|x 0
0 0
0
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From where we get

L
K2
Kolf|wx ol dx 1 & p11f|w| dx < c(vof + 1) / dx+C||U||H||F||H+K—1/|¢x+w+lw|2dx
0
0 0

L
- —p / — Re kg Wx[}=5-
0

Using Lemma 4.5 we conclude that there exists a positive constant ¢ such that

L L L
~ ~ +
/|wx—l<p|2dx+/|w|2dx<c(uo,32+1)/|¢|2ax+62<1+ Oﬁ X)||U||H
0 0 0

+2(1+ xB% + voB'O) IFIIZ, — RekepxWx <=} (4.25)

for || > 1 large enough. Using Lemma 4.2 and Lemma 4.5 we get

L L
~ Vo +
m/|¢|2dx+x12/|w|2dx<ez(l+ ﬁ2X>|IUII3{+C§(1+X/36+VO/31°)IIFII3{-
0 0

Inserting this inequality into (4.25) we get
L
Kol/ |wx —lg|? dx+ p1 f < co€® U5, +c2(14 xB° + v B'2)IIF I3, — RekepxWx[}=5. (4.26)
0
From Remark 4.6 we conclude that

— X= 1/2,1/2
Re kg Wxli=h < 1y/° 13/

(co€ U112, + (1 + x 8%+ voB ) IFIZ) > (1U Il + I F 1)

<
<€ U3, +c2(1+ xB% + viB)IIF I3,

Multiplying Eqs. (4.4), (4.6), (4.8) by @, ¥ and w respectively adding the product result and taking the real part we get

O\ah-

(0117 + pal T2 +p1IW|2)dX<b/ |wx|2dx+xf|qox+ v +lW|2dX+K0/ Wy — g2 dx
0 0 0

+nydx+c||F||H||U||H.

Using (4.26), Lemma 4.5 and Lemma 4.2 we get

=

/(m@l2 + P29 12+ p11WI) dx < c1€?|[U 12, + 2 (1 + x 85+ v3B12)IIF 1%,
0

from where our conclusion follows. O
Now we are in conditions to show the main result of this paper.
Theorem 4.8. The semigroup associates to system (1.5)—(1.7) more boundary conditions (1.8) is exponentially stable if and only if

k
&=i and k=kg.
p2 b

Proof. Summing up the inequalities of Lemma 4.5 and Lemma 4.7 and since vo =0 and xo =0 we get that

U115, < €callU15, + cell F5,
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and for € small we get
U <cellFl3,. O
Therefore the system is exponentially stable.
5. Polynomial rate of decay

Here we will prove that the solution decays polynomially with rates that depends on the regularity of the initial data
and some relationships between the coefficients.

Theorem 5.1. The semigroup associates to system (1.5)-(1.7) with boundary conditions (1.8) satisfies the following polynomial decay

C
At
le*Uo],, < 6 e 1Ullpa)-
Moreover, if
K
al # — and k =k,
p2 " b
then we have that

C
||eAon||H < WHU”D(A)-

Proof. Summing up the inequalities of Lemma 4.5 and Lemma 4.7 we get that
IUN, < 1€ U1, +cZ(1+ x B° + vgB2) I Fll3,-
For € small we get
2 12 112
U115 < cB N Fll%-

Using Liu’s result we conclude that

C
IOl < 75 IV lpea-
In the case of vy =0, we have that

U3, < cBCIFII3,.

From where our conclusion follows. O

6. The numerical schemes and results

To numerical certification of the ours analytical results we use the explicit time integration method in finite difference
applied to system (1.5)-(1.8). Firstly, we point out a numerical anomaly know as shear locking. This numerical problem is
common in finite element method by using the linear shape functions when applied to structures mechanics like plates and
beams. For more details of this numerical problem see [2,7]. In our case the numerical scheme in finite difference is locking
free.

Our numerical approach applied to system (1.5)-(1.8) is make on two discretizations in finite difference: the approach
spatial semi-discrete and the totally discrete. In both cases we have a numerical energy and, by using of the totally discrete
scheme in finite difference we proved numerically the issues concerning to lack of exponential stability of the sections
earlier. We believe that this approach numerical to prove the lack of exponential decay is new for dynamic system of
beams.

