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1. Introduction

Fletcher and Lindgren began in Chapter 3 of [3] the study and construction of compactifications for (Hausdorff) quasi-
uniform spaces. Further contributions, in this direction, were given in [4] and [13]. In particular, it was proved in [4] that
a totally bounded T; quasi-uniform space has a Ti-compactification if and only if it is point symmetric, although such a
compactification is not unique, in general (see [4, p. 34]).

To avoid this inconvenience, the notion of (T1) *-compactification for a T1 quasi-uniform space was introduced in [15],
where it was shown, among other results, that each T quasi-uniform space having a T *-compactification has an (up to
quasi-isomorphism) unique T *-compactification.

Later on, a study and description of the structure of Ty *-compactifications of a quasi-uniform space was carried
out in [17], while T{ *-compactifications on the hyperspace were studied in [16], where some characterizations of T,
*-compactifiability of the hyperspace were given.

Since the existence of a T *-compactification on the hyperspace implies symmetry conditions on the quasi-uniformity
of the base space, it is natural to study the existence and description of Ty *-compactifications on the hyperspace of those
quasi-uniformities that lack those symmetry conditions.

In this paper we study and describe a Ty *-compactification of the hyperspace, as well as its relation with the com-
pactness of the stability space (the bicompletion of the hyperspace), which was recently introduced and discussed by the
authors in [11].
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2. Basic notions and preliminary results

Our basic references for quasi-uniform spaces are [3] and [6]. Terms and undefined concepts may be found in [3].

Let us recall that if ¢/ is a quasi-uniformity on a set X, then &/~! = {U~': U €U} is also a quasi-uniformity on X called
the conjugate of U{. The uniformity & v 2{~! will be denoted by U/*. If U € U/, the entourage U N U~ of I/* will be denoted
by U*.

Each quasi-uniformity ¢/ on X induces a topology 7 (/) on X, defined as follows: 7 (/) = {A C X: for each x € A there
is U € U such that U(x) C A}

A quasi-uniform space (X, ) is said to be point symmetric if 7 () € T U™ 1).

A quasi-uniform space (X,f) is called precompact [3, 3.13] if for each U € U/ there is a finite subset A of X such that
U(A) = X. (X,U) is said to be hereditarily precompact if any subspace of (X,lf) is precompact, and it is totally bounded
provided that U/* is a totally bounded uniformity on X.

A filter F on a quasi-uniform space (X,i{) is called stable [2] if for each U e U, (pcr U(F) € F, and F is called doubly
stable if it is stable both for (X,U) and (X, U™ 1).

A filter F on a quasi-uniform space (X,U) is left K-Cauchy provided that for each U € U there exists F € F such that
U(x) € F for all x € F, and (X,U) is called left K-complete if every left K-Cauchy filter converges with respect to 7 (/) [5,14].

It is well known [14, Propositions 1 and 2] that an ultrafilter on a quasi-uniform space (X, f) is left K-Cauchy if and only
if it is stable on (X,4~1), and that (X,I{) is left K-complete if and only if every stable ultrafilter on (X,2/~!) converges
with respect to 7 (U). Therefore, we have the following characterization which will be used later on: A quasi-uniform space
(X,U) is left K-complete if and only if every left K-Cauchy ultrafilter converges with respect to 7 ().

A quasi-uniform space (X, ) is called bicomplete if each U{*-Cauchy filter converges with respect to the topology 7 (U™*),
i.e., if the uniform space (X, U*) is complete [3, 3.28].

A bicompletion of a quasi-uniform space (X,U) is a bicomplete quasi-uniform space (Y,V) that has a 7 (V*)-dense
subspace quasi-isomorphic to (X, /); more formally, there is a quasi-uniform embedding i: (X,U) — (Y, V).

Each T¢ quasi-uniform space (X, ) has an (up to quasi-isomorphism) unique To bicompletion, which will be denoted by
(X Z/{) and will be called the bicompletion of (X, ). The construction and uniqueness up to quasi-isomorphism of (X L{) is
described in detail in Section 3.2 of [3]. For our purposes here it suffices to recall that X consists of all minimal /*-Cauchy
filters on X, and that the family {U U e U} is a base for U, where for each Uel, U= {(F.9) e X x X: there are F € F
and G € G with F x G C U}, and the quasi-uniform embedding i: (X,U) — X, L{) is given as follows: for x € X, we have
that i(x) is the 7 (U/*)-neighborhood filter of x.

