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Abstract

Konig. S., Tilting complexes, perpendicular categories and recollements of derived module
categories of rings, Journal of Pure and Applied Algebra 73 (1991) 211-232.

A necessary and sufficient criterion is given for the existence of recollements of unbounded
derived module categories of rings. The criterion is applied to several previously investigated
situations.

1. Introduction

Recently, derived module categories of rings, in particular of finite-dimensional
algebras, have attracted interest in connection with the following two topics:

Firstly, Happel, who introduced the concept of derived module categories of
algebras into representation theory, gave a description of the process of tilting in
terms of derived equivalences [7]. Rickard [14] generalized this result by showing
that derived equivalences correspond to what he calls tilting complexes. (The
problem to develop a Morita theory for derived module categories was suggested
by Cline, Parshall and Scott in their paper [2] where they already gave a partial
converse to Happel's work.) Thus, derived cauivalences can be viewed as very
general forms of the well-known Morita-equivalences.

Secondly, Cline, Parshall and Scott (cf. [13]) used the definition of recollement
of triangulated categories. given by Beilinson, Bernstein and Deligne in their
work on perverse sheaves [1] as a generalization of a well-known situation in
topology, to obtain what they call stratification of certain derived module
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categories. in particular for the so-called quasi-hereditary algebras which pla ' an
important role in the Cline—Prashall-Scott program [13] dealing with the Kazh-
dan-Lusztig conjecture and its modular analogue.

The aim of this note is to provide a link between the two concepts of tilting
complexes and recollement of derived module categories of rings. Using Rickard’s
theorem we prove the following main result which gives a neccssary and sufficient
criterion for the existence of recollement situations (for notation and definitions
we refer to Section 2; all rings we are dealing with are supposed to have an
identity 1):

Theorem. Let A be any ring. Then the derived module category D™ (Mod-A)
admits recollement relative to the derived module caiegories of two rings B and C,

D (Mod-B) S D (Mod-A4) S D (Mod-C) ,

if and only if there exist two partial tilting complexes B in K"(Proj-A) and C in
K"(P,) which satisfy:
(1) End,(B)= B,
(II) End,(C)=C,
(1) Hom$ (€, V) =0,
(IV) B NE* ={0}.

The proof of this theorem will be given in Section 3; the main ingredients are an
application of Rickard’s results and a description of subcategories of D (Mod-A),
which appear as images respectively kernels of functors in the recollement
situation, as perpendicular categories to the partial tilting complexes 8 and €.

For rings of finite global dimension the bounded derived module category is of
much more interest than the unbounded one. In this case we show in Section 4
that the analogue of the above theorem also holds for these categories. However,
without assumptions on the finiteness of global dimensions it is not always true
that recollements of the unbounded derived categories restrict to recollements of
the bounded derived categories (cf. Example 8 in Section 4). In Section 4 we also
give some results on restrictions of recollements from the level of the unbounded
derived categories to the bounded ones in the case of arbitrary rings without
assumptions on the global dimension. Moreover, we prove a criterion for a
recollement situation tu possess a symmetric recollement situation (where the
rings B and C have changed sides).

From the theorem it is now obvious that quasi-hereditary algebras [13, 16] and
quasi-hereditary orders [11] admit stratifications of derived module categories.
But also the more general results of Cline, Parshall and Scott [3, 4, 12] on
recollements involving three derived module categories immediately follow from
our theorem as will be shown in Section 5. Note that Cline, Parshall and Scott did
not use Rickard’s theorem; in the proof of each of their theorems on recollements
of derived module categories they gave explicit constructions of functors; this
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method first led to more general recollement situations where only two of the
involved triangulated categories could be identified as derived module categories
of certain rings; additional assumptions then were necessary in order to make it
possible to identify also the third category as a derived module category. It is
inherent in our method that we avoid these difficulties. However, we note that
many of the technical arguments used in the proof of our theorem have already
appeared in the work of Cline, Parshall and Scott, in particular, in the proofs of
Theorem 2.1 in |3] and Theorem 1.1 in [4]. In Section 5 we also collect several
other situations where recollements arise in a natural way.

2. Definitions and needed results

In the following we assume the reader to be familiar with the definition of
triangulated categories and the interpretation of derived module categories as
triangulated categories [8, 10, 13, 17].

First, we want to cite Rickard’s fundamental theorem on derived equivalences.
If R is any ring (always with 1), then Mod-R denotes the unitary right R-modules
(not necessarily finitely generated).

Two rings A and B are called derived equivalent if and only if D"(Mod-A) and
D®(Mod-B) are equivalent (as triangulated categories).

Proj-R denotes the category of projective R-modules, K"(Proj-R) the
homotopy category of bounded complexes over Proj-R (i.e. the complexes over
Proj-R with almost all entries bein~ 0); P, denotes the category of finitely
generated projective R-modules ana = '(P,) the homotopy category of bounded
complexes over P,.

Theorem (Rickard [14]). Let A and B be two rings. Then A and B are derived
equivalent if and only if the unbounded derived categories D (Mod-A) and
D~ (Mod-B) are equivalent (as triangulated categories) which happens if and only
if B is isomorphic to Endgnp \(T), where T is an object of K °(P,) and satisfies:
(I) Hom(T, T[i]) = {0} for i #0,
(I1) add(T) generates K°(P,) as a triangulated categorv [

(Here add(T) denotes the full subcategory having as objects ali direct sum-
mands of finite direct sums of copies of 7. [i] means translation by i/ in the
triangulated category D"(Mod-A).)