6.1. The semi-discrete scheme in finite difference

To our purposes, let us denote by J a positive integer number, by h = ]L? we denote the spatial step size and a uniform
partition given by

O=Xp<X1 < <Xj<Xjy1=1L, (6.1)

with xj = jh. The numerical equations applied to Egs. (1.5)-(1.7) with F; = F3 =0 and F, = —yyy, is given by
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Pij+1 Qi+ @j- K‘ﬁﬁ—l Vi 1+E j+1 j 1_K012§01+1+ Qi+ @i

" 6.2
piej =K n2 + 2h 2h 4 ’ (62)
Yit1 —2¢+¥j Vj+1 — Pj-1 Yit1 +2¢5+ ¥
" __
p2yj =b h2 BT 4
Wit1+2wW;+wi_q

e 2T (6.3)

! = o Wijt1 — 2’;/? +wjq _Efﬂjﬂz—h(ﬂjq _ i +2Z1‘ tVi_ p Wit +2‘;Vj TWi-1 (6.4)

Here i = I(k + ko), for j=1,2,..., J. We denote ¢(jh,t) =¢j(t), ¥(jh,t) =¢j(t) and w(jh,t) = wj(t). For ' we
denote the derivative with respect to the time and the discretizations with respect to space variable are all of second order
in h.

Numerical approaches like (6.2)-(6.4) was used by Wright [10,11] to treat the issues related to numerical stability for
Timoshenko beam problem in one-dimensional. In fact, making ¥ =0 and | — 0 we get

1 =20+ o — i

pup;/:/cw”] h(/;; @; 1+K1/f1+12h\/ff 1 (6.5)
Vi1 — 295+ ¥ Vj+1 — Pj-1 Vi1 + 29+ ¥

v = b= h2] Sl 2h =k 4] — (66)
Wit1 —2Wi+wi_

,O1W/j/=l<0 j+1 h2] -t (6.7)

We point out that Eq. (6.7) to displacement longitudinal can be negligible for plane beams. See [9]. Thus, the numerical
equations (6.5)-(6.6) are the same discretizations assumed by Wright in [10,11] to analyze the questions about numerical
stability of the respective explicit time integration method and this numerical equations are locking free. The shear locking
problem to some numerical methods is characterized by the following over-estimation about the coefficient b,

K
b =bl 14+ —-h?).
h ( 12b
It is clear that numerical alternatives to this problem was performed in the literature and to more details we indicate

the classical references by Hughes et al. [2] and Prathap and Bhashyam [7]. In our case, the semi-discrete scheme (6.2)-(6.4)
is locking free, because the respective energy is given by

J
h
h@:iﬁimwwf+mwm%+mwwﬁ+b
j=0

2

Yir1 () — ¥j(t)
h

Wi = wi® i ® +e;0

h 2

01O = 5O YO+ YO | Wi © + w0
h + 2 i 2

+K0’

2]
In the energy Ej(t) the coefficients b, x and «¢ are exactly those of the continuous case (1.5)-(1.7) for F; =0,i=1,2, 3.
In fact, there exists a compatibility of Ej(t) with the continuous energy given by

—Hc‘

L L L L L
b K
Hmz%/wﬁw+%/WMM+%/MMM+§/WmM+§/m+WHm%x
0 0 0 0 0

L
Ko
+5 / |wy — lop|? dx. (6.8)
0
Moreover, we have the following dissipation law in the numerical context analogous to continuous case:

J
d L2
aEh(t):—hy;ywj(t)y <0, Vt>0. (6.9)
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Therefore

Ep(t) < Ep(0), Vt=0. (6.10)

As in the continuous case, the technical procedure for obtaining the energy Ej(t) is analogous to the continuous case for
discretizations appropriate of the boundary conditions and the proof we omitted in this work.