In the sequel, the restriction of U to any subset of X x X will be also denoted by i, if no confusion arises.

Following [17], a To *-compactification of a Ty quasi-uniform space (X,l{) is a compact To quasi-uniform space (Y, V)
that has a 7 (V*)-dense subspace quasi-isomorphic to (X,U). If 7(V) is a T topology on Y, we say that (Y,V) is a Ty
*-compactification of (X,U).

In [15, Corollary of Theorem 1] it was proved that if a Ty quasi-uniform space (X,U) has a T; *-compactification,
then any T; *-compactification of (X,U) is quasi-isomorphic to (G(X),U), where G(X) denotes the set of closed points
in (X, T(U)) while in [15, Theorem 6 ] it was proved that a T; quasi-uniform space is T; *-compactifiable if and only
if it is point symmetric and its bicompletion is compact. The latter result was extended to Ty quasi-uniform spaces in
[17, Theorem 1] as follows: a Ty quasi-uniform space is To *-compactifiable if and only if its bicompletion is compact.

3. Ty *-compactification in the hyperspace

Given a quasi-uniform space (X, ), we denote by Py(X) the collection of all nonempty subsets of X. Then, the Hausdorff-
Bourbaki quasi-uniformity of (X,U) [1,9,12] is the quasi-uniformity /gy on Po(X) which has as a base the family of sets of
the form

Uy = {(A, B) € Po(X) x Po(X): BCU(A), ACU ' (B)},

where U € U.

If (X,U) is a Tg quasi-uniform space, then (Po(X),Uy) is not necessarily Tp [9]. This fact, suggests to work on the set
Cn(X) ={A": AePo(X)} where A' = Cly(A) N Cly-1(A).

Indeed, it is clear that (C~(X),Up) is a To quasi-uniform space whenever (X, ) is a To quasi-uniform space.

In our first result we establish two simple but useful facts, whose easy proofs are omitted.

Proposition 1. Let (X, U) be a quasi-uniform space and let A, B € Po(X) and U € U.

1. If Be Uy (A), then B, B' € (U?) (A" and B' € (U?) g (A).
2. If B' € Uy (AY, then B', B € (U%)y(A) and B € (U (AY.

Proposition 2. Let (X, U) be a quasi-uniform space. Then (Cn(X), Uy) is compact if and only if (Po(X), Uy) is compact.
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Proof. Suppose that (C~(X),Uy) is compact, and let (F;) be a net in Py(X). Then (F!A) is a net in Cn(X), so it has a cluster
point C' € C~(X). By Proposition 1, it easily follows that C (and C') is a cluster point of (Fy).

Conversely, suppose that (Py(X),Uy) is compact, and let (Fi) be a net in Ch(X). Then (F/!\) is a net in Py(X), so it has
a cluster point C € Py(X). It easily follows from Proposition 1 that C' is a cluster point of (F’A). ]

Remark 1. Let (X, ) be a quasi-uniform space. In [10] it is proved that (Py(X), Uy) is compact if and only if (X, /) is com-
pact and (X, U4~ ") is hereditarily precompact, where X, = {y € X: y is a minimal element in the (specialization) pre-order
of the space (X,U)}. Note that X, is the set of closed points in (X, 7 f)) if (X,U) is To.

The next proposition is the first step for the description of the Ty *-compactification of the hyperspace as the hyperspace
of the bicompletion.

Proposition 3. Let (X,U) be a T quasi-uniform space, and let the map ¢ : (Cn(X),Un) — (Cn(X), LN{H) be defined by ¢(A') =
Cli(A) N Clg-1(A). Then ¢ is a quasi-isomorphism from (Cn(X),Up) onto (¢(Cn(X)), Uy). Furthermore, ¢ (Cn(X)) is dense in

(Cn(X), T(Un)*)).

Proof. Since ¢(A)N X = A' it follows that ¢ is injective. We deduce from Proposition 1 that ¢ and ¢~ are quasi-uniformly
continuous. ~ ~ _

In order to prove that ¢(Cn(X)) is dense in (Cn(X), 7 (Un)*)), let AC X and U e U. Let AP = Cl;(A) N Clg-1(A). For
each a € A, take bg € X such that a € ﬁ*(ba), and let B = {bq: a € A}. Then it is clear that A € ﬁ*(B) and B C ﬁ*(A), and
hence A € (Uy)*(B). A straightforward computation shows AP € (Uy)*(B"), which completes the proof. O

The next result characterizes when the hyperspace of the bicompletion is a Ty *-compactification of the hyperspace.