In the following we will call an object like the T in the theorem a tilting
complex. We will need the following generalization of the notion of tilting
complex:

Definition. A partial tilting complex over a riug R is a complex T which is in
Kh(Proj-R) and satisfies:
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(I) Hom(T, T[i])={0} for i#0 and
(I1) for all indexed families {7,},c, of copies of T holds:

D Hom(T, T,.)“é'Hom(T,GB T,) .
iel i€l

Note that—in contrast to the situation in Rickard’s theorem—we do not require
T to be a complex over K"(Pg). In fact, later on we will give an example of a
recollement situation where a tilting complex is involved which is not = complex
over finitely generated projective modules (Example 9 in Section 4).

Rickard's proof of his theorem consists of two parts. In one part he shows that
equivalences be.ween the unbounded derived module categories restrict to
equivalences between various other derived categories as D°(Mod-A), K°(P 4)
etc. In the other part he gives explicit constructions of functors between the
unbounded homotopy categories (which are equivalent to the unbounded derived
module categories). In our context it is important that Rickard has constructed a
functor F from the unbounded homotopy category K (Proj-B) of the endo-
morphism ring B of T to the unbounded homotopy category K (Proj-A) of A and
a right adjoint C to F even for a partial tilting complex 7. (Note that formally our
partial tilting complexes do not satisfy Rickard’s assumption, since they need not
be complexes of finitely generated projective modules; however, his construction
for the embedding uses only the two properties (I) and (II), whereas the
construction of the right adjoint depends only on the boundedness of T.) Since
the unbounded derived module category D (Mod-A) is equivalent to the un-
bounded homotopy category K (Proj-A) we may use Rickard’s construction also
for this category. (In the following we will not distinguish between K (Proj-A)
and D (Mod-A)).

Now we turn to the second topic we are interested in and recall the definition of
recollement, given by Beilinson, Bernstein and Deligne in their work on perverse
sheaves.

Definition (Beilinson, Bernstein and Deligne [1]). Let ®, ' and 2" be triangu-
lated categories. Then a recollement of 2 relative to ' and 2", diagrammatically
expressed by

N N Y

1)
()

s

is given by six exact functors

. . . .1 JU ..
L=, j*=j D" i : D2, j,j,:D->D,

.9

which satisfy the following four conditions:

(R1) (i*,i, =i, i')and (j,, j* =] J+) are adjoint triples, i.e., i* is left adjoint
to i, which is left adjoint to i’ etc.,
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(R2) i'j, =0 (and thus j*i, =0 and i*j, = 0).

(R3) iy, j, and j, are full embeddings (and thus i*i,=i'i =id(2') and
I =7 Ed(RY),

(R4) any object X in ® determines distinguished triangles

ii'X—>X—jj*X— and jjX—X—i,i*X—

(where the morphisms i,i'’X— X etc. aie the adjunction morphisms).

We will need a weaker form of recollement (cf. [12]): A right recollement is said
to hold if the lower two rows of a recollement (as defined above) exist and the
functors appearing in these two rows (i.e. i,. i’ j andj,) satisfy all the conditions
in the definition above which involve only these functors. Similarly. a left
recollement is defined via the upper two rows.

In the following we will only be interested in recoliements where all the
triangulated categories involved are derived module categories of rings, i.e. in
recollements of the following type:

D™ (Mod-B)S D™ (Mod-A4)S D ~(Mod-C)
or
D°(Mod-B) S D°(Mod-A) S D"(Mod-C) .

We note that in the latter situation, for example, the Grothendieck group of A
is isomorphic to the direct sum of the Grothendieck groups of B and C (here one
uses a result of Grethendieck [6] saying that the Grothendieck group of A is
isomorphic to the Grothendieck group of the triangulated category D"(Mod- A)).
Furthermore, A is of finite global dimension if and only if B and C are.

It should be noted that many finite-dimensional algebras are known to admit
recollements on the derived level (cf. Section S) but there also are examples of
(not necessarily local) algebras which do not admit recollements (for an example
with infinite global dimension cf. [18], for examples of finite global dimension cf.

[9D.
For later use in Section 5 we now cite results of Geigle and Lenzing [5].

Definition (Geigle and Lenzing [5]). Let R and S be two rings and ¢ : R— § a
homomorphism. Then ¢ is called a homological epimorphism if and only if the
following conditions are satisfied:

(a) the multiplication map S ®,S— § is an isomorphism;

(b) for all i =1 Tor;(Sg zS)=0.

(Note that condition (a) just states that ¢ is an epimorphism of rings.)

The connection between homological epimorph:sms and the context we are
nterested in is given by the following result of Geigle and Lenzing:
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Theorem (Geigie and Lenzing [5. 4.4]). Let R and S be two rings and ¢ : R— S a
homomorphism. Then the following conditions are equivalent:

(1) ¢ is a homological epimorpiism,

(2) for all right S-modules M and all left S-modules N and for all i=0 the
natural map TorX(M, N y— Tor; (M. N) is an isomorphism,

(3) for all left S-modules M and N and for all i=0 the nawral map
Exti(M, N)— Extx(M, N) is an isomorphism,

(4) the induced functor of derived module categories

D"(¢,): D°(Mod-S)— D"(Mod-R)

is a full embedding. U]

Also, Geigle and Lenzing proved several other characterizations of homological
epimorphisms in terms of conditions involving Hom and Ext (respectively ® and
Tor) of certain modules.

In the following we usually will abbreviate D"(Mod-A) by D°(A), D (Mod-A)
by D (A), etc. The term triangle always means distinguished triangle. Since for
each ring A there are full embeddings between the various derived categories and
homotopy categories associated to A, we may denote homomorphisms in any of
these categories just by Hom ,(-, -).