6.2. The Discrete scheme in finite difference

To numerical experiments we applied the temporal discretization in finite difference to numerical equations in
(6.2)-(6.4). For the aim, we consider the discretization with respect to the time t given by

to=0<tj=At<---<thp<---<ty=NAt <tyy1 =T, (6.11)
where t, =nAt forn=0,1,2,...,N+1 and we make
L T
h=Ax=——, At=—, J,NeN (6.12)
J+1 N+1

with xj = jAx, j=0,1,2,..., J+1 and t;, =nAt. The fully discrete system is then given by

By + 9x _ Oy + Oy Kol?
viti 3 wh— ((p] 12 T 9541/2)s

P10:3c 9} = Kk Ixdxg] + K

2

_ _ 9y + Oy K Kkl Bt + 3

0203y} =baxdxy] — & > @i - 5(1”?-1/2 +¥la2) - E(W?—l/z + Wi )) — vy
Oy + Ox Kkl KI2
133 W] = Kodxdx W' — i 3 95 - j(‘/fﬁuz + Vi) — T(W?q/z + W)
where we assumed the following operators:
_ - 1 -1
Ox + 0x n u?+1 B u?—l O + 0¢ n u'}"‘ B u'}
j = s j = B (6-13)
2 2Ax 2 2At
L u 4yt Tund —2ut} +u

Byl = T O = 4 e : (6.14)

The approximations of the type u “1)2 and ”]+1/2 denote the average of u on the points (xj_1,tn), (xj,t;) and
(Xj+1, tn), (Xj, tn), respectively. The dlscrete energy for this case is given by

. Ax J (p;H-l (,0? 2 1’[fn—H ;1 Wr}-ﬁ-l_wr} 2
Be=ag2pl—Q3 ) T T e\ TAar
j=0
+1 +1
R E R
AX AX
n+1 n+1 n+1 n+1

Wit —W; Pit1 + ?j WT;H B W? (p;'lﬂ + ‘p;‘l
+ ko —1 -1
AX 2 AX 2

no—o" +1p” wh o+ wh
p( Bl o1 i Y (6.15)
AX 2 2

for n > 1 and it is locking free. The totally discrete equations are all consistent and of order O(Ax%, At?). Besides, they
converge with Ax, At — 0 if and only if they are stable. For issues concerning to numerical stability we need to make an
analysis more elaborate with base in the references by Wright [10,11].

For numerical example, we consider L = 3.14 m, thickness € = 0.015 m, width 0.0048 m, E = 21 x 10% N/m?, p =
7850 kg/m®, k' = 5/6, r = 0.29 (Poisson ratio) and the following initial conditions:

@xj,0)=¢(x;,0=w(x;,0)=0
0i(x},0) = sin(M”Txf>, Ye(x;.0) = we(x}, 00 =0, peN.

In respect to our mathematical analysis we established that the exponential stability holds if and only if G = E/k’. To
consider the realistic case G # E/k’ we take the real value given by G = E/(2 + 2r). We also use the following parameters:
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Ax =0.0982 and At =0.0017. Firstly, we reproduce the conservative case to assure the accuracy of the method (see Fig. 2).

Conservative Case: 1 =10
0.4416 T T T

0.4416 q

0.4416 : : i

n
E 0.4416

0.4416 : . R

0.4416 4

0.4416 : . :
0 0.5 1 15 2

Fig.2. G=E/(2+2r).
Figs. 3-8 show the lack of exponential decay.

Energy decay:v =10 Energy decay:v =10
0.45 T

2
t t
n n
Fig.3. G=E/k'. Fig.4. G=E/(2+2r).
Energy decay: v = 20 Energy decay: v = 20
0.45 T T 0.5 T
—— G=Ek — G=E/(2+2r)
| 0.45] : , .
15 2 0 0.5 1 1.5 2
t t
n n

Fig.5. G=E/k . Fig.6. G=E/(2+ 2r).
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Energy decay: v = 35 Energy decay: v =35

0.45 ‘ \
0.45 ‘ :
—— G=Ek —— G=E/(2+2r)

0.445} : : 1

0.44

0.435

0.425

0.42

4 0.415

0.41 : ; :
15 2 0 05 1 15 2

Fig.7. G=E/K. Fig.8. G = E/(2 +2r).

In the numerical experiments we can to note the slow decay of the numerical energy E" in the case of different velocities
of waves propagations.
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