Theorem 1. Let (X, U) be a To quasi-uniform space. Then (Cn(X) L{H) is a To *-compactification of (Cn(X), Uy) if and only if (X,U)
is To *-compactifiable and (G (X), - 1y is hereditarily precompact.

Proof. Suppose that (Cn(X) Z/{H) is a To *-compactification of (Cn(X),Un). Then Cn(X), L{H) is compact and by Remark 1
and Proposition 3 (X Z/{) is compact and (G(X), u- 1y is hereditarily precompact. ~

Conversely, if (X,Z/l) is compact and (G(X),Z/l 1y is hereditarily precompact, then (CQ(X),L[H) is compact, and by Propo-
sition 3, it is a Tg *-compactification of (CA(X),Uy). O

Lemma 1. Let (X, U) be a T quasi-uniform space such that (X,U~") is hereditarily precompact. Then (X, U) is To *-compactifiable
if and only if it is precompact.

Proof. Suppose that (X,U) is To *-compactifiable. By [17, Theorem 1], (X,Z:i) is compact, so it is precompact, and by
[7, Proposition 4], (X,) is precompact. o o

Conversely, by [7, Proposition 4] we have that (X,i{) is precompact and (X,U/~!) is hereditarily precompact. Now we
observe that (X L{) is left K-complete: Indeed, let F be a left K-Cauchy ultrafilter on (X L{) since (X U- 1y is hereditarily
precompact, it follows that F is also left K- Cauchy on (X, U- 1) [14, Corollary 1.1], and hence it is a Cauchy ultrafilter on
(X, (L{) ), so it converges with respect to T(LI)*, therefore (X,Z/I) is left K-complete. Then, the conclusion follows from the
fact that every precompact left K-complete quasi-uniform space is compact [5, Proposition 13]. O

Corollary 1. Let (X, U) be a precompact To quasi-uniform space such that (X, U —1 is hereditarily precompact. Then (Cn(X), Uy) is
To *-compactifiable and (Cn(X),Uy) is a To *-compactification of (C~(X), Uy).

Proof. By Lemma 1, (X,U) is To *-compactifiable. Moreover, by [7, Proposition 4], (X u- 1y is hereditarily precompact, and
hence so is (G(X), U 1). Now, the conclusion follows from Theorem 1. O

The stability space (Sp(X),Up) of a quasi-uniform space (X, ) was introduced in [11] to describe the bicompletion of
the hyperspace. A generalization of the stability space is the scale of a quasi-uniform space (see [8]), which can also be used
to construct the bicompletion of the Tg-reflection of the Hausdorff-Bourbaki quasi-uniformity of a quasi-uniform space.

Next we establish and recall some results which will be used later on.

Remark 2. The following fact is an easy consequence of [11, Theorem 1]: given a Ty quasi-uniform space (X,U), then
(Ch(X),Upy) is Tog *-compactifiable if and only if the stability space (Sp(X),Up) is compact.
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Remark 3. ([11, Propositions 7 and 8]) Given a Ty quasi-uniform space (X,), then (Sp(X),Up) is precompact if and only
if (X,U) is precompact, and (Sp(X),Up) is totally bounded if and only if (X, ) is totally bounded. It follows that if I/ is a
uniformity then (Sp(X),Up) is compact if and only if (X, ) is totally bounded.

In the sequel we find necessary conditions for the compactness of the stability space.
The proof of the following proposition is based on [16, Proposition 2.7].

Proposition 4. Let (X, U) be a Ty quasi-uniform space and let A C X be such that for each a € A and each U € U there exists V e U
with V—1(a) C U(a). If (Sp(X),Up) is compact then (A,UU~1) is hereditarily precompact.

Proof. Suppose that (A,U{~1) is not hereditarily precompact. Then there exist B C A, Ug €/ and a sequence (bp)nen in B
such that b,y ¢ U?:1 U[)’](bi) for all n e N. For each n e N, put B, = {b;: i <nj}.

Since (Sp(X),Up) is compact, there exists a doubly stable filter F € Sp(X) such that (By)nen clusters to F.

Let U € U with U% C Uy. Let k € N be such that B, € Up(F). Then By C U(F) for each F € F and U~ (By) € F.