We need some more notation: Hom (-, —) denotes the collection of all sets of
translated homomorphisms in the derived module category, i.e. Hom} (X, Y) is
the collection having as nth element the set Hom (X, Y[n]), where [n] denotes
as above translation by n; Hom’(X, Y) =0 means Hom ,(X, Y[n]) =0 for all
n€Z (including n=0). By a right perpendicular category X" to an object
X € D (Mod-A) we mean the full triangulated subcategory of D (Mod-A)
generated by all objects Y with Hom}(X, Y) =0, similarly left perpendicular
categories are defined. The right (respectively left) perpendicular category of a
subcategory is the intersection of the right (respectively left) perpendicular
categories of ali its objects.

We note that similarly defined perpendicular categories within module
categories have been defined and studied by Geigie and Lenzing [5] and in-
dependently by Schofield.

The kernel ker(F) of a functor F between triangulated categories denotes the
full triangulated subcategory of the domain of F which is generated by the objects
X with F(X)=0. Similarly the imagc im(F) is generated by all F(X) where X
runs through the domain of F.

3. The main theorem and its proof

Theorem 1. Ler A be any ring. Then the unbounded derived module category
D (Mnd-A) admits recollement relative to the unbounded derived module
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categories of two rings B and C,
D~ (Mod-B) S D™ (Mod-A) S D™ (Mod-C),

if and only if there exist two partial iilting complexes ¥ in K°(Proj-A) and € in
K°(P,) which satisfy:
(I) End ,(®B) =B,
(II) End ,(C)=C,
(III) Hom$ (€, B) =0,
(Iv) B nNnE* ={0}.
Moreover, if recollement holds with these data then we have:
B =ker(i')=im(j,).
C* =ker(j*)=im(i,) .
HE*) = ker(i*) =im(j,) .
B =(CH)",
Gt = _L(%L) )

Proof. (=>) Assume recollement holds with notation as above. Denote by ¥
respectively € the images of B respectively C under the full embeddings i,
respectively j,. First we have to show that B and C lie already in K"(Proi-A).
Here we use the following criterion which is analogous to a result of Rickard [14,
proof of Proposition 8.1]: An object X € D (A) lies in K"(Proj-A) (bounded
complexes over Proj-A, the projective A-modules) if and only if for each object
Y € D (A) there exists 2 natural number N (depending cz Y) such that for all
n=N: Hom ,(X, Y[n]) =0. (To prove this criterion one considers for a given X
the direct sum of objects X'[i], where X" is the same as X on places with index
smaller than i and 0 elsewhere.) In our special situation we have

Hom , (B, Y[n]) = Hom(B, i'Y[n])

(note i' commutes by definition with translation), hence N clearly exists. The
same argument shows that € is in X°(Proj-A). Our assertion is that € moreover is
a complex over the finitely generaied A-modules. By a result of Rickard [14.
proof of 6.3] we have to show that Hom ,(&, —) preserves arbitrary direct sums.
Since j, has a right adjoint j* = j' and j* has a right adjoint j, and functors which
have a right adjoint commute with direct sums, we have:

Hom ,(¢. DY,)=Hom ,(¢, j,j'DY,) = Hom, (¢, j,Dj'Y,)
= Hom (C, Dj'Y,) =D Hom (C. j'Y,)
=@ Hom (G, j,j'Y,) =D Hom ,(C. Y,).

From the definition of ¥ and € and the fact that i, and j, are full embeddings it
follows that ¥ and € satisfy condition (I) in the definition of partial tilting
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complex, since their trunsiated endomorphisms are via the full embeddings just
the translated endomorphisms of B (respectively C). Moreover, it follows that
End,(B)= B and End ,(8)=C.

Next we have to consider condition (II) for partial tilting complexes. As above
we use that a functor which has a right adjoint commutes with direct sums; hence
we have for each set {€, =(j,C),} of copies of € that

Hom,, (¢, @ ¢,)=Hom,,(j.C. j(® C,))=Hom(C.D C))
=@®Hom(C, C,) =D Hom (€, 6,);

similarly for *B.

Thus we have shown that B and € are partial tilting complexes. (We note here
that the complex j, C is not necessarily a partial tilting complex, cf. Example § in
Section 4.)

Also Hom%(C, 8) = Hom%(j,C, i .B) = Hom/(C, j*i,B)=0.

Finally, assume X to lie in B'NC*. From the standard triangle
ii'X— X—j,j*X— and a long exact homology sequcnce it ‘ollows (since
Hom (%, j,j*X)=Hom}(B,i'j,j*X)=0) that Hom%(B,i,i'’X)=0, but this
means 0 = Hom}(B. i'i,i'’X) =Homj(B, i'X), hence i'X =0 and thus X = j*X.
Using similar arguments with ‘B replaced by € we infer X =0.

(&) Assume the existence of partial tilting cempleves B and C with the
properties (I) to (IV).

(1) By Rickard’s results there exists a full embedding i, =i,: L (B)— D (A)
which sends B to B and has a right adjoint i’ : D~ (A)— D (B); also there exists
a full embedding j, : D (C)— D" (A) which sends C to C and has a right adjoint
j'=Jj*:D (A= D(C).

Our main task is to construct the two missing functors and to show they satisfy
the required adjunction conditions. If we already knew that there is a recollement
then these funciors would be described by the (unique) stardard triangles
appearing in the axiom (R4), hence we first try to find such triangles; then we will
define i* and j, via these triangles.

