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The s rtlctur¢ of edge coMured complete gr~l-~h~, K I wh,:l 1+~ rc~t +c~rll+l,i ('~chin wq h 
adjac¢,ll !files diftcrcntly co!'~llrcd i% ¢omnlclely coarac;crl/~. Thi~ haractt ~z~lh,ll ftlH!lcr 
cnable~ w to Drove lhat ev,'rv ~flch K Cp:e21 ha~ e~lctly mr, c,l~:m:clcd rmm+,~hr¢ml;~fic 
,p'mning ~,lh~r~p]l Moreover, ~¢unle thai cd~c~ in K:, ara (cllcmTed w k cop ulr~ ~o thai ,io 
,crUx i~ on m~)re ~han B cd/~es l~t each coMur and [ ' ~  tha+~ a t ' , l~e,  of , i c h  cnrt:l~r i ,uch ¢1 K,, 

~xists fl+en p -< ~1 t I aim p a k8 l: wherea% my one M tbe~e iqcc~u~litics ?,ill ,m~ur¢ I~l~: 
exlqcncc ,ff ~uch a K, 

1+ r, nlroduefi+m 

Recen t ly  qui te  + n u mb er  of article+ have ¢3een devoted  ~o the s tudy of global  or  

Ioca~ condi t ions  on ihc  co lour ipg  of edges  af  c o m p k  te graphs which erasure ~hat a 
par t icular  kind or  class of co loa -ed  graphs  exist  (or do nc~t exist) ~s s:~bgr.'.phs. For  
innt: nee, ill [!1 and  [3]. the s t ruc ture  of edge i co lou red  comple t e  graph!, with i~o 

t r iapgles  having edges  of diff< rent  colours  is s tud ied ;  and [1] fur ther  provides 
se lq : ions  to some of the p m h  ems raised in [2]. In [4]. a sufficient cur3diti .n ~s 

giv,:n for the  ex is tence  of  c? cles of every  possible size with ad j acen t  edges  
dif leren ly co lourcd  in an edge-co loured  comple t e  graph.  Atso  in ['_:;]. some 

sufficient condi t ions  are ob ta ined  to eng.;re the  ex is tence  of subgraphs  of ce i t a in  
sage which conta ins  all the ;o lou r s  in an edge -cc lou red  comple t e  graph.  

T h r o u g h o u t  this paper .  K .  will deno te  a comple t e  graph on p ver:~ces '~:ho:,e 
ecJges are coloured  by k eolours  s ,  t h a t  no ver tex  is on more  lhan ,k edges  and 
tess than 8 edges  of each  colour .  A cyck: in I( .  is called an a[ternotPlt:  c y c l e  if 
eve ry  t-vo ad j acen t  edges  in tbe . . jcte are  different ly coloured.  T h e  main  aim of 

this pape r  is t:~ charac te r ize  all K r  .without a l t e rna t ing  cycles. T!-~+ cbarac te r iza -  
: ion enables  us to prove tha~ every  K,  (p>~2) wi thout  a l tern  ting cycles has 

,.~xactly one  c a n n e c t e d  m o n o c h r o m a t i c  spann ing  subgraph.  If a K o , P h r m t  a l ter -  

na t ing  cycles ~ xists then  p ~< ,fi-. 1 and p >~ k8 + 1: and  any one  of these • quail , leg 
'viii g u m a n t e :  the exister .ce o," 2 K~, wi thou t  a l t e rna t ing  cycles. 

2. The sirue|~,e lheorem 

Let  A+ be a co mp le t e  graph on p+ ver t ices  ( i  - 1 . . . . .  n ) .  To each  A,. there  is 
a~,,aeiated a coiour  q such tha t  all edges  in A, a re  coloured  c, if A, has more  than 
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one  e lement .  W e  shall d en o t e  by A, fnj the  edge -co lou red  comple t e  grapl- on 
p~ + . . .  +19,, vert ices ob ta ined  by first t ak ing  the  dis joint  union of" the  A / s  and 

-mxt jc,,ining each  ver tex  of A, to each ver tex  of A k by an edge  co loured  c i for  all 

l ~ j < k < ~ n .  