Let V e U with V~1(bgyq) S U(bgsq), and let n >k + 1 with B, € Vp(F). Then B, C V(F) for each F € F and
V~=1(By) € F. It follows that B, € VU!(By). In particular by, € VU~1(By) and hence V~1(byy1) N U1 (By) # @. Then
U(bks1) NU™1(By) # % and byy1 € U=2(By) € Uy ' (By), a contradiction. O

Corollary 2. Let (X,U) be a point symmetric To quasi-uniform space with (Sp(X),Up) compact. Then (X,U~1) is hereditarily
precompact.

Corollary 3. Let (X, U) be a To *-compactifiable quasi-uniform space with (Sp(X), Up) compact. Then (G(X), L{) is point symmetric
and (G(X), U- 1y is hereditarily precompact.

Proof. If (X,U) is To *-compactifiable, then (X, U) is compact. Take a U/*-Cauchy filter F € G(X) and let Ug € Y. Suppose
that V LF) 52 Uo(]-') for each V e/, and let xy € V- LN Uo(]-‘) Since (X L{) is compact, the net (xv) clusters to some
GeX. ltis easy to prove that G € U- 1(F) for each U €U, and hence F =g, but Xv ¢ Uo(}") a contradiction. It follows
that (G(X), L{) is point symmetric and by Corollary 2 and [7, Proposition 4], (G(X), U- 1y is hereditarily precompact. O

Corollary 4. Let (X,U) be a Ty *-compactifiable quasi-uniform space. Then (Ch(X),Uy) is To *-compactifiable if and only if
(G(X), U- 1y is hereditarily precompact. Furthermore, in this case (Cm(X) L{H) is a Tg *-compactification of (Cn(X), Uy).

Finally, for point symmetric quasi-uniform spaces, we give a characterization of the compactness of the stability space,
which is equivalent to the existence of a To *-compactification of the hyperspace.

Corollary 5. Let (X, U) be a point symmetric Ty quasi-uniform space. The following are equivalent:

(1) (Sp(X),Up) is compact.
(2) (X,U) is Tp *-compactifiable and (X, L{‘Q is hereditarily precompact.
(3) (X,U) is T *-compactifiable and (G(X), U~1Y is hereditarily precompact.
(4) (Cn(X),Uy) is compact.
(5) (Cn(X),Un) is To *-compactifiable.
(6) (Cn(X),Uy) is a Tg *-compactification of (Cr(X), Uy).
Proof. First note that every point symmetric To quasi-uniform space is T.
(1) implies (2). If (Sp(X),Up) is compact, then it is precompact and hence (X,U) is precompact by Remark 3. By
Corollary 2, (X,U~1) is hereditarily precompact. By [16, Lemma 2.2], (X, %) is T *-compactifiable.
(2) implies (3). Since (X,U) is point symmetric and Tp *-compactifiable, then it is T; *-compactifiable. By
[16, Lemma 2.2], (X, ) is precompact. By Corollary 1 and Remark 2, (Sp(X),Up) is compact.
On the other hand, since (X,U) is Ty *-compactifiable, then (G(X),LN{) is compact and T and hence point symmetric,
so (G(X), U- 1Y is hereditarily precompact by Corollary 3.
(3) implies (1). By Corollary 4 and Remark 2.
(3) implies (4). By Theorem 1.
(4) implies (3). By Proposition 2 and Remark 1 (note that (X)m =G(X)).
(1) equivalent to (5). By Remark 2.
(3) implies (6). By Corollary 4.
(6) implies (5). Obvious. O

The next result is a characterization of the compactness of the stability space, similar to the characterization of the
compactness of the hyperspace (see Remark 1).
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Corollary 6. Let (X, U) be a compact Tq quasi-uniform space. Then the stability space (Sp (X), Up) is compact if and only if (X, U™")
is hereditarily precompact.

Proof. It is a consequence of Corollary 3 on the one hand, and Theorem 1 and Remark 2 on the other hand. O

Example 1. Let X be the set of non-negative integers and let ¢/ be the quasi-uniformity generated by the usual order < on X.
Clearly (X, U) is precompact since X = U(0) for U =<. Since (X, U) is bicomplete, its set of closed points is G(X) = {0} and
hence (G(X),U~") is hereditarily precompact. Since (X,o{) is compact, it is Tg *-compactifiable and then (Cn(X),Uy) is
To *-compactifiable by Corollary 5. Note also that (X,2/~') is not precompact and hence it is not hereditarily precompact.
Therefore, the fact that (Cn(X),Uy) is To *-compactifiable does not imply that (X,2/~!) is hereditarily precompact.