(2) Statemen:: ¥+ = kernel(i'). Proof: By adjointness of i, and i' we have for
any X in D™ (A) that Hom(*8, X) = Hom (B, i'X), hence i'X is acyclic (which
means 0 in the derived categorv) if and only if X lies in 8.

in the same way we get the following:

Statem:cnt: € = kernel( j*).

(3) Choose an object X in D (A) and complete the adjunction morphism
i 'X—>Xtoa triangle i*i!X — X— Y —. This triangle will be seen to be the
desired one.

Statement: 'Y is an object of ®B*. Proof: Since i, is a full embedding,
adjointness yields
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Hom (B, i,i'X)=Hom{}(B, i'X) = Hom?%(®, X).

By a long exact homology sequence follows Hom (%, Y) =0.

Similarly we have a triangle j,j'X— X— Z—, where Z is an object of G *.

(4) Statement: image(i,) = C*. Proof: By assumption (III) we know that ¥
(and of course each direct summand of ®B) lies in €*. €* is a triangulated
category, hence closed under taking direct sums of finitely many objects; since ¢
is in K*(P ), C* is even closed under taking arbitrary direct sums (cf. [14,2.1)).
hence it contains also Add B (i.e. all direct summands of direct sums of B). Now
C* is a full triangulated subcategory, thus it contains the full triangulated
subcategory generated by Add®, hence it contains i,(K"(Proj-B)), since i, is
exact.

Let X be an object in i (D (B)), we have to show that X lies in €*. Assume
the contrary; since €* is closed under translation, we may assume that there is a
nontrivial map f from € to X. But € is a finite complex, hence f induces a
nontrivial map from € to a (large enough) bounded complex which is a truncation
of X. Now, by Rickard’s construction of i, this truncated complex is also the
truncated complex of the i.-image of a bounded complex Y. Hence f induces a
nontrivial map from € to i,(Y), so we have reached a contradiction.

To see the other inclusion we choose an object X in C* and look at the triangle
constructed in (3): i ,i'’X— X— Y — with Y in B*. We already know that the first
term and by assumption of X also the second term of this triangle lies in -,
hence by a long exact homology sequence it follows that also Y lies in €. But
now by assumption (IV) Y has to be 0, hence X is isomorphic to i,.i'X. (Note that
an analogous statement for j, does not hold, but cf. the statement on im(j,) in
(7))

(5) Let X be an object in D (A). In (3) we constructed a triangle
i j!X — X— Z— which starts with the adjunction morphism and satisfies Z €
obj(C*). From the statement in (4) and the property of i, to be a full embedding
it follows that we can write Z uniquely as i ,(U) for some U in D" (B). U is unique
up to isomorphism, thus an application of the axiom of choice on relations on
classes gives us a function which defines i* on objects: i*(X) is an element of the
isomorphism class of U. By an axiom of triangulated categories we can define i*
on morphisms, too, by using diagrams like the following:

ji'X— X— i, (i*X)—
Vool
jiY— Y= i (i*Y)—

However, in order to see that the function i* is a functor, we need to know more,
viz. that there is no choice in the definition of i* on morphisms.

Statement: For any V in D™ (B), Hom;(j!j!X, i,V)=0. Proof: Adjointness of
j, and j' and im(i,) = C* = kernei(j').
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Now it follows from a long exact homology sequence that

i XX i i*Y)
F£ N 29 2 & I

thus the relation used to define i* on morphisms is already a fu.icticn, hence i* is

deadand Fissnntnsial
1HUCCU 1Lulituiial.

Statement: i* is left adjoint to i,. Proof: This follows from the previous
statement by a long exact homology sequence:

Hom}(i*M, N) =Hom(i,i*M, i N)=Hom}(M, i .N)

for all objects M in D (A) and N in D™(B).

(6) We have to show that all functors involved are exact, i.e. commute with the
translation functor and carry triangles to triangles. Since we will use exactness of
j* in the proof of the existence of j,, it is convenient now to give a proof for the
functors already constructed; we note however that the same argument also works
for the functor j, which yet has to be constructed. Rickard has shown that the
embeddings i, and j, which he constructed are exact. It is clear, that all thc other
functors commute with the respective translation functors, too. Obviously func-
tors which are quasi-inverse (i.e. inverse up to a natural equivalence) to an
equivalence (which is by definition exact) are exact, too. Hence certain restric-
tions of the other functors are exact as well. It is now well known how to show the
exactness of, for example, i*. (We cony the following argument from |3, proof of
theorem 2.1}.) Choose a triangle X— Y — Z — in D (A). Using the exactness of
[, and all its quasi-inverses we have to show that the sextuple i,i*X—
1, *Y— i i*Z-~is a triangle. Now consider the following commutative square:

X—>Y
! !

T C N ¢

where all morphisris are those we considered above.

By the 9-lemma of [1, 1.1.11], this square can be embedded in the following
diagram where all rows and coicmns are triangles:

X —Y —2Z -

} d !
X—Y—2Z7">
d d l

Pt X =i i Y — Z"—

! l l
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What we have to do irow is to apply severa! times the S-lemma and use the
unigueness of certain maps which has been proved abave i order to see that the
triangles in this diagram are up to isomorphism the ones we want to have. In
particular, the last row is up to a unique isomorphism the sextuple from above.
(The same argument works for j*, since its left adjoint j, is a full embedding.)

(7) The proof of the evistence of j, is similar to (5). but a little bit more
difficult, since j, goes into the cpposite directior.. Again we start with a triangle
constructed in (3): i,i'’ X— X— ¥ — with Y lying in ¥,

Statement: Hom:(i!i!X, V) =0 for all V €8, Proof: adjointness.