Lemra~  1. A , ( n )  contai,ls no alternating cycles. 

Proof. L e t  a.a~ ' • • a,, be any cycle in A,(n  ~h a~ in A m ,  for 1 - 0 ,  I . . . . .  n. 
W e  assume ;bat  i ( l )~<i (h )  for all k - i L l ,  ~. T h e n  from the structure, of 
A, (n) ,  the co iners  of a,,a~ and a~a2 are  bot! . H e n c e  ac~a l . . , a , ,  is ne t  an 

a l t e rna t ing  cycle: ;n A, (u) .  This  proves L e m m a  1, 

Tho main  ob jcc t  of this paper  is to prove the  following: 

Theorem 1. Let  K r, he an edge-coloured complete graph on p vertices. Then K~, 

contains no afierttatlng { ycles i f  and only i f  there exist complete 7raph~ A ,  associaled 

with colonr~ ",", (i 1 . . . . .  n ) ~uch that c, ¢ c .  i for j - 1 . . . . .  n - 1 and K¢, - A , ( n ,  

Proof .  The  sulficiency follows from l . e m m a  1 
W e  shall prove ~he necessi ty  by induct ion or~ p. If p -  i ,  then  the  resul t  is 

obvious. Assu me  tha t  the  result  holds for p q ~ 1 and  cons ider  an edge-co loured  
comple te  graph K ~, ~ wi thout  a l t e rna t ing  cyck's. Pick any  ver tex  a in K,,~ ~ and  
consider  the comph! te  graph K.  ob ta ined  from K . . ~  by de le t ing  a and  all edges  

incident  with a. T h e n  I(,~ conta ins  no a l t e rna t ing  cycle!; and so by induct ion 
hypothesis ,  throe exist  comple t e  graphs  Ar associa ted  with colours c, (i = l . . . . .  n) 
such that  q ¢ c , , ,  fo: j - 1  . . . . .  ~l.-1 and K ~ -  A , (n ) .  

If all edges  from a to each  A, is cohmred  c,. then  i n m e d i a t e l y  K,  < -  B~(n) 

v, hen." .g/, : A, for i - 1 . . . . .  n -- 1, whereas ,  B .  = A,, U {a }. O n  the o the r  sand ,  le~ 
i be th,_' ,rnallest number  such that  a is joined to a ver tex  a, in .% by an edge  with 
colour  c different  : tom c.. T h e n  for any  ver tex  b in A,.  s ince aba,a is not  an 
a l te rna t ing  cycl~ ~, 6h must  be co loured  e i ther  c or  % Let  B be the  set of all 
vert ices y of A, such that  ay  is coloured  c. W e  have the  fol lowing four  cases: 

Case 1. i = n and A, = B. 
In this c~se. if c - c ,  ~, then  K , ~  B, (n)  where  B ~ - A ~  for i - I  . . . . .  i - 2 ;  

Br , A,  ; U { a } :  B , -=A,  and the colours  associa ted  with B i i and 8 i are  
rc ' ,pectively c, t arid c r 

On  the o the r  haad .  if c, ~ c .  then  K , ~ _ , - 8 1 ( , I  ' I) where  B , - A ,  for i -  
1 . . . . .  j - 1; B, - { a } ;  B , . l - A ,  and the  colours  associa led  with 13, and B,~  1 are 
respec. ixcly c ann c,. 

,:'use 2. j - n and B ¢ A , .  
In this casc. K q , k -  B , { n + 2 )  where  B , - A ,  for i = 1  . . . . .  ] 1; B , - A , \ / 5 ' :  

B , , ~ - { a } :  B , , e - U  and the  co]ours associa ted with B i, B , <  and Bi ,  e a re  
respect ively c,. ," and c,. 
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Case  3. j< ,~  a n d  B -  4 i. 

I n  this  ,.ase, fo r  e a c h  ! in A i .  ~, . e d g e  ay  is c o l o u r e d  e i t h e r  ~ o r  c .  spc(~ 

aa,ya is no t  a l t e r n a t i n g .  A s s u m e  fir , t ,at  a y  is c o l o u r e d  c,. 

Claim 1. A i ,  i is a f i n g l e t o n  arid [ ~ - n. 