The following open question arises in a natural way in the light of the above example.
Question 1. If (Cn(X),Uy) is To *-compactifiable, is either (X, U4~1) or (G(X),Z/N{‘l) hereditarily precompact?

Concerning Question 1, note that if the conjecture “(Cn(X),Un) To *-compactifiable implies (Xm, U™ 1) hereditarily pre-
compact” is true, then it is also true “(Cn(X),Uy) To *-compactifiable implies (G(X),2{~1) hereditarily precompact”.

Indeed, if (Cn(X),Uy) is To *-compactifiable then its bicompletion is compact, so by Proposition 3, the bicompletion
of (CQ(T(), )~(H) is also compact and hence (Cm(%),lj]q} is Tp *-compactifiable. By applying the conjecture to (Cm(y(),ﬁy)
it follows that ((7(),11,11*1) is hereditarily precompact. Since (;()m = G(X), we conclude that (G(X),U~ ") is hereditarily
precompact.

References

[1] G. Berthiaume, On quasi-uniformities in hyperspaces, Proc. Amer. Math. Soc. 66 (1977) 335-343.
[2] A. Csaszar, Extensions of quasi-uniformities, Acta Math. Hungar. 37 (1981) 121-145.
[3] P. Fletcher, W.E. Lindgren, Quasi-Uniform Spaces, Marcel Dekker, New York, 1982.
[4] P. Fletcher, W.E. Lindgren, Compactifications of totally bounded quasi-uniform spaces, Glasg. Math. J. 28 (1986) 31-36.
[5] H.PA. Kiinzi, Nonsymmetric topology, in: Topology, Szekszard, Hungary, Budapest, 1995, in: Bolyai Soc. Math. Stud., vol. 4, 1993, pp. 303-338.
[6] H.P.A. Kiinzi, Nonsymmetric distances and their associated topologies: about the origins of basic ideas in the area of asymmetric topology, in: C.E. Aull,
R. Lowen (Eds.), Handbook of the History of General Topology, in: His. Topol., vol. 3, Kluwer Acad. Publ., Dordrecht, 2001, pp. 853-968.
[7] H.PA. Kiinzi, A. Liithy, Dense subspaces of quasi-uniform spaces, Studia Sci. Math. Hungar. 30 (1995) 289-301.
[8] H.PA. Kiinzi, 0.0. Otafudu, The scale of a quasi-uniform space, Acta Math. Hungar. 127 (2010) 239-259.
[9] H.PA. Kiinzi, C. Ryser, The Bourbaki quasi-uniformity, Topology Proc. 20 (1995) 161-183.
[10] H.PA. Kiinzi, S. Romaguera, Well-quasi-ordering and the Hausdorff quasi-uniformity, Topology Appl. 85 (1998) 207-218.
[11] H.PA. Kiinzi, S. Romaguera, M.A. Sanchez-Granero, The bicompletion of the Hausdorff quasi-uniformity, Topology Appl. 159 (2009) 1850-1862.
[12] N. Levine, W.. Stager Jr., On the hyper-space of a quasi-uniform space, Math. J. Okayama Univ. 15 (1971/1972) 101-106.
[13] H. Render, Nonstandard methods of completing quasi-uniform spaces, Topology Appl. 62 (1995) 101-125.
[14] S. Romaguera, On hereditary precompactness and completeness in quasi-uniform spaces, Acta Math. Hungar. 73 (1996) 159-178.
[15] S. Romaguera, M.A. Sanchez-Granero, Completions and compactifications of quasi-uniform spaces, Topology Appl. 123 (2002) 363-382.
[16] S. Romaguera, M.A. Sanchez-Granero, Compactifications of quasi-uniform hyperspaces, Topology Appl. 127 (2003) 409-423.
[17] S. Romaguera, M.A. Sdnchez-Granero, *~-Compactifications of quasi-uniform spaces, Studia Sci. Math. Hungar. 44 (2007) 307-316.



	T0 *-compactiﬁcation in the hyperspace
	1 Introduction
	2 Basic notions and preliminary results
	3 T0 *-compactiﬁcation in the hyperspace
	References