Hence we may define a functor F : D (A)— D (A) with F{X) = Y by proceed-
ing as above. Our aim is to show that F factorizes via j*.

Statement: im(F) =¥ . Proof: triangle in the definitiun of F.

Statement: ker(F) = ker(j*). Proof: With the notation above we have to show
that j*X =0 is equivalent to Y = 0. But j*X =0 means by (2) X lies in ¢* and
this means by (4) X lies in the image of i, and this holds if and only if X is by the
adjunction morphism isomorphic to i,i X, thus Y =0.

Statement: j*i, =0. Proof: contained in the proof of the previous statement.

Statement: F(X)= F(j,j*X). Prcof: Consider the following diagram:

" X — j.j* X = F(j " X) =

l ! v
ii'X > X >F(X)—
i l

i i*X——Q

where the maps are induced from the adjunction maps and Q completes the last
column to a triangle. From a long exact homology sequence it follows that Q lies
in B*. The maps in the diagram induce the following isomc:phisms:
Hom, (. F(j,j*X)) = Hom}(G, j,j*X)
=Hom (<, X) =Hom%(C, F(X)).
Hence Q lies in €, too, thus Q =0.
Statement: F factorizes via j*. i.e. F = j,j*, where j, is a functor from D" (L) to
D™ (A). Proof: obvious.
Statement: i*j,=0. Proof: For X in D™(C) we have:
Hom§(i*j X, i*j,X) = Homj(j X, i,i*j,X)
= Homg(X. j*i,i*j,X)=0,

since j*i =0.
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Statement: For X in D7 (C), X=j*jX. Proof: Consider the triangle
jij*i X—jX—i.i*j,X =0— and note that j, is a full embedding.

Statement: For X in D (C), X=i*j,X. Proof: Consider the triangle
i,i'j,X—j.X—j.j*j X—, apply the exact functor j* and use that by (5) j*i, = 0.

Statement: j, is-a full embedding. Proof: Let X be an object of D™(C).
Considering the long exact homology sequence to the triangle j,j*j . X— i . X—
i,i*j.X— and using i‘j, =0 (since im(j,) =im(F) = ker(i')) we get

Hom(j, X, j.X) = Hom}(j.j*j+ X, j.X)
=Hom¢(j*j,X, j*j.X) =Hom¢(X, X) .

Statement: j, satisfies im(j,) =", and is a right adjoint for j*. Proof: The
first part follows from the corresponding statement for F. Adjointness follows
from

Homg(j*M, N)=Hom}(j.j*M, j.N)=Hom(M, j.N)

for all objects M in D (A) and N in D (C).

(8) The remaining statements in the axioms of recollement and the equalities
between kernels and images follow now easily. As an example we prove the
statements B* = (C*)* and €* = *(B*): Assume X lies in B*, hence i'’X =0
and thus X=j,*X. Now for each Y in €' we have Hom ,(Y,X)=
Hom(j*Y, j*X), but j*Y =0. The argument can be reserved, and the other
statement follows in the same way. O

4. Applications to other types of recollements

First, we observe that for more general recollements involving triangulated
categories which are not necessarily derived module categories, our construction
goes through if one already knows that there are two full embeddings with right
adjoints satisfying the equality kernel( j*) = image(i,).

Of course, all the mentioned equalities of kernels and images hold also in the
more general recollement situation.

However, the main purpose of this section is to apply Theorem 1 to recolle-
ments involving derived module categories which are not of type D (A). In
particular, we want to show that for rings of finite global dimension thcre holds an
analogous theorem for recollements of the bounded derived module category D°
(which is of great interest in this case, cf. [7, 8]). However, for rings of infinite
global dimension we show by example that an analogous statement for the
bounded derived categories does not hold. (The reason is that for such rings the

: b b . . - -
categories D" and K" are not isomorphic whereas D~ and K~ always are
isomorphic.)
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Hence we first have to consider restrictions of functors from larger derived
module categories to smaller ones.

Lemma 2. Let A and B rings and F: D (A)— D (B) an exact functor of
triangulated categories which has a left adjoint G. Then F sends complexes of

bounded homology to complexes of bounded homology, hence F restricts to a
functor D°(A)— D"(B).

Proof. We use the following criterion of Rickard [14, proof of 6.1]: An object X
in K™= D" has bounded homology if and only if for any Y in D~ there exists
some N such that Hom, (Y, X[n]) =0 for all n < N. Let now X be an object in
D"(A); then for any Y in D™ (B) we have:

Hom,, (Y, FX[n]) = Hom,, ,,(GY, X[n]) .

thus by Rickard’s criterion it follows that FX has bounded homology. [
Lemma 3. Let A and B be rings aad F : D" (A)— D™ (B) or F : D"(A)— D"(B)
an exact functor between triangulated categories which has a right adjsint. Then F
sends bourded complexes to boinded complexes. hence it restricts to a functor
between K°(A) and K"(B).

Proof. For the D -case we use again the criterion of Rickard [14, 8.1] which was
mentioned at the beginning of the proof of Theorem 1. For D" there is an

analogous criterion of Rickard [14, proof of Proposition 6.2]. [

Proposition 4. Let A, B and C be rings and assume there is a recollement situation
of the following type:

D~ (Mod-B) & D" (Mod-A) S D™ (Mod-C) .

Then this recollement restricts to a right recollement of the type
D®(Mod-B)= D"(Mod-A) = D°(Mod-C)

and a left recollement of the type
K®°(Proj-B) = K"(Proj-A) s K"(Proj-C) .