I n d e e d ,  if z is a n  e l e m e n t  of  A , ~  < le t  t h a n  y. t h e n  az  m u s t  h a w  cf~lour c, o r  

c >  t ( o t h e r w i s e  a z v a  i% a l le rna t i i~g) ;  if lz ha s  c o l o u r  < ,  t h e n  aa,yz,: is a l t e r n a t i  J g  

I f  a z  ha s  c o l o u r  c , ,~.  t h e n  aza  i is ~ . c r n a t i n g  unless  c c, ~, ku t  in thi~ t a s e  

aa~zya is a l t e r n a t i n g .  H , : n c e  A i ,  ~ is a s i ng l e ton .  N e x t ,  if j + i < v, t h e n  let u be  

a n y  e l e m e n t  in A . .  T h e n  aad~a a n d  ayua  are  b o t h  n o n - a l t e r n a t i n g  cycles. So at+ 

m u s t  be  c o l o u r e d  c~. B u t  t ' m n ,  we  w o u l d  o b t a i n  an  a l t e r n a t i n g  cych:,  dz .  ua,yua, a 

c o n t r a d i c t i o n .  T h i s  establi~fics C la im 1. 

F r o -  C la im ]. it is c lear  t h a t  K , . ~ B ,  fn4  ' ;  w h e r e  B, A, fl,r / 

1 , . .  , 1: B, ~ A r , ~ :  Br , - { a } ;  Br .,:  I~ and  &e  ~,>finJr,; as.,¢cia cd  u,~th B ,  

B , ,  i a n d  B , , 2  a re  re ' ,pect ivel  7 % c and  c,, 

N e z t ,  a s s u m e  t h a t  ay  ;s c : ~ i o ~ e J  c. 

Claim 2. For  ~'ach ve r t ex  z ill A~, k = 1÷  1 . . . . .  n. t he  edge  az i ~, cofi>ured c. 

I n d e e d .  si~Jce aajza is n o n - a l t e r n a t i n g ,  so az  1lUSt be  c o l o u r e d  e i l h e r  c ~ % ~f 

¢lz is c o l o u r e d  e,, t h e n  aa,yza  ,s an  a l t e r r l a t i n z  cycle,  a eonl radic! i , ) : l .  ] l e n t o  az  

m u s t  be  col , .mred c. 

W i t h  C l a i m  2. we  h a v e  K . ,  I - B , ( I I + I *  w h e r e  /3, A f(~r : 1 . . . .  l 1 

B,  - {a}; B ,  ~ ~ - A , :  B~ - A~ ~ fo r  k - / + 2 . . . . .  n ~- 1 , nd  the  c o h m t ~  a~gocialed 

w i t h  B i. B , .  I are  c a n d  q respec t ive ly  ( p r o v i d e d  t~a t  c, ~ 5 ~,. H o w e v e r .  if 

c , ~ - c ,  t h e n  K . , - B , ( . )  wi te re  B , - A ,  h : r  i - I  . . . . .  I 2 , /  . . . .  n ;  B ,  ~ :  

,4~ ~U{a}  a n d  t he  c o l o u r  ass : )c la ted w i t h  13~ , is c. 

Case  4. j < n  *md B e  A c 
In  thi!; case.  fo r  e a c h  y in '%.~. the  e d g e  cy is colt  u red  e i t h e r  % o r  c. If  ay  is 

co]oure¢ '  % by  C l a i m  1. A ~ . ,  ;s a s i n g l e t o n  a n d  [ + 1 : n. H e n c e  K, , .  ~ - B,(,t  + 1 ) 

w h e r e  ~ , - A ,  fo r  i - - 1  . . . . .  j - l ;  B ~ = ( A , \ I J I L J A :  ~: B , , , - { a ]  a n d  B , ~ - B  

a n d  t he  c-..lo,lrs a s soc ia t ed  w i t h  B,,  B~. I a n d  B , . z  are  respec t ive ly  % c arid c~. 

O n  t he  o t h e r  h a n d  if a y  is c o l o u r e d  c, t h e n  b?  C la im L az is c o l o u r e d  c fi~r all 

z i n A ~ , k = ] a l  . . . . .  n. T h e n K . . , = F t , ( n ~ 2 )  w h e r e B , - A ,  f o r ~ - I  . . . . .  ] 1; 

13, = A i \ El: 2 ] , ~ -  {a}; h i +  2 = B ;  k3'~- A~ 2 for  k = j 4 3 . . . . .  n ' 2 a n d  tfic co l -  

o u r s  a s soc ia t ed  w i t h  Bp B~÷I,  a n d  ~ i~e  arc  r e spec t ive ly  % c a n d  c,. 

N o w ,  since all t o u r  poss ib le  cases  h a v e  b e e n  se t t l ed ,  t he  p r o o f  o :  2 t h e o r e m  I :s 

t h u s  c o m p l e t e .  

3. A tew applications 

As  c l a i m e d  in the  first sec t ion ,  we  shal l  de r ive  the  fol~ov, ing  co scq~.cNces o 'Jt  

of T h e o r e m  I.  

T h e o r e m  2. Every  edge-colc,,.red complete graph Kp (O >-21 wi6 on! alternating 

cycles contains exact ly  one connected monochromat ic  spanning sul: ~r6 pb. 
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Pro o L  By Theo rem 1, K q - A ~ ( n ) .  Consider  the subgraph  induced by edges  

coloured cl.  Then  from the construct ion of A~(n). it follows that  this is the only  

connec:ed monochromat i c  spann ing  subgraph  r K,. 

Tl~,eorem 3. There exists a complete graph K~ ou! alternating cycles whose 
edges are coloured with k colours s~ch that no vet on less than 8 edges of each 
calour if and only tf p ~: kc3 + l .  

Proof .  Assume  t h ~  r) ~> kS + 1. Let  K~ = A, (k) where  ]A~I = ~ for i - 1 , . . . ,  k -- 1 ; 
I A k ' ~ - p - ( k - 1 ) f i ~ > ; ~ + l  and the colours associated with  each A~ is q ( c , ¢ - c ~ ) .  
It then follows from the structure of A , ( k )  that  each vertex is incident with at 
least ~ edges of each colour.  

Nex~ assume that  there exists a complete  graph K,  wi thout  alternatir~g cycles 
who~e edges are coloured with k colours such that  no vertex is on less than a 
edges of each co]our. Then  by T h eo rem 1, K~=A~(n)  with n = k  or k + l .  
Assume first that n - k. Let  a be any vertex in A,~. :;inee .~ mus t  be incident  with  
at least ,5 edges of colour  c, ( i = 1  . . . . .  n),  we must  have I A , ! ~  for i : -  

I . . . .  n - 1 and lAd ~ ~ + 1. Therefore  

p = I A , [ + ' "  " + i A ~ ! ~ > ( k - l ) ~ + c 3 + l - k S + l .  

O a  the other  hand,  if n = k + 1, ~h-:: .-t,, mus t  he a s ingleton .[a} or  else we 
would have k + 1 colours,  Again  since a is incident  with at least ,5 ed ,es of colour  
c, ( c - : [  . . . . .  k), we must  have IA, I_>8 for all i = l , . . . , k .  Therefore ,  p -  
L A ~ ~ "  " + ]Akl + ]A.i ~ k,3 + l ,  comple t ing  the proof.  

Th eo rem 4o There exists an edop.-coloured complete g~aph K o without alternating 
cycles such that no ~ertex ,;s on more than zl edges of e~-h eolour if and oaly if 
;9 ~<,", + 1. 

Proof.  As~mme that  p<-;A + !. Consider  the complete  graph K~ with al; edges  
coloured c,. Then  I( o has no al ternat ing cycles and every vertex is on t ) -  1 ~- 
ed2,:s of each colour.  

Next assume that  there exists an edge-coloured  complete  graph K,  wi thout  

a l ternat ing cycles such that  no 'vertex is on more  ihan  d edges of each colouT. 
Then  by Theo rem 1, Kp = A~(n). Let a be any '~ertex of At ,  Then  a is on p -  1 
edges of colou; c I. Hence  p - l ~ A  which implies that  p ~ A + l ,  as required.  
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