If at least one of the rings A and C has finite global dimension, then the given
recollement restricts to the following recollement:

D®(Mud-B) S D°(Mod-A) S D°(Mod-C) .
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If at least one of the rings A and B has finite global dimension, then the given
recollement restricts to the following recollement:

K"(Proj-B) S K"(Proj-A) S K"(Proj-C) .

Proof. The first part follows from the lemmas.

Assume C to have finite global dimension. Then K*(C) is equivalent to D"(C)
hence j, restricts to D°. Let X be an object in D™(A) which has bounded
homology. In the standard triangle j,j '‘X— X—i.i*X— the two objects X and
j.j'X have bounded homology, therefore also the third one, i i*X, has bounded
homology. If i* X would have unbounded homology then Rickard’s criterion (see
the proof of Lemma 2 above) would lead to a contradiction, since i, is a full
embedding; hence i* restricts to D".

Similarly, if B has finite global dimension, then i’ sends bounded complexes to
complexes of bounded homology which are by assumption isomorphic to bounded
complexes. Hence the assertion follows again from a standard triangle.

The remaining assertions follow if we can show that B and C have finite global
dimension if A has. But this follows from the fact that the restrictions of i, and j
to the bounded derived categories are full embeddings. U

For recollement situations of the type
D*(Mod-B) S D*(Mcd-A) S D"(Mod-C)

it is well known (cf. [18]) that A is of finite global dimension if and only if B and
C are so. Thus from the proposition and its proof we get the following:

Corollary 5. Let A, B and C be rings and assume there is a recollement of the
follewing type:

D (Mod-B) & D (Mod-A) = D™ (Mod-C) .
Then A is of finite global dimension if and only if B and C so are. O

For recollement situations on the level of the bounded derived categories one
can copy the (=)-part of the proof of Theorem 1. (To show that & and € are
bounded complexes one has to replace the mentioned criterion of Rickard by
another criterion of Rickard [14. Section 6], which was already used in the proof
of Lemma 2 above.) Thus we get the following:

Corollary 6. Let A be any ring. Assume the derived module category D"(Mod- A)
admits recollement relative tc the derived module categories of rwo rings B and C

D"(Mod-B) S D"(Mod-A4) S D"(Mod-C) .
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Then there is also recollemeiit of the following type:
D" (Mod-B)S D" (Mod-A)S D (Mod-C). O

If we already know that one of the rings A and C has finite global dimension,
we can summarize:

Theorem 7. Let A, B and C be rings. Assume at least one of the rings A and C has
finite global dimension. Then the following conditions are equivalent:

(I) The unbounded derived module category D~ (Mod- A) admits recollement
relative to the unbounded derived module categories of B and C,

D~ (Mod-B) S D™ (Mod-A)S D (Mod-C) .

(I1) The bounded derived module category D"(Mod-A) admits recollement
relative to the bounded derived module categories of B and C,

D"(Mod-B) S D"(Mod-A) S D (Mod-C) .

(III) There exist two partial tilting complexes B in K°(Proj-A) and € in K°(P,,)

which satisfy:
(i) End,(B)=B,

(it) End,(C)=C,

(iii) Hom5 (€, B) =0,

(iv) B NC* ={0}.
Moreover, if recollement holds with these data then we have in both recollement
situations for the respective functors:

B =ker(i') =im(j,),

C*t =ker(j*)=im(i,),

L(64) = ker(i*) = im( j,),

Bt = (QL)L,

¢t="(8". O

It rem. ns to show by example that for rings of infinite global dimension there
are recollements on the unbounded level which do not restrict to the bounded
level. We also have to show by example that the assumption on ¥ cannot be
strengthened, in particular ¥ need not be a complex of finitely generated
projective A-modules.

Example 8. (This example is based on an example of Rickard [15].) Let k be a
field and A the finite-dimensional k-algebra which is defined by the following
quiver:

=

o O
<«
B
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with the relation aBa = 0. It has the two indecompusable projectives:

b
and P(b)= [a} .
b

The global dimension of A is infinite.

B := S(a) (the simple top of P(a)) and € := P(b) are partial tilting complexes
(as a complex B is equal to 0— P(b)— P(a)— 0). The endomorphism rings B
and C are local k-algebras of k-dimension 1 respectively 2. Obviously there are no
translated homomorphisms from ¢ to ®B; moreover, there is an exact sequence of
the form 09— P(b)® P(b)— A— S(a)— 0, which shows that only 0 can be right
perpendicular to both 8 and €. Thus from Theorem 1 we get a recollement on
the unbounded level:

P(a) =

(=2l ST N

D" (Mod-B) S D (Mod-A) S D~ (Mod-C) .

Note that C has infinite global dimeasion.

Let S be the simple C-module. We show that there is no emtedding
J,: D™ (Mod-C)— D~ (Mod-A) which sends C to € and S to a complex of
bounded homology, hence in any recollement situztion as zbove the functor j,
does not restrict to the bounded derived category. (The following short argument
is due to the referee.)

Assume j, exists; then it sends the triangle S— C—S— to a triangle
Jji§—j,C—jS—. From the long exact sequence of homology for this triangle
follows Hom'(j,S, =) =Hom'"'(j,§, -) for i < —1 or i = 1, thus j,S—which is by
assumption a complex of bounded homology—can have homology ornly in degree
0. So we have a module X=;S$ and a short exact sequence
0— X— P(b)— X— 0, which is clearly impossible.

We note however, that this algebra A admits recollement situations on the
unbounded derived level which do restrict to the bounded derived level (choose
for example B := P(a) and € := §(a)).

The example shows that for rings of infinite global dimension one cannot use
Rickard’s construction to find recollement situations on the level of the bounded
derived categories. Since any recollement situetion—on any level of the derived
categories—provides a lot of information, it seems that for rings of infinite global

dimension the unbounded derived category is more interesting than the bounded
one.

Example 9. In [14] Rickard showed that the tilting complexes which belong to
derived equivalences between two rings are always in the category of bounded
complexes over finitely generated projective modules. In this example we show
that in recollement situations there may occur partial tilting complexes which are
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not in this category since some projectives occur which are not finitely generated.
Moreover, we show that the complex j, C in a recollement situation need not be a
bounded complex (while it always has bounded homology by Lemma 2). thus in
the theorem it is essential to work with the complex j,C. Therefore, in some
recollement situations there is a remarkable lack of symmetry. However, after
this example we will give a criterion for a recollement to admit a ‘symmetry’ in
the sense defined below.

Let k be any field and V a k-vectorspace of infinite dimension.

A is the infinite-dimensional k-algebra with two projectives, one of them being
simple, the other having simple top and a socle which is as a vectorspace
isomorphic to V:

[k v]
A“[o k1

Choose € the simple projective A-module and %% the other simple A-module.
Then it is easy to see that 8 and € satisfy the assumptions of Theorem 1, hence
the derived module category D (Mod-A) admits recollement where both sides
are isomorphic to the derived category of k-vectorspaces. However, ¥ is not in
the category of complexes over finitely generated piojective A-modules (while it
is finitely generated as an A-module). Now assume there would be a recollement
situation with 8 and j,C playing the roles of ¢ respectively ®B. To get a
contradiction we just have to remember that in each recollement situation the
partial tilting complex € is in K°(P,).

We note that for this algebra A there is another recollement (cf. the example
after Corollary 15) with ®B and € satisfying the assumptions of the following
criterion for the existence of a ‘symmetric’ recollemeit situation.

Here we call two recollement situations (left- respectively right-) symmetric if
the complexes B’ =j,C and &' =B in the first situation play the role of ®& and ¢
in the second siuation.

Theorem 10. Assume there is a recollement situation as in Theorem 1. Then 8 and
Jj«C play the role of € and ‘B in a right-symmetric recollement situation if and only
if B is in K°(P,) and j,C is a bounded complex.

Proof. From Theorem 1 and its proof it follows that the conditions are necessary.
Conversely, assume the conditions are satisfied. Then most of the needed
properties of B and j,C follow from the assumed recollement situation by
arguments similar to those in the proof of Theorem 1. What remains to be shown
is that j,C satisfies condition (II) in the definition of a partial tilting complex.
Denote j,C by @ and choose a family of copies {2,} of ®. Since Im(j,) ="
and B~ is closed under taking direct sums (since ¥ is in K °(P,)) the direct sum
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) T, can be written as j, X for a certain X. Thus we get
Hom (2, @D 2,) = Hom(j*2. j*j,X)=Hom(j*2.D j*))

(because j*—which has a right adjoint—commutes with direct sums). Since j*j, is
an autoequivalence, j*2 is a bounded complex (by [14, 6.1 and 6.2]), hence by
[14, 2.1] we get

Hom(j*2. D j*2,) =D Hom(j*D, j*D,) =D Hom (2, D,
(again since j*j, is an equivalence). O

We note that the conditions in Theorem 10 are in particular satisfied if A is of
finite global dimension and % is a complex of finitely generated projective
modules. This is the case in many examples (see the following section).

5. Examples

In this section we apply our theorems to some special situations in which
recollement can be shown to hold. Thereby we prove anew results of {3-5,
11-13].

To begin with, let A be any ring and assume J is a finitely generated two-sided
ideal of A, B is the quotient ring A/J. Define ¥ := B and € :=J. What we have
to do now, is to translate the conditions of Theorem 1 for 8 and € to induce
recollement into this special context. There are two long exact homology se-
quences:

0— Hom ,(B, J)>Hom ,(A, J)— Hom ,(J, J)
— Ext! (B, J)—> Ext,(A, J) > Ext,(J,J)—>---

and

0— Hom ,(B, B)— Hom ,(A, B)— Hom ,(J, B)
— Ext) (B, B)—Ext\ (A, B)—>Ext.(J,B)—---,
hence several conditions are equivalent; for example, Ext,(B, B) =0 implies

Hom ,(J, B)=0 and vice versa. Moreover, we have a ring homc:norphism

% : A— B which is an epimorphism in the category of rings. On the derived level
¢ induces a functor

D"(¢.): D"(Mod-B)— D°(Mod- A)
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which sends B to ¥. If *B and '3 are partial tilting complexes inducing recollement
in the sense of our Theorem 1, then D"(¢,) is a full embedding. hence ¢ is a
homological epimorphism as defincd by Geigle and Lenzing (cf. Section 2). (Note
that the full embedding i, in a recollement situation on D -level always restricts
to a full embedding on D"-level by Proposition 4.) Vice versa, if ¢ is a
homological epimorphism, then ¥ is a partial tilting complex satisfying all the
conditions in the theorem of Geigle and Lenzing cited above.

Corollary 11. Let A be a ring, J a two-sided ideal of A, which has (considered as a
right A-module) a finite resolution by finitely generated projective A-modules. and
B the quotient ring AlJ. Then the following condiiions are equivalent:

(1) B = B and C = J satisfy the assumptions of Theorem 1;

(2) B is a partial tilting module and Ext',(B, J) =0 for all i =2;

(3) J is a partial tilting module and Ext',(J, B) =0 for all i =0;

(4) ¢ : A— B is a homological epimorphism and I is a partial tilting module:

(5) Tor'(B,, ,B)=0 for all i=1 and J is a partial tilting module. O

An important case is that of J a projective right A-module:

Corollary 12. Let A be any ring, J a two-sided ideal in A which is projective and
finitely generated as a right A-module, define B to be the quotient AlJ and assume
Hom ,(J, B)=0. Then the derived module category of A admits recollement
relative to B and End ,(J):

D~ (Mod-B)S D (Mod-A) S D™ (Mod-End ,(J)). O

The structure of quasi-hcreditary algebras [16, 13] and quasi-hereditary orders
[11] now tells us that we can apply Corollary 12 several times in order to get what
is called a stratification of derived module categories (mod-A denotes the
category of finitely generated right A-modules).

Corollary 13. Let A be either a quasi-hereditary algebra or a quasi-hereditary
order. Then A is of finite global dimension and the derived module category
D"(Mod-A) (and similarly D"(mod-A)) admits a stratification. i.e. there is a finite
sequence of recollement situations starting with a recollement for D °(Mod- A) such
that at each stage the derived module category on one side of the recollement (and
in the last step on both sides) is the derived category of vectorspaces over a
skewfield or the derived module category of a local maximal order (this last
possibility only occurs if A is a quasi-hereditary order).

Proof. First consider the corresponding stratification on D -level which is given
by several applications of Corollary 12. Then it follows that A is of finite global
dimension and Theorem 7 gives the desired stratification on the D "level. O



230 S. Koénig

With regard to applications, a more special situation turns out to be very
fruitful. Recollements of derived module categories first arose in the context of
quasi-hereditary algebras [16], investigated by Cline, Parshall and Scott. In this
case the two-sided ideal J always is a full idempotent ideal: J = AeA, hence we
turn to the following situation:

Let A be any ring, ¢ an idempotent, ¢ = eA the corresponding projective
A-module with endomorphism ring C = eAe and B = A/AeA the quotient of A
by the two-sided ideal generated by €, with B being the endomorphism ring of .
Then € obviously is a partial tilting complex; also, Hom}, (€, 8) = 0 by construc-
tion of B and ; again W NE* = {0}, and the muitiplication map B, B— T
is an isomorphism. Hence the existence of recollement in this situation depends
only on B being or not a partial tilting complex.

Corollary 14. Let A be any ring, e an idempotent, C = eA the corresponding
projective a-module with endomorphism ring C=eAe and V= A/AeA the
quotient of A by the two-sided ideal generated by G, with B being the A-
endomorphism ring of B. Assume B has finite projective dimiension over A. Then
the following conditions are equivalent:

(1) B = B and C = Ae satisfy the assumptions of Theorer: 1;

(2) Ext’,(B,B)=0 for all n>0;

(3) Tor",(B,,,B)=0 for all n>0;

(4) ¢ : A— B is a homological epimorphism. [

In particular, the condition (2) is satisfied if AeA is projective, i.e. if we are in
the situation of Corollary 12.

Note that condition (3) plays a key role in the proof of Parshall’s theorem [12,
2.1] on recollenients in this situation. In particular, it follows that one does not
need any additional assumption in order to complete Parshall’s recollement
situation {involving only four functors) to the usual recollement situation (as
defined above, involving six functors).

For some rings an even more easy situation can be useful:

Corollary 15. Let A be any ring, e an idempotent and B and C the projective
A-modules 6 = eA and C = (1 — e) A. Assume that Hom ,(C, B) =0. Then *B and
C satisfy the assumptions of Theorem 1. O

We give two examples of this situation.

First we consider again the algebra A, = A of Example 9:

Choose B the simple projective A,-module and € the other projective A,-
module. Since A, has finite global dimension, Corollary 15 shows that the derived
module category D°(Mod-A,) admits recollement where both sides are iso-
morphic to the derived category of k-vectorspaces, hence the same recollement as
a finite-dimensional hereditary k-algebra with two projectives. However, A, is
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not noetherian, even not finitely generated cver its center, hence it is (cf. [14.
proposition 9.4]) not derived equivalent to any finite-dimensional algebra. (Note
that this recollement situation—in contrast to the one of Example 9—admits a
symmetric recollement situation in the sense of Theorem 10.)

Now we turn to the second example to Corollary 15: Let & be any field and V a
k-vectorspace of infinite dimension. Fix a basis of V and pick an element of this
basis, say v,. A, is a subring of the vectorspace-endomorphisms of V' consisting of
these endomorphisms which send v, to a k-multiple of v, and each other basis
vector v to a sum of k-multiples of v and v,. Symbolically, one can write A, as the
‘matrix’:

k 0 0 0 k
0 A 0 0 k
0 0 kK 0 k
0 0 0 k£ k
- 0 0 0 0 £

A, is indecomposable as a ring. Choose a subring of A, which is as an abstract
nng isomorphic to A,. This can be done in such a way that this subring is the
endomorphism ring of a finitely generated projective A,-module ¢. Choose a
complementary projective A,-module . Then by Corollary 14 we get a recolle-
ment of the derived module category of A, where on one side again the derived
module category of A, appears.

Finally we note that Geigle and Lenzing [5] have found another type of
recollement situation in their investigation of homological epimorphisms (without
mentioning recollement explicitly):

Let R— S be a homological epimorphism which is also injective such that Sg
has projective dimension pdim S, < 1. Then Geigle and Lenzing proved that Sy
and (S/R), both are partial tilting complexes and pdim(S/R); =1, too.

Using long exact homology sequences it is now easy to show that € = S and
9B = (§/R) satisfy the assumptions in our theorem, hence there is recollement:

D~ (Mod-End4(S/R) ) S D™ (Mod-A) S D™ (Mod-S) .